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As peak D only appeared in crystals C1 and C9 and as these crystals were of 
type I, level B is suggested to be that level which causes the secondary absorption, 
edge (Clark, Ditchburn and Dyer 1956). Tentatively it is suggested that this 
level is identical with the deep-lying donor level due to substitutional nitrogen 
suggested by Kaiser and Bond (1959) and discussed by Elliott (1960). In 
crystal CIla the density of states in this level is assumed to be much smaller, 
and therefore no peak has been observed. However, the slight shift of the peak C 
towards higher energies with this crystal may well have been caused by a small, 
but unobservable peak in position D. Peak E was rather weak with crystal C9, 
but most predominant with crystal ClIla. It did not occur with crystal C1. 
It is suggested that this is due to a high density of states in level 8 in this crystal. 
This high density gives rise to such large optical absorption that the photo- 
conductive current is reduced by the large annihilation rate of the free charge 
carriers in the thin surface layer of the crystal penetrated by the light. 


4.3. Optical Absorption 


The density of states in a level required to produce a detectable optical 
absorption is several orders higher than that needed for an observable photo- 
conductive response. Therefore it appears most appropriate to consider the 
level structure in relation to a typical absorption spectrum for crystals of type I, 
which are supposed to have the largest number of impurities (Kaiser and Bond 
1959). Such a spectrum has been reported by Clark, Ditchburn and Dyer 
(1956). The absorption coefficient shows a rise at about 1:5 ev, a very small rise 
at about 2-1 ev, a larger one at about 2-6ev, a band centring at about 3-3 ev and 
a large increase beginning at 3-74 ev which is known as the secondary absorption 
edge. 

The absorption was not measured in the region below 1:2ev. On the other 
hand, it is very improbable that an absorption corresponding to the peak A could. 
have been found, as this peak only appeared after prolonged irradiation with 
energetic ultra-violet light or after bombardment with beta particles. The rise 
at 1-Sev may be ascribed to transitions between the valence band and level f. 
The rise at 2-1 ev is so small that no firm conclusion can be drawn from it. As 
the effects of green light became stronger when the energy of the light was increased 
beyond 2-1ev it is tentatively suggested that the rise near 2-5 ev nevertheless 
arises from transitions between level y and the conduction band. A further 
support for this model is provided by the fact that the absorptions at 2-6 ev and 
3-3 ev are due to the same centres in the crystal, whereas the secondary absorption 
edge is due to another kind of centre. The absorption near 1-5 ev was too weak 
to be definitely assigned to one of the centres. 


§ 5. CONCLUSION 


From beta-particle counting experiments under various conditions, total 
_ charge measurements and photoconductivity measurements, an electronic energy 
level scheme consisting of three levels in the forbidden gap of insulating diamonds 
has been found. The measurements did not provide any data on the density 
of states in the levels. The occupation of the states in a level could be deduced 
from the experiments, but only in so far as they were fully, partly, or not occupied. 
a Differences in the experimental results obtained from different diamonds could 
_ be attributed to different degrees of occupation of the same levels and to different 
absolute numbers of states in the levels. 
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Abstract. The conventional treatment of magnetoresistance is based upon the 
Boltzmann equation for a distribution function f(k), and an equation which gives 
the average current in terms of f(k). With the usual definition of f(k) neither 
equation is exact: the derivation of the Boltzmann equation requires wr<1 
where w is the cyclotron frequency and 7 is the relaxation time. In this paper 
a representation is proposed which exploits the properties of homogeneous 
systems in a uniform magnetic field. We redefine f(k) as the diagonal element 
of the density matrix in the new representation. Then the usual equation for 
obtaining the current becomes exact. Proceeding from the equation of motion 
of the density matrix we then give a weak-coupling derivation of the Boltzmann 
equation in the manner used by Kohn and Luttinger in 1957 for field-free systems. 
The derivation is restricted to the case of non-interacting carriers elastically 
scattered by impurities or lattice vibrations, and moving in a lattice which in the 
absence of the magnetic field gives rise to non-overlapping bands. The 
conductivity yielded by this method is found to be accurate as long as hw, h/7 
are small compared with the Fermi energy, and fw is less than the thermal 
energy. The condition wr<1 does not arise. 


§ 1. INTRODUCTION 


HE usual treatment of magnetoresistance is based upon the application 
of the Boltzmann equation 


pom: (06+ 55 eM) + ED Maw fH) fe] =0 


to the Bloch independent-electron model of a metal, together with the prescription 
for obtaining the total current 


Fe ee cde ele eee a 1.2 

i= 7] e100) (1.2) 
In Eqns (1.1), (1.2) e and m are respectively the charge and mass of the electron, 
i is Planck’s constant divided by 27, € is the electric field and H is the magnetic 
field. W,,- is the probability per unit time that the scattering should in the 
absence of the fields cause a transition from state k to state k’, and EF, is the 


Bloch energy of an electron in state k. 


t+ Now at Physics Department, Cornell University, Ithaca, N.Y., U.S.A. 
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F(k) is usually defined for a one-band model as the probability that the Bloch 
state yj, will be found occupied by an electron: if the exact electron wave function 
is expanded in terms of the Bloch waves, 


Y= [ 2(k)b,(r) d?k 


then f(k) = |«(k)|?. With this definition of f(k) Eqn (1.2) is not exact since the 
three components j,,=(e/m)(p,—(e/c)A,) of the current operator are not all 
diagonal in the Bloch representation. They do not even commute with each 
other. Furthermore in the derivation of the Boltzmann equation (1.1) for 
|x(k)|? the ‘repeated random phase assumption’ was required in the treatment 
of the collision term, and |«(k)|? could only be shown to change under the 
influence of the fields according to 


d|a(k) . e1 dk, dla(k)|? 
AH a 
[ at a ete Cae i ok ) ak 


for times small compared with mc/eH. The derivations were therefore subject 
to the condition wr<1 where 7 is the relaxation time and w=eH/mc is the 
cyclotron frequency. It should be understood that the derivations which treat 
the system classically are not open to this objection (Peierls 1931, 1932). In 
these treatments f is a function of the velocity and its rate of change under the 
influence of the electromagnetic field is given exactly by the Lorentz force 
equation. 

The purpose of this paper is to justify the usual prescription (1.1), (1.2). 
We shall give a definition of f(k) which makes (1.2) exact. By considering a 
simple model in which electrons move independently through a perfect periodic 
lattice and are elastically scattered by randomly distributed impurities we shall 
then show without the use of the random phase assumption that the new function 
satisfies the Boltzmann equation (1.1) for magnetic fields small enough to eliminate 
quantum effects but for which wz may be arbitrarily large. 

We thereby give some justification for the recent theories of magneto- 
resistance proposed by Lifshitz and Peschanskii (1959, 1960) and by Ziman 
(1958). Here the two equations (1.1) and (1.2) are applied for wz 2 1 to models 
in which the important features of the metal structure are included. The theories 
predict for single crystals that the dependence of the magnetoresistance ratio 
on the magnetic field should vary with the orientation of the crystal with respect 
to the field, saturating in high fields for certain orientations and increasing without 
limit as H? for others. These phenomena have since been observed by 
Alekseevskii and Gaidukov (1959). The field dependence in polycrystalline 
specimens is the result of averaging these different field dependences, and for 
filamentary specimens at least the linear law of Kapitza (1924) can be accounted 
for. 

There have recently been attempts to provide a new basis for die treatment 
of high field magnetoresistance (see for instance Argyres 1958a, b). These 
attempts have all treated the simple model of free electrons for which the exact 
field-dependence can be retained by using the Landau states of an electron in 
a uniform magnetic field. The generalization to more realistic models of a metal 
is of course extremely difficult: for this one requires the wave function of the 
electron in the lattice in the magnetic field. This difficulty does not arise in the 
method presented in this paper. We do not attempt to derive an equation of 


Quantum Theory of Magnetoresistance: I 277 


motion valid for arbitrarily high fields but instead demonstrate that (1.1) and 
(1.2) can be used whenever quantum effects are unimportant. For the 
application of (1.1), (1.2) one needs only the wave functions of the electron in 
the perfect lattice in the absence of the field. 

The new f(k) is defined as the diagonal element of the density matrix in a 
non-orthogonal representation (Dirac 1947). We select this representation by 
requiring that it should diagonalize any operator which is the sum of functions 
of the separate current components and any periodic function of the coordinates. 
(1.2) follows at once. Also because the scattering interaction is on the average 
homogeneous, its matrix elements in the new representation will have certain 
diagonality properties. We exploit these by writing the quantum mechanical 
equation of motion of the density matrix in the new representation. It is then 
possible to show that in a consistent limiting procedure certain terms are small 
and can be eliminated. The remaining terms furnish an equation of motion 
for the diagonal elements of p alone, which is just the Boltzmann equation (1.1). 

In §2 the non-orthogonal representation is established and its properties 
demonstrated. The Boltzmann equation is derived in §3 by considering the 
lowest order terms in the limiting procedure. In §4 some of the higher order 
terms are investigated and the corrections they give rise to are estimated. These 
corrections are small provided 

his Pie Hie Acyl (1.3) 
where € is the Fermi energy and kT is the thermal energy. These are the 
conditions under which the Boltzmann equation (1.1) is valid. 


§ 2. ‘THE New REPRESENTATION 


In the absence of a magnetic field the systems encountered in transport 
problems have the following property, called by Van Hove (1955) ‘‘the diagonal 
singularity property’: 

(Ea|WAW|E'«’)~8pp5yq(Ea|WAW|Ex).  — ...... (2.1) 
Here W is the scattering interaction and A is any operator diagonal in a 
representation E, « which diagonalizes the Hamiltonian of the unperturbed 
system. For the free electron model of a metal this representation is the 
momentum representation, and the property (2.1) is sufficient to establish the 
Boltzmann equation for the diagonal matrix elements (k|p|k) of the density 
operator. 

When, however, a magnetic field is imposed no orthogonal representation is 
known which diagonalizes the unperturbed Hamiltonian exactly except in the 
case of free electrons. In this case the representation is based on the Landau 
states and the matrix elements of the scattering interaction no longer have the 
diagonal singularity property.| However the average translation invariance of 
the field-free system, reflected in (2.1) when we identify |Ex) with |k), is not 
completely destroyed by the magnetic field. The overall invariance to translations 
in a plane containing the field direction can be maintained with a suitable choice 
of gauge. Making transformations between the gauges corresponding to different 


+ An exception is the special case which has been treated by Argyres (1958 a, b) in which 
the scattering is caused by a random array of zero-range scatterers. 
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planes we shall show in this section that a non-orthogonal representation can be 
found which diagonalizes the unperturbed Hamiltonian and in which the matrix 
elements of the scattering interaction have the required property. Moreover 
this representation exists whether or not we assume the electrons to be free. 
It can be chosen in such a way that with f(k) equal to the diagonal matrix 
element of p in this representation, (1.2) is an exact equation for computing 
average currents. For this we require that the representation diagonalizes all 
operators of the type 


Dearie Siig), ee (2.2) 


where f,, is any function of the .th component of the current, and « is any function 
of the coordinates which has the periodicity of the lattice. Consider 


r,|D[r.)=a(r,)8(ry— a) FBG ha) = etn ses (2.3) 


Bry r= BuGultay wee (2.4) 
and suppose that the magnetic field is in the z direction. The value of B depends 
on the choice of gauge. ‘Two possible choices for the vector potential are: 

Ay) (0, 220,101) ere (2.5 a) A,: (—Hy,0,0). ...... (2.5 b) 
In the first gauge B becomes B,, the matrix element in configuration space of 


an operator that commutes with p, and p,. Therefore B, depends only on xj, x, 
and the differences of y, and y, and of g, and z,: 


where 


BYE BieReoy Vie ve oo) ee ere terete (2.6 a) 
Similarly in the second gauge B becomes 
Bar= B, (xia ap 2, 25) eee ees (2.65), 
Now we could write 
By= x CrylB)sB<Plradr eine es (2.7 a) 


where <r,[8), is the eigenfunction of the operator >,8,,(j,) expressed in the 
first gauge. The eigenvalue of this operator in this state is 8. Corresponding 
to this eigenvalue there will be another function (r,|8 ), which is the eigenfunction 
of >.,8,,(j,,) expressed in the second gauge: 


Bo= > CrilP se <B lade 2 teens (2.75) 
Now under a change of gauge 
BAe ASN ae (2.8) 
the wave function changes according to . 
(PIB) (IBY = CIB emr(+ EF) ves (2.9) 
(Pauli 1933). It follows that 
Cri[B a= Crab exp (+461) eee (2.10) 
where «=eH/fic. Hence 
Bas exp (+ t(j SXeVs\hEae We Whe ascr ese (2.4 


Let us write ’ 


Brexp (=1eX y)C(h, ay sz) 0 Se dees (2.12) 
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where 
R: (X, Y,Z)=4(r, +r.) and r: (x, y,2)=r,—We. 
Then 
BA Vas one \EXP te x)= Gi(x55%5, 9 f2)s | 1 esos (2.13) 
The left-hand side depends only on x, not on both x, and x,. The right-hand 
side must therefore also depend only on x. That is: G=G(x,y,z). Hence 


By (ty, Fs) =exp (—teXy)G(r). seen (14) 
In the new variables «(r,)6(r,—r,) is «(R)8(r), and « is periodic with the lattice 
periodicity. ‘Therefore with the first choice of gauge the matrix element of D 
has the form 
<r |D]r,)=exp(—ieXy)D(r,R). .  . waeens (2.15) 


where Y(r, R) has the periodicity of the lattice with respect to its R-dependence. 
From now on we shall use only the first form (2.5 a@) of the vector potential. 
Eqn (2.15) can now be used to find a non-orthogonal representation in which D: 
is diagonal. We define {/,|D|/,} by 


{(L,|D|i,} = | | exp (+ieyX) (ry |Dfra)b,* (ra), (ta) dr, dr, 


where #,(r)=exp(ék.r)u,,(r) is the Bloch wave function for the electrons in 
the perfect lattice and / denotes the complete label (k,v) in the reduced zone 
scheme. If in (2.16) we change the integration variables to R and r, since we 
have shown that exp (+zeyX)<r,|D|r,) has the periodicity of the lattice with 
respect to its dependence on R, exp [i(k,—k,).R] is the only factor in the 
integrand which does not depend in this way on R. The integration with respect. 
to R therefore gives zero unless k, and k, differ only by a vector of the reciprocal 
lattice. Thus in the reduced-zone scheme 


{h|D\lo}=Syu{kimlDlkiye} cae (2.17) 


Functions of the type (2.2) are therefore diagonal within a band, in the new 
representation defined by (2.16). For simplicity we shall limit ourselves from 
now on to a single band, when k labels the state completely. The treatment of 
the more general case is quite straightforward. 

As an example of (2.17) suppose that for D we take the unperturbed 
Hamiltonian 


1 eR\e 
= p= All ear) eee 2.18 
% y= 5, (P-£A) + Vale) (2.18) 
where V, is the lattice potential. Substituting into (2.16) one finds that 
{ky [Holk}=Fy Sige tte (2.19) 


In the new representation the matrix elements of the scattering interaction 
have the diagonal singularity property for all values of the magnetic field. For if 


(k|WAW|k’) =8(k—k’)(k|WAW|k) sss (2.20) 
when A is diagonal in the Bloch representation, it follows that 
{k[WBW|k} =6,,{k| WBW]|k} Se Pe eee (2.21) 


when {k|B|k’}=5,,{k|B|k}. Here we have labelled matrix elements in the: 
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orthogonal (Bloch) representation by the bracket notation of Dirac, and matrix 
elements in the non-orthogonal representation are denoted by a curly bracket. 

The representation (2.16) is therefore entirely analogous to that used by 
Van Hove (1955) and Kohn and Luttinger (1957) in the field-free case. We 
shall now show that the diagonal elements of the density matrix in this repre- 
sentation provide a function suitable for averaging all components of the current. 
The average value of the zth component of the current j is Tr [pj,]. Taking 
the trace in x-representation the density matrix can be written in terms of 
{k|p|k’} by using the inverse of the transformation (2.16): 


<r [plra) = exp (—ieyX )| fare, BK oth, (8a), * (82){ Ki lela}. 


The properties of the Bloch functions and current operators are such that the 
trace reduces exactly to the very simple form: 


om é oF 
$2 | ee ee (2.23) 


Hence (1.2) is exact if f(k) is the diagonal element of p in the new representation, 
or any quantity that differs from {k|p|k} only by a part which contributes zero 
to the integral in (2.23). 

The averaging properties of {k[p|k} are striking. When integrated with 
respect to the parameters k,, k, connected with the other components of the 
current, it gives the correct quantum mechanical probability for any value 
dE, /dk, of the th component of the current. This suggests that {k|p|k} is 
closely connected with the distribution function defined by Wigner (1932). 
The correspondence with the Wigner function is complete if in transforming 
the density matrix according to (2.16) we do not perform the integrations 
fj dr, d°r, but instead integrate with respect to r only. For when /,=/,=k, 
the function g(k, R) so obtained gives for the sum of a function « of coordinates 
and functions 8, of the separate current components the correct expectation 
value by the normal probability calculation: 


«3B | DPR ak a(R) ia Se.( se) [et R). 


§ 3. 'THE DERIVATION OF THE BOLTZMANN EQUATION IN A MAGNETIC FIELD 


The treatment presented here is a generalization of the method of Kohn and 
Luttinger (1957) and of Greenwood (1958) tothe case when a uniform magnetic 
field is present. The essential difference is that we use the non-orthogonal 
representation discussed in § 2 rather than the usual Bloch representation. 

The system considered is one of non-interacting electrons moving in a perfect 
periodic lattice under the influence of an external electric and magnetic field. 
The electrons are scattered by a random array of static impurity centres. The 
total Hamiltonian of each electron is 


Hee ol Wee ee ee ee (3.1) 


Here W is the interaction with the static impurities, H, is the interaction with 
the electric field €’ and #, is defined by (2.18). Suppose py, is the density 
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matrix of the complete system. Its equation of motion is 


ASE BS See ge ee enna (3.2) 
We assume that in the infinite past the system was in equilibrium in the absence 
of the electric field. Then p,(— 0)=p)(#)+W) is the Fermi function of 
(#,+W). If the electric field is switched on in the following manner: 
C—Ger Sek d)y ee pa Re eee eee (3.3) 
we may write 
prlt)=potpplE) © 1) anne es (3.4) 


where p, is the change in the density matrix due to the electric field, and so 
Py(— 00)=0. For the Ohmic conductivity we need p, only to first order in €. 
To this order (3.2) becomes 


Wipe lee HW Ppl ries Pole 6 8 Se ewes eo) 
Since 
tte me were Hr ee Xe... (3.6) 
the above equation and initial condition are satisfied if 
Se I es a5. e.0- 0m (3.7) 


where f is time-independent. f is the correction to the density matrix at time 
t=0, when the field has reached the value €. From Eqn (3.5) we find that 


Tiger oat Wp — Cl) i eee aed (3.8) 
where C= [p), H,] and is in principle known. 


Using the representation defined by (2.16) and again considering only a 
single band we can write Eqn (3.8) as 


ths{ky| f ko} + {ky [C]ko} 
= fer, dr, dr, d°k; d®k, exp (iV y2Xy2 Ph, * (Fa Hu, (Pad kes f Ik} 


{r,|4+ W|rs) exp (— TeV anX 39), (13 hy, * (rp) 
les {r,| 49+ Wr.) exp (—tey 3X43), (Fi )Yx,* (Fs) i 
where . 
rz=";—Nj, R= 3(r;+18;). 

Since the new representation is equivalent to that used in the field-free case 
by Kohn and Luttinger (1957) we expect that the properties of the scattering 
should produce a sharp distinction between {k,|f|k,} and {k,[f|k,}. We 
therefore split Eqn (3.9) into diagonal and off-diagonal equations. These are 


itis {kf Ihe} + {kek} 
= [dry dra deg S exp (iedraXia)h,* (adh (to) l/s 
: [api dea cee™ | 
— (ra 29+ Wire) exp (—ieysX1s hg (ta), (Fa) 
+ [ar drydrs SS exp (eX, (Mal dhl 


Kk kyks 
(r,|%o+ Wis) exp (—teys2X ao), (Ps He,” (Fe) | (3.10) 
= (r3|H9+ W[ry) exp (— HV 13X13) Hi, (M1 Pe,* (aaa ; 
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ihis{ky | f |ky} + {k,[C] kg} 
= [er, d*r.d*r, 2 exp (ZeVy_X- 12) Pe, * (hay, (Pet Kal f |ks} 


{ (ry|4o+ Wie) EXP (— eV 32X 50 bye (3 by, * (Fo) } 
— 13] 9+ WIre) exp (—te¥ 13X43) p,, (Mr )hn, * (ts) 


f fan d*r,d°rs ae > exp (ZV 12X12), * (11 re, (Wa {Kal f [ka} 
a kyAky 
{ {r,|%o+ WIrs) exp (— sey aoX go )y, (Fs hn, * (Fe) (3.11) 
— <r,|H9+ Wrz) exp (— 1eVigX 13), (Ta Me, * (Hs) Jo ; 
Since these equations are complex and we are only concerned with their structure 
we shall write them in the following way: 


itsfa¢ Ca= (HW) afat (HCW aafag 2-0: (3.12) 
itisfaat+ Cna=(#H+W)"4afat(H+W)nafnas voices (3.13) 


The subscripts d, nd denote diagonal and non-diagonal parts of {f} or {C} and 
the definition of the integral operators # and W and their kernels #(k,k,|k;k,) 
and W(k,k,|k,k,) follows by comparison with Eqns (3.10), (3.11). 

We cannot hope to solve these coupled equations exactly. We can however 
simplify them in the weak scattering limit. In the treatment by Kohn and 
Luttinger (1957) of the field-free case, it is shown that in this limit the equations 
have a solution which is independent of the rate s at which the electric field is 
switched on provided s<1/z7. We shall take the weak scattering limit in such a 
way that s is about equal to 1/7 or less (+ depends inversely on the strength of the 
scattering) and only later make use of the fact that in practice the rate of 
application of the electric field is always such that sr<1. We shall find however 
that the restriction s ~ 1/7 is not the only one that has to be imposed; in a similar 
way the size of the magnetic field has to be introduced into the limiting process. 
To show this we demonstrate how an attempt to solve the equations in the weak 
scattering limit for arbitrary fields fails. 

We replace W by A,,W where 4,, is a dimensionless parameter measuring the 
strength of the scattering interaction. Since 70cA,,~? our restriction on s requires 
that s=A,*sy where A, ~A,, and sp is some reference frequency independent of 4,,. 
A short calculation shows that for \,,<1, 4%q, 4g, #%nq, A™ na, Ca~d,,° 
and W4%q, Wg, W%na, W™na, Cna~A,. Suppose that to leading order, 
fa is of order A,,”, where 7 is not necessarily positive, or even an integer. Taking 
the terms of (rest order in A,, from Eqn (3. 13) the following equation is obtained 
for fna in terms of fa: 


Cha ifs Teel 
H™4yafra= 3 Cra—H™afa if rab. cn. (3.14)" 
—-A“gf4 beer <ol 


Substituting this back into (3.12) we find that the only consistent choice of r 
is r=0 with fa given by the equation 


H safa= Cat A %pa(A™ na) 1H ™afa, eet esi) 


where the existence of the operator inverse to #™4nq has been assumed. Now 
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in the limit of zero field the integral operators #%g, #™4qg, #%q and W4q 
vanish. For in this limit the general kernel becomes 


[#(k1k,[kgk,) + W (ky ke |Ksky) Jroro neta 
aa (k,|%, On aol Ka )Stcskeg kak, a: (k,| 4% On —olKa )Skcsks kek 
+ (ky [Wks dp, — (ka[ Wk, PO, AA ie PRE RI OTF (3.16) 
since a is diagonal in the Bloch representation. If either k,=k, or 


k,=k, the kernel #,,. 59g Vanishes, and if both k,=k, and k,=k,, 


=WA ; : ; 
W sero tea = “4,05 neq Vanishes. Hence in zero field the coefficient of fa in 


Eqn (3.15) is zero. Thus this equation only gives a solution valid in the weak 
scattering limit provided the field H is not too small, and when this is so fa 
becomes independent of the strength of the scattering. This is to be contrasted 
with the behaviour of fq in zero field when fa ~A,,~ as ,,>0 (Kohn and Luttinger 
1957). These different dependences reflect the different mechanisms which 
limit the momentum acquired by the electrons under the influence of the electric 
field: when H=0 the scattering is entirely responsible; if there is a magnetic 
field perpendicular to the electric field the electrons execute circular motion under 
the influence of the Lorentz force and this mechanism dominates in the weak 
scattering limit. This limiting process (A,,>0) can therefore provide a basis for 
the calculation of the transverse magnetoconductance in high fields. A high 
field theory of this type will be developed in a second paper. For low fields a 
different method of attack has to be devised. 

The method we use takes into account the vanishing of #%q, #%nq, Aq 
as the field goes to zero. This is accomplished by ordering the Eqns (3.12), (3.13): 
not only with respect to X,,, but also with respect to a parameter A,, measuring. 
the size of the field. We assume that each of ,, and A,, is small compared with 
unity. The limiting process ,,—0 is the extra condition referred to earlier. 
The exact nature of this will be made clear subsequently. We define the parameter 
Ay by the equation iw=),?E where E is an energy independent of A,,. The 
possible energies are C, RT and a screening energy giving the range of the potential. 
of a single scatterer. 

It can be shown that to leading order in Az, #™na, Wana, Wa, W™ na 
are of order A,° while #%q, #4g, H%na, Wa go linearly with the field to zero, 
that is they are of order A,?. To leading order Ca~ (A,,”)Ay® and Cna~ (A,,)Aq°- 
From Eqns (3.12), (3.13) it is now possible to deduce the leading order of fa,. 
fna. From (3.12) 


faa = [ths SS W 4, 4|[(4™a + W4a)fa _ Cra]. otaeres (3.17) 
In the inverse operator i/fis and W™yq can at once be discarded since A,”, A,, are: 
each very much less than one. Inserted into (3.13) this gives an equation for fa= 
ihsfa+ Ca=(4%a+W a)fa 
+ (444+ W na)(—- 4#™ na) [(4™a + W™a) fa — Cra]. 


In the limit A,~>0, A,,, A,>0 with A,,/A,>a constant, the coefficient of fa reduces. 
to ihs — #%4—-W,,4(— FH, 4) nd; and the inhomogeneous term to Cx 
Here the circumflex means that the integral operators and inhomogeneous term 


T2 
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are to be evaluated to leading order in A,,,A,. So far nothing has been said 
about the relative order of A,, and Ay. Now ihs~A2, 2#%q~),? and 
Wy4(— 04,4) AP M44 ~},.2. We have already supposed that A,~A,. If 
we further assume that \,,~A,, the terms in Eqn (3.18) of leading order in both 
the field and the scattering are retained. In any other limiting process some of 
these terms disappear. For instance for the high field approach already 
mentioned we would assume ,,/A,,>0 and the scattering interaction would 
disappear from Eqn (3-18). We therefore impose the limiting process 


A,-0, Aw, eos le? | areas (3.19) 
in such a way that X,,/Az, Ay»/Ay each tends to a finite limit. 
Then 
farfa~ Ay function of (Ag/Ar As/Awy) vee (3.20) 
faa>fda® Ag Rincon of (RINE Aaah, (3.21) 


‘These are consistent with the results obtained by Kohn and Luttinger (1957) 
in zero field. Under the limiting process (3.19) the Eqns (3.12), (3.13) are 
to be replaced by ‘ 

ihsfa sll Goes F-44 fat Wyafna a caeae (3.22) 


ihsfra=W™afat+ #™nafna se vane (3.23) 


"The term ihsfna is of higher order than the other terms in the second equation 
but it cannot be discarded as it later appears in a limiting form for a delta function. 
The discussion of the other higher order terms is left to the next section. 

We shall solve Eqn (3.23) for fna in terms of fg. For this the integral operators 
PO, A?™ 4 are required. These are just the zero field values of W™g, #™ nq 
which from (3.16) are non-vanishing. ‘The kernels are 


H Png Kakelka ky) = oy,0 ules Lg, me oe (3.24) 
and 
#4a(k,k,|k;k;) = (k,|W{k, ) Seah — (k, |W] k, Sek" 
siete (3.25) 
For Eqn (3.22) W%yq will also be needed. This has the kernel 
W nq(k,k, |ksk,) a <k,| W\k; Stak ix (k,|W]|k, ) Srey" 
atten (3.26) 


Using (3.24) and (3.25) in Eqn (3.23), the solution fna is easily obtained: 
Sk |f|k ties (ky|W] ke )[{Kol f ko} — {Ka Lf [he] 
Salt Nah Sain tom aiaas [ELLE Be bare 


This checks the statement that fna~A,,fa. Together with (3.26), (3.27) gives 
the last term in Eqn (3.22): 


& Poa aks sks) (Kal Ika) = [Kal Hk) PECL Bes} — CL] 


~*~ 
ake 


1 1 
Foose iD nee oe ogee: 


‘The importance of retaining the small imaginary terms ifs in the denominators 
is now apparent. Recognizing now that these are of smaller order than the 


+ The restriction Ag — 0 is not required for the high field approach. 
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other terms, the factor becomes properly ordered in the limit s>0. In this 
limit it is 27i5(E,,—E,,). Then the right-hand side of (3.28) becomes: 


Wafna = 2m 2 |<k,| Wik; »P [{ks[f|ks} a {k, [7 [ky }]8(E,, a Ey, ): 


Using (3.29) Eqn (3.22) becomes an equation for fq alone. The inhomogeneous. 
term Cq and the integral operator #44 of this equation can be put into very 
simple forms. To zero order in A,, the inhomogeneous term is 


{k,|C]k,},,-0 = [Jen d®r, exp (teyX)(—e€). (r,|[p(Ho), F]|rs dha, * (11) he, (2)- 


IES ore (3.30) 
Now 
exp (teyX) (1, [Po( Ho), F]lr2) = —r exp (ZeyX) (ry |po(Ho)|r2). 
Writing this to the leading order in \,, we therefore have for Ca 
{k,[C|k,} = | fares d®r,e€ . r(ty|po(Ho,_,)|h2 hr, * (tr by, (re). 
ene (3.31) 
Using the properties of the Bloch functions (3.31) can be reduced to 
{ky|C|k,}=ie€.. 5 Fe folk Ke Tey en (3.32) 
where 
fo(Ki ky) = (kj |Po(H04_,)|Ki)- SROOCK (3.33) 


The form of # d4(k,k,|k,k,) is derived in the Appendix, where it is shown that 
dq is identical with #4q, that is #4 only contains terms linear in the magnetic 
field, and 


ae ie [ OF: ) a 
2 Aa Ky ka|kaks) {Kal f lk} = ee (see H) “Bic, ald Is}. 


This has the form of the usual Lorentz force acting on a charged particle moving 
with velocity v=/-10E,/ok. 

The equation obtained by inserting the detailed forms (3.29), (3.32) and 
(3.34) of the kernels and inhomogeneous term into (3.22) contains the square 
modulus of the matrix element (k,|W|k,) of the interaction of an electron with 
all the impurities. Kohn and Luttinger (1957) obtained a similar result in their 
treatment of the zero field equation and were able to show that this collision term 
could be reduced to its usual form provided there were no correlations between 
the positions of the impurities. Then the collision term (3.29) can be written 
in its customary form 


ih p [Wier,{kal f [ks}— Wrae{Kilf Ik,}] 


where W,,,, is the afore site per unit time that in the absence of the field the 
electron should make a transition from the Bloch state k, to the state ks. 
Recognizing that for the physically interesting rates at which sie field could be 
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applied s is in fact very much less than the inyerse of the relaxation time, we 
may discard the term ifs{k,|/|k,} in the detailed form of Eqn (3.22) and the 
final equation is obtained : 


1 OE, icy aw 
06.5 aefill W)+ ES EAM) Fae UK FI) 
+21 [Wedklflo— Wadk’fik}]=0. ee. (3.35) 


‘This is the usual Boltzmann equation (Jones and Zener 1934, Peierls 1931, 1932). 


§ 4. CORRECTIONS TO THE BOLTZMANN EQUATION 


In this section we shall investigate the corrections that appear when the 
magnetic field and scattering potential are included to higher order than that 
required to give the Boltzmann equation (3.35), and in this way deduce the 
conditions under which this equation is valid. 

We shall solve the exact equations (3.12), (3.13) for fa and.fna in ascending 
powers of A,, and A,,. We assume that 


fa=fadP+fadP+faO+... nae es (Gal) 
Pee ol a, ee ee Bk. (4.2) 
where 
faH A> function of (ALA ti. we pee (4.3) 


and f becomes fa‘—® in the limit s+0. A, has here been treated as small compared 
with 4,,, and from now on s is only retained to define the path of integration near 
the poles caused by the energy denominators, as in the derivation of (3.29). 
This procedure is a valid one as long as s is sufficient to fix the sign of the imaginary 
part of the energy denominators. If in higher order the energy denominator is 
modified in the following manner: 
1 1 

BE Nee ee ee 

its—A  ihs+iahw—A 
where « is real and about unity, but of unknown sign, the path is not defined 
unless hw <fs. Since we here want A,<A,, we would then require wr<1. 
It will be seen however that such a situation does not arise. 

By writing fa as a power series in A, and X,, we have eliminated any part 
of fa which may have the form exp (—7?kT/(hw)), for this cannot be expanded 
in powers of A,. Such a term is expected to account for the de Haas—Schubnikov 
oscillations of the conductivity, which therefore cannot be treated by this method. 

All inhomogeneous terms and integral operators are expanded in Dae same way. 
For example 


Ca C10 CGO a enor ee (4.4) 
while % 
WeW02W,  H%=HY@=AG, (4.5) 
Then the first three equations for the successive parts of fa can be shown to be 
1 1 1 


Ci = HGF WA, WA, 4-2), 


ths — F™4, 4 
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CaM= “aa 


ie i a SP id (1) .(—1 id (1: d = 
et —- ro) ne afar D+ 0 2” 5a a fa‘ = 
sofas (4.7) 
Ca = 4442 f 
1 
nd (1)f (0) __ @) nd (2) nd (lI)f (—2) 
W d fa Cya +H nd sO d f a ’ 
+Wwa cs ee Lb ey 
nd ths — HO, il 1 
tyra (1) +Wr, me) 
nd ths — #724, ths — #724, 
x Wy” ae) 
ae (4.8) 


Equation (4.6) is the Boltzmann equation (3.35). The higher order equations 
can be simplified by a convenient choice of the zero point of potential, and by the 
use of the diagonal singularity property (2.1). For <«k|W[k)=f W(r)d°r can 
be chosen to be zero. C,® contains this as a factor and is then zero. The 
diagonal singularity property can be used to eliminate any term containing 

1 


ya (1) oy 24 (1) 
ae 2! SS arcs 
ths — #4 


which written in detail is 


oe 6 Sick — 9 
: kIWk kk, Ok ks eels LE NTA Oe 
2. (KIWI SS x Roe eS sleds 


where k¢k’, _ This factor vanishes because of (2.1). The inhomogeneous term 
of Eqn (4.7) therefore vanishes and we may take fa‘? equal to zero. Eqn (4.8) 
then simplifies to 


1 
T,2 + LQ = A4g@fQ + WA Te AO Word OF 5) 
Eaiadtc (4.9) 
where the two parts of the gg term are 
1 

1,@ = Ca®)+W4,, ew CHOniane aii.ats (4.10) 

= -W, Mz 1 SEMA (2) t of oa DF (—2) 

ihs — H™4,O nd ihis— A™, aan 
ovvlnde (4.11) 


Since Cha depends only on the scattering perturbation the second part of I, 
is independent of the magnetic field. Ca® also has this property, for the part 
of Ca® due to the magnetic field is 


[Cake Joga ie fk) see (4.12) 
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where 


po 
SF 


fr (kK) =e E 


the two parts of which cancel for the one-band model. Hence J, is a correction 
due to the scattering only, and is given in detail by Kohn and Luttinger. 
I, contains all the corrections caused by the magnetic field. A detailed analysis 
shows that 


2 1 en yor, (ek a 
(Kk) = 2i Wile spo ee ee ie 
at i) = 2 3 I ery (Fe ae) | (ae ( ) 


(5% 10) lace (ky [71k Fk) FI 


where J(k) is defined by Eqn (A5) of the Appendix. 

In order to investigate the accuracy of the conductivity derived from the 
Boltzmann equation it is necessary to solve Eqns (4.6), (4.9) for fa‘, fa and 
estimate the ratio of the current components caused by a given electric field: 

os 


of attena 
pat 


7 
The solution of the equations requires a knowledge of the inverse operator 


1 
ifs — HO 


This we know explicitly for a simple case, and our detailed arguments from 
now on concern this case though they may be applicable generally. 

We consider the simple case where the energy surfaces are spherical. Here 
A, is a simple multiple of the z component of the angular momentum 
operator and if the scattering is spherically symmetric depending only on the 
angle of scattering, it is advantageous to expand the transition probability Bes 
unit time in terms of spherical harmonics: 


[ FAW 4Y 4, wa = 


W ye = W(0)= a Pi (cont ig et aeces (4.16) 


where @ is the angle between k and k’. Then one can show that the harmonic 
Yj» is an eigenfunction of the integral operator, with eigenvalue if(4mw + w,—w): 


1 


Be + W740) 
[ ss ihs — #4, 


we Vim = th( mw + W,— Wo) Vim. 


Hence the solutions of Eqns (4.6), (4.9) are in this case easily obtained in terms, 
of the expansions of the inhomogeneous terms in spherical harmonics. The 
corresponding contributions to the current are 

7) eh k atime 


fi eee meg fee ee hee (4.18) 
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where 
ins ERY Oe al ee Sa, (4.19) 


at 0 fs Nap ea (4.20) 


I is given by Eqn (3.23) and since ce 10) consists of the two parts J, and I,,® 
we split j, into corresponding parts Ju, and Fig en We consider in turn a 
ratio of each of these to j,{-, using dimensional corgtaneats 


(iis 
Ry Vs n 1 
Sn a the Ge te OY oe es 
— ime dimhw + ih(w,— wo) {Ci 8 ths — FO™4, Coa } 


is > in Yinie€ - (9/0k) fo(Ex) 


im & © gtmhiw+th(w,— wp) 


This ratio differs only by the terms }imhw in the denominators from a correction 
evaluated by Chester and Thellung (1959) for the field-free case. It is easy to 
verify that there are no singular points in the summation in J, and that the 
sum converges at large energies. ‘The only fast-varying factors in the sum are 
energy denominators, and derivatives of Fermi functions. We replace the latter 
by their values at absolute zero, with errors of the order RT/¢. We now write 
all wave vectors in terms of the Fermi wave number. Then 


Sung” _ Hilt Zodebi(s #)als, w, 7) (4.22) 


Is” FY hoz )a(2, , 7) 


where 
Sim Vim 
a(z,w,7)= De gy EER 35.2 (4.23) 
and ¢, and ¢, are functions of the dimensionless variables z, 2’. 7 is some meam 
value of the relaxation times 7,=(w,—w,))~!. The dependence of « on w or 7 
can be factored out when either wr<1 or wrS1 and the ratio of the currents. 
is then of the order (#/7)/{ since each of the integrals over z, 2’ then yields a 
number about unity. For intermediate values of w7 the integrals in the numerator 
and denominator of (4.22) are different functions of wr. These functions are 
slowly varying and because of their similar limiting behaviour their ratio is never 
likely to differ appreciably from one. 
(ii) We may write the ratio of j,,, to j,( in the following way: 


fs €. (0/dk) fo VimPnm 
7a = [> ye (9/ eS 


% simhw +th(w,— Wp) 


ie€. (ajake, Yim(A) Yim(R’ ) nd AY 1 Hl oa (2) 1 
a > p simhw + ih(w,— Wo) Le ths — #™4, nd is — A™, 
Um’ K 
x Wr) Ren ta ee ee SS ee (4.24) 


dim!’ hw +ih(wy — wo) 

Again we approximate the derivatives of Fermi functions by their values at 
absolute zero. Introducing dimensionless variables leads to 

Jun” hoe Dba (2) 2" Jax’, , 7)B(%, 2's @s 7) 


Fe Le > b2(z)0(2, «, 7) 
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where 


Yin) Vim 2’) 
p= Dim areinie es a (4.26) 


In the limits wrZl it is possible to factor out the dependence of «, 8 on w, + 
and the ratio (4.25) becomes approximately (#/7)/¢ for wr >1, and approximately 
hw/¢ for wr<1. A slowly varying function of w7 with this limiting behaviour 
is iw/€(1+w7)— and the ratio should differ little from this value. 

The correction j,°=j, +j,, is therefore small compared with j,™) 
provided hw, h/7<¢. However, we expect j,“— to differ appreciably from the 
total current if iw 2kT because of the inability of the expansion method to treat 
the de Haas—Schubnikov terms in the conductivity. The Boltzmann equation 
therefore only gives a good approximation to the conductivity if (1.3) is satisfied. 


§ 5. CONCLUSION 


It has been shown that in the presence of a magnetic field the Boltzmann 
equation for a simple distribution function can be derived by a weak coupling 
approach which proceeds from the equation of motion of the quantum 
mechanical density matrix. The analysis was made convenient by the use 
of a representation in which it was expected on the grounds of invariance arguments 
that the diagonal elements of the density matrix would be much larger than the 
off-diagonal elements. ‘Thus the analysis is similar to the treatment of the 
field-free problem where it was possible to use the momentum representation. 
The representation we have employed is of the Wigner type and the diagonal 
elements of the density matrix in this representation are all that are required 
for computing the average values of the three operators/,,j,,j.. It is remarkable 
that the Boltzmann equation satisfied by this distribution function is identical 
with that derived by Jones and Zener (1934) on the basis of wave-packet analysis. 
We have therefore clarified the usual idea that individual electrons can be regarded 
as localized in k-space, and that the Lorentz force equation is valid for them. 

At no point in the analysis is it necessary to assume w7 <1 and the corrections 
estimated in §4 are all small provided ha, h/t<l, hw<kT. Thus the 
application of the Boltzmann equation for arbitrary w7, required in the recent 
theories of the linear law, has been justified. Of the remaining limitations on 
the magnetic field, fw <kT ensures that the border region of the Fermi 
distribution extends over several energy levels, and fiw<{ implies that states 
with high quantum numbers are occupied. These conditions remove any 
quantum effects associated with the magnetic field. 
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APPENDIX 
The Evaluation of #%q4 
The term in (3.10) giving #%q(k; k|k,;k,) contains the matrix element 
in configuration space of #4): 
1 oo 2eh du eo 
dr|2Ealts)= 54 — 1 — FA) a + 5 AX(r,) +2mVa(rs)}8(e— Fs) 


Gib mic 


where V, is the lattice potential. Inserting this expression into (3.10) and 
performing partial integrations with respect to r,: 


Ha (ls kek ky) = F = [ar Pry dra d(e—Fs) 


2 2 E72 
x {—7] = + (Fas | BS = Hs.) +ieX | ee = xt+2mVo(r)} 

x abac® (1b (Pa), (Ps), * (2) tease (A2) 
where d,, is the vector with components (yj, 2X42, 0) produced by the action 
of the differential operators on the phase factors {exp [Vy2%X12— VasXga |}: The 
phase factors can be replaced by unity after the differentiation since 
[y12X12—V3eXg0] vanishes when r,=rz. The term in (A2) independent of the 
magnetic field can be written as the zero field limit of 29 Ck] Hol ki Sra, which 
vanishes. The term proportional to H? is a linear combination of terms like 
J <k|x?|k, 5, and terms like .%|{k|y|k,)[?. Both types vanish. Hence #4 
contains only the term linear in the magnetic field. This can be reduced to 


H%4(k; kk, ; k,) = #4a(k; kk, ; k,) 
elt { <Klpylkr <a lel) — <k[|ky )<kq[ Pylk) 
— (k[pz[k,)<kily|k) + <k[y|ky)<ki| Pelk> 


mc 
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where p is the momentum operator. Now 


aod ; 
<k[r|k,)>=2 ay Oks tk) Bc, Hess. Girt (A4) 
where 


H(ke)= fn (7) etal?) zr (A5) 


and the diagonal matrix elements of the velocity operator can be written simply 
as 

1 dE(k) 

h ak eee eee 


(Jones and Zener 1934, Karplus and Luttinger 1954). The contribution of 2 
to the right-hand side of (A3) vanishes identically leaving 
OE, 


S 8a (ke els ks) L/had= — 5 (SEAM). elf 


(k\v[k) = 
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Abstract. ‘The possibility of obtaining negative resistance effects in a new way 
in semiconductors is discussed. The principle of the method is to heat carriers 
in a high mobility sub-band with an electric field so that they transfer when they 
have a high enough ‘temperature’ to a higher energy low mobility sub-band. 
The conditions required for negative resistance are discussed generally and more 
specific conditions are obtained for some simple cases of spherical and ellipsoidal 
bands by solving the Boltzmann equation. It is shown that the most favourable 
case is when the sub-bands are sufficiently separated in energy for the emission 
of optical phonons to be the dominant mechanism for energy relaxation in both 
sub-bands. Ge-Si alloys and some 11I-v compounds may have suitable sub-band 
structures in the conduction bands. ‘The case of p-type uniaxially strained 
silicon appears to be marginal in the region where the current is proportional to 
the square root of the electric field. The electrical instability of a crystal with a 
differential negative resistance is briefly discussed and it is pointed out that some 
sort of ‘electrical domain’ formation may establish itself and inhibit the obser- 
vation of negative resistance. Side effects which can influence the condition for 
negative resistance such as specimen heating, which is advantageous, and impact 
ionization, which is deleterious, are also discussed. 


§ 1. INTRODUCTION 


T has recently been proposed by Krémer (1958) that certain energy band 
] structure properties giving rise to a negative effective mass may be used to 

obtain negative resistance effects in semiconducting crystals. The chief 
difficulty appears to be finding a means of making a sufficiently large proportion 
of the carriers have negative mass. 

In this paper the possibility of using other band structure properties to 
produce negative resistance effects is considered. The approach taken is to 
study means of varying the average effective mass of the carriers. 

The conduction and valence bands in semiconductors consist of a number of 
sub-bands, and for normal conduction only the sub-bands with lowest carrier 
energy are effective. The next highest sub-band may be separated from the 
lowest sub-band by a large fraction of an electron volt. Sub-bands with very 
much smaller separation in energy can sometimes be produced by the effects of 
strain. For example, in germanium the conduction band has four sets of ellip- 
soidal constant energy surfaces in the [111] direction in k space, while the valence 
band is doubly degenerate at k=0, the two bands giving light and heavy holes. 
In both cases a strain will produce separate sets of sub-bands. In the conduction 
band two valleys go down and two rise in energy, and in the valence band the 
degeneracy is removed and two sub-bands separated in energy result. 
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According to the curvature of the bands and the direction of the applied 
electric field the carriers in the sub-bands will have different resultant effective 
masses. The average effective mass and hence the conductance of the crystal 
will depend on the relative populations of each sub-band, and this will be a 
function of carrier temperature. This may be varied with an applied electric 
field, and in what follows we shall see that under certain conditions it may be 
possible to use this effect to make the semiconducting crystal exhibit negative 
resistance effects. 


§ 2. THE VARIATION OF CURRENT WITH FIELD 


Let us consider the conduction band to consist of two sub-bands which may 
be represented in the (ce, k) diagram, as shown in Fig. 1. The lower band is 
denoted ‘a’ and the upper ‘b’. The energies of the minima are eg » and their 


c 
3 b 
E 
| on 


Fig. 1. Two sub-bands in a semiconductor. 


energy difference E. Their effective density of states are Na,p. We assume that 
the k direction is along a principal axis which is parallel to the electric field F and 
the effective masses and mobilities are ma» and pa». "The numbers of electrons 
per cubic centimetre in the bands are map. The conductivity is then given by 


G=e(palla + pnp). eee eine (1) 

When a sufficiently high electric field is applied to the crystal the electrons 
are accelerated and their effective temperature rises above the lattice temperature, 
and in general we must also expect the lattice temperature to increase. The 
effect of this will be not only to alter the mobilities but also to alter the electron 
densities in the bands. The incremental variation of conductivity with field 
may be written 

ae =e (na Te +0) +e (m5 +m 2) 

or, putting 7, +mp=n, where n is constant, and taking Ha, pock?, 


ee = ¢(ua— po) Set + e(uatta + porn). veeeee (2) 
Since the current density 
J=GF “ 
dJ dG 
and aF > G+F GF’ 
the condition for negative resistance is 
dG /G 1 


aR 
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or, from Eqns (1) and (2) with f=np/na, 


(22) (-EG)-e]ee oes 3) 


In the next section we will examine the conditions for negative resistance by 
solving the Boltzmann equation for particular simple cases to gain a more detailed 
insight into the effect. Here we wish to limit ourselves to some general obser- 
vations concerning the inequality expressed above. 

The field exponent p is a function of the scattering mechanism and should be 
negative and large. This makes impurity scattering quite undesirable since 
when this is dominant the mobility rises with increasing field and thus 9 is positive. 
When lattice scattering is dominant, however, p is negative and will depend on 
the lattice and carrier temperatures. When the lattice temperature remains 
constant there are three distinct regions in the current-voltage relationship for 
hot electrons at low lattice temperatures (<20°K). 

(i) The F1? region where acoustic phonon collision scattering is dominant, 
p=—0-5. 

(ii) The F4® region where the emission of acoustic phonons is the dominant 
scattering mechanism, p= —0-8 (e.g. Stratton 1957, Conwell and Brown 1960). 

(iit) The F° region where optical phonon scattering is dominant, p= — 1-0. 
We see immediately that any contribution from the first term of Eqn (3) in region 
(iii) will give negative resistance. Such a contribution will arise when electrons. 
become hot enough to spill over into the upper band, providing the upper band 
has a lower mobility. 

(iv) Another case may be considered in which the lattice temperature is allowed 
to increase with field. To see the effect of this we imagine a one band case in 
which the lattice temperature is predominantly determined by the heat produced 
per unit volume Q, due to the current, but is still small compared with the electron 
temperature, so that 


T cOF ou. 
In the FY? region poc F-12734 (Eqn (7); also Yamashita and Watanabe 1954), 
so poc Fi’, that is, p= — 8/7, giving negative resistance without any contribution 


from the band structure. This is an extreme case, but it illustrates that Joule 
heating is generally advantageous to negative resistance. 

The first bracket in Eqn (3) is straightforward—we must have pa> pp. 
Electrons must begin in a low mass band and transfer to a high mass band when 
they are heated by the field. The maximum value of this term is unity, 
i.e. when a> bp. 

The second bracket is not so easy to deal with. It represents the rate with 
field at which electrons transfer to the upper band and this will depend upon 
differences between the bands of effective density of states, electron temperature, 
and the energy gap between the sub-bands. To obtain an idea of its value let us 
assume a common electron temperature J’. and a Maxwell—Boltzmann distribution. 
If we have T,oc F? then 

I digs Wee 
iodF ng Oe 
If Eis the band separation it may be shown that with f=(N,/N,) exp (— E/AT,) 


Te diy (09 Nv _| ) 
ear. Ta NG oBf 
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where N, pare the effective densities of states, which has a maximum value when 


log —logf=1+f. 


As an example, let us consider the F!? region and take the first bracket to be unity. 
Although the distribution is not Maxwellian let us nevertheless take our electron 
temperature to have the same dependence on the field as is obtained in the actual 
case, namely TeocF. Thus g is also unity. Since p=—0-5 we must have 
f>0-5 and —(Te/na)(dna/dTe) at a maximum to obtain negative resistance. For 
the limiting case of f=0-5, Np/Na~2-25 and E=1-5kT,. Such requirements 
are not obviously impracticable. The condition for EZ is not very sensitive to 
the ratio Np/Na. When Np/Na=1, f=0-3 and H=1-3kT,. The more detailed 
calculations of the next section show that negative resistance, if possible, occurs 
at values of kT. which are somewhat less than the band separation, in agreement 
with this estimate. 


§ 3. NeGATIVE RESISTANCE IN PARTICULAR CASES 


To clarify ideas it is worth while to consider a particularly simple model of 
two spherical energy bands displaced from one another by an energy EF at k=0 
(Fig. 2), the lower band having the lower effective mass. Such a situation is 
unlikely to occur naturally but if the spherical bands are replaced by suitably 
oriented ellipsoidal bands we come nearer to a practically realizable state, e.g. 
uniaxially strained p-type germanium. But to continue with the simple case, 
we assume that the dominant scattering is due to the interaction with a fully 


Fig. 2. Two spherical sub-bands with minima at k=0. 


excited distribution of longitudinal acoustic phonons and that the matrix element 
‘governing interband transitions is of the same form as that governing intraband 
transitions, ‘The first assumption means that we are dealing with conditions which 
in a single band would give rise to the F~"? factor in the mobility law for hot 
electrons. 

The Boltzmann equation for the lower band is io 


ofa ofa iN ge 
(3) ser is (FE) ee % (FB) rx =e 


and a similar equation exists for the upper band. The individual terms can be 
obtained in the usual way by expanding the electronic distribution function fg in 
‘spherical harmonics and taking the phonon energy to be small compared with the 
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electron energy. ' Only the first two terms of the spherical harmonic expansion 


need be used, i.e. 
fa=fao + Fay 608 9 
where @ is the angle between k and the electric field F. After some manipulation 
we obtain the energy and momentum relaxation equations: 
2 (eF)? € Pha ef Zeki e t= bmi el 2(e—E)'2 
3° ma Sac? + Spi(e— Ey? de 3 ma Sac? + Spi(e— Ey? 


+ SAE See oe eae a Ste eWaf ot [Spi(e— E)?( fio — ao) + O(2)|= 0, ees E 


and 
4, 2Mek etl? dfao 
Sus=~ Fait SAA Sele BY de” 

where « is the energy measured from the bottom of the lower band, 
6 ,2(2ma)??kT Sp é 2 (2mp )?RT 

2rpeh | ns Doe: 
@, and &; are deformation potentials associated with intraband and interband 
scattering respectively, p is the density and c is the velocity of the acoustic waves. 
O(2) stands for second-order interband scattering terms which cannot be neglected 
in general but with which we will not be concerned in the approximations to 
follow. Two other similar equations occur for the upper band but these are 
omitted for brevity. It may be noted that the mean free path, which is the factor 
multiplying eFdf,,/de in Eqn (5), is dependent on electron energy, for energies 
greater than E. 


6 Shi ee wee (5) 


Sa= 


3.1. Intraband Scattering Dominant 


To find f,, and f,, we must solve two coupled second-order differential 
equations. We can simplify the problem, however, by taking the case of weak 
interband scattering and assuming that the distribution functions are determined 
solely by the electric field and intraband scattering. This is analogous to having 
a high thermal resistance between the bands so that the electrons in the lower band 
will differ in ‘temperature’ from those in the upper band. ‘The solutions are 
now straightforward and we obtain 


eF . df, 
Sao=A exp (— ae”) and Su= — 2) aS de TC A (6) 
and 
ner! df 
foo= B exp [—on(e—£)?] and f,, = — 20" es, e—B) ) 
where 


36a!mekT 1 
ma PON (eF PE’ 
and similarly for ap. 
To obtain the constants A and B we evoke the particle balance equations 
Na+Np=n, dna/dt=0, 
where 7 is the total density of conduction electrons and Ma, Mp are the densities in 
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the two bands. In terms of the distribution functions these equations become 


: a2 po An(2sn, \3!2 
amen |’ cl exp (—aget)de + BEM) 


x | ” (cE exp [—on(e— Ble ab loe 
0 
y ‘ ” ite B)Mexp (—ane\de + B i * dite By exp [Haylee dee 
E E 


In the latter equation we have neglected the second-order interband terms. 
This is permitted since f,,#fp,- Solving these equations for A and B gives us 
the explicit distribution functions from which the current-—field relationship can 


be deduced in the usual way. The electron densities are given by 
Na 1 ny Brey 


me a + Br'9l4? ma + Br>9/4 
where y=ma,/mp, r= €a/ 6p, 


ie [x(a —1)]*? exp (— ioe 


le [x(x + 1)]}#? exp (— epE*\dx 


They depend upon the field through £, which derives from the interband scattering 
and increases in value as the field increases. Thus as the field rises electrons 
spill over into the upper band. ‘The current—field relationship is 


af ae Brty! 2 


B= 


J =neF us firey ooo ane i ade ha 2 (7) 
where J is the current density and the mobility pa is given by 
QU2 ap el pU2R 2312 J 


Ha 38D (3/4) Game (RT) FR 

Equation (7), in dimensionless form, is plotted in Fig. 3 for various values of 
the ratio of effective masses assuming equal deformation potentials. Negative 
resistance is just evident for y=0-4 and is well established for y =0-2. 

When we turn to the more realistic case of ellipsoidal bands we realize that 
three different masses arise in our equations. One is the density of states effective 
mass (mm , m , )"? which appears in, for example, Sa in Eqn (4), a second average 
mass appears in the mc?/kT terms in the same equation, and the third is the 
mass in the direction of the field (the mass in the (ef’)?/ma terms in Eqn (4)). In 
the spherical band case the ratio of each of these masses contributes to produce 
negative resistance. ‘To be now more pessimistic let us consider the case of two 
identical ellipsoids oriented such that their major axes are at right angles to one 
another and the major axis of the upper band is parallel to the electric field. This 
is close to the condition of the valence band in uniaxially strained p-type germanium 
or silicon near k=0. Since the ellipsoids are identical the average masses aré 
the same and we have to rely on the ratio m , /my, i.e. the ratio of masses in the 
direction of the field, to give us negative resistance. Under the same conditions 
as before we obtain for the current 

3/2 


J= nF ee + By 34? 


Negative Resistance in Semiconductors 299 


5:0 


02 1 _| | 


0-1 0:2 05 10 2-0 50 
kT,/E 


Fig. 3. Variation of current with voltage for two spherical sub-bands with minima at 
k=0, where EF is the energy separation at k=0 and $7, is the mean electron kinetic 
energy in the lower band. The dominant scattering mechanism is assumed to be 
collisions with longitudinal acoustic phonons with the same deformation potential 
operative for both bands. 
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Fig. 4. Variation of current with voltage for two identically shaped ellipsoidal sub-bands 
with minima at k=0 and their major axes mutually perpendicular. The electric 
field is parallel to the major axis of the upper band. F is the energy separation at 
k=0 and 8k7, is the mean electron kinetic energy in the lower band. The domin- 
ant scattering mechanism is assumed to be collisions with longitudinal acoustic 
phonons with the same deformation potential operative for both bands. 


where now y= mm , /m, and 1a is the same as before except that mat is replaced by 
m ,%4m\? where m is an average mass. In dimensionless form this is plotted in 
Fig. 4 and the conditions for negative resistance are shown to be much more 
stringent. 


3.2. General Remarks 


The case just considered has been one in which the bands developed inde- 
pendent distribution functions, just as though they had been thermally insulated 


U2 


300 B. K. Ridley and T. B. Watkins 


from one another. What happens when there is no insulation? The interband 
scattering is now appreciable and Eqn (4) is governed by the first-order interband 
scattering terms so that 


Sao =fro 


which means that the bands are at the same ‘temperature’. Thus for energies 
below FE the distribution function for the lower band will still be given by Eqn (6), 
since there is no interaction between the bands, but for energies above E 
there will be a common distribution function fy which will be some sort of mixture 
of the f,, and f,, of Eqn (6). Obviously, for energies just above E the density 
of states in the lower band is greater than that in the upper band, and f) ~/,, for 
any mass ratio. For spherical bands with y<1 it is also clear that well above a 
critical energy «, the situation will be reversed and f)~/f,9; €, is the energy at 
which the densities of states are equal. 

This case is more difficult to treat than the previous one and no attempt to do 
so will be made here, concerned as we are primarily with the principles behind this 
method of achieving negative resistance. However, there is probably very little 
difference in behaviour between the two cases under steady state conditions since 
the steady state densities of electrons in the bands are mainly governed by the 
densities of available states and not by the rate of transition from one band to the 
other. The remarks of the previous paragraph also indicate the similarity between 
the two cases. In fact the two cases become identical when y <1. 

It should be noted that implicit in this treatment is the condition that the energy 
gap between the bands be large enough to ensure that no significant interaction 
between the bands occurs before the field is great enough to heat the upper band 
electrons. There is also an implicit upper limit to the energy gap defined by the 
condition that significant interaction between the bands is completed before the 
electrons in the lower band become so hot that phonon emission or optical phonon 
scattering becomes important. Breakdown of this condition over the critical 
range of field when band-to-band transitions become important can enhance the 
possibility of negative resistance, since the lower band mobility begins to drop 
more rapidly with field just at the point where electrons are lost from the lower 
band. 

If the energy gap between the bands is large enough it is possible to make the 
electrons so hot before interband processes occur that optical phonons are excited 
and the drift velocity saturates with field. Since the saturation drift velocity is 
inversely proportional to the square root of the effective mass in the direction of 
the field (see, for example, Reik, Risken and Finger 1960), the condition for 
negative resistance is just y<1, a condition which is certainly a practical one. 
What is not so easy to obtain is the large energy gap. 

At low lattice temperatures the scattering ofShot electrons can be by emission 
of acoustic phonons (JocF">), Conditions for negative resistance in this range 
will lie between those for the optical phonon range and the F? range. 


* 


3.3. The Band Separation and Lattice Temperature 
It was mentioned in § 3.2 that the band separation had to be enough to allow 
the upper band electrons to become hot before appreciable interaction between 
the bands occurred. The critical field F¢ for the upper band is given by Fo ~ ¢/1, 
where jy, is the low field mobility. Defining an electron temperature 7 for 
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the lower band by 


8kT.= oo = 
| el? exp (—aae?)de 
0 


we obtain the condition k7¢/kT > 4,/u ,- Interband interaction becomes 
important when E~3kT¢, therefore the required condition is E/T > poq/Hop: 
For spherical bands with equal deformation potentials this becomes E/kT > y~*?. 
For ‘insulated’ bands the highest value of y giving negative resistance was 0-4, 
hence E/RT>10. 10kT is therefore the smallest separation between the bands 
for which it is possible to observe negative resistance. 


§ 4. INSTABILITY 


It has been pointed out by Reik (private communication) that a crystal under 
conditions in which it exhibited negative resistance should be electrically un- 
stable. At any point in the crystal a random fluctuation of carrier density can 
produce a momentary space charge which, in the direction of the particle current, 
decreases the electric field on one side and increases the field on the other. When 
the resistance is positive a smaller current flows into the space charge region than 
that which flows out, and consequently the space charge decays and a uniform 
field is established once more. The reverse will occur when the resistance is 
negative, the space charge increasing until the fields on either side of it are high 
and low enough respectively to make the resistance positive and the currents 
into and out of the space charge equal. The result is a stable situation but with 
markedly inhomogeneous fields set up in the crystal. The process is like a 
separating out of two phases, one phase characterized by a higher electric field, 
the other by a lower electric field, giving rise to a kind of electrical domain structure 
throughout the crystal. 

A consequence of electrical domain formation would be to reduce or, more 
likely, eliminate the possibility of obtaining a finite differential negative resistance 
in the current-voltage curve, though abrupt transitions are not ruled out. It is 
also possible that some sort of hysteresis may occur as the field is cycled over the 
negative resistance region. What is certain is that the electrical state of a crystal 
with negative resistance bears close theoretical, as well as experimental, scrutiny. 


§ 5. Discussion 


Although we have discussed the conditions for negative resistance in two- 
‘band models only, it is obvious that what has been said can apply equally well to 
a single band if above an energy E from the band minimum the effective mass 
increases fairly suddenly to a new value. The single band in this case becomes 
very similar to two bands, one vertically above the other in energy, so we can 
limit our discussion to two-band models. 

The requirements of a material to show negative resistance may be broadly 
divided into two categories, one containing intrinsic and one containing extrinsic 
properties. The intrinsic requirements concern the band structure and the 
scattering mechanisms in the material. It is apparent from what has gone before 
that the band structure should be such that hot electrons (or holes) move sufficiently 
quickly from a high mobility state to a low mobility state as the field is increased. 
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The higher energy band should therefore have a high density of states or, if ellip- 
soidal; at least have a very high effective mass in the field direction relative to the 
lower band. 

It is possible that uniaxially strained p-type germanium or silicon has the 
necessary structure. Under uniaxial strain the degeneracy of the ‘light’ and 
‘heavy’ valence bands at k=0 is removed and two ellipsoids with their major 
axes at right angles to one another appear separated in energy at k=0 (Fig. 5). 


(a) (2) 


) | 0 k— 


Fig. 5. Schematic (e, k) diagram for the valence bands in uniaxially strained germanium; 
(a) for k parallel to the strain, (b) for k perpendicular to the strain. 


Holes becoming hot will tend to move from the lower ellipsoid into the “heavier ’ 
upper ellipsoid. Hensel and Feher (1960) have measured inverse-mass para- 
meters in silicon for strains in the [001] and [111] directions; so taking their 
interpretation of the band structure as being reasonable and assuming that the 
ellipsoids actually intersect one another in the strain direction, we can make an 
estimate of the possibility of negative resistance. For the lower energy ellipsoid 
with the strain in the [111] direction m , /m=0-401 and m,/m=0-128, where m, 
is the mass perpendicular to the direction of the strain, and m, is the mass parallel 
to the direction of the strain. For the upper ellipsoid m,/m=0-166 and 
m,/m=1-408. The density of states effective masses are 0:274m and 0-339m 
respectively, giving an effective mass ratio of 0-806. This value coupled with the 
ratio of masses in the field direction of 0-091 when the field is in the same direction 
as the strain means that marginal negative resistance effects may be observable in 
the F1? region. The condition for the energy separation is E>13kT. For 
strains of the order of 10%, and assuming a rate of band separation of about 10ev 
per unit strain, the lattice temperature must be about 12°K or less. At these 
temperatures the F4> region will be reached rapidly by the holes in the lower 
ellipsoid and this can enhance the negative resistance. The case of p-type 
silicon uniaxially strained in the [111] direction therefore appears to be marginal 
as far as the band structure goes. 

Since negative resistance occurs most easily when the carriers are scattered 
by optical phonons, it is useful to consider materials which have naturally occur- 
ring sub-band separations of ~0-03 ev and greater since such separations are 
difficult to produce by strain. (Strain, however, can be used to modify a natural 
_ energy gap.) Such separations occur in the conduction valleys in the III-V 
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compounds and also in Ge-Si alloys. These materials are therefore well worth 
investigating. 

Given a promising band structure we must look critically at the scattering 
mechanism. First of all, impurity scattering must be negligible so that the 
density of ionized impurities must be kept low (an ‘extrinsic’ condition). More 
serious is the fact that the ratio of the deformation potentials and/or optical scat- 
tering constants of the two bands is important (e.g. Eqn (7)) since this affects the 
mobility difference between the bands. It is advantageous to have a lower 
acoustical deformation potential and a higher optical scattering constant for the 
lower band. 

The extrinsic requirements concern the carrier density inthe main. Certainly 
any process which increases the density as the field is increased jeopardizes the 
achievement of negative resistance. Impact ionization and injection from the 
contacts are two such processes. Ohmic contacts are certainly desirable. 
Impact ionization of shallow impurities can occur at quite low fields in germanium 
at 4°x, but how near to complete ionization one gets at high fields is not well known. 
If saturation in the ionization can be obtained before the negative resistance 
region occurs, or if the electrons are mainly thermally ionized already, the effect of 
impact ionization should not be serious. Alternatively, the onset of ionization 
can be delayed to higher fields by replacing shallow level impurities by impurities 
having a level near the middle of the band. This may mean that at the low 
working temperature conduction via the band is negligible compared with 
impurity conduction, in which case it would be essential to optically excite 
enough of the electrons in the impurity level to the lower band to ensure normal 
conduction. The case of hot photoelectrons has not been studied yet, but the 
use of light to generate electrons obviously complicates matters since the steady 
state density of electrons depends upon the trapping time which will be governed 
by the mean velocity of the electrons and hence the electric field. If the capture 
cross section is independent of electron energy then the trapping time will de- 
crease as the electrons become hotter and hence the density of electrons will go 
down. Not only would this be an advantage for negative resistance, as hitherto 
envisaged, it would mean that negative resistance would occur in a single simple 
band at fields high enough to evoke optical scattering. Most of the measured 
cross sections, however, decrease with increasing temperature (see, for example, 
Lax 1959). If this is taken as an indication of how the cross section varies with 
electron energy the tendency will be to inhibit negative resistance. 

It must not be forgotten that a rise in lattice temperature with increasing field 
is advantageous. Since a trend in this direction is inevitable anyway it is gratifying 
that its effect is in the right direction. 


§ 6. CONCLUSIONS 


It has been shown that negative resistance effects can occur in a semiconductor 
if a suitable band structure is available, and that the conditions which determine 
the suitability of a band structure are not so severe as to make it improbable that 
the effect will be observed in some existing semiconductors. In fact, the main 
hurdle to be jumped may not be the discovery of a suitable band structure but 
rather the elimination of the effects of impact ionization. The existence of a 
negative resistance region in the current-voltage characteristic of a crystal may 
give rise to interesting effects due to electrical instability. 
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LEDPITERS, TO: THE EDITOR 


The Effect of Absorption in the @ Filter on the Mean Wavelength 
of X-ray Emission Lines 


The effect of absorption on the mean wavelength of x-ray emission lines has. 
been investigated theoretically by Wilson (1958). This note describes an 
experimental investigation of the effect of absorption in the f filter on the mean 
wavelength for the case of copper K, radiation. 

The investigation was carried out using a Philips PW 1050/30 diffracto- 
meter, together with the recording apparatus of Pike and Hughes (1959). The 
diffractometer was used with 4° divergence and anti-scatter slits, two sets of 
Séller slits with an angular aperture of 4:5°, a 0-1 mm receiving slit and North 
American Philips Type 62019 Geiger counters as detectors. 

Measurements were made on the 321 line of a tungsten specimen, firstly 
with no filter and then with three normal £ filters placed in the diffracted beam 
from the specimen. The specimen of tungsten was obtained in connection 
with the International Lattice Parameter Project (Parrish 1960). The 321 line 
was recorded in steps of 0-02° (20) over an angular range of 3-6° (20). The 
position of the centroid of the line thus detected was calculated for four angular 
ranges by a method previously described (Pike and Wilson 1959). 

The temperature of the specimen was noted at intervals during each run and 
the position of the centroid corrected to 18°c, assuming the linear expansion 
coefficient of tungsten to be 4-3 x 10-* per deg c. The actual temperatures on 
different days were all in the range 16-20°c. Systematic errors, introduced in 
resetting the diffractometer arm, were avoided, as the step scanning mechanism 
is such that the diffractometer arm can be, and was, reset without unlocking the 
gears. The effect of any variations with time was minimized by alternating the 
two sets of experimental conditions. 

Nine measurements were made of the 321 line with no foil and eight with 
three foils, and the mean position of the centroid calculated in each case. The 
standard deviation of the mean was calculated both from the experimental results 
and directly from the line profile. The values calculated by the two methods. 
were very closely similar. The results thus obtained and the corresponding 
values of AX/A are shown in the Table. 


Eee EE 
Results of Measurements on 321 Line of Tungsten, corrected to 18°c 


Range (°26) 3-6 322. 2°8 2-4 
No foil 
Mean position of centroid 
(°26) 130-6121 130-6120 130-6110 130-6082 
S.D. of mean (°20) 0-0010 0-0006 0-0005 0-0006 
3 foils 
Mean position of centroid 
(°20) 130-6075 130-6063 130-6051 130-6027 
S.D. of mean (°24) 0-0011 0-0011 0-0010 0-0008 
Difference caused by insertion of foils 
Change in centroid (°26) 0:0046 0-0057 0-0059 0-0055: 
AA/X (units of 10-*) 18 22 23 21 


S.D. of AA/A (units of 10-*) 6 SS 4 4 
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For the case of absorption in the f filter, with » varying as A%, Wilson (1958) 
gives the result : 
AA 3V pt 


> ; Bea 


where V is the variance of the wavelength, » the linear absorption coefficient 
and ¢ the thickness of the filter. For the particular case investigated here the 
value of ut was 2-2 and the fractional change in wavelength is calculated to be 
1-8 x 10-5, assuming the variance to be one third of the square of the separation 
of the «, and », peaks. The mean of the experimentally observed values of 
AX/A is 2-1 40-4 x 10-*, which is in good agreement with the calculated value. 

No correction has been made for truncation error in these experimental 
results. The effect of truncation is negligible in the present application, as can 
been seen from the fact that AX/A remains effectively constant with variation of 
the range over which the centroid is calculated. 


The diffractometer was purchased with the aid of a grant from the Depart- 
ment of Scientific and Industrial Research. The author is grateful to Professor 
A. J. C. Wilson for his encouragement. 
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Thermoelectricity in Metals at Normal Temperatures—A Query 


It is believed that thermoelectric power S in metals may arise in two primary 
ways: first, because of electron thermal diffusion, involving essentially the 
electronic specific heatf so that 


(cf. for example Mott and Jones 1936, Wilson 1936, 1953) where ce is the electronic 
‘specific heat per conduction electron, and T, is the electron degeneracy tem- 
perature; secondly, due to ‘phonon drag’ when the lattice specific heat is 
primarily responsible and 


ree aT S ere At 
i € Typ t Tp-e 2) 
(MacDonald 1954, Sondheimer 1956) where cg is the lattice specific heat per 


conduction electron, 7, _, is the phonon-electron relaxation time, and TAs the 


phonon relaxation time due to all other phonon scattering processes. 


+ We exclude specifically ‘ mutual electron-drag ’ found at low temperatures in certain 
metals containing transition elements as solutes (cf. for example de Vroomen, van Baarle and 
‘Cuelenaere 1960, Guénault and MacDonald 1961). 
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Equation (1) evidently predicts SocT essentially at all temperatures, 
while, if T 20 so that cg~k (assuming the order of one free electron per atom), 
T>. is constant, and 7,,0cT™* arising from anharmonic lattice interactions 
{phonon-phonon collisions), then from Eqn (2) SgoT~'. Rough estimates 
(e.g. Sondheimer 1956, p. 1249, MacDonald 1961) indicate that, to quote 
Sondheimer: ‘‘ Sg may be expected to be comparable in magnitude with Se at 
ordinary temperatures”. Thus far, we would expect that neither Sg could be 
neglected in comparison with S. at room temperature in typical metals nor, 
moreover, that the observed thermoelectric power Se+Sg would be even 
approximately proportional to the absolute temperature. Figs 1 and 2 are quite 


TK) 


Fig. 1. Absolute thermoelectric power of ‘ pure ’ samples of Cu, Ag and Au as a function 
of temperature, 


0 
T CK) 


Fig. 2. Absolute thermoelectric power of ‘ pure’ lithium as a function of temperature. 
Unpublished data of J. N. Mundy. 
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typical of experimental results in many metals: the obvious ‘hump’ at lower 
temperatures is now generally recognized as arising from phonon drag, and 
indeed this contribution clearly decays progressively at higher temperatures in 
qualitative agreement with Eqn (2). However, in all the cases illustrated it 
appears experimentally that Sg has become essentially negligible by room 
temperature so that in each case the overall thermoelectric power is reasonably 
proportional to the absolute temperature. 

Although the theoretical estimates mentioned above do not take specific 
account of Umklapp processes in electron-phonon scattering, one might have 
surmised that in conduction phenomena at high temperatures one could ignore 
to a first approximation the finer details of scattering processes. ‘To quote Mott 
(1956, p. 1341): ‘‘At high temperatures the resistance can well be calculated 
from an Einstein model. The analyses into phonons, Umklapp processes, etc., 
are not important....’’ On the other hand a detailed calculation of thermo- 
electric power by Bailyn (private communicationt) for the particular case of 
sodium, taking specific account of normal and Umklapp electron—phonon processes, 
indicates that around room temperature Sz, would not be more than a few per cent 
of S. (Bailyn estimates about 0-2 .v deg for Sg). 

This result is thus in welcome agreement with the general experimental 
findings and Bailyn agrees that it must involve some rather precise cancellation 
of the contributions to Sg from normal and Umklapp processes. However, at 
present there appears no particular reason why such a cancellation should be a 
general feature in metals, and we are now anxious to know whether a general 
theoretical reason can be offered for a more or less universal neglect of Sg in 
comparison with S, at higher temperatures. Furthermore, if such a reason can 
be found it would appear to be of considerable importance showing that even at 
‘high’ temperatures a rather detailed analysis of collision processes is very 
essential for electron transport phenomena. 


Weare grateful to Drs. J. S. Dugdale and J. N. Mundy for supplying us with 
unpublished data on lithium (Fig. 2). 
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+ We are most grateful to Dr. Bailyn for correspondence on this problem, 
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A Study of Superconducting Niobium by Electron Tunnelling 


Giaever (1960) and Nicol, Shapiro and Smith (1960) have reported 
current-voltage characteristics of sandwiches composed of two metals separated 
by a thin insulating oxide film. By observing the deviation from linearity of 
these characteristics with one, or both, of the metals in the superconducting 
state, they have obtained conclusive proof that the predominant conduction mech- 
anism is quantum mechanical tunnelling through the potential barrier afforded by 
the oxide. Under certain conditions, the superconductor—oxide—superconductor 
system resulted in a negative resistance region from which the energy gaps of the 
two superconductors were obtained directly. ‘The superconducting energy gaps 
of Al, In and Pb have been reported and, together with the general features of the 
characteristics, have been interpreted in terms of the Bardeen—Cooper—Schrieffer 
(BCS) theory of superconductivity (1957). 

With the exception of a report of tunnelling through niobium oxide by 
Sherrill and Edwards (1961), the requirements that the oxide be continuous at 
thicknesses of about 20A and of high resistivity have limited measurements to 
Al-Al,O,—-metal sandwiches. The aluminium system suffers from the dis- 
advantage that direct measurement of energy gaps can only be obtained below 
the transition temperature of Al, which for evaporated films varies from 1-2°K to 
1:8°k. For most superconductors, therefore, it is not possible to explore the 
temperature dependence of the energy gap near the transition temperature, and 
it is in this region that the BCS theory predicts the greatest variation. The 
development of sandwiches using a superconductor with a higher transition 
temperature than that of Al would therefore bring about a considerable improve- 
ment. 

Bulk niobium (Tc¢=9-2°K) and niobium oxide, have been investigated at 
these laboratories and found to fulfil the requirements outlined above. Their 
use should allow the measurement of the temperature dependence of the energy 
gaps of the majority of elemental superconductors up to their transition tem- 
peratures. In this Letter, current-voltage characteristics of Nb—Nb oxide—Pb 
sandwiches are reported as a function of temperature and magnetic field. 

The sandwiches were prepared as follows. Strips of zone refined niobium 
were vacuum outgassed at about 2000°c to remove surface impurities. Oxide 
films, estimated to be 204 thick, were grown on the surface of the niobium by 
heating it to 40°c in pure oxygen for about 2 hours. he oxidized strips were 
mounted on glass substrates and lead cross strips, about 10004 thick, 
evaporated across them to give nominal tunnelling areas of 1 mm square. 

Initial specimens of Nb-Nb oxide-Pb at 42°K showed current-voltage 
characteristics indicative of electron tunnelling between superconducting lead 
and mormal niobium. The value of 2e,,=(2:7+0-1) x 10ev given by the 


voltage at which 
dl al ry 
dV normal dV superconducting : 


obtained from this characteristic, was in good agreement with that obtained from 
Al-Al,O,—Pb sandwiches at the same temperature. The bulk niobium, how- 
ever, was shown to be superconducting and the normal surface was ascribed to 
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the presence of impurities, When a more stringent outgassing procedure was 
adopted results indicated that both metal surfaces were superconducting and 
typical characteristics are shown in Figs 1 and 2. 
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Fig. 1. Characteristic curves for Nb—Nb oxide—Pb sandwich: curve A measured at 4:18°K; 
curve B calculated from BCS theory (T=4-2°x); curve C measured at 6:5°K, 
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Fig. 2. Tunnel current through a Nb—Nb oxide—Pb sandwich at 4:18°K as a function of 
magnetic field. 


Figure 1, curve A, shows the characteristic of a Nb—Nb oxide—Pb sandwich 
at 4:18°K. Curve B, the theoretical characteristic at 4-2°K, has been evaluated 
from the equation 


I=const i ptE)p(E—V)[f(EXV)-f(E)| dE, ...... (1) 


where p, and pz, are the density of states functions for the two superconductors, f 
is the Fermi function, V the applied voltage and E the energy measured from the’ 
Fermi level. The density of states was calculated from the BCS function 
Ns E 
= = => (B2— 2) am eye oe aor eS (2) 


where 2 is the superconducting energy gap at 0°K and is given by 
2e=3-5kT¢. eric 0), 


Letters to the Editor lt 


The deviation of the experimental and theoretical curves in region 1 is assumed 
to be due to the presence of domains of normal and varying transition temperature. 
niobium, i.e., the niobium surface is a non-homogeneous superconductor. The 
deviation in region 2 results from the methods used in the evaluation of Eqn (1). 
The integral is particularly sensitive to the variation of the density of states near 
the band edge, and when the current-voltage characteristics have been evaluated 
by computor it should be possible to check the validity of Eqn (2) directly. 

The initial peak is not very pronounced because at 4:2°K there are few therm- 
ally excited carriers. However, preliminary values of 2e,, = (24+ 0-3) x 10%ev 
and 2ey,=(2-8+0-3)x10-%ev were obtained. At higher temperatures, the 
accuracy is considerably improved and curve C shows a characteristic obtained at 
6-5°x. Experiments are in progress to measure the detailed variation of the 
energy gaps of lead and niobium with temperature. 

Figure 2 shows the effect of a magnetic field applied parallel to the tunnelling 
area. The variation of characteristic shape with field is most rapid near the 
critical field for lead, and a value of H.=630 oersteds was obtained. 

The Nb-—Nb oxide-Pb sandwich would seem to be ideally suited to the 
detection of microwave radiation as suggested by Burstein, Langenberg and 
Taylor (1961). At 4-2°x it should be possible to detect radiation of wavelength 
less than 0-46 mm. 


We would like to thank the Admiralty and the Plessey Company Ltd. for 
permission to publish this Letter. 


Plessey Company, Ltd., P. ‘TOWNSEND. 
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Northants. 


2nd June 1961. 


BarvDEEN, J., Cooper, L. N., and ScurieFFER, J. R., 1957, Phys. Rev., 108, 1175. 
Burste1n, E., LaNGENBERG, D. N., and Taytor, B. N., 1961, Phys. Rev. Letters, 6, 92. 
Gusever, I., 1960, Phys. Rev. Letters, 5, 147, 464. 

Nico, J., SHaPiRo, S., and Smitu, P., 1960, Phys. Rev. Letters, 5, 461. 

SHERRILL, M. D., and Epwarps, H. H., 1961, Phys. Rev. Letters, 6, 460. 


The Application of Onsager’s Theory to Dielectric Dispersion— 
A Correction 


In a previous publication (Hill 1958) the behaviour of Onsager’s model of a 
dielectric (Onsager 1936) in the region of dielectric dispersion was considered. 
It was pointed out that previous generalizations of Onsager’s theory to this case 
(e.g. Cole 1938) were incorrect, because the reaction field produced by the per- 
manent dipole moment is not dependent on the frequency of the applied field, 
since the motion of the dipole is of thermal origin. 

Unfortunately the derivation of the equation for the high frequency case 
contains an error. It was assumed that the reaction field R remains parallel to 
the total moment m, which is not the case since 


m =p +yF 


but “yal (269-1) po , 2e= 1 yF 
WOE ether ee By as 
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where p, is the permanent moment, y the polarizability, F the internal field, «9 and 
« the static and high frequency dielectric constants. 


The couple tending to turn the molecule was therefore given incorrectly. 
It should be 


_, YoxE 
C—mx-F= a ape mia 
ree me 29) 
EES inhae oe 
The final equation then becomes 
etiga 2 20g 
oa 
where 
_ €(2€9 + €x) 
1” €9( 26+ €a) 
as before but 
6(€.—1) €&y—€ 
ao He ea 
a (€~ +2)(2eg +1) 2e+1 


which is the square root of the factor previously found. 

The values of C, and C, and the dielectric constants «, and ¢«,, obtained by 
applying first C, alone and then C, and C, together for the case €,, =2°5, «9 =12°5 
previously considered, then are: 


WT (ee Cy € €9 €Debye 

0 1-000 —0-00007 1-000 + 0-0000; 12:50—0:00; 12:50—0-007 12-50 —0-007 
0-2 0-999—0-:0145j; 1-000+0-00597 12:11—2:06; 12:12—2-007 12-11 —1:927 
0-4 0-997—0-02887 1:002+0-01177 10-99—3-69; 11:04—3-597 11-12 —3-45) 
0-6 0-993—0-0425; 1-004+0:01747 9-61 — 4-697 9-71 —4-587 9-85 —4-417 
0-8 0-988—0-0555; 1-008 + 0-02297 8-05 — 5-187 8:39 —5-077 8-60 — 4-907 
1:0 0:982—0-0677j7 1-:012+0-02817 7:07 —5*257 7:24 —5-157 7:60 — 5-007 
1:2. 0-974—0-07887 1-017 + 0-03307 6-11 —5-10; 6°31 — 5-037 6-60 —4-917 
1:5 0:962—0-0935j 1:026+0-0396; 5:03 — 4-737 5:25 —4-697 5-58 — 4-627 
20 0-939—0-1121j 1-043 +0-04887 3-93 — 3-987 4-16—4-017 4-50 —4-007 
3-0 0-893 —0-13077 1-081 + 0-0600 3-00 — 2-817 3-19 — 2-90; 3-50 — 3-007 
5:0 0:823—0-1271j 1:147+0-06347 2:57 —1-64j 2:68 — 1-757 2:89 —1:927 
oe) 0-733 —0-00007 1-280+0-00007 2:50 —0-007 2°50 — 0-007 2:50 — 0-007 


The correction C, does not compensate so completely for C, as the previous 


calculation suggested, consequently the Cole—Cole plot consists of an arc which 
lies slightly outside the Debye semi-circle, the maximum loss being 3% higher 
than the simple Debye relation implies. The conclusion that the maximum loss 
occurs almost exactly at wr=1, where 7 is the microscopic relaxation time (i.e. 
that the microscopic and macroscopic relaxation times are almost identical), 
remains unchanged. 


Bedford College, 
Regent’s Park, N.W.1. 
12th June, 1961. 


Nora E. Hines 
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Hyperfine Structure in Terbium Metal 


The hyperfine contribution to the specific heat of terbium metal, measured by 
Kurti and Safrata (1958), was found to be slightly smaller than that expected from 
the electron paramagnetic resonance experiments of Baker and Bleaney (1958) 
on terbium ethyl sulphate. It was suggested that the discrepancy might be due 
to a reduction in the mean value of (r~*) for the 4f electrons in the metal compared 
with the salt; however, the nuclear resonance measurements of Hervé and Veillet 
(1961) on the metal show that this explanation is not correct. ‘The purpose of this 
Letter is to show that the discrepancy may be resolved when the electric 
quadrupole interaction with the terbium nucleus (1°°Tb) is taken into account. 

Terbium metal is hexagonal in structure, and the electron moments in the 
ferromagnetic state are directed along the hexagonal axis (the z axis). ‘The 
appropriate Hamiltonian for the hyperfine structure is then 

Mrenid sl ek sla aia. egg a bowus (1) 
where J=3 and <.J/,) is the time-averaged value in the ferromagnetic state. At 
temperatures well below the Curie point <J,) is expected to be close to J =6, a 
value consistent with the measured saturation moment. The electron para- 
magnetic resonance measurements on Tb**+ of Baker and Bleaney (in lanthanum 
ethyl sulphate) and Hutchison and Wong (1958) (in lanthanum trichloride), after 
allowing for crystal field effects, both give a=0-0177 + 0-0002 cm = 530 + 5 Mc/s. 
If we write a(J,)=a', the eigenvalues of this Hamiltonian become 
3q'+P, ta'—P, —}a'—P, —3a'+P; the allowed transitions are between suc- 
cessive values and therefore fall at a’ +2P, a’ and a'—2P, respectively. Hervé 
and Veillet (1961) have observed only a single transition at 3190 +15 Mc/s 
(extrapolated to T=0°K); this may be identified as the central + }<——} 
transition at a’, giving very good agreement with the value a’ =3180 +30 Mc/s 
(assuming (J,)=6) expected from the paramagnetic resonance measurements 
on the two salts. This close agreement is remarkable, since in the metal either 
there is no change in (7~*) or in the core polarization contribution (estimated by 
Baker and Bleaney as 6%) and no contribution from conduction electrons, or 
the changes accidentally cancel. 

From the theory of Elliott and Stevens (1953), Baker and Bleaney estimated the 
value of P for (J,) =6 to be +0-020, Q °K, where Q is the nuclear electric quadru- 
pole moment in barns. No experimental determination of Q exists for ©*T'b, but 
it would be expected to be of order 1 to 2 barns. From the Coulomb excitation 
cross section, Alder, Bohr, Huus, Mottelson and Winther (1956) deduce a 
value of the intrinsic quadrupole moment of Qy = 6-9 barns, which corresponds to a 
value of Q=1-4 barns. This leads to a value of P= + 0-02, °K ~ 600 Me/s, which 
may be taken as a’/5 within the uncertainties of our estimate. 

The nuclear specific heat given by Kurti and Safrata (1958) can be written as 
CT?/R = (24-8 + 1:2) x 10- deg’, which is noticeably smaller than that of 
(29-1 + 0-6) x 10-* obtained from the electron paramagnetic resonance and nuclear 
magnetic resonance data when P is ignored, and the specific heat is evaluated only 
as far as the T-2 term. A general series expansion for the specific heat ist 


= = >.6¢T-% | pees ae (2) 


+ We have given the formulae for the specific heat in some detail as they can be used in a 
number of other cases, both nuclear and electronic. 


PROC. PHYS. SOC, LXXVIII, 2 x 


314 Letters to the Editor 


= =o n= 
macs ey=m(n—1)45,- 1b n—p by + >) pas n—p— -abpby teres} 


p=1 
MG eg 

b, — Peary re | i, it led kM) BO aR Ci! (3) 
Here { W® ) is the mean of the pth powers of the energy levels, measured in tempera- 
ture units. If the origin is chosen to make (W) =0, considerable simplification 
is obtained and the leading coefficients are (first in general and second for 
#507D)s 
c= (W?) =fal?+ P* 
¢3= — (W®) = —3a"P 


ae 5 (<8) 34178) = “(5 ats) 


c= 2 (<W*) —10(W)(W?2)) = 2 atP+ apt 


eg F (GW) ~15(W*)(W*) ~10(12)2 +30 (2)2) = a ‘8 2 a'tPt+ = 


The presence of P in the first term appears to accentuate the discrepancy, since 
for P=a’'/5 the first term increases to 30-1 x 10-%, but the higher terms are by no 
means negligible in the relevant temperature range, which was about 0-6 to 1-0°K. 
Substitution of our values for a’ and P gives 


Ch = (30-1 - 2-13T-1 —0-58T-2 +.0-071 7-3 +. 0:0067T-*) x 10-8 


the mean value of which over the temperature range 0-6 to 1-0° is 26:3 x 10-4, 
which agrees well with the value given by Kurti and Safrata (1958). 

At this point we received a preprint from Heltemes and Swenson (1961), 
giving details of their specific heat measurements on terbium metal down to. 
0-25°x. ‘They have kindly allowed us to publish these data, which are shown as a 
plot of CT?/R against TJ in the Figure. Near, 1°K the points lie rather higher 
than the results of Kurti and Safrata, through a reduced estimate for other 
contributions. This uncertainty is least at the lowest temperatures, where the 
specific heat is noticeably smaller than that calculated from the nuclear magnetic 
resonance results, assuming P=0. At this temperature a series expansion is 
no longer sufficiently accurate, and the following (exact) Gaede has been used 


Cis {(ia 4a’*+2P?) Reehi — a+ (2a’? + 2P?) cosh £ T 


R 
—2a'P sinh = —4a' P sinh — 7 +4" 9 ae (28 =) 4 exe(=) |} 
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The two curves drawn are for P=0 and for P=0-02°x, which gives the best fit at 
T=0-3°K. ‘The fit is not so good elsewhere, though the discrepancy is not perhaps 
outside the experimental error, but there appears to be definite evidence for a 
quadrupole interaction whose size is of the order assumed. 
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10°C TIR 


Plot of CT?/R against T— for terbium metal. The experimental points are from Heltemes 
and Swenson (1961), and near 1°K lie higher than the data of Kurti and Safrata 
(1958) through a difference in the estimates for contributions from non-nuclear 
effects (the uncertainty in these may amount to 2 or 3 units in the ordinate). The 
full curves are calculated from the nuclear magnetic resonance data of Hervé and 
Veillet (1961), with P=0 and 0-02°x respectively. 


Work is planned to measure the specific heat of the metal down to lower 
temperatures, and the quadrupole interaction in a terbium salt by means of 
ENDOR. In the metal it may be possible to determine the quadrupole interaction 
by nuclear magnetic resonance, but Dr. R. A. Kamper (private communication) 
has suggested that transitions at a’ +2P are likely to be broadened by strains, 
especially as the nuclei observed in this method are those in the domain walls; a 
more promising experiment would be to use the Mossbauer method. The 
quadrupole interaction should be of particular interest, since P varies as 
{3¢J,2) —J(J +1)}, and should be a somewhat different function of temperature 
from a’, which varies as (J,). This may give an indication of the contribution 
from electrons other than 4f (for example, s-electrons might contribute to a’ but 
not to P). It should be noted also that the axis of the quadrupole interaction is 
primarily determined by the direction of the spontaneous magnetization, and only 
indirectly by the crystal field. Such nuclear electric quadrupole interactions 
should exist in all rare earth metals which exhibit spontaneous magnetization, 
whether ferromagnetic or antiferromagnetic. 


Clarendon Laboratory, B. BLEANEY. 
Oxford. R. W. HILL. 
15th June 1961. 
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The Hall Effect in Monovalent Metals at Low Temperatures 


In a previous paper (Simons 1960) the thermal resistance tensor was 
considered for a dielectric at low temperatures where N-type collision processes 
predominate. The variational approach used there will now be employed to 
obtain, for a metal under the same conditions, the change in the electrical 
resistance tensor brought about by an applied magnetic field. 

It is shown by Garcid-Moliner (1958) that the relevant variational principle 
for the Boltzmann equation in the presence of a magnetic field, yields the electrical 
conduction tensor o,; in the form 


pe are 


SN pi’ a oats ate io (1) 


Here we suppose that the existing distribution function f(k) is given by 
f=F-—(aF/dE)¢, where F is the Fermi—Dirac equilibrium distribution and E is 
the energy of an electron of wave number k. The deviation from equilibrium 
¢(k) is expanded in the form 4(k)==,,U,¢,(k) for a given set of ¢,(k) and 


e oF a) ) 
Ryy=¥ | Lildylbehdk+ =H | by (vez ~ ena he dk 


where [4], is the linear combination of ¢’s relevant to the tth type of electron 
collision process and L, is the corresponding collision operator. H is the magnetic 
field, applied along the x axis, and v is the velocity of an electron, 


oF 
S=|spbordk. tee (3) 


We now wish to apply these results to a metal in which both electron scattering 
and phonon scattering are dominated by electron-phonon N processes. A 
necessary condition for this to be so, is that the Fermi surface should not touch the 
surface of the first Brillouin Zone, since if this were the case, U processes of a 
frequency comparable with that of the N processes would occur at any tem- 
perature. This means that we are immediately restricted to a consideration of 
monovalent metals. For these, it is then necessary that the temperature should 
be sufficiently low, so that the frequency of 3-particle U processes of the type 
electron + phonon=electron is negligibly small. Assuming that the amount of 
impurity scatter and the effect of the magnetic field is also much less than the 
contribution of the N processes, we may then adequately represent 4(k) by a 
linear combination of the three independent resolutes of k; that is, 


gj (kKj=kpepalZe) ae a Gee (4) 

(Ziman 1956). This is so, since the effect of N processes acting alone is to impress 
this form on the distribution function ¢(k), and to produce a similar displacement 
of the phonon distribution function. In the absence of other scattering processes 
the collision integral and the resistivity will then vanish (Peierls 1955). The 
presence of such processes will lead to a non-zero resistivity, but if they are much” 
less frequent than N processes, the change in the distribution function from the 
form given by Eqn (4) will be very small, and may be neglected for present 
purposes. Substituting from Eqn (4) into Eqn (3), it is readily shown by an 
approach similar to that of Simons (1960) that 


Spi= = 4a eNO, Si a Sites (5) 
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where N is the total number of electrons. From Eqn (2) it is seen that 
RoR’ eRe” where R,,'=> | Li RplRal dk 
t 


is the contribution to R,,, arising from the electron collisions, and 


e oF re) a 
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is the contribution arising from the magnetic field. It may be shown that R,,” 
is an antisymmetric matrix (Garcid-Moliner and Simons 1957), and from Eqn 
(6) it is clear that it is zero if g=1. Thus the only non-zero components are 
Ro3" = — Rg", and from Eqns (3), (4) and (5) we have 


Preset cH NIB se sl ak Whe see (7) 


Substituting this into Eqn (1), it follows that the resistance tensor 7;;(=9;;—*) is 
given by 7;;=7;;’+7;;", where 7,;’ is the resistance tensor in the absence of an 
applied magnetic field, and 


(0 0 0 | 
ae | Oe Ot Fey | with y=H|Nec. 
0 y 0 


Since the magnetic field is applied along the x axis, we see that this form for 7,;" 
implies the absence of any magnetoresistance. In fact, it is clear that the only 
non-zero change in the resistance tensor arises when the magnetic field, electric 
field and current are mutually perpendicular. This is just the condition for the 
Hall effect, and it is seen from the above results that the Hall coefficient is given 
by R=1/Nec. This is, of course, the same result as is given by the elementary 
theory of the Hall effect, but there it is derived subject to certain assumptions, 
among which are the following: (i) an effective mass exists, (ii) the electron gas 
is degenerate, (iii) an isotropic relaxation time exists. Since for real metals, 
these approximations may be somewhat in error, experimental deviations from 
the R=1/Nec result would not have been unexpected. However, we now see 
that if experiments are performed at low temperatures with low magnetic field 
on monovalent metals of increasing degree of purity, we might reasonably 
expect the results to tend to R= 1/Nec, independent of the crystal orientation with 
respect to the magnetic field. 


Queen Mary College, S. SrmMons. 
University of London. 
23rd March 1961, in revised form 2nd June 1961. 
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The Magnetic Susceptibility of Manganese Zinc Fluoride Solid 
Solutions — 


The change in the antiferromagnetic transition resulting from the dilution of 
the magnetic ion has been the subject of considerable theoretical investigation 
(see references in Baker, Lourens and Stevenson 1961). All models predict 
that the Néel temperature will fall rapidly with dilution, and that no long range 
order will exist if the concentration of the magnetic ion is less than a certain value. 
There is little experimental evidence, but early work by Bizette and Tsai (1943) 
on MnO-MgO and FeO—-MgO suggests such behaviour, and recently Baker, 
Lourens and Stevenson (1961) have reported on the disappearance at low tempera- 
tures of the nuclear magnetic resonance line of manganese zinc fluoride mixed 
crystals. From this they deduce the dependence of the Néel temperature on 
concentration. The variation is in qualitative agreement with the predictions of 
Sato, Arrott and Kikuchi (1959) for a model in which the local fluctuations in the 
density of magnetic ions are accounted for. It may be noted, however, that the 
agreement is much more complete with the results obtained from a model in 
which every magnetic ion is surrounded by a density of magnetic ions equal to the 
average density. 

The variation in magnetic susceptibility in magnetically dilute systems will not 
give a particularly satisfactory measure of the Néel temperature, as the maximum 
in the susceptibility may be ill defined. However, the susceptibility variation 
below the Néel temperature, as predicted by different models, is widely different. 
Measurements on MnF,~ZnF, down to 90°k have already been published by 
Corliss, Delabarre and Elliott (1950). In the present work the measurements were 
extended below the Néel temperatures where the influence of the ordering process 
is marked. 

The preparation and analysis of the single crystal specimens has already been 
described (Finlayson et al. 1960). A fine powder was prepared for this experiment 
and immobilized by paraffin wax in a small silica cup suspended by a silica rod 
from a Sucksmith balance (Finlayson, Llewellyn and Smith 1959). Thermal 
contact between specimen and thermometer was maintained by introducing a 
few millimetres of helium into the sample chamber. Correction was made for the 
deflection of the silica cup, and the absolute value of the susceptibility was obtained 
by calibration of the balance with a water sample. The diamagnetic correction 
for the zinc and fluorine ions is less than the experimental error, and has not been 
included. 

In the higher temperature region, the reciprocal susceptibility varies linearly 
with temperature (Figure) and can be represented by 


oyu 
AM TA 


‘ 


where A is the asymptotic Néel temperature. The magneton values pp, can bes 
obtained from 


py =2828y/Cyp 


and values of both pg and A are given in the Table. 
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Specimen Cyr A Dp 
MnF, 4:37 100 5-91 
Mno-g7ZNp-13F 2 4:36 80 5:90 
Ming 56; Zriis5F 5 4-23 58 5-88 
Mno-11Zno- 9 F's 4:19 _ 8:0 5:86 


These data agree with the results of Corliss, Delabarre and Elliott (1950) in 
giving a value of p, rather lower than the free ion value of 5-92 for a °S,,, state. 
Also the asymptotic Néel temperature is proportional to the concentration of the 
manganese ion. 

It can be seen from the Figure that the linear section of the (1/y, T) plot 
extends to lower temperatures as the concentration is reduced. Below this 
section a minimum in the inverse susceptibility is found for the higher concentra- 
tions and this corresponds with the temperature (indicated by arrow on graph) at 


Reciprocal molar susceptibility If, (g/e.m.u) 


0 100 200 300 
Temperature (°K) 


Inverse molar susceptibility variation with absolute temperature: A, experimental curve for 
MnF,; B, experimental curve for Mnp.37Zmo.43;F2; C, experimental curve for 
Mno-61Zo-39F 2; D, experimental curve for Mno.1,Zno.g9F2; E, calculated curve for 
Mnp.61ZMo-39F 2. 


which the nuclear magnetic resonance line disappears (Baker, Lourens and 
Stevenson 1961). For the medium concentration a departure from linearity is 
found 20° above the temperature at which the resonance line disappears, and 
there is no minimum in the inverse susceptibility at any temperature. For the 
lowest concentration there is no departure from a linear variation over the 
temperature range investigated. 

A broadening of the minimum in dilute antiferromagnetics has been found by 
other workers (Bizette and Tsai 1943, Bizette 1946). However, the absence 
of a minimum in the intermediate concentration curve would not be expected 
from the simplest models. Thus, the treatment given by Sato et al. (1959), 
which gives a qualitative prediction of the variation of the Néel temperature 
with concentration, leads to a clearly defined minimum in the inverse suscepti- 
bility (see Figure). 
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It can be seen, therefore, that susceptibility measurements below the Néel 
temperature provide a useful test of the adequacy of any model of the ordering 
processes in a dilute antiferromagnetic. 


Department of Natural Philosophy, D. M. FINLAysoN. 
Marischal College, I. S. ROBERTSONT. 
University of Aberdeen. T. SMITH. 
13th June 1961. R. W. H. STEVENSON. 
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REVIEWS OF BOOKS 


Time Series Analysis, by E. J. HANNAN. Pp. vi+152. (London: Methuen; 
New York: John Wiley, 1960.) 21s. 


The history of time-series analysis may be traced back to two distinct 
sources. On the one hand, the statistician’s approach via autocorrelation analysis 
has proved useful in the analysis of, for example, econometric data. Here, the 
object is to fit a ‘ finite~parameter’ model (i.e. an autoregressive or moving- 
average scheme) to the data in order to make short term predictions. Physicists 
and engineers, however, have developed the method of spectral analysis to 

- investigate problems in, for example, communication engineering and noise in 
electronic circuits. In recent years the development of the theory of stationary 
stochastic processes has provided a common meeting ground for these two 
approaches. In fact, in the light of such results as the Wiener—Khintchine 
theorem, autocorrelation and spectral analysis are seen to be complimentary 
concepts, and the statistical approach to spectral analysis (commencing with the 
work of Bartlett and Tukey) has considerably increased the scope and usefulness 
of this method. 

In his monograph, Professor Hannan gives a very elegant account of the 
statistical approach to time-series analysis, treating both autocorrelation and 
spectral analysis with equal weight. However, the book is written primarily for 
the mathematical statistician, and physicists will no doubt find the style rather 
formal. 

The work is divided into five chapters. Chapter I presents a fairly theoretical 
introduction to the spectral theory of discrete stochastic processes, based on the 
theory of finite dimensional vector spaces, and chapter II deals with the applica- 
tion of autocorrelation analysis to the problem of estimating the parameters of a 
finite parameter model. Chapter III contains the most recent developments in 
time-series analysis concerning the estimation of a continuous spectral density 
function. The author discusses the work of Grenander and Rosenblatt and 
Parzen on the statistical errors of spectral estimates, but due, no doubt, to restric- 
tions of space, the very important problem of practical analysis is only briefly 
outlined. However, it should be pointed out that, given only a sample record, 
the problem of constructing an estimate of a continuous spectrum which has a 
prescribed error and prescribed resolvability is still unsolved. From the point 
of view of the physicist or engineer, this is perhaps the most important aspect of 
spectral analysis, and one which requires urgent theoretical investigation. 

In chapter IV the author considers a variety of problems under the heading 
‘ Hypothesis testing and confidence intervals’. ‘The situation is roughly that 
one wishes to test whether an empirical autocorrelation function (i.e. a ‘ correlo- 
gram’) or spectrum is consistent with an assumed model of the original time- 
series. Most of the standard ‘goodness of fit’ tests for the correlogram are 
neatly presented, and recent work on similar types of tests for the spectrum is 
also included. A brief discussion is presented of the problem of ‘ mixed 
spectra’, i.e. estimating the spectrum of a process which contains a number of 
sine waves with different amplitudes and frequencies (corresponding to spectral 
‘ lines ’) superimposed on a component with a purely continuous spectrum. This 
is, perhaps, the most difficult problem in statistical spectral analysis, and one 
which also requires further theoretical investigation. 
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The final chapter deals with regression analysis and the elimination of non- 
stationary trends, and contains some of the author’s own original work on time- 
series analysis. It should be noted that most of the theoretical distributions which 
arise in this type of analysis usually involve the covariance structure of the 
residual process. However, in many practical applications this covariance 
structure is unknown. The chapter concludes with an investigation of the 
effects of trend removal on the analysis of the residual process. 

On the whole, the author is to be highly complimented on achieving a truly 
comprehensive survey of time-series analysis in such short space. The book 
may be confidently recommended both to physicists who are familiar with the 
practical side of spectral analysis and wish to acquaint themselves with the mathe- 
matical theory, and to mathematical statisticians who wish to be brought up to 
date with the statistical analysis of time series. M. B. PRIESTLEY. 


Variational Princtples in Dynamics and Quantum Theory, 2nd Edn, by W. 
Yourcrau and S. MaNnpELstaM. Pp. xi+180. (London: Sir Isaac Pitman, 
1960.) 32s. 6d. 


The first edition of this little book which appeared in 1955 was highly praised 
for its soundness as philosophy as well as physics (see, for example, Professor 
Salam’s review in this journal, 1955, A, 68, 659). This new edition which has 
been revised and enlarged retains the original character. We are presented not 
merely with formal mathematics but with a critical analysis of the ideas underlying 
the formulation of variational principles in physics. 

Several additions have been made. ‘Two postscripts, resulting from corres- 
pondence with Professor Schrédinger, deal with the fine-structure formula and 
with the correct replacements of curvilinear coordinates by operators in quantum 
mechanics. There is anew Appendix on the application of variational methods 
to chemical reactions. By far the most important addition is a new chapter on 
the Feynman and Schwinger principles in quantum mechanics. Instead of the 
Hamiltonian formalism, these principles employ a Lagrangian formulation 
directly. This chapter gives a lucid account of the Feynman principle (including 
a very clear discussion of integrals over paths), its classical limit and its relation- 
ship to the Schwinger principle and to the conventional formulation of quantum 
mechanics. The Feynman and Schwinger principles have played a prominent 
part in the development of quantum field theory. A readable account of these 
ideas represents a most worth-while addition to this excellent book. F. MANDL. 


Nuclear Photodisintegration, by J. S. Levincrr. Pp. viiit+144. (Oxford: 
University Press, 1960.) 15s. 


Workers in the field of nuclear photodisintegration who have Seated eagerly 
the publication of this work by J. S. Levinger, who has made so many theoretical 
contributions to the development of the subject, will not be disappointed. The 
author leads into the theory by analogy with the atomic photoeffect, the transition 
probabilities here being calculated by perturbation theory. The experimental 
physicist will be able to follow this treatment including the derivation of the 
dipole ‘sum-rules’ which occupies the first 36 pages of the book. The dis- 
persion theory application to the nuclear photoeffect is also indicated in this 
first chapter. 

Subsequent chapters deal with the photodisintegration of the deuteron (12 
pages), sum-rule calculations (16 pages), discrete transitions (12 pages), total 
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cross section for photon absorption discussed from the point of view of various 
models (20 pages) and a final chapter of 30 pages on the products of photo- 
disintegration. 

The experimental work is not discussed in detail although the difficulties 
associated with the use of continuous bremsstrahlung spectra are indicated. 

The main features of the nuclear photoeffect are discussed in terms of several 
different models. Many of them are model-independent and it is clear that 
more precise detail in the experimental measurements is needed. Thus, 
structure in the ‘ giant resonance’ is now beginning to emerge and much more 
should be known about this in the near future. 

It is perhaps a pity that the flair that the author obviously possesses of ex- 
plaining theoretical calculations in simple terms was curbed by the limited size 
of the book, but the 130 pages of text collect much information not elsewhere 
available in a single publication and despite the compression the experimentalist 
will find the theoretical treatment invaluable. E. H. BELLAMY. 


High Energy Nuclear Physics, by W. O. Lock. Pp. xi+190. (London: 
Methuen; New York: John Wiley, 1960.) 18s. 


There has been a growing demand during the last few years for a book to 
serve as an introduction to nuclear physics below 1 Gev for the research student. 
This small but compact book easily fills this demand and, more importantly, 
should give the student a genuine appreciation of the subject. 

The introductory chapters set the level of the book by using mathematical 
equations together with reasoning to show the physical concepts behind the 
common glibly used symbols. In the following chapters on scattering and 
photoproduction of pions the experimental results are analysed theoretically 
and explained phenomenologically, the result again producing a genuine 
understanding of the topics. Nucleon—nucleus and nucleon-nucleon inter- 
actions are then discussed and finally the two sections combined in the production 
of pions in nucleon-nucleon collisions. 

Of course there are complaints: in such a small book some arguments must 
be curtailed and some results omitted, but surely energies below 1 Gev are not 
called high nowadays! Here, in effect, is the one main fault: the book is badly 
dated in the middle of 1959. To take two examples: the discussion of the 
Panofsky ratio implies that a discrepancy between theory and experiment needs 
further investigation, and the section on p-—p scattering at 310 Mev gives five 
phase-shift solutions; whereas at that time the discrepancy was reasonably well 
explained and only two phase-shift solutions remained. However, these and 
other points can easily be removed in the next edition, and one hopes that this 
will not be long delayed. R. T. TAYLOR. 


Soviet Research in Geophysics, Vol. 3, Microstructure and Macrostructure, by 
B. N. Ivaxin. Pp. xiii+113. (New York: Consultants Bureau, 1960.) 
$ 6.00. 

The volume Microstructure and Macrostructure of Elastic Waves can be 
gauged for both form and content and on the first count it must be rated nega- 
tively. The volume is a translation of a monograph, No. 39, of the Transactions 
of the Geophysical Institute of the Academy of Science, from the original Russian 
into English. The quality of the translation is, at best, amateurish and the 
author’s work has suffered because of the abuse by the translator. We have al] 
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seen examples in the popular literature of the raw output to be expected from 
machine translation devices; this volume has many of these properties. I donot 
know if the monograph in question has been subject to machine or manual 
translation but it shows the lack of both literary and scientific editing. As an 
example, the following quotation is offered (page 5): “ In the latter caset, the 
wave properties of waveguides have some asymptotic state to which the wave 
properties of a waveguide fed by an abruptly connected source with a periodic 
(e.g. sinusoidal) form of oscillations tends.” 

This is not the first example of a published translation from the Russian; 
we have a right to expect greater literacy and less literality. We also expect a use 
of proper English scientific terminology. 

Ivakin considers the problem of the multiple reflections of sinusoidal waves 
from a multiply layered or one-dimensional, continuously inhomogeneous 
medium. His special device is to convert all the quantities involved, reflection 
coefficients, propagation constants, etc., into terms encountered in electrical 
engineering, a discipline where the problem has been discussed in the 
literature. He treats the problem by describing a series of transmission lines 
with different lengths and characteristic impedances. A number of examples are 
solved. The people most concerned with multiple reflections from one- 
dimensional media having many layers, the petroleum exploration geophysicists, 
are now able to synthesize seismograms corresponding to impulsive excitation of 
layered media using computing machinery. The Ivakin scheme is good and 
well known to electrical engineers; the problem of sinusoidal excitation is not 
particularly pertinent to current geophysics. ‘There are more significant works 
in the Russian geophysical literature appropriate to the early translations into 
English. 

Readers interested in a more sophisticated treatment of reflections in multiply 
layered media, including the difficult problems of oblique incidence, should 
refer to the recent translation of the Russian volume Waves in Layered Media 
by Brekhovskikh; this has been done in comparatively good scientific and 
grammatical English. L. KNOPOFF. 


Ionization Phenomena in Gases, by GORDON FRaNCcIs. Pp. vii+300. (London: 
Butterworths Scientific Publications, 1960.) 60s. 


The rapid progress that has been made since the end of the last war in the 
study of gas discharges, particularly at very high current densities, and the growing 
importance in so many fields of physics of the plasma state of matter has made 
clear the need for a monograph that discusses developments in this field from a 
modern standpoint. Dr. Francis has succeeded in writing a book that should 
fill this need admirably. The subject matter is well chosen, particular attention 
being devoted to those topics that are most rapidly developing and of greatest 
current interest. A great deal of it has not previously been brought together 
into a monograph. The elucidation of the physical principles underlying the 
phenomena observed in ionized gases is maintained as the primary aim of the 
book and is not allowed to become obscured with technical detail. 

After a short and scarcely necessary introductory chapter on atomic structure 
and spectral notation, which this reviewer found the least satisfactory part of the 
book, a very condensed chapter follows on fundamental physical processes of 
importance in the gas discharge. A short but lucid chapter on the applications 
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of the similarity principle follows. Alternating and high frequency discharges 
are treated in considerable detail in chapter 4. This chapter possibly goes into 
somewhat greater detail than is the case in the other chapters, but since this is a 
field in which the author has made important contributions he can be forgiven 
for being a little expansive. After a short chapter on the upper atmosphere an 
interesting account of high current discharges, including the pinched discharge 
and applications to thermonuclear reactions, follows. The final chapter contains 
a useful account of plasma oscillations and waves. 

In his preface the author states that the book is intended mainly for those 
finishing their degrees or about to begin research, but there is no doubt that many 
who are already active workers in plasma physics or related topics will find the 
book of value. A high standard is maintained throughout on the technical side 
of the production. E. H. S. BURHOP. 


Resonance Absorption in Nuclear Reactors, by L. Dresner. Pp. x+131. 
(Oxford, London, New York, Paris: Pergamon Press, 1960.) 40s. 


In early discussions of the feasibility of self-sustaining chain reactions based 
on natural uranium fuel, it was recognised that the unknown extent of resonance 
absorption introduced an important uncertainty. Although it was known that 
resonance absorption could be reduced by lumping the uranium, little quantitative 
discussion appeared in the open literature until the first Geneva Conference in 
1955. At this stage it became apparent that Western and Russian physicists 
had approached the topic from fundamentally different viewpoints. 

The Conference therefore stimulated further and more penetrating study of 
the subject in which Dr. Dresner has played an important part. His mono- 
graph provides a comprehensive survey of the present position and is of particular 
value to the newcomer to the field, since care has been taken to derive important 
results from first principles with a clear indication of the assumptions involved. 
The theory of resonance absorption in homogeneous media is first developed and 
then generalized to cover other situations of practical interest. This includes a 
discussion of the wide and narrow resonance approximations in heterogeneous 
systems formed from relatively isolated lumps, regular lattices or fuel clusters. 
More study is evidently required on clusters since no improvement on Hellstrand’s 
semi-empirical method has yet been devised. The value of the work is enhanced 
by the inclusion of chapters on relevant topics in slowing down and transport 
theory, a historical introduction and a critical comparison of the theory with 
experimental data. It is apparent that present understanding of the subject is 
such that it is entirely feasible to calculate resonance escape probabilities from 
the measured resonance parameters. 

One small criticism must be made. On page 89 there appears the following 
statement, which might prove misleading to a reader unfamiliar with water- 
moderated reactor calculations: ‘‘ In practical examples of tight lattices such as 
occur with hydrogeneous moderation the Dancoff correction is relatively small, 
the surface being decreased by the order of 5%.’’ It is quite true that the mutual 
shielding of a single pair of fuel pins will be approximately 5‘, but in a conven- 
tional square lattice each fuel pin has 8 near neighbours. ‘The Dancoff correc- 
tion therefore amounts to 40-50% of the effective surface and gives rise to very 
significant changes in the resonance integral, resonance escape probability and 
effective reproduction constant. 
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The book can be thoroughly recommended in view of the importance of the 
subject matter and the absence of comparable works; it should be studied 
carefully by all interested in low-enrichment reactor physics. D. HICKS. 


Imperfections in Crystals, by H. G. VAN BUEREN. Pp. xviii+676. (Amsterdam: 
North-Holland, 1960.) 110s. 


This book is about atomic defects such as dislocations, vacancies, interstitials 
and F-centres, in crystals. Despite the intense interest now being shown in 
these defects by metallurgists and solid state physicists it is surprising that, until 
this book appeared, there existed no published introductory account of the whole 
field of crystal imperfections; only special accounts of particular parts such as. 
dislocation theory or radiation damage. The author is to be congratulated on 
having recognized this gap; on having realized the exceptional timeliness of the 
present moment for such a book, when the basic theory has become stable and 
so much direct evidence for the structure and properties of the defects has 
appeared; and on having filled the gap with such a pleasant and useful book. 

The treatment throughout is fairly elementary and this, together with the 
readable style, should make the book useful for students of physics and metal- 
lurgy who are interested in this branch of solid-state theory. ‘The complete 
and impartial review of all the various contributions to the subject, including 
some that have undeservedly been forgotten in much of the recent research work, 
will also make the book valuable as a work of reference to more advanced readers. 

The range of topics covered is extremely wide and complete. ‘To take some 
examples, work hardening and alloy hardening of metals, creep, recrystallization, 
observations of lattice defects, radiation damage, diffusion and phase changes, 
internal friction, nuclear resonance, scattering of electrons and electromagnetic 
waves by defects, fatigue and fracture, optical and electrical properties of non- 
metallic crystals, and movements of lattice defects in non-metallic crystals. 
Naturally the treatment in most places is introductory rather than definitive but 
nevertheless it is rarely superficial; and on topics which touch on the author’s 
own research interests, for example the dislocation structure and plastic proper- 
ties of silicon and germanium, it is quite authoritative. 

This book can be strongly recommended to those who seek a readable, 
thorough, and reliable introduction to this branch of solid-state physics and 
physical metallurgy. A. H. COTTRELL. 


Cartesian Tensors: an Introduction, by G. TEMPLE. Pp. vii+92. (London: 
Methuen; New York: John Wiley, 1960.) 12s. 6d. 


Anything written by Professor Temple is expected to be interesting and 
provocative. But we need not always agree with his own reasons for finding his 
material interesting. Here he gives an account of cartesian tensors defined as 
invariant multilinear functions of direction. He considers this definition to give 
“a new unity to the subject’. However, the unity is rather formal at this level¥ 
I think that it does not compensate for the severe limitations of cartesian 
tensors compared with general tensors. I always find that students learn 
general tensor calculus very quickly. It appeals to them because of its natural- 
ness and usableness, whereas I believe they would find this treatment of cartesian 
tensors to be artificial in itself and to be confusing when they proceed to general 
tensors. Professor T'emple says that his book is for first-year students; I think 
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it is likely rather that lecturers preparing courses in tensor calculus will find it 
useful on account of some of its more subsidiary topics such as isotropic tensors 
(chapter VI) and spinors (chapter VII) of which such simple accounts are prob- 
ably not available elsewhere. Also, anyone who knows a little about tensor 
calculus in general will find the ‘ Bourbaki treatment’ given by Temple to be 
entertaining for its own sake. The reader must be warned, however, that he has 
to do some of his own proof-correcting! W. H. MCCREA. 


Nuclear Fusion—The Second Geneva Series on the Peaceful Uses of Atomic 
Energy, edited by W. P. Attis. Pp. viiit488. (New York, London: 
Van Nostrand, 1960). 94s. 

In this book Professor Allis has brought together a number of selected papers 
on thermonuclear research delivered at the International Conference at Geneva in 
1958... He has grouped them into chapters, each preceded by a short explana- 
tion, a page or two long, of the principles concerned. He has cut the papers, 
sometimes considerably. The result is rather surprisingly successful as an 
exposition of the state of the subject at the time of Geneva. It would, however, be 
hard reading for anyone hitherto unacquainted with the subject, but if he has 
read, for example, Spitzer’s admirable little book in Interscience Tracts, or its 
equivalent, he will find this book most helpful. Partly because of the self- 
contained character of the individual papers it is convenient for reference. 

G. P. THOMSON. 


Royal Society Mathematical Tables, Vol. 7, Bessel Functions, Part III, Zeros and 
Associated Values, edited by F. W. J. OLver. Pp. ix+79. (London: 
Cambridge University Press, 1960.) 50s. 


New methods have been developed in the presentation of this book of tables 
of Bessel Functions which is the third in the series of three undertaken by the 
Royal Society of the Mathematical Tables Committee. In an interesting intro- 
duction the new method is described and its debt to the present day automatic 
electronic computing machine acknowledged. 


Annual Reports on the Progress of Chemistry, Vol. LVI, 1959. Pp. xiv+476. 
(London: The Chemical Society, 1960.) 40s. 


Among the articles contained in Volume LVI of the Annual Reports on the 
Progress of Chemistry 1959 are some which will interest physicists; these include 
The physical properties of some simple fluids, by J. 5S. Rowlinson, and 
Nuclear magnetic resonance, by J. A. Pople. 

Full reviews of the volume will be found in the various chemical journals. 


Solid State Physics, Vol. 11, edited by F. Szitz and D, TuRNBULL. Pp. xvi+438. 
(New York: Academic Press, 1960.) 89s. 6d. 

This, the eleventh volume of the series Solid State Physics, edited by F. 
Seitz and D. Turnbull, contains the following articles: Semiconducting 
properties of gray tin; Physics at high pressure; The effects of elastic deforma- 
tion on the electrical conductivity of semiconductors; Imperfection ionization 
energies in CdS-type materials by photoclectronic techniques ; Cyclotron 
resonance. It contains also a cumulative subject index for Volumes 1-10. A 
list of articles planned for future volumes is also given and covers some thirty 
further articles by a wide range of well-known authors. 
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Neutron Detection, by W. D. ALLEN. Pp. viii+260. (London: Newnes, 1960.) 
45s. 

Dr. Allen has packed an amazing amount of information about the methods 
of detecting neutrons into 250 pages. Obviously he was unable to go into 
considerable detail in a book of this size, but each technique which he mentions 
carries references, and an extensive bibliography is included at the back for 
good measure. 

My objection (and it is a small one) is that he has stuck so closely to his title. 
I should like to have seen a few more numbers quoted in the section on neutron 
sources, for example, a graph of the deuteron-triton cross section as a function 
of energy, and energy—angle graphs or nomograms for the neutrons arising from 
this process, and from other common processes for neutron production. More 
details on the shielding of neutron detectors also would have been acceptable. 
Finally, far more useful range-energy curves exist than that given in appendix 
IX(a), for research workers using nuclear emulsions to detect neutrons. 

I recommend this book to anyone working in the field of neutron physics, 
and also to experimenters who are bothered by neutron backgrounds. 

W. H.R. F. MUIRHEAD. 


Stochastic Processes, Problems and Solutions, by L. 'TaKAcs. Pp. xi+137, 
(London: Methuen; New York: John Wiley, 1960.) 18s. 


This book is one of the first of a new series of monographs on applied 
probability and statistics, edited by M. Bartlett. It is not a textbook in the 
usual sense of the word but rather a collection of problems and their solutions 
for readers who are already familiar with probability theory. The fundamental 
notions and theorems of the theory of stochastic processes which are needed 
for dealing with the special problems are only given in a condensed but precise 
and lucid form. The complete solutions of all the problems are given and the 
ways to find them are clearly indicated though, of course, not in all mathematical 
detail. 

The first two chapters of the book deal with Markov chains and Markov 
processes which are stochastic sequences or processes in which the future 
behaviour of a system depends only on its present state but not on its past. 
The third chapter is devoted to non-Markovian processes, in particular to 
stationary, recurrent (or regenerative) and secondary processes. Most of the 
theorems and problems of this chapter have not been treated in other books, 
and a considerable part of them is the result of the author’s own scientific work. 

The problems are chosen from a wide field of pure and applied science and 
engineering, like random walk and Brownian motion, nuclear processes and 
their recording, cosmic rays, birth and death processes, problems of renewals 
(e.g. of machine parts), theory of queues and waiting times, linear prediction 
of stochastic series, etc. 

The book will be of great interest and value to all those mathematically « 
minded scientists who work on phenomena which have stochastic features. 

R. FURTH. 
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Fig. 2. Cross section of recovered indentation formed in duralumin, with indenter lying 
within it. The walls of the recovered indentation are almost straight. Each 
division is 1mm. 


Fig. 7. Cross section of recovered indentation formed in a polymeric solid. When if 
recovery is large the walls of the indentation are not straight. f, 
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Fig. 1. Patterns on a mechanically polished surface of platinum—cobalt as the specimen 
was turned through 90° with respect to a high field (horizontal in the figure). 

Fig. 2. (a) Details of patterns shown in Fig. 1; (0) etch pattetn corresponding to (a) (carbon 
replica). 

Fig. 3. Pattern on an annealed surface showing clear structures along a grain boundary. 
Figs 1 to 3 refer to specimens with low coercivity, H,~35 Oe. 
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Fig. 4, Fig. 6. 


He Fig. 8. 


Fig. 9. 


in two of which the easy axes are parallel. 
ted alternately in one of two directions. 


Fig. 4. Patterns on three ordered regions, 
Fig. 6. Six ordered lamellae having easy axes orien 


Fig. 7. Three ordered regions with mutually perpendicular easy axes. 
Ilel and normal to the surface. 


Fig. 8. Lamellae with easy axes alternately para 
Fig. 9. Very fine lamellae, uniformly magnetized or with very simple domain structures. 
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(a) (6) (c) 


Figs 10 (a-f). ‘The nucleation and movement of domain walls in a region with easy axis, 
parallel to the direction of an applied field (horizontal with respect to this figure and 
to Fig. 12). The values of the internal fields are given by Fig. 11. 

Figs 12 (a—c). he behaviour of the domains ina region having its easy axis perpendicular 
to the direction of an applied field: (a) 17000 oersteds, (6) 600 oersteds, (c) —500 
oersteds. 
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Fig. 5. The transit of a domain wall through the encircled pore of Fig. 3. 


(a) (0) () 


40u 
Fig. 6. The nucleation and reversal process in a grain of ‘ square loop ’ ferrite. (Retouched.) 
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The Scattering of Low-energy Ortho-positronium by Hydrogen Atoms 


By P. A. FRASER 
Department of Physics, University of Western Ontario, London, Canada 


Communicated by Sir Harrie Massey; MS. received 7th December 1960 


Abstract. When ortho-positronium collides with a hydrogen atom not only 
may it be scattered, but there is also the possibility of conversion of the ortho- 
positronium to para-positronium by electron exchange. The total elastic cross 
section and the conversion cross section have been calculated for positronium 
kinetic energies 0 to 9-8 ev, for the /=0 partial wave only. A particular choice 
of trial wave function explicitly satisfying the Pauli principle and a variational 
argument lead to integro-differential equations, with no ‘ordinary force’, 
from which the phase shifts have been obtained by a numerical method. The 
cross sections are very strongly energy dependent: the total cross section ranges 
from 1927a,” at zero energy to 2-927a,” at 6-8 ev, while the (conversion)/(total) 
ratio ranges from 0-176 to 0-070 over these energies. These ratios are well 
below the value 1/4 expected at high energies from the Born approximation. 
The total cross section results of Massey and Mohr for this problem using Born 
approximation were 2307a,? at zero energy and 257a,* at 6-8 ev, with the (con- 
version)/(total) ratio 1/4. 


§ 1. INTRODUCTION 
M AND MOHR (1954) have surveyed, using Born approximation 


methods, the processes involved in the fate of positrons slowed down 

in atomic hydrogen gas. These processes included the formation of 
positronium and the slowing down of ortho-positronium and the ortho-para 
conversion by collisions with the hydrogen. This paper reports a more detailed 
calculation of the cross sections for elastic collisions of slow ortho-positronium 
with hydrogen atoms and for the quenching of ortho-positronium by electron 
exchange and conversion to para-positronium in collisions with hydrogen atoms. 
It is assumed throughout that the positronium has a stable existence; that is, 
that its life time against spontaneous decay by annihilation is long enough to make 
the notion of a collision meaningful. Further, the possibility of annihilation of 
the positron with the atomic electron during the collision has been neglected 
in this calculation (Deutsch 1953, p. 148). Only s-scattering has been considered, 
and at the low energies of interest (generally <5-1 ev) the neglect of higher order 
partial waves should not be serious. Spin-orbit effects have been neglected 
(Massey and Mohr 1954). 


§ 2. SCATTERING AND CONVERSION Cross SECTIONS 


The Schroedinger equation for the system of ortho-positronium and the 
hydrogen atom is (assuming infinite mass for the proton): 
HY = EE ee.) ~ yo) Aeeeree (1) 
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where 


H=-—V,?-V?2-V2-— — - — --- = +=—+—. 
TOG ET 5 TANS LENE MLO SLi 
r, and r, are the position vectors of the two electrons, rp that of the positron. 
Units in which #=1, me=4 and e?=2 are used; in this system, similar to atomic 
units, the unit of length is a) (the Bohr radius) and the unit of energy is the 
binding energy of the hydrogen atom, 13-6ev. Writing 


0 =(r+Kp)/2; e:=("1—Fp), 
the ‘positronium portion’ of the Hamiltonian (the positron and electron 1, 
say) may be written 


Vy Vit= 2 —4V,*=2V,2 = 2. 
Mp PI 
The positronium ground state wave function ¢(p,) binding energy 3, satisfies 
2 
(-2¥,2-=)b()=— 36) vee (2) 
1 


$(p1) = (=) exp(—p,/2) (normalized). 


The ground state hydrogen atom wave function #(r.), binding energy 1, satisfies 
Z 
( = Vie =) Hens 00s). ee (3) 
2 
1\ 2 
(72) = (-) exp(—7r,) (normalized). 
7 


It is convenient to write 
B=teae eo 7 ee ees (4) 
where $k? is the kinetic energy of the positronium; k is the magnitude of the 
momentum. 
Solutions YO (rp, r,,r,) and VYO(rp, r,,r,) of (1) are sought, respectively 
antisymmetric and symmetric in the electron coordinates r, and r,, with asymp- 
totic forms (0, 00) 


won (ex (iko,,) + F(9,) = es Gh) $(p1)#(r2), 


VO ~ (exp (those) + C0) PE) dh Witra)s eee (5) 


where 6, is the scattering angle (the angle the positronium position vector 6, 
makes with the z axis). We do not consider the possibility of excitation of the 
positronium or hydrogen atoms, which is of course impossible below $k?=0-375 
(5-lev). The differential elastic scattering cross section, ncluding the ortho— 
para conversion, is given by 
o(8)= 21GP+ z|FP. 
= 

The differential cross section for the ortho—para conversion or the differential 
quenching cross section is given by 


op(9) =i6 |G — FP 
as may be seen as follows: 
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The system of three spin } particles forms quartet or doublet states. With 
the quartet spin functions, which are, in particular, symmetric in the spin co- 
ordinates of the electrons, must be associated Y—. There is no possibility of 
ortho—para conversion in a quartet state. 

The doublet states may be divided into two classes: those symmetric in the 
spins of the electrons and those antisymmetric in these spins. For the case 
m= +4 these may be taken to be ; 


xua!(p, 1,2) = Te { ~28(P)(1)a(2) + 2(P)«(1)82) +2(P)B)22)} 
xan'(Ps1,2)=  { a(p)2(1)82)—2(0)8)202) | 5 


1 
where the bar over 1 and 2 denotes symmetric, and the tilde denotes antisym- 
metric. Together with the m= -— } states, these form a complete set of doublet 
states. 
The linear combination 


we = VE yenyp, 1,2)xy¥*(p, 1,2) + BVOC, 1,2)xus!™(p, £2) 
satisfies the Pauli principle, and also corresponds to an incoming wave of ortho- 
positronium alone. For the doublet spin functions may be written 
= 3: {2 1 1 
rust(ps 2)= YE [3 {xu8(e. 1982) <p xP D22)} — 5x0"), 


oe 3 le 4/2 1 
ran! T2)= YE Kp, 1Va2)+ 5/3 {xa'(P, 082) ~ px’, D2}, 
where x,1(p,1) and y,°(p, 1) are triplet functions of the positron and electron 
spins, and x,°(p, 1) is the singlet function of these spins. Thus ¥ has the: 
asymptotic form 


YB, Wr) [exp (thes) + GF +16) aut 
24 1 83% 
% U3 {ys (P, rae r V2 x1°(P, 1)x(2)} 
#2 (GF) ee ene a}, 


which explicitly describes a plane wave of unit amplitude of ortho-positronium 
incident on hydrogen atoms with a scattered wave, in the doublet eigenstate 


o/ 2h. 8@)- Zyxt 1a), 


together with an outgoing wave of para-positronium of amplitude +/3(G—F)/4. 
Taking into account the quartet scattering we have then that 
o(6) =4[4|GP + 2g + 1GP + &1IG—- FP] 
=3/GP+4IFP, 


as could have been expected; and clearly the part of the total scattering that 


corresponds to conversion is 


on(0)= #e1G— FP. 
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This result has also been obtained by Field (1958) in connection with the essentially 
similar problem of the conversion of ground state hydrogen atoms in a hyperfine 
triplet state to the hyperfine singlet state by electron collisions. Ferrell (1958) 
has made similar considerations. 

s-scattering alone is considered in this paper. The s-parts of F(6@) and G(6) 
are respectively 


rexp (iq*)sinnt and ep (tn~) sin n- 


where 7+ and 7 are the s-phase-shifts obtained from wave functions YO 
and ‘~ respectively. Considering then that it is sufficient to consider /=0 
scattering alone, the total scattering and conversion cross sections (integrated 
over 477) are 


a ae ‘ 
o= qe te sin?” + ¢sin®*}, ae (6) 


ne ; ; : 
op = 7g sin’ + sin? + —2siny* sin y~ cos (y~ —y*)}. 
For zero energy 


" 
i +-A* and “1 4- 


where A+ and A~ are scattering lengths. The cross sections become 
o=4n{3(A~) + 3(A*)?} 
op =4r74{A-— At}. 


§ 3. THE SpaTiAL WAVE FUNCTIONS 


Wave functions ¥’((rp, ry, r2) and (rp, r,, r.), respectively antisymmetric 
and symmetric in r, and ry, and satisfying asymptotic conditions (5), are to be 
found. The exact wave functions have the property that 


eal [ae dp, drt) (H — Ey¥\+)=0, 
If ‘’ be taken as having asymptotic form (writing a* for tan 7+) 
V2 ~$(p,W(r2) = [sin hoy +a+cos ko) 
1 


that is considering only the /=0 partst and also changing the amplitude at 
infinity, then for variations 6, with 


‘ 


BW ~ f(p, (ra) (Ba#) SOS A2s , 
CO. 
about the exact solution, : 
[BIH —4rk(Saey]= Oy we we ee (8) 


+ Throughout this paper only s-scattering is considered; higher order partial waves 
‘could of course be considered by similar means, but at the expense of complicating the 
presentation. 
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The approximate calculation of Y@ is based on the following considerations. 
Form trial functions 


V(r ps ty ra) = (evra) = fo) + b(pa)s) = f(o2) 


Pe ars (9) 
which have explicitly the appropriate symmetries, and where 
f(c) ~ sinko + a* cos ko 
with f(0)=0. 
Form 
I= | daide, dV OUTS EyY Se) Pee (10) 


and calculate 5/;“) for variations 6f(c) with 
SfH(c)~(Sarz#)cosko, see (11) 


The calculation of 5J; is fairly straightforward and certainly lengthy and is 
outlined in appendix A. It is found that 


a 7 4rk(dat*)| = Je. wy = ve: ft eee) 


(4d) 
; { i ae 2,) es) he (12) 
2 
with 
K(o,,63)= (498 | drva(2le, —rp|)W(2e,— rp|)h(2|o2—rpl)¥(202— Fpl) 
2 2 4 
SCR Ste DRE ee 
; { [26,—rp| |20,—rp| 
Di, ie 2(205— Fp)! (o,—Frp) 
|o, —o,| |2o, — rp||o, — rp| 
— 20 ea te) (Coto), oon. (13) 
|26, —rp||o2— rp| 


It is noted that K(o,, 0.) is symmetric in 6, and op. 
The requirement that 
51 — 4k (Say*) =0 


leads to integro-differential equations for f(c): 


{aoe é PIM G:) 4 f02(0,)} = +f de,i6,¢,) 


Sp) 


Writing 
YP P=VO+LAPe, 
to first order in AY@ (the ‘error’ in VY), one obtains from (8) 


(2 =4nk(Aa*) 


where 
a,y==at + Aa. 
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A presumably better approximation to a+ is thus given by 


yc) 
Sy nt as 
REA ORE oak 
It is shown in appendix B that 
I=0 


for f(c) satisfying (14). Thus a+ is an approximation to a+ accurate to second 
order in the difference between the trial function and the exact function. The 
apparent success of the exchange approximation, which employs a trial function 
of similar form to that above, for electron—hydrogen atom elastic scattering at 
low energies (Bransden et al. 1958, Brackmann et al. 1958), would suggest that 
the approximation used here is quite good. The most serious source of error is 
likely to be neglect of such virtual processes as the formation, during the impact, 
of H~- and a free positron or the excitation of higher states of positronium or 
hydrogen. 


§4. THE KERNEL 


The angle integrations in the integro-differential equations (14) may be 
carried out. Consider, for example, the term on the right-hand side proportional 
to k® (the subscript on r will now be dropped): 


fY(o4)= [des [arg2te, —r|)¢(|20, —r])d(2]o, — r])b([2e, — rye) 


with 
ey ess p 
s(e)=(s-) exe(—$) 
and 
{\1/2 
uir)=(=) "exp (—. 
Now 
|o—r|= (0? +7? —2orp)1? 
and 
\2o6 —r| = (407 +7? — 4ary)? 
with 
tsar 
Cor 


The products of exponentials may be expanded in series of Legendre polynomials : 
if eo 
(exp [—]o—rl])(exp [— |26—r]]) = BAGS: 1)G,(o,r)P)(u) 
with E 
Y ny 
Glor)=F] de P(u)(exp [-lo—r[)\(exp [- 2o—el)) 
PARR (15) 


With such expansions for both 6, and o, dependent factors, and making use“of 
the addition theorem for the spherical harmonics, and further carrying out the 
angle integrations dQ, and dQ, inside the summations, one obtains 


f2(o4)= = J do, | “ar Galen 1) Golon7)f (0). 
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The remaining terms may be similarly treated; the result is that the integro- 
differential equations for f(c) become 


ad co 2 
{ +n} fP(a)=+ I. dox\ K(o,, 0.) + K®(o,, a} f(e2) 


with 
f2(0)=0 
and 
f(e,) ~ sinko,+a*cos ko, 


o> 00 


K%(o,,0,)= — (256) | aro, r)Go(om 1) 
with G)(c,7r) given by (15) with /=0; 
K®(o,, 02) = (256) | wart — §Gy(@,,7)Go(oa, 7) + : Gila riGulen 1) 
+ Golo 1\o(oa 17) +Fo(ou 1)Go(oas 7) 


. eazcs 04)G (oy 1G ) 
~ Gy(o,7) (2042+ 1) Koon, 7) — 397K (0m 1)] 


— Go(o9, 7) [(20,? + 1°) Ko(o4, 7) — 30,7 Ky (oy, ni} 


where 
Were Ne 
¥(O%2)=—(—), (e1<22) 
Og Og 
1 /o,\! 
aa ee (22) , (a, 2 2) 
Gy \9y, 


(arising from the expansion of 1/(|6,—6,])) and where 


or [+ exp (— |2o-—r 
Joorr)=F[ dvexp(—le—r) SEER 


_ orf, exp(—lo—rl) exp (—[2e—r) 
one) ZI. eet er [26 —r 

_ orf? , exp(—le—rl) exp (—[e—r) 
Gals 5 | ea ae ee 


The G,(c,7r) are given by Eqn (15). 

While the integrals G,(o,7) etc., could be expressed as series of products of 
Bessel functions, it was decided to evaluate them numerically, this being a more 
straightforward process. These integrations were carried out on the first Univ- 
ersity College (London) Electronic Computer for a net of o and r. The time 
available on the machine demanded some economy in the numerical work: 
the integrals were thus computed along rays of constant o/r to cut down the 
time spent in the exponential sub-routine. 

The net of points covered the ranges 0<o<10 and 0<r< 16, and because 
of the ray technique was necessarily rather sparse for large arguments. Some of 
the integrals could be evaluated in closed form for an irrational (¢/r) ratio, 
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(o/r) = (1/+/2), and this possibility was used to check the accuracy of the numerical 
procedure. It was found that the results were accurate to a fixed decimal place, 
with 5 figures accurate in the largest values. The values for large arguments were 
exponentially smaller and hence relatively not as accurate. However, their final 
contribution is small. The r-integration was subsequently carried out on a 
desk machine, and the results for K®(o,,0,) and K(o,,0,), Eqn (16), are 
displayed in Table 1. K®(c,,c,) is made up of several contributions: the 
summation over / in one term was cut off at 1=6, which was consistent with 
the overall accuracy of the kernel. 


§5. SOLUTION OF THE INTEGRO-DIFFERENTIAL EQUATIONS 


The integro-differential equations (16) with the conditions on the solutions 
may be transformed into integral equations by means of the appropriate Green’s 
function. That is the systems 


2 ao 
a = a} 70(6,) = | do,K (o,, o2)f(c,) 
O71 0 
f®(0)=0 
f™(e) ~ sinko+a*cosko 


o>c 


aoe (16) 
become 
f®(c) =sinko— | do L(o,¢} | “da” [+ K(o',0")| f2(o") 
0 0 
ee (17) 
with 
L(o,0')= : sinko’coska (o’ <a) 
« : oGs Biel sine ¥, (c’ acl e AS oye (18) 


The approximations a+ to the tangents of the phase-shifts are given by 


theo : | dowpinkas i “do"[+ K(o’,0")] fo"). weve. (19) 
0 0 


If the range of the kernel be considered finite, the integral equations (17) may 
be approximated by systems of simultaneous algebraic equations, the unknowns 
being the values of f at selected points, and the integrations approximated by 
standard numerical rules. This method of solution was ideally suited for the 
present problem where it was impractical to compute the kernel K(o’,o") at 
many regularly spaced points. The f(c) need only be known within the range 
of the kernel (indeed need not be very well known where the kernel is small), 
for the a* may be obtained from the integrals ( 19). A survey of the application 
of this method of solution of scattering problems has been given by Fraser (1958). 
It has been found that use of the simple trapezoidal rule for the o’-integration 
gives satisfactory results; indeed it gives better results than more refined rules 
blindly applied. The reason is the discontinuity in slope of the Green’s function 
L(c,o’). Simpson’s or other appropriate rules may be used for the o”-integration. 
It is of course possible to use better integration rules, taking careful account. of 
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the discontinuityin slope of L(c,o’), but such refinement was not felt to be necessary 
here. The integral equation may be modified for the case of zero energy (Fraser 
1958). 

Appendix C gives further details of the numerical calculation as well as the 
results of applying the method to a similar problem solvable in closed form given 
by Buckingham and Massey (1941-42). Judging from the results of applying 
the method to the exactly solvable case it would appear that for the present problem, 
with the net of points shown in Table 1, the error in the cross sections is at 
most about 5%. In principle, at least, the method is capable of considerable 
refinement, but may not be practical beyond a certain stage of required accuracy. 
With the rather sparse and irregular net of points available in this problem it 
would seem ideal. The 11 simultaneous equations for each energy and symmetry 
were set up and solved on a Bendix G-15-D Computer. 

The results of applying this numerical method to the present problem are 
given in tabular and graphical form in the following section. 


§ 6. RESULTS AND DIscUSSION 


The s-cross sections (6) and (7) may be recast in terms of the quantities 
kcotyn* and kcotn7: 


= Ea iPr} eeees 
i (kcotn~—kcot+)? 


=()— ee 
ov= (47) 56 (a+ A cot? y=) (H+ Be cot*) 


Table 2 presents the calculated values of (kcoty*) and y+ as functions of k? 
and &, and the cross sections o and op in units of a,” obtained from Eqns (20) and 
(21). The assignment of the value z to the phase shifts at zero energy was made 
on the basis of the behaviour of curves of (*,k) (Fig. 1). Results for higher 


3:2 
3-0 


7 (radians) 


0 05 hk 10 2 


Fig. 1. The phase-shifts 7+ and 77~ as functions of k. 
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energies than those presented here indicated that the 7+ curve crossed the axis 
at k~ 1-4 while that for y~ showed no sign of crossing. The Born approximation 
would indicate that the phase shifts are equal and opposite at high energies. 
However the assignment is unimportant as the cross sections may be expressed 
in terms of kcoty+. (The results for k>1-2 have not been given as they were 
felt to be relatively inaccurate, and as the corresponding energies are well above 
the limit of elastic scattering alone.) Also in Table 2 are shown some cross 
sections obtained by interpolation. 


Table 2 


The total elastic cross section and the conversion cross section in units of a)? 
(respectively o and op from Eqns (20) and (21)) and related quantities, as 
functions of the ortho-positronium kinetic energy: $k? in units of 13-6ev. 


k R Rk cot nt k cot n- nt Ns o op op/o 
0 0 —0-0742 — 0-543 7 7 603 106 0-176 
0-1 0-01 —0:0594  —0-536 DO 7a 2-957 205 44-6 0-169 
0-2 0-04 —0:0137. —0-514 1-639 Be 257/119 109-3 16-1 0-147 
0-25 0-0625 0-022 — 0-498 1-483 2-676 79> 10-7 0-135 
0-4 0-16 0-194 — 0-428 ihe 9 PEED 43-4 4-48 0-103 
0°5 0-25 0-382 — 0-363 O95 5 2199 32-6 2-88 0-088 
0-6 0-36 0-661 — 0-283 O737—) 2011 25-4 2:00 0-079 
0:7 0-49 1-082 —0-185 0:574 1-829 ESS) 1-45 0-073 
0:8 0-64 1:727 —0-:0696 0-434 1-658 15-5 1:08 0-070 
0-85 0-7225 ZA —0:0048 0-373 1-576 13-6 0-95 0-070 
0-9 0-81 2729 0:0646 0:319 1-499 12-0 0-84 0-070 
0-95 0-9025 3-423 0-138 0-271 1-426 10-5 0-73 0-070 
1-0 1:0 4-290 0-215 0220 1-359 9-2 0-64 0-070 
eet. 28 6-793 0-376 0-161 1-241 7:0 0-51 0:072 
1-2 1-44 11-46 0:537 0-104 1-150 5:5 0-41 0-075 


Interpolated values (from k cot y= curves and from 7* curve) 


0:0707 0-005 —0-0667 —0-5395 364 62:8 0-172 

0-141 0-02 —0-0442 —0-5285 175 28-0 0-160 

Osi7si 0:03 —0-0292 —0-5215 133 20-4 0-153 

0-316 0-1 — 0-471 1¢0it 58-6 7:03 0-120 
12 0-02 


So —- Nb ww FN MW YN O&O OO 


05 2 10 


Fig. 2. kcot 7+ as a function of k’. 
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R cot 7” 


Fig. 3. k cot 7~ as a function of k’. 


Figs 2 and 3 show the (A cot n+, k”) curves, with insets showing the expected 


straight line behaviour for very small energies. Effective ranges may be deduced 
from the slopes at iow energies: 


rot =3-00a, 
19 =1-44ap. 


Ss 
ts 


Cross Section (units of a”) 


! 4 4 


Fig. 4. Semi-logarithmic plots of the scattering and conversion cross sections o and ap 


(in units of a:) as functions of k*. ‘The positronium kinetic energy is $k* in units 
of 13-6 ev. 
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The cross sections (‘Table 2 and Fig. 4) are seen to be strongly energy dependent 
and very large at very low energies, as was indicated by the Born—Oppenheimer 
approximation results of Massey and Mohr (1954). It is interesting but probably 
coincidental that the Massey and Mohr value for the elastic cross section at 
zero energy is 230za,”, while the present work leads to the value 1927a,2._ The 
disagreement at higher energies is considerable; at k?=1 (6:8 ev) the Massey and 
Mohr value is 257a,” while the present work gives 2-927a,”._ Over the range of 
energies here considered the ratio of the quenching and elastic cross sections is 
substantially lower than the value 1/4 expected at higher energies. 

A more accurate calculation of the elastic scattering of ortho-positronium by 
helium atoms is well in hand, and will shortly be completed. The results will 
be applicable to the problem of the moderation of ortho-positronium by helium 
gas, and the wave functions obtained will be used in a calculation of the quenching 
rate by annihilation on collision with the atomic electrons. 
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APPENDIX A 


Tue CaLcuLaTION oF 61, 


From (9), (10) and (11) one obtains after slight reduction (the + superscripts 
are omitted in this appendix) : 


Mf [ fae, de, dr (ps )r) (HB 


+{{j doy, de, dr s¥e(H— By ps) (ra) 

=A+B. 
Now 

nd ly 2 ay (ieee tb 2a ee if (on 
(H— BY, (02) OD = ppryitea){(~AVat A) F + + RD, 


Tp Pe T12 


where use is made of (2), (3) and (4). Similar results may be obtained for 


(H—E)$(py)3p(r2)- A) 


O7 
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and for 


(H- Bya(pailn,y 2 


with a rewriting of the Hamiltonian appropriate for electron 2 being ‘in the 
positronium’ and electron 1 ‘in the atom’. Further 


[ feesdrebtoomrs 2 2 + 2 — 2 hove 


2 
-| | de deeb W(rs)| = =pil2| [e+ e/2| 
2 2 
+ ee Ree toomes 


==()? 


the result corresponds to the statement that in first approximation there is no 
direct interaction between the positronium and the atom (Massey and Mohr 


1954). 
Thus 
A fac As 4V,2— apa; Llc) 
# [dep 72| fo, drabloirey ~ V2 148-2 
$22 4 2 balywrylen 
LA UGE 0 
=CrD. 
Similarly 


a [aot ee {—3V,2— pay Lew) i 


£ [ [order areb(oa)i(rs) A —3v,2— ye? 4 2 


she. pees) 
Le 2 ve 
= +5 = le (ry) How) 


=E+F. 
Making use of Green’s theorem and the asymptotic forms of f(c) and of(c) 


one may easily show that 
E=A + 2rk(8a). 


It is convenient to transform the integrations in D and F from (61, 1, Fo) 
space to (0,,63,rp) space. The Jacobian of the transformation has the value 


(4)*. In terms of 6,, 6, and rp: re 
P1=2(9,—rp); G2 =2(6,—rp) 
r,=20,—rp; ry =20,—Tp, 


and these expressions will be understood in the following. 
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The terms in D and F that need consideration are those involving V,2._ For 
D, this part is 


(4) fa, Leu f fda, Ar yd (p;)(72)b(p2)h(r1){ — i, yee 
= (4)* {do, ee | fe. ary = 3V 4. tb (p1)b(12)b(P2)¥(71)- 


For F, this part may be transformed into 
(4) (do, P fata, dry HE? — av, 36(or ra) b(o. Or): 


Now, 


Vo, (Pr (71) = Vo,’b(2|01 — rpl)([201 — Fpl) 


=#edura){s— > ~ > +4784, 


7PM 
and similarly for Va, P(P2) (72): 
Combining D and F, using the intermediate results and expressing the 
coordinates in terms of o,, 6, and rp one obtains 


D+F= fee a [ako 0,) 2), 


with K(o,,6,) given by (13). 
Finally one obtains, from }6/4,=A+B=(C+£)+ (D+F), 


(8h_—4nk(Sa1)) = | ds, LEH) {(_y,3— wey LE0 
+ | do,K(o,,¢6 (22) 
[ex (er, 0,)2}, 


which is Eqn (12) of the text. 


APPENDIX B 


THE VANISHING OF 1} 


Many of the steps required to show the vanishing of /{* are similar to those 
in appendix A, and will not specifically be pointed out. Again the (+) super- 
scripts are suppressed, and the vectors are often written in their simplified form 
with Eqns a understood. In ‘ft, f(c) now satisfy (14). 
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On replacing 
c—ay,2— gata) 
= Oy - oat 
by 
4 | de,K(0,,0,)1 (22) 
opp 


from (14), one obtains, after some cancellation of terms, 


aa -7{ | [aes day dry Hr? C2) 4, 4 (rs)b(er)Hn) 


e {- 1 _ 1 * 1 22 1 
[2o,—rp| [20.—rp|  |o,—rp| |e, —Fp| 
Ee (26, — rp). (6,—rp) th (26, —rp) . (62 — =o} 
[26, —rp||o,—rp| [265 —rp||o2—rp| 


Thus J;=0, since the quantity in braces is antisymmetric in o, and o,. 


APPENDIX C 


THE NUMERICAL SOLUTION OF THE INTEGRAL EQUATIONS FOR f(c) 


This appendix gives further details of the numerical method of solution of 
the integral equations, which was briefly outlined in the text. Also, some results 
of applying the method to a similar problem solvable in closed form are presented. 
Consider the integro-differential equation, with conditions on the solution, 

2 oe} 
{ra +P fe)= [deo oo" 
f(0)=0; f(c) ~ sinko+acos ke. 


These may be transformed into the integral equation 
f(a) =sin ko — |, a0. o’ )| do" M(o',o")f(o"), 
0 0 


with the Green’s function L(o, 0’) given by (18), and with 


ry 


a=— i Ban’ sin ho’ | “do M(o, oa" )f(o"). 
k 0 0 


It is presumed that the kernel M(o’, o”) vanishes sufficiently fast for large argument 
that the integrations may be cut off at some finite value of o. The integrals are 
then approximated by some numerical rule, and this procedure leads to simul- 
taneous algebraic equations with the unknowns being the values of f(c) at a set 


of discrete points: 
Les D2 LigB if Miu’ Te 
J 


DY (Sie t+ LigBy Myre’ ur=S tees (23) 
ik 


it 


where f,=f(c;) etc. ‘The numbers f,’ and «," are the appropriate numerical 
integration weights for the o’ and o” integrations respectively. These have been 
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discussed in the text. Solution of (23) leads to values of f; which are then used 
to compute a through 


1 
a= — 3 >3;%,M 50; F;- 
ok 


Buckingham and Massey (1941-42) have given the solution for the case of 
M(o, 0')=ya0! exp [—(0+0')]: 


: b? +k? 
f(c)=sinko+acosko—as1+ bal, expl(= 00) (24) 
with - . 
1 —45°(6? + h*)*+ p(— 5b8 + 15b4R* + SbPRE+ RE) (25) 
ine 16kb?u a 


The choice of b=2 and = + 100 gives kernels M(o, o’) approximating in behaviour 
and magnitude the kernels of the present problem. Accordingly this soluble 
problem was attacked by the numerical method, and the approximate results 
compared with the exact ones. The set of points used was that available for the 


present problem: 
{o}={4, 3; Le 1, D 3, 2, 2%, 95 4, 5}. 
The integration weight factors used were 
{B}={4, Hy By ass eo es 3) aioe fa , 3} 
which arise from the use of the trapezoidal rule for the Green’ s function inte- 
gration as discussed in the text, and 


= Ceres 
{a}={4, 4 6 + % on pte 2 ie? 2, att 3 3? 3}; 
which arise from the use of the 4 and 2 rules. Values for the point c=0 are, 
of course, unnecessary. 


Table 4 


Values of (cosy*) f* (c) (for o=5) for the positronium problem obtained 
(i) from the solution of the simultaneous equations and (ii) by substitution 
into sin(ko+7*) of the computed phase-shifts (for k=0, into o— A+). 


f 
flan 


fh fO 

k (i) (ai) (@) (ii) 

0 —8-58 — 8-48 SW 3-16 
0-1 0:515 0-510 —0-307 —0-310 
0:2 0-485 0-481 —0-585 — 0-588. 
0-25 0-399 0-397 — 0-704 —0-707 
0-4 0-020 0-022 —0:953 —0:949 
0-5 —0-280 O23 —1-010 — 1-000 
0-6 —0°572 —0-561 —0-970 —0:956 
0-7 —0-817 —0-803 SOiO0S —0-816 
0:8 (02972 —0-961 —0-601 — 0-586 
0-85 — 1-003 —0-996 —(453 —0-441 oa 
0-9 —0:998 | —0:994 — 0-287 — 0-280: 

0:95 —0:952 — 0-966 —0-105 — 0-156. 
1:0 — 0-867 —0-870 0-085 0-076. 
Weis —0-582 *  —0-583 0-466 0-442. 

Bit -2: —0:184.2%: —0-178 “0-787 0-762, 
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The results for this ‘ test-case’ kernel are presented in Table 3 for =0-5 
and 1, and are compared with the exact solutions. The method may also be 
formulated for k=0 in terms of : 


De oe) 


O~o—A, 


A being the scattering length (Fraser 1958). The results for k=0 are also pre- 
sented in Table 3. 

Finally, as an indication of the consistency of the results of applying this 
method to the positronium problem, Table 4 shows values of f(c) (normalized 
to unit amplitude at infinity) for c=5 obtained in two ways: (i) from the solution 
of the simultaneous equations and (ii) by substitution into the expression 
sin (ko +7+*), the phase-shifts being obtained from the integrals (19), or into 
o— A+ for k=0. 


with 
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Infra-red Emission and Electroluminescence in Zinc Sulphide 
Phosphors 


By D. W. G. BALLENTYNE 
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Abstract. It is shown that the infra-red emission of zinc sulphide phosphors 
is dependent upon the copper concentration. Infra-red emission occurs after 
simultaneous excitation by ultra-violet and infra-red in phosphors containing 
less than 5x 10-4 g atoms Cu per mole ZnS. For greater concentrations of 
copper infra-red emission does not occur but such phosphors are electro- 
luminescent. 


§ 1. INTRODUCTION 


N 1954 Garlick and Dumbleton first observed infra-red emission bands in 
] zinc sulphide phosphors. In 1956 Browne showed that infra-red emitting 

phosphors belong to two classes. ‘The infra-red emission of class I phosphors 
is excited by illuminating the phosphor with infra-red radiation of the correct 
wavelength. Class II phosphors require simultaneous excitation by ultra-violet 
radiation as well as infra-red. Class II phosphors were shown to contain copper 
impurities but the emission of class I phosphors was believed to depend upon 
non-stoichometry. The origin of infra-red emission can be explained by 
reference to Fig. 1 which shows a simple band model for a crystalline phosphor. 
The green and blue emissions are the emission bands usually associated with 
zinc sulphide phosphors. ‘The infra-red excitation bands correspond to the 
transitions I and II whilst the emission bands correspond to the transitions III 
and IV. The difference in class I and class II phosphors depends upon the 
occupancy of these levels. If the levels are normally unoccupied then infra-red 
alone will cause the necessary electron transitions. If, however, electrons are 
usually present in these levels infra-red emission can only occur if holes are trapped 
from the valence band or generated by the direct transitions V and VI. These 
transitions are, of course, in the ultra-violet. 

Apple and Prener (1960) have studied infra-red emission in aluminium 
co-activated ZnS(Cu) phosphors. The emission is greatly increased by allowing 
the phosphor to anneal in a high sulphur pressure thereby reducing the anion 
vacancies to a very low concentration. The phosphors prepared in this way are 
class I phosphors, and the intensity of the emission is proportional to the 
concentration of copper added. It was assumed that the gas-solid reaction can 
be represented by the equation 


ZnCug "(Sy +45) = ZnCuys Vo5**(Sy*95) +38, “ 
where V.,** represents a sulphur vacancy doubly charged with respect to the 
sulphur in the solid. Cu® is a copper ion with a hole in the ground state which 


is neutral with respect to the copper for which it substitutes and Cu~ is a copper 
ion with the states occupied by electrons making it negatively charged with respect 
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to zinc. This equation explains the observation that the fourth power of the 
brightness of emission is proportional to the sulphur pressure. The addition of 
aluminium to the system which can act as a singly ionized donor allows replace- 
ment of V*+ by Al* so that the charge balance is 


Cu-=Vtr+ Alt, 
It is shown that when the aluminium concentration is much smaller than the 
copper concentration the infra-red intensity is almost constant but as it approaches 


that of copper the infra-red emission should drop rapidly to zero. This behaviour 
is not observed and it was concluded that not all the aluminium goes into solution. 


Distance > 


Fig. 1. 


The present work was undertaken to determine whether infra-red emission 
occurred during electroluminescence. As a preliminary the emission of the series 
of phosphors previously studied was investigated under ultra-violet and infra-red 
excitation. The correlation of electroluminescence and infra-red emission was 
then investigated. 


§ 2. EXPERIMENTAL 


The phosphors were prepared as previously described. ‘The zinc sulphide 
used was freed from gross contamination with chlorine by washing with distilled 
water until the filtrate gave no precipitate with silver nitrate and was then fired 
for two hours at 800°c in a stream of dry H,S. The chlorine content of the final 
product was of the order of parts per million. The activator, copper, and the 
co-activator, aluminium, were added to a slurry of the zinc sulphide as the 
sulphates. After drying at 110°c the phosphors were fired for half-an-hour 
in a stream of wet hydrogen sulphide. These phosphors appear to have reached 
equilibrium with the surrounding atmosphere, as increasing the length of the 
firing time had no effect. X-ray diffraction studies show that: phosphors 
containing less than 6 x 10-4 g atom Cu per mole ZnS are hexagonal in structure 
whilst phosphors with greater concentrations of copper are mixtures of the cubic 
and hexagonal phases, although preponderantly cubic in structure (Ballentyne . 
1960). 
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The infra-red emission was detected using a lead sulphide cell with a silicon 
filter. A 60Ww tungsten lamp was focused on. the phosphor in a holder, the 
construction of the holder being such that the phosphor tube could be removed 
and replaced at the same place in the system. The desired excitation band was 
isolated by filters. In three experiments a 0-700, a 0-903 » interference filter 
and a Wratten 29 filter were used. The form of the curves was not affected 
although the intensity of emission was greatest with the last filter. ‘The 
ultra-violet radiation was filtered through a 2 cm CuCl, filter to remove infra-red. 
The emitted radiation was focused on to the lead sulphide cell through an 800 cycle 
chopper disk. In order to reduce reflection of the exciting radiation the emergent 
light passed through a Wratten 89 filter. 

In order to investigate the phenomenon under field excitation of the phosphor 
the holder was replaced by an electroluminescent cell. The chopper disk was 
removed and the phosphor was excited by a 400 c/s 800v alternating field. 
The fact that the emission is modulated at twice the frequency of the applied field 
means that the light arriving at the lead sulphide cell is modulated at the correct 
frequency for acceptance by the amplifier. 


§ 3. RESULTS 

3.1. Effect of Copper Concentration on Infra-red Emission during Photoluminescence 

The variation of copper concentration had a marked effect on the infra-red 
emission. In Fig. 2 the intensity of infra-red emission in arbitrary units is 
plotted against the copper concentration for a constant aluminium concentration of 
3-5 x 10-4 g atoms Al per gramme ZnS. The reflection of the exciting radiation 
from an MgO sample is also shown so that emission and absorption of the sample 
may be differentiated on the assumption that MgO is a perfect reflector. The 
integrated infra-red emission is constant for phosphors prepared from pure zinc 
sulphide (Cu<1 part per million), up to 3-0 x 10-4 g atom Cu per mole ZnS. 


10 

“oD 

od 

S&S 

— 

=~ 

no 

ise} 

3 

“a5 

ey, 

Ss 

B 

i Washed with 
Li cyanide 


For copper concentrations above this value infra-red emission does not occur. 
The phosphors with these larger copper concentrations have a layer of copper 
sulphide precipitated on to the crystallites. In order to test whether the decred8e 
in emission was due to the absorption of this layer, the phosphors were washed 
in hot 10% KCN which dissolves the excess copper sulphide. The washed 


phosphors still did not emit infra-red although the reflectance of the powder 
increased. ; ‘ 
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3.2, Effect of Aluminium Concentration 


It appears from Fig. 2 that the emission of infra-red only occurs when the 
molar concentration of the activator is less than the molar concentration of the 
co-activator (see above). Experiments with variation of aluminium concen- 
tration indicates that this result is fortuitous: In Fig. 3 the effect of aluminium 
concentration on an emitting phosphor containing 1-5 x 10-g atom Cu per mole 


Emission (arbitrary units) 
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ZnS and a non-emitting phosphor with 1:5 x 10-°g atom Cu per mole ZnS 
is shown. Over a large range of concentrations the effect is small but at large 
aluminium concentrations the intensity of both the emission and reflectance 
decreases. This may probably be attributed to the precipitation of increasing 
concentrations of Al,O, oxide in the phosphors (Frohlich 1953) due to a limit 
of solubility of aluminium in the phosphor. 


3.3. Infra-red Emission and Electroluminescence 


In Fig. 4 the variation of electroluminescent brightness with copper con- 
centration is given. Electroluminescence occurs in those phosphors which do 
not emit infra-red. The concentration of co-activator does not appear to effect 
the appearance of electroluminescent emission. ‘There is a precipitation of 
copper sulphide on to the grains of the phosphor and the crystal structure changes 
from predominantly hexagonal to predominantly cubic. It has been argued that 
the electron-rich layer of copper sulphide is the source of electroluminescence. 
The fact that cyanide washed phosphors from which superficial copper sulphide 
has been dissolved are brighter electroluminescent phosphors seems to indicate 
that the copper in the bulk of the crystal is more important than the surface layer. 

No infra-red emission can be detected from electroluminescent phosphors 
under the joint action of infra-red or ultra-violet with the electric field. 
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Infra-red emission 


Electroluminescent Brightness (arbitrary units) 


Fig. 4. 


§ 4. DiscussIon 


The observation that the intensity of infra-red emission is independent of 
the copper concentration indicates that these phosphors differ markedly from those 
prepared by Apple and Prener. Their phosphors belonged to class I whilst the 
phosphors studied here are class II. It is well known that blue and green emission 
bands can be observed in phosphors containing no copper whatsoever (Garlick 
1958). The emission in these cases is attributed to cation vacancies which, after 
capturing an electron, can be equated to the Cu® ions described above. ‘The 
number of cation vacancies which can be generated will depend upon the total 
charge equality. It can be seen that 

Cu-+Vyg=Al*+V, 
where V, and V, are the anion and cation vacancies. ‘Thus if the cation vacancies 
are greatly in excess of the copper centres then the emission will be virtually 
independent of the copper and aluminium concentrations as found above. 

The discontinuity in the curve may be attributed to the precipitation of 
copper. Thus the solubility of copper in zinc sulphide is independent of the 
co-activator concentration. When copper sulphide precipitates out it causes a 
major change in the crystal structure of the zinc sulphide host crystal 
(Ballentyne 1960). Although the powder has been fired at 1100°c (above the 
wurtzite sphalerite transition temperature of 1024°c) the phosphor is found 
to be predominantly cubic in structure with a slight inclusion of the hexagonal 
form. 

Copper sulphide is cubic in form and if'we assume that the substitutional 
solubility of copper in zinc sulphide is low and that a concentration of interstitial 
copper has gradually built up, then when the concentration of copper reaches a 
certain level (i.e. 1 Cu for 10-20 atoms in the lattice) it causes nucleation of a new 
phase in which a high concentration of copper is present substitutionally in the 
lattice thereby modifying the crystal form. Infra-red emission due to cation 

vacancies is now no longer a possibility. Charge compensation of these centres 
by means of the aluminium co-activator is not possible and the copper ions must 
be uncompensated unless a large number of anion vacancies are generated. 
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This is not probable as the firing atmosphere is rich in free sulphur. It is possible. 
that the copper ions are auto-compensated. Under these conditions it is possible: 
that necessary electrons are found from the inner shell of the copper. The 
transitions from the normal levels into the d shell of the copper ion may account 
for the appearance of the red emission band. The luminescent centre will now 
consist of three levels whose kinetics may differ widely from the two-level centres 
and this may account for the disappearance of the infra-red emission. The 
situation can also be affected by the fact that the concentration of copper ions is 
so high that these are in close spatial proximity. It is to be expected that the 
wave functions will overlap and the levels will become continuous forming a 
pseudo-conduction and valence band in the forbidden region. Such an effect 
has been observed by Woods (1958+) in cadmium sulphide which, with high 
copper doping, has been shown to be p-type. 

Electroluminescence is usually attributed (Zalm 1956) to impact ionization 
of the luminescent centres by electrons accelerated to sufficiently high energies 
in the large electric field in an exhaustion barrier at the interface between a semi- 
conducting phosphor and an electron-rich layer. The effect of the concentration 
of copper on the crystal structure and the infra-red emission of these phosphors. 
indicates that the role of copper may be more complicated than providing a 
source of electrons. A pseudo-conduction band due to the high concentration 
of copper atoms in the crystal could lead to a p-type material in contact with the 
normal n-type ZnS phosphors. A recombination effect at the p-n junction so 
formed may be responsible for electroluminescence. The possibility of such a 
mechanism is being investigated further using copper doped single crystals. 


§ 5. CONCLUSION 


It has been shown that infra-red emission in ZnS [Cu](Al) phosphors does. 
not occur in the materials containing high copper concentrations. The copper 
concentration in these cubic materials is large and most of the ions will be 
uncompensated. The conditions of preparation are such that the presence of 
sulphur vacancies is unlikely but the inclusion of the ion can possibly be explained 
by autocompensation (i.e. by withdrawing an electron from an inner shell of the 
copper ion). The kinetics in the three-level centre so formed may well be 
different from the two-level centre. Under these conditions infra-red emission 
is not to be expected. The proximity of the copper centres may lead in fact to 
impurity bands whose formation may be connected with the appearance of 
electroluminescence. During electroluminescence processes infra-red emission 
was not detected. 
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Abstract. Reasonably homogeneous, polycrystalline, solid ingots of GaSb—InSb 
alloys have been produced by slow directional freezing techniques, as described 
previously. For alloys of various compositions, normal absorption measure- 
ments have been made to determine the variation of optical energy gap Eg with 
temperature in the range 100-800°x. It is found that alloys show a linear 
variation of Eg with temperature, and values of extrapolated absolute zero energy 
gap and energy gap temperature coefficient are obtained. These results are 
compared with the data from electrical measurements described previously and 


the question of the variation with composition of the band form of the alloys is 
‘discussed. 


§ 1. INTRODUCTION 


; INCE the results of Goryunova et al. (Goryunova and Fedorova 1955, 
S Goryunova and Gorshkov 1958) and Woolley et al. (Woolley, Smith and 

Lees 1956, Woolley and Smith 1958) showed that single-phase solid 
solution could be obtained at all compositions of GaSb—InSb alloys, considerable 
work has been carried out to determine the electrical and optical properties of 
these alloys. On the optical side, the variation of optical energy gap Eg as a 
function of composition has been determined by Woolley, Evans and Gillett 
(1959, to be referred to as 1) and by Ivanoy-Omskii and Kolomiets (1959 a). 
Determination of electrical parameters have been made by Ivanov-Omskii and 
Kolomiets (1959 b, 1960) on the equimolecular alloy GaSb-InSb and by Woolley 
and Gillett (1960, to be referred to as II) for the complete range of alloy com- 
position. ‘The present work is an extension of the optical investigation described 
in I, and the determination of the variation of Eg with temperature allows a com- 
parison to be made between the optical results and the electrical data given in II. 


§ 2. PREPARATION OF SPECIMENS AND METHODS OF MEASUREMENT 


The preparation of the ingots from which the specimens were taken for the 
present work has already been described in I and II, the same ingots being used 
for all three sets of measurements. ‘The compounds were prepared from elements 
of 99-999%, purity and the InSb was further purified by normal zone refining 
techniques. Three ingots containing (a) 70mol. %, (b) 30mol. % and (ce) 
10 mol. % GaSb respectively were made up and equilibrium conditions obtained 


t+ Now at Standard Telephones and Cables Ltd., Footscray, Kent. 
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by slow directional freezing. Cross sections from various points on these ingots 
provided specimens covering the range of composition from 0-94 mol. ° GaSb, 
the degree of homogeneity being as described in I. 

The optical measurements were made by normal transmission methods using 
the apparatus described in I, specimens of thickness somewhere in the range 
60-160 u being used. For measurements below room temperature the specimen 
holder was made of steel and the specimen attached to it with Durofix. The 
specimen and holder were contained in an evacuated chamber, the holder making 
good thermal contact with the top plate of the chamber which was of brass. This 
top plate formed the bottom of a metal Dewar which could be filled with liquid 
air or solid carbon dioxide in ether. Conduction through the brass holder 
enabled the specimen to be held at a steady temperature while the transmission 
measurements were made, the temperature of the specimen being determined by 
a chromel—alumel thermocouple placed close to it. The infra-red beam entered 
and left the chamber through arsenic trisulphide windows. 

For temperatures above room temperature, the specimen was clamped at the 
centre of a long steel holder, and around each end of the holder was wound a small 
insulated tubular heating element. This holder was again mounted in an evacu- 
ated chamber and conduction along the holder enabled the specimen to be held 
at the required temperature, a Pt-PtRh thermocouple being used for temperature 
determination in this case. This system allowed measurements to be made up 
to temperatures of approximately 800°K. 


§ 3. RESULTS 


For various alloys throughout the composition range, measurements were 
made of relative transmission //J, as a function of wavelength at temperatures at 
approximately 100°x intervals from 100°k upwards. In the case of the InSb-rich 
alloys measurements were made up to only approximately 400°K, this limit being 
set by the wavelength range of the apparatus (~ 8,) since for these alloys at high 
temperature the absorption edge had moved outside this wavelength range. 
Since, however, the electrical results in I] had indicated no anomalous behaviour 
in this composition range, it was assumed that measurements up to 400°K were 
sufficient to allow the values of E,, (the energy gap Eg at absolute zero) and B 
(the temperature coefficient of Ez) to be determined. For the GaSb-rich alloys, 
where the electrical results of II showed anomalous behaviour, measurements 
were made up to the temperature limit of the apparatus, which was approxi- 
mately 800°K. 

The method of determining Ez from the transmission data on polycrystalline 
specimens of unknown reflectivity is somewhat arbitrary. In I the value of A 
corresponding to the energy gap was obtained by estimating the apparent onset 
of transmission from (J/J,, X) graphs. In an attempt to obtain a more consistent 
set of values, particularly as specimens of different thickness were used, a different 
method of interpretation, described previously for other similar alloy systems 
(Woolley and Ray 1960, Woolley, Gillett and Evans 1960), was used in this case. 
The results have been plotted as log (J)/1) against A and some of the curves for an 
alloy containing 78mol. % GaSb are shown in Fig. 1. Assuming that for 
specimens of thickness d the approximate equation [= jC exp (— Kd) can be 
used for the transmitted intensity and that over the range concerned Cis reasonably 
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Fig. 1. Variation of log (J)/I) with wavelength for the alloy 78 mol. °/, GaSb 22 mol. °% InSb. 
Curve a, 103°K; curve b, 291°; curve c, 499°K; curve d, 599°K; curve e, 685°K; 
curve f, 718°K. 


independent of A, this gives 


Lo\ I)\ _Ky—Ky 
los (7), 8 (7), = “5054 


where the subscript E indicates values at the wavelength ,, corresponding to 
the energy gap Eg, and the subscript B the background values. A choice of 
definition of A,, was made by putting K, -K,=300cm~, as this choice gave a 
value of Eg for InSb close to the generally accepted value for the compound. 
Using this criterion the values of Hg obtained for the alloys were reasonably close 
to those quoted in I. By this method, values of Eg were obtained as a function 
of temperature for each specimen and these are plotted in Fig. 2. It is seen that 
in each case Eg is found to vary linearly with temperature over the temperature 
range considered, and hence Eg can be represented by the equation Eg=E,, + BT. 

From the results in Fig. 2 the values of Eg at 300°K have been taken for the 
various compositions and compared with the room temperature results given in 
I and also with the values quoted by Ivanov-Omskii and Kolomiets. All of these 
results are collected in Fig. 3. It is seen that there is good agreement over the 
whole range of composition between the results-given in I and the present results. 
The values of Ivanov-Omskii and Kolomiets, however, while showing reasonable 
agreement in the range 0-20 mol. °% GaSb, lie well below the other results over 
the rest of the composition range. It is to be noted that preliminary values of Eg 
given by Woolley, Smith and Evans (1960) for material showing some inhomo- 
geneity tend to agree with the results of Ivanov-Omskii and Kolomiets for alloys. 
in the range 85-100 mol. % GaSb. It is thus possible that the presence of some 
inhomogeneity may be responsible for the disagreement in the results in Fig. 3, 
but it is not possible to consider this further as Ivanov-Omskii and Kolomiets. 
do not indicate the degree of homogeneity of their specimens. 

By extrapolating the graphs in Fig. 2 to T=0 a value of E,, can be obtained 
for each composition, and the values of E,, are plotted as a function of com- 
position in Fig. 4. Also shown by the broken line in Fig. 4 are the values of Ey 
determined by electrical measurements and given in II. The form of these 
curves is discussed below. ‘The slopes of the lines in Fig. 2 give the values of 
energy gap temperature coefficient 8 and these are plotted as a function of com- 
position in Fig. 5. This graph also is discussed below. 
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ig. 2. Variation of optical energy gap Ey, 
with absolute temperature for alloys of 
various compositions. 


Curve Mol. % GaSb Mol. % InSb 
a 100 0 
b 93 7 
c 89-5 10-5 
d 81 19 
e 78 22 
f 73 27 
g 64-5 35-5 
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‘ig. 4. Variation of extrapolated absolute 
zero energy gap values FE, with composi- 
tion. WG, Woolley and Gillett (1960); 
IK, Ivanov-Omskii and Kolomiets 
(1960). 
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Curve Mol.% GaSb Mol. % InSb 
h 45 55 
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Fig. 5. Variation of energy gap temperature 
coefficient 8 with composition. IK, Ivanoy- 
Omskii and Kolomiets (1959 b). 
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§ 4. DISCUSSION: 


The electrical results given in II indicated that for compositions between 0) 
and 60 mol. °4 GaSb the behaviour of the alloys was normal and that the addition 
of GaSb to InSb progressively changed the value of the extrapolated energy gap 
E, without causing any changes in the general form of the band structure. The 
present values of E,, and 8 shown in Figs 4 and 5 reinforce this suggestion. , Over 
this range of composition the values of Hog are in good agreement with the 
electrical values of Ey, particularly as the absolute values of Eg depend to some 
extent on the arbitrary choice of definition of Eg from the optical data. Also the 
value of 8 changes very little over this range of composition. It thus appears 
most probable that the band form of InSb with the conduction band minimum 
at 000 in k-space is retained by the alloys in this composition range. For the 
composition range 60-100 mol. °% GaSb the results obtained so far have been 
anomalous. ‘Thus the values of optical energy gap Eg given in I indicated the 
possibility of a discontinuity in the slope of the curve of Eg, against composition 
at about 73 mol. °% GaSb. The electrical data presented in II gave two values 
of E, in this composition range, a lower value Ey, being obtained at low tem- 
peratures, and a higher value E,,. at higher temperatures, the transition tem- 
perature 7, lying in each case in the temperature range 650-800°x. The 
variation of Hj, and Ey, with composition is shown in Fig. 4. When these 
values are compared with the values of £), presented here, it is seen that over 
the approximate composition range 60-85 mol. % GaSb E,, agrees with Epp, 
but in the range 95-100 mol. % GaSb E,, shows some agreement with Eo). 

In II it was suggested that the form of the electrical results could be explained 
by one of two possible alternatives, i.e. the anomalous behaviour in the range 
60-100 mol. % GaSb was due to either (a) band changes occurring in this range 
of composition or (5) ordering, possibly relatively short range, occurring in the 
composition range around 75 mol. % GaSb, the transition temperature T, being 
in fact the ordering temperature. In order to explain the electrical results in 
terms of a band change, it is necessary to postulate a change in band form not 
only with composition, but also with temperature, in the anomalous range. 
Owing to the difficulties of making the detailed electrical results for each specimen 
fit with the idea of a change of band minimum with temperature, it was suggested 
that possibly ordering effects were a more likely explanation. 

This view must be modified however in the light of the present results. The 
observed values of E,, show a monotonic variation from InSb to GaSb. Bearing 
in mind the fact that in both InSb and GaSb the conduction band minimum 
occurs at 000 in k-space (Zwerdling et al. 1959, Sagar 1960, Moss 1960), it appears 
probable that at every composition the measured Eo, corresponds to a direct transi- 
tion which is what is observed in the absorption measurements. The smooth 
variation of 8 in Fig. 5 supports this suggestion. Since all the optical measure- 
ments were made at temperatures below 800°k, these represent conditions below 
the transition temperature T,. The lower values of £), could not then corre-. 
spond to a direct transition but would correspond to indirect transitions not 
observed in the present optical work. And since in’ the composition range 
60-85 mol. % GaSb the high temperature electrical Zo, corresponds with the 
low temperature optical Ej,, the idea that ordering takes place and gives two 
entirely different sets of conduction band minima above and below 7; seems to 
be ruled out. 
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In an explanation in terms of a band change, it is seen that since in this com- 
position range E),= Ep ,, Eo. would correspond to a direct transition. Thus here 
the 000 minimum would be the lowest minimum in the conduction ‘band at 
temperatures down to 7;, but below this temperature some other conduction 
band minimum would be the lowest, resulting in indirect transition begins 
observed by the electrical measurements at these lower temperatures. Such an 
effect would occur if the minima had different temperature coefficients, and were 
at the same energy at the temperature 7;. There is some support for this sug- 
gestion in the form of the (log (J)//), A) curves for the alloy containing 78 mol. %/: 
GaSb as shown in Fig. 1. The curves corresponding to low temperatures, i.e. 
below approximately 500°K, show a slight kink in the absorption edge whereas. 
at higher temperatures no such kink was observed. Such a kink could be due to 
the effect of an indirect transition of lower energy than the direct transition 
becoming noticeable at lower temperatures. Effects of this type were observed 
for various alloys in the range 73-89 mol. % GaSb. 

It is still not clear however how the relatively sharp discontinuities at a tem- 
perature 7, which occur in the (log (mp/T*), 1/7) graphs (II) can be correlated 
with such a band change. It is of interest to note that even in this case if the 
values of E,, are explained as being due to an indirect transition to a conduction 
band minimum with an anomalous temperature coefficient, this effect occurs 
only over a limited range of composition centred on 75 mol.°4 GaSb which is. 
the optimum ordering composition for these alloys. Thus some structural 
effect such as short range ordering could still play a part and be responsible for 
the anomalous values of f in this composition range. 

The form of the various /, curves (Fig. 4) in the range 85-100 mol.°%% GaSb 
would still appear anomalous and it is not possible at this stage to account for 
their form. The values of 8 shown in Fig. 5 as a function of composition are 
considerably scattered about the mean line (shown broken) in this anomalous 
range, and it is felt that these deviations are greater than would be expected from: 
the estimated accuracy of the determinations. ‘The deviations may be significant 
and reflect the more complex behaviour of the band structure in this composition 
range. More detailed data are required before explanations can be attempted, 
and it is hoped in particular to carry out a more detailed investigation of the 
optical absorption edge for alloys in the range 60-100 mol.% GaSb, and to 
extend the temperature range of observations from the present limit to values. 
well above 7¢. 
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Abstract. ‘The magnetic susceptibilities and electrical resistivities of a series of 
y-phase uranium-niobium alloys were measured over the temperature ranges 
293-1200°K and 90-1200°K, respectively. The form of the resistivity— 
temperature—concentration relations is abnormal, especially at low temperatures, 
where negative temperature coefficients of resistivity occur in the uranium-rich 
alloys, and no explanation can be found in terms of localized moments on either 
U or Nb atoms. Comparison is made of the same properties of the y U-Mo 
alloys and particular attention is directed towards the electronic band structure of 
niobium. A rigid band model is shown to be appropriate for dilute solid solutions 
of uranium and molybdenum, but such a model is not applicable to the uranium- 


rich y U-Mo and the U-Nb alloys. 


§ 1. INTRODUCTION 
Ried on the physical properties of the U-Mo and U-Nb alloys has 


received impetus in recent years, following the discovery by Bleiberg, 

Jones and Lustman (1956) that some of the metastable y body-centred 
cubic alloys possess small negative temperature coefficients of resistivity below 
room temperature. More recently, Chandrasekhar and Hulm (1958) studied the 
electrical resistivity and superconductivity of a series of « (orthorhombic) and 
y (body-centred cubic) binary alloys of uranium with molybdenum and niobium 
between 1° and 295°x. All the quenched y alloys in the range 15-30 at. % were 
found to exhibit anomalous negative temperature coefficients of resistivity. 
Magnetic susceptibility and electrical resistivity measurements on the y U-Mo 
alloys were made (Bates and Barnard 1961) over an extended temperature range 
in order to include the stable y region, and it was concluded that no explanation 
of the results could be given in terms of localized electrons on either the molyb- 
denum or uranium atoms. 

In spite of these and other investigations (Loasby 1958, Blatt 1961, Berlincourt 
1959), the origin of the unusual behaviour has not been completely explained. 
It was therefore thought that more light might be shed on the problem by studying 
the electrical and magnetic properties of the U-Nb system, where the y phase 
could be retained in metastable equilibrium over a much larger composition 
range than in the U-Mo system. In addition, it was hoped that a comparison of 
the properties of the y U-Mo and y U-Nb alloys would provide information on 
the electronic structure of y uranium, particularly on the density of states—energy 
distribution. 
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No previous extensive investigation into the physical properties of the U-Nb 
alloys has been made, but the phase diagram of the system is well established 
(Pfeil, Brown and Williamson 1958). There is complete solubility above 950°c 
of y uranium and niobium, although with intermediate compositions below 950°c 
the state exists in two body-centred forms, y, and y,. The y phase of samples 
of composition greater than 20 at. 4 Nb can be retained at room temperature by 
quenching. 


§ 2. EXPERIMENTAL PROCEDURE 


The alloys were prepared at the Atomic Energy Research Establishment, 
Harwell, in an argon arc furnace from 99-9 % pure uranium (see Bates and Barnard 
1961), and spectroscopically standardized niobium, supplied by Johnson Matthey 
and Co. Ltd. The ingots were wrapped in molybdenum foil, sealed in quartz 
capsules under a pressure of less than 10-*mm Hg, and annealed for two weeks 
at 1000°c. The ingots were afterwards machined to give cylinders 4 cm long and 
5 mm in diameter, which were resealed, heated in the capsules, and quenched in 
water from 1000°c with fracture of the quartz. Microscopic inspection of the 
specimens kindly performed at the Atomic Energy Research Establishment, 
Harwell, showed for compositions above 30 at. % Nb the existence of the y body- 
centred cubic phase in metastable equilibrium; but, like the alloys of similar 
composition in the U-Mo system, between 20 and 30 at. % Nb there was estab- 
lished a distorted y body-centred tetragonal phase whose axial ratio was so close 
to unity that the tetragonality was not observable by x-ray techniques. In 
addition, the investigation showed that the alloys were not completely homo- 
geneous despite the long time of anneal, the inhomogeneity being more marked 
in the 20-70at. % Nb range of composition. No observations of the lattice 
parameters were made, as these were being performed concurrently at Harwell by 
Pfeil, Brown and Williamson (1958). The parameters were found to obey 
Vegard’s law fairly accurately, the addition of niobium contracting the lattice of 
y uranium. 

The experimental arrangements for the measurement of magnetic suscepti- 
bility between 293 and 1200°K and for electrical resistivity between 90 and 1200°k 
together with a discussion of the experimental. limitations have been described 
elsewhere (Bates and Barnard 1961). 

Alloys in the composition range 20-80 at. % Nb were first measured in the 
metastable y state with rise in temperature until the y phase began to decompose. 
This was manifested by marked discontinuities in the slopes of the susceptibility— 
temperature and of the resistivity-temperature curves, at which juncture measure- 
ments were discontinued until further rise in temperature took the specimens into 
the stable y region. Having once in these alloys established the y phase, which 
is stable only at very high temperatures, it was possible to make measurements. 
with decrease in temperature into the y,+y2 phase region; for precipitation of 
y to y1+¥2 is so slow that the y phase does not decompose at temperatures near 
700°c, even after several days. Above 800°c, Pfeil, Brown and Williamson 

_(1958) reported that the transition from single phase y to y, +2 does not occur 
even after anneals of eight weeks duration. Each of the curves for these alloys 
thus had a temperature region where no observations of the y phase could be 
made, but it was possible to interpolate between the observations in the meta- 
stable and stable y regions and so estimate with reasonable accuracy the form of 
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the curves where the y phase was decomposing. For compositions above 
80 at. % Nb, the alloys were stable in the body-centred cubic modification for all 
temperatures up to their melting points. 


§ 3. EXPERIMENTAL RESULTS 

3.1. Magnetic Susceptibility 
The molar susceptibilities against temperature of the U-Nb alloys in both 
metastable and stable y states are shown in Figs 1 and 2. In view of the inhomo- 
geneity of some of the specimens, two values of the room temperature suscepti- 
bility were obtained for each specimen (one in the inverted position) and the 


7 


I U-I5at.42Nb I 
I U-25 at. Nb are Oe 
420+ 
: TM U-30at.%Nb 
W u-40at.4Nb 
400/- ieee I 
ie Mee ae acme Seo 


Susceptibility xX x10° (e.mu. mole-') 
& 
So 


— a _ Le = = ee 2 oo V 
340} =e 

| ee ! aS I i 
sal 200 400 600 800 1000 1200 


Fig. 1. Susceptibility plotted against temperature for y U-—Nb alloys. 
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mean taken as the correct value. With no specimen was a difference of more than 
2% found between measurements when the specimen was inverted, to bring 
another portion of the specimen into the region of maximum field gradient. { 

It is clear that the addition of niobium to y uranium gives a general reduction, 
not ‘only of the magnitude of the susceptibility, but also of the temperature 
coefficient. The temperature coefficient of susceptibility of (U-25 at. %o Nb is. 
positive, as in the U-Mo system, and gradually decreases with increasing niobium. 


2A2 


364 L. F. Bates and R. D. Barnard 


concentration until it is negative as with pure niobium. The results for pure 
niobium are in close agreement with those previously recorded (Kriessman 1953), 
the variation with temperature being fairly linear over the range of temperature 
investigated. The absolute value at room temperature was 2-29 + 0-02 x 10-* 
e.m.u.g~1, a value rather higher than that recorded by Kriessman, but in close 
agreement with that recorded by Williams (1960 unpublished), viz. 2:3 x 10~* 
eum yay ae 

Two of the niobium-rich alloys, U—70, 80 at. % Nb, exhibited shallow suscepti- 
bility minima at about 500°K and 900°xK, respectively. This tendency for a 
minimum to exist and for it to shift towards higher temperatures with increasing 
concentration of niobium is most unusual, but it is interesting that Kriessman 
observed a minimum in observations on pure niobium at about 2000°K. 

The isothermal susceptibilities at 0°k and 1100°K are shown as functions of 
composition in Fig. 3. The 0°k values were obtained by extrapolation from the 
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Fig. 3. Susceptibility plotted against composition for y U-—Nb alloys. 


observations above room temperature shown in Figs 1 and 2. They are parti- 
cularly interesting; firstly, because small additions of uranium to niobium did 
not alter the susceptibility, and secondly, because the susceptibility curve when 
extrapolated to zero niobium content yields a value in close agreement with that 
obtained from work on the U-—Mo alloys (Bates and Barnard 1961). The 
constancy of the susceptibility of the niobium-rich alloys is very remarkable, 
especially in view of the different, conventional valencies of uranium and 
niobium. ‘This point is considered in greater detail in the discussion below. 


3.2. Electrical Resistivity 

The resistivity-temperature curves for uranium-rich alloys, shown in Fig. 4, 
are characterized by behaviour very similar to that of uranium-rich U—Mo alloys; 
ie. by a negative temperature coefficient of resistivity for the quenched alloys. 
Increasing concentrations of niobium reduced the magnitude of the negative 
temperature coefficient and the magnitude of the positive coefficient in the stable 
y region. ‘This abnormal behaviour persisted to 60.at.°% Nb, Fig. 5, and then 
more or less normal behaviour prevailed, Fig. 6, to pure niobium. 


Properties of Uranium—Niobium Alloys 365 


76 
RSS t 
& : canta Rega : 
OS a ae 
| NCES SS uence, coal I 
S eee 
= Peet! 
Q Sie teers 
eS a I 
= 60 I U-30at.%Nb pe erik 
2 Il U-20at.%Nb W 
< I U-10 at.%Nb eae 
W  U- Pure Uranium 
52 
0 200 400 600 800 1000 1200 
K 
Fig. 4. Resistivity plotted against temperature for y U-Nb alloys. 
loo 
Bee Ue Sac a= ooo _e—_ 0 0 e— 0 | 
x ee) SPE a Be ge oe ee I 
Se 
= SG ooo — 5 a8 
= 
Ss 20 
8 ml 
Se I - feo jn plete ge ' 
= ee ot 
> 
3 I U-70at.% Nb 
& I U-60at.% Nb 
80 Ml U-50at.% Nb 
“Sa W U-40at.%Nb eaten as 
74 
0 200 400 600 800 1000 1200 
°K 
Fig. 5. Resistivity plotted against temperature for y U-Nb alloys. 
100) 
I 
80 0 
Ee 
=) 
E 
= 
2 60 
2 I 
aS 
>= 
= 40 
3 
= I U-80at.ZNb 


IT U-90 at.ZNb 
I U-Pure Niobium 


600 800 1000 1200 P 
° K ’ 


Fig. 6. Resistivity plotted against temperature for y U-Nb alloys. ; 


0 200 400 


366 L. F. Bates and R. D. Barnard 


The resistivity curves of pure niobium and the niobium-rich alloys show, 
like those of many other transition elements, temperature coefficients which 
decrease with temperature. This effect is considered below in greater detail in 
the discussion of the density of electron states against energy curve for pure 
niobium. 
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Fig. 7. Resistivity plotted against composition for y U—Nb alloys. 


The resistivity with composition curves, shown in Fig. 7, exhibit deviations 
from normal alloy behaviour. The curve for the resistivities at 0°K, obtained by 
extrapolation of the resistivity-temperature curves indicates an extremely high 
value for the resistivity of pure y uranium when the curve is extended. ‘This is, 
of course, unacceptable; in addition, the variation with composition at 1100°K is 
concave upwards at the uranium-rich end, in contrast with the concave down- 
wards curve given by the equation 


pe Cll ale a6 eae. We eee (le) 
Here pp is the residual resistivity and « the concentration of one element in the 
other. Egn (1) gives a maximum in the residual resistivity curve at 50 at. % Nb; 
the maximum observed here is at about 64 at. 9% Nb. 

No previous work on the magnetic susceptibilities of these alloys has been 
recorded, and only the low temperature resistivities of the uranium-rich alloys 
have received attention, through the work of Chandrasekhar and Hulm (1958). 
Their numerical results are in excellent agreement with those presented above. 


§ 4. Discussion 


Striking similarities exist between the present results for the U-rich U-Nb 
alloys and those for U—Mo alloys (Bates and Barnard 1961). These date 
essentially (1) strong positive temperature dependence of susceptibilities in the 
case of the metastable alloys and almost no temperature dependence in the stable 
y regions; (2) negative temperature coefficients of resistivity in the case of the 
metastable y alloys, and weak positive dependence in the stable y regions; (3) 
similar resistivity—concentration and susceptibility—concentration curves. 
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The similarities in the results would seem to indicate that an explanation like 
that for the y U—Mo alloys is appropriate, although there is no indication as to 
why Nb and Mo behave in the same manner in y uranium. Briefly, then, the 
susceptibility results for the U-rich U-—Nb alloys are compatible with the Fermi 
surface lying in each case in an energy region for which 
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Here, N is the density of states per unit energy per mole, and E, is the Fermi 
energy measured from the band edge. The density of states against energy 
curves for these alloys are thus concave upwards at the Fermisurface. The failure 
of the susceptibilities to give T? variations, especially at high temperatures, may 
be due to the failure of the degeneracy condition 
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The susceptibility results, Fig. 2, further indicate that at about 60 at. % Nb the 
inequality (2) becomes A — B=0, to change to A— B <0 at higher concentrations 
of niobium. 

As in the discussion of the U—Mo alloys one notes that a negative temperature 
coefficient of resistivity may arise if 
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and if the residual resistivity is large compared with the thermal resistivity given 
by the Griineisen expression. The latter condition is, of course, likely to be 
satisfied at fairly low temperatures where the unusual behaviour is in fact observed. 
Further, the residual resistivities are large, Fig. 7, for the U-rich alloys, and the 
weak concentration dependence is indicative of a large increase in the effective 
number of free electrons with composition. It is thus evident from the present 
discussion that the Fermi surfaces in both the U-rich U-Mo and U-Nb alloys lie 
in regions where the density of states-energy curves possess finite gradients of 
strong positive curvature. 

Since in the uranium-rich U-—Nb alloys the addition of Nb with five valency 
electrons depletes the band of the solvent, the application of a rigid band model 
should lead to a curve of the variation of the density of states with solute concen- 
tration which is concave upwards. The variation of susceptibility at 0°K with 
composition shown in Fig. 3 may be taken to represent the variation of the density 
of states with niobium content provided that the empirical relation (Childs, 
Gardner and Penfold 1960) 


e 5) 

“* NE) - 
is valid, where K is the exchange interaction and C is a constant. ‘This variation 
is concave downwards for the low niobium content alloys, and so it appears that 
the addition of Nb to U in concentrations greater than 20 at. % not only alters the 
degree of occupation of the bands but also their (N(Z), EZ) relation. It should be 
remarked that values of K and N(E,) for both the y U-Mo and pure niobium 
obey the relation (5) fairly accurately. 
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In a discussion of the magnetic properties of the transition elements, 
Kriessman and Callen (1954) concluded that, if the Pauli susceptibility decreased 
with temperature, the Fermi surface was near a maximum in the density of states 
curve. Such susceptibility behaviour is exhibited by pure niobium, and thus 
little change of susceptibility should result when uranium, which enhances the 
degree of occupation of the bands of niobium, is added in small quantities. This 
argument is clearly supported by the susceptibility-composition curves shown in 
Fig. 3, and also by similar results on the Nb—Mo system (Matthias et al. 1960). 
Additional evidence that this band shape is correct for pure niobium was obtained 
by calculations of A and B from the susceptibility and resistivity data. 

Values of A—B and 3B—A were obtained from the linear regions of plots 
of the Pauli susceptibility against T? and of p(£, T)/T against T?, where p(E, T) 
is the resistivity. That these plots should be straight lines is evident from the 
formulae 


Xai =2u2N(Eo)| 1 + ace ye 8) vel dees (6) 


6 E=E, 


for the molar Pauli susceptibility x,,’ and 


o(E, T)= p(EoT)| 1 ere (B-A) ns (7) 


6 E=E, 


for the resistivity, where p(£)7) is the Griineisen expression which is proportional 
to 7 in the temperature range under consideration. Above the Debye tem- 
perature (~254°x), and below 500°K, the plot of p(£, T)/T against T? was linear. 
The values of A and B thus obtained were 
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The negative value for A clearly supports the previous discussion, as this 
condition is essential for the Fermi surface to be near a maximum in the (V(£), E£) 
distribution. No great accuracy is claimed for these values of A and B, especially 
as the Pauli susceptibility was calculated on the assumption of a temperature 
independent exchange interaction. It may well be that when consistent data is 
available for the temperature dependence of the thermoelectric power and Hall 
coefficient, the values will need modification. 
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Exchange Effects and Anisotropy Broadening of the Hyperfine Spin 
Resonance Spectrum of the Biphenyl Negative Ion in Solution 


By J. G. POWLES anp M. H. MOSLEY 
Physics Department, Queen Mary College, University of London 


MS. received 27th Fanuary 1961 


Abstract. The electron spin resonance absorption spectrum of the biphenyl 
negative ion has been measured at 9-5 mm wavelength in solution in tetra- 
hydrofuran and in diethylene glycol dimethyl ether (DGDE) over the temperature 
range —90°c to + 70°c and for concentrations from 1-94 x 10~* to 4-35 x 10-3 M. 
The normal nine line hyperfine spectrum loses its structure with falling 
temperature for solution in DGDE at about — 70°c independent of concentration. 
It is thought that this is due to a decrease in motional narrowing of an anisotropic 
hyperfine interaction comparable in magnitude with the isotropic hyperfine 
interaction. With rising temperature the hyperfine structure again disappears. 
This occurs at —34°c for a concentration 4-35 x 10-3 M and increases with falling 
concentration to +37°c at 1:94x 10-3 M. After loss of structure the line continues 
to narrow with increasing temperature. Similar but less extensive measurements 
have been possible for solution in tetrahydrofuran. This effect is thought to be 
due to exchange, i.e. perturbation of the electron spins at encounters between 
the radicals which are diffusing through the solvent. An analysis is carried out 
using a theory proposed by Pake and Tuttle in 1959 in which a quantity related 
to the ratio of exchange frequency to collision frequency is derived and which 
should be constant and of order unity. We find this quantity to be indeed of 
order unity over a wide range of temperature and for the two solvents but that 
it varies significantly nevertheless. 'These variations have not been explained 
and show that a more elaborate theory even than that proposed by Kivelson in 
1960 is required. 


§ 1. INTRODUCTION, EXPERIMENTAL ARRANGEMENT AND RESULTS 


E have measured the electron spin resonance absorption ~line 
\ x / for the biphenyl (C,H;C,H;) negative ion in solution in tetra- 
hydrofuran ((CH,),0) and in diethylene glycol dimethyl ether 
(CH,O[(CH,).0],0CH;, which we call DGDE) over the temperature range 
—90°c to +70°c and over a range of concentration from 1:94x10-?M to 
4-35 x 10-3 M (2x 10-3 M corresponds to one ion to 7 x 10° solvent molecules 
for tetrahydrofuran). The spectrometer operates at 9-5 mm wavelength, and 
has been briefly described elsewhere (Powles and Mosley 1961). The 
derivative absorption signal as a function of field is obtained, as shown for 
instance in Fig. 1. 

The biphenyl negative ion was prepared from pure biphenyl using potassium 
‘metal and specially purified and degassed solvents (Balk, Hoijtink and Schreurs 
1957). The concentration of free radical, which is not readily controlled in the 
method of preparation, was calculated from the optical absorption using a 
Dnicam SP.500 spectrophotometer and using the results of Balk et al. (1957) 


Narrowing and Broadening of the Biphenyl Spectrum 371 


for calibration. The solutions remained stable for at least several days at room 
temperature depending on concentration. They could be heated to 60°c for 
up to thirty minutes without appreciable degradation. 

The viscosity of tetrahydrofuran was only available above 0°c (Timmermans 
1950) and that of DGDE was not available. The viscosities, given in Fig. 2, 
were measured using a thermostatted Ostwald viscometer. The values are 
thought to be accurate to + 5% and they agree with Timmerman’s quoted values 
to this accuracy where the comparison is possible. 

Tetrahydrofuran and DGDE show no apparent freezing point in the 
temperature range covered and none is reported in the literature. We believe 
DGDE forms a supercooled liquid and eventually a glass although the glassy 
state was probably not attained in our measurements. The usual hyperfine 
spectrum of biphenyl approximates to a nine line spectrum with a spacing of 
approximately 2-9 gauss (8-1 Mc/s) between lines. This is as reported by 
De Boer (1956) and is shown in Fig. 1(c). The spectrum is only apparently 
nine line, some structure is not resolved, and so the spacing 2-9 gauss is not the 
hyperfine interaction parameter. 


(a) 


(@) 


(3) 
# 


Fig. 1. Experimental absorption derivative curves for the biphenyl negative jon in di- 
ethylene glycol dimethy] ether at various temperatures and concentrations illustrating 
the various line shapes: (a) anisotropy broadening, — 90°c, 2:°37x 103M; (b) 
partial anisotropy broadening, — 62°c, 3:12 x 10°M; (c) normal hyperfine splitting, 
—33°c, 3-12x10-°M; (d) onset of exchange broadening and loss of structure, 
—28°c, 3-04 x 10-°M; (e) exchange broadened, — 23°c, 4:35 x 10M; (f) exchange 
narrowed, 0°c, 2:46 x 10-°M. 


For rising temperature we have observed a loss of the hyperfine structure 
(Figs 1(d) and (e)) and finally a continued narrowing of the line (Fig. 1( FY: 
This is similar to the effect noted by Pake and Tuttle (1959) for a solution of 
diphenyl picryl hydrazil (DPPH) in toluene and by Hausser (1959) for 
a, y-bisdiphenylene B-phenyl allyl (BPA) in ethyl alcohol. 
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The temperature at which the hyperfine structure just disappears, which we 
call the exchange temperature (say between the two spectra of Figs 1 (d) and (e)), 
depends markedly on concentration in DGDE as indicated in Table 1. 

The effect of concentration at room temperature only, for DPPH in benzene, 
was studied by Hutchison, Pastor and Kowalsky (1952). 


Table 1. The Effect of Concentration on the Exchange Temperature and Values 
of the Quantity F (Eqn (2)) 


(1) (2) (3) (4) 
Solution in DGDE 

1:94 + 37 0-83 0-67 

2:37 — 2 1-65 1:24 

2:46 —12 2-16 1-62 

3-04 —22 3-1 1:95 

4:35 — 34 4:7 2:17 


Solution in tetrahydrofuran 
: +50 0-47 0-21 


(1) Concentration C x 10(M); (2) exchange temperature (°c); (3) viscosity (cP); (4) 
value of F. 


The same effect is observed in tetrahydrofuran but for one concentration 
only (‘Table 1). For lower concentration in tetrahydrofuran the structure persists 
until the rise in temperature causes excessive decomposition. For higher 
concentration the line is narrow over the whole temperature range, but the line 
width varies with temperature as shown in Table 2. Table 2 also shows the 


Table 2. The Effect of Temperature on the Line Width for Narrowed Lines 
and the Values of the Quantity F using Eqns (2) and (3) 


(1) (2) (3) (4) (5) 
Solution in tetrahydrofuran 

4-3 —62 6:2 he Tsys 1-6 

“A —55 5:9 1-18 1-4 

ss —42 5:6 0-91 id 

a —17 4-9 0:67 0:8 

s + 3 4-6 0-60 0-7 

a +13 4:3 0-57 0:7 
Solution in DGDE 

2:46 0 4:2 1-57, 3-4 

3-04 —16 8-0 2-44 2:4 


(1) Concentration C x 103(M); (2) temperature (°c); (3) line width 6H (gauss); (4) 
viscosity (cP); (5) value of F. 


variation in width of the narrowed, i.e. structureless, line for two solutions in 
DGDE. a 

On lowering the temperature for solutions in DGDE the structure again 
disappeared (Figs 1 (a) and (6), note the difference between Figs 1 (b) and (d)). 
A similar effect has been reported by Hausser (1959) for BPA in ethyl alcohol 
and by the authors (Powles and Mosley 1961) for peroxylamine disulphonate in 
water/glycerol. The temperature at which this occurs is not readily defined but 
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the general effect is shown by the sequence of Figs 1 (a), (b) and (c). This change 
seems to be independent of concentration over the range measured (see Table 1) 
and it occurs at —70+15°c. It is not clear why some variation in the results 
from sample to sample, run to run and concentration to concentration occurred. 


§ 2. INTERPRETATION OF THE RESULTS 


We wished to study further the presumed exchange narrowing effects for 
free radicals in solution discussed by Pake and Tuttle (1959) and to extend the 
results of Hausser (1959). The system biphenyl negative ion in tetrahydrofuran, 
the usual solvent, was not sufficiently flexible. We considered this to be due 
to the rather small variation of viscosity of tetrahydrofuran over the liquid 
temperature range and to the fact that the viscosity was toolow. De Boer (1956) 
used tetrahydrofuran or 1, 2-dimethoxyethane which has a similar viscosity 
range to tetrahydrofuran. It is not easy to find a suitable solvent in which the 
biphenyl radical can be formed in a suitable range of concentration and in which 
it is stable over a wide temperature range. DGDE has proved very suitable. 


2.1. Exchange Effects 


Pake and Tuttle (1959) proposed a rather crude theory, as they admit, for the 
effect of exchange narrowing as a result of perturbation of the electron spins 
during encounters between the ions. The problem has two parts: one is to 
calculate how frequently in a given concentration in a given solvent the ions meet, 
and the other to calculate the probability of an interaction on collision sufficiently 
strong to cause loss of hyperfine structure or the number and frequency of weak 
collisions required to give the same effect (Kivelson 1960). The former is 
essentially a problem of diffusion of the ion in the solvent. In the absence of 
self-diffusion data Pake and Tuttle removed the self-diffusion constant D by the 
Stokes—Einstein relation 

D=kT]owacn, ee eee (1) 


where 7 is the shear viscosity and a; is an effective radius of the diffusing ion. 
They find for the frequency of phase interrupting collisions fe, 


if = NrkT 4zpa;* = NrkT 
tee 32ar 7 


where N; is the radical concentration in cm~* (which is readily related to the 
molar concentration C); zis the number of new molecular neighbours encountered 
per diffusion step; p is the probability of a collision being effective in causing 
spin dephasing; ag is the solvent molecular radius introduced via Ns~+=47a,°/3 
(it would probably be slightly better to use Ns~*= 84s"), where Ns is the number 
of molecules of solvent per cm?; A is the elementary jump step in the diffusion 
process. Rather similar formulae are obtained by Kivelson (1960) if the parameters 
are interpreted slightly differently. Pake and Tuttle point out that the quantity 
in the square brackets (which we will call F) should be approximately unity. 
This is seen by taking the plausible values, 2=6, p=, A=2a; so that F=a,/ar, 
and if ag~ar, F~1. 

The experimental results in Table 1 determine a particular value of fe. At 
the temperature at which the hyperfine structure is removed by exchange the 
exchange rate fe must be comparable with the hyperfine splitting frequency. 


Py gia (2) 
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In this case there are three sources of hyperfine splitting due to the three types 
of protons. It would be pointless to try to account for this in detail with the 
present theory and we shall use the apparent experimental splitting 8-1 Mc/s. 
With Pake and Tuttle we assume that fe is about half this, ie. 4 Mc/s. Hence 
at the temperature at which the structure disappears fe is 4 Mc/s, and we 
calculate fen/NrkT and obtain the estimate of F given in Table 1 using Fig. 2. 
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Fig. 2. The curves represent measured viscosity (left-hand ordinate) as a function of 
temperature for tetrahydrofuran and DGDE. The points show the exchange 
temperature (abscissa) as a function of ion concentration (right-hand ordinate) in 
DGDE. 


F is indeed close to unity but it varies considerably with concentration although 
not as much as the viscosity itself. For solution in tetrahydrofuran F' is 
considerably smaller than in DGDE. This difference is not explained by the 
change in the ratio as/a;y which we estimate from molecular volumes of the liquids 
to change only by the factor 0:75 from DGDE to tetrahydrofuran. It might be 
regarded as due to appreciable solvation in tetrahydrofuran giving an unexpectedly 
high ay in this solvent. Pake and Tuttle find for DPPH in toluene F=0-08, 
whereas in this case as/ay~0-6. However, high concentrations of radical were 
used (140 x 10-8 M) and the possibility of multiple collisions cannot be excluded. 
For BPA in ethyl alcohol, Hausser’s results give F=8, assuming the exchange 
temperature is —40°c, and his concentration‘is exactly 10-? M—we suspect it 
might have been higher which would lower F. 

According to Eqn (2) yocCF at the exchange temperature where Coc Ny is 
the molar concentration. In fact, as shown in Fig. 2, the experimental relation 
between 7 and C for DGDE is y= 1-6C —2-1. Unfortunately for tetrahydrofuran 
there is only one pair of values of 7 and C. 

As pointed out by Pake and Tuttle, it is also interesting to study the narrowed 
line with hyperfine structure well removed since then we can again estimate fe 
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through the relation (Kubo and Tomita 1954) 
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where y is the electron spin gyromagnetic ratio, AH,? is the second moment 
of the spectrum before exchange narrowing and 46H is the line width. Thus a 
study of 6H as a function of temperature also gives fe, and hence together with 7 
another check on the theory. We take AH,?=16 gauss? for biphenyl, the 
experimental second moment of the hyperfine line before narrowing. F is given. 
in Table 2. The value is again of order unity but higher than in Table 2. Part 
of the discrepancy may reside in the approximate relation (3) which, as shown by 
Kivelson (1960), depends on the situation by a factor 20r more. Pake and Tuttle 
found F=0-13 for DPPH in toluene at 28°c. The results of Hutchison, Pastor 
and Kowalsky (1952) for DPPH in benzene correspond to F=0-6, 2:9, and 4-2 
for 0-2, 0-02, and 0-0093 M respectively. We note that in our results F varies 
to a considerable extent with temperature, about as much as the viscosity itself. 
The change in F with solvent is in the correct direction and nearer to the expected 
change than found from the ‘exchange temperature’ (Table 1). 

The estimated value of f. from the exchange narrowing even at —62°c for 
the 4-3 x 10-3 M solution in tetrahydrofuran is 8 Mc/s. This is larger than 
the critical fe of 4 Mc/s and so makes it clear why the hyperfine structure is still 
exchange narrowed even at this low temperature. It is also consistent with the 
observation of hyperfine structure over the whole temperature range below +50°c 
for a concentration of 3-3 x 10-? M since fe is sufficiently lower. 

We conclude from the variation in the value of F, using our results as well 
as those of others, that the theory leaves a lot to be desired, as no doubt Pake 
and Tuttle would admit. Any attempt to put the theory on a sounder basis, 
particularly as regards the effectiveness and nature of the encounters in causing 
exchange narrowing, introduces considerable difficulties, as we see from 
Kivelson’s (1960) rather inconclusive analysis of earlier results. 

It ought to be less difficult to reduce the uncertainties associated with the 
calculation of the frequency of encounter by use of a measured self-diffusion 
coefficient and a closer study of the diffusion process. Alternatively the rate of 
radical motion might be more directly obtained from dielectric loss measurements 
of the polar solvents, as has been found profitable for the peroxylamine: 
disulphonate ion in solution (Powles and Mosley 1961). 


2.2. Anisotropy Broadening 

The loss of hyperfine structure in the region of — 70°c for solution in DGDE,,. 
as shown in Fig. 1 (a), is we believe due to the anisotropic hyperfine interaction 
which above about —70°c is motionally averaged out to reveal the isotropic 
interaction only. Pake and Tuttle (1959) have explained similar effects observed 
by Hausser (1959) in this way. We have already (Powles and Mosley 1961), 
discussed a similar but rather more elaborate effect. 

Following a similar motional narrowing calculation given by Bloembergen,,. 
Purcell and Pound (1948), we find for the anisotropic contribution $H,,,,. to 
the line width arising from a rigid lattice contribution 5H,, which is motionally 
narrowed by radical reorientation at rate ve, 
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An independent estimate of ve is obtained by use of the formula for the 
Hrownian reorientational motion of a spherical molecule in a viscous medium, 


sa oo aca 
nay 

Hence, using 7=55 cr (Fig. 2, extrapolated) at ~70°c and ay~3-2A (from 
the molecular volume of liquid biphenyl), we obtain ve~60 Mc/s at—70°c, 
When, as at this temperature, the isotropic hyperfine structure is just appearing 
we may assume 6//,,,,,~ 46/7, and we recall that 6H,,,~ 2:9 gauss. Substituting 
these values in Eqn (4) gives 647,, “4:3 gauss, In other words the anisotropic 
and isotropic hyperfine interactions are comparable in magnitude. ‘This seems 
a rensonable result, 


§ 3, CONCLUSION 


lt is shown that the observed loss of structure at low temperatures of the 
hyperfine spin resonance spectrum of the biphenyl ion in DGDE, which is 
independent of ion concentration, may be due to anisotropic hyperfine interaction 
which suffers motional averaging and which is comparable in magnitude with the 
isotropic interaction, ‘The loss of structure and the subsequent continued 
narrowing at high temperatures which are very concentration dependent are 
thought to be due to exchange effects, ‘The results are broadly in agreement 
with the theory of Pake and ‘Tuttle but show significant departures which have 
hot been satisfactorily explained, 
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Multiple Proton Magnetic Resonance Relaxation in a Number 
of Molecular Liquids 


By J. G. POWLES anp D. J. NEALE 
Physics Department, Queen Mary College, University of London 


MS. received 1st February 1961 


Abstract, Experimental results are given for the proton spin-lattice relaxation 
times 7, at 47-5 Mc/s for liquid ethyl benzene, bromobenzene, chlorobenzene, 
fluorobenzene, benzene, aniline, paraxylene, mesitylene and methyl alcohol over the 
whole liquid range including some supercooling. Where more than one chemical 
type of proton is present the distinct 7, values have been measured by a method 
described earlier this year by Powles and Neale. In ethyl benzene the ring proton 
T, has a minimum but the ethyl proton 7, does not (as reported by Powles and 
Neale for toluene), thus emphasizing the difference in their nature. Motional 
correlation frequencies are deduced from the 7, values. In ethyl benzene and 
aniline the substituent correlation frequency agrees with the dielectric correlation 
frequency. Methyl alcohol is different. The predicted ring proton correlation 
frequencies are lower to an extent which depends on the particular molecule and 
on the interpretation adopted. The results are related to shear viscosity data. 
71,/T should not depend on temperature but does, in a way depending on the 
molecule and on the individual value of 7,. Thus the introduction of the 
viscosity in this way is not very helpful. 

It is concluded that in these liquids composed of non-spherical molecules the 
thermal molecular motions are complex, including motion about different axes 
at different rates. This complexity should be borne in mind when considering 
other motionally dependent properties of liquids. 


§ 1, INTRODUCTION 


UCLEAR magnetic resonance relaxation times can give information 

about thermal motions. This is because the relaxation is often due to 

direct dipolar interactions between the magnetic nuclei which are 
modulated by the random thermal motions. For two or more magnetic nuclei 
in a molecule the internuclear distance is usually fixed, but the reorientational 
molecular motion varies the angle which the line joining them makes with the 
externally applied static magnetic field. In some cases the molecule also has 
internal flexibility, and then intramolecular magnetic interactions are modulated 
in this way also. The latter affects the relaxation times in ethyl benzene for 
instance. Interactions between magnetic nuclei in different molecules also con- 
tibute to the relaxation, and so diffusional or translational molecular motion can 
be investigated. It is desirable in interpreting magnetic resonance data in terms 
of molecular motion to have independent information, and we use, where 
appropriate, the dielectric loss correlation frequencies. These indicate directly 
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the motion of the electric dipolar vector. We-also consider the relation of our 
results to shear viscosity data. 

We have again (Powles and Neale 1961) taken molecules with more than one 
chemical type of proton and the several relaxation times must be interpreted. 
It is necessary to postulate rather complex motions of the molecules in the liquid. 


§ 2, EXPERIMENTAL TECHNIQUE AND RESULTS 


The proton magnetic resonance spin-lattice relaxation times T, have been 
measured by a method described earlier (Powles and Neale 1961, to be referred 
toas1). Inthis method the proton resonance signal in a moderately high resolution 
apparatus is saturated by a strong radio-frequency field at resonance, and the 
recovery after removal of this field is monitored by means of a weak radio-frequency 
field and appropriate field sweep. When only one chemical type of proton is 
present the method has no particular advantage over pulse methods (Carr and 
Purcell 1954), but we have nevertheless used it to measure benzene and its 
monohalogen derivatives (Fig. 4). When more than one type of chemically 
shifted proton is present the method has considerable advantage over other 
transient methods since the signal from each type of proton may be observed 
separately and its relaxation behaviour studied. As for toluene (see I), we find 
in all cases that the relaxation of chemically different sets of protons is distinct 
in the sense that the recovery of one set appears to be independent of what is 
done to any other, and it is in all cases exponential. We therefore report a T, value 
as a function of temperature for each type of proton. In many cases the several 
T,’s are very different in magnitude and behave differently with temperature. 

The measurements were made at 47-5 Mc/s. The accuracy of measurement 
of T, is to about + 7% for the longer 7,’s, depreciating to about + 15% for the 
shorter ones. The materials were Analar grade and were fractionally distilled 
and purified. Dissolved atmospheric oxygen was removed by a freeze-pump-—thaw 
technique or by a sintered disk method. Contamination by oxygen is readily 
detected (see 1). Measurements were made to within a few degrees of the boiling 
point at atmospheric pressure and in most cases.well below the melting point by 
careful supercooling. The actual 7, values varied from 0-2 to 50 seconds. 

Shear viscosity values over the required temperature range were not available 
in the literature. ‘The literature values were checked and the temperature range 
extended where necessary by means of a thermostatically controlled Ostwald 
viscometer. Our values agreed with the literature values to +5% but at low 
temperatures they are less accurate, possibly to + 10%. 


§ 3. DiscussION OF THE RESULTS 


There is little doubt that the observed spin-lattice relaxation times are mainly 
due to direct magnetic dipole-dipole interaction modified by the thermal motion. 
The results are analysed in much the same way as for toluene (see I) but in Iéss 
detail since the procedure and its limitations were discussed for that liquid. 

Valuable auxiliary information about molecular motion is obtainable from 
dielectric relaxation correlation times. However, for most of our substances. 
this information is lacking or fragmentary and we shall use shear viscosity data 
to some extent. The latter are more readily available but are less desirable, shear 
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viscosity being a rather indirect method of obtaining information about molecular 
motion as is magnetic resonance itself. 

A satisfactory study of molecular motion by magnetic resonance demands 
more information than we have, for example, 7, as a function of resonance 
frequency and the 7; values, but it is worth making a preliminary analysis with the 
present data. 

Present theories of magnetic resonance relaxation are not adequate to deal 
with the complex situations encountered here but we use the following formula 
(based on Bloembergen, Purcell and Pound 1948, Solomon 1955, Kubo and 
Tomita 1954, Skrotskii and Kokin 1959, Powles and Neale 1961) 


1 3. 1 yh 2 a eey 2m ] | (4), Pia (1) 


1 102m Ng ij 5 Vo 
where 
r(%) = vr/Ve ie 4vy/ve 
Ve 14 (rr/vce)? = 1+ (2y/ve)?’ 

ve is the motional correlation frequency, 1/(277¢), vr the resonant frequency 
(47-5 Me/s), y the proton gyromagnetic ratio, d;, the interproton distances within 
a molecule, Ny the number of molecules per cubic centimetre, m,, the number of 
protons per molecule, 7, the number of protons in the group being considered, 
and a an effective radius of the diffusing molecule. According to Skrotskii and 
Kokin (1959) the second term in square brackets in (1) is only valid for ve > vy, 
but this condition will usually be satisfied and in any case it is only applicable 
to pairs of protons. We have generalized this term from a pair to m,, protons by 
the factor 7,,/2 which is no doubt inexact but makes some allowance for the fact 
that there are more than two protons per molecule. It will be shown that this 
external term is usually smaller than the first, although by no means negligible, 
in the present substances. It is more important for the ring than for the substituent 
protons. 

The first term in Eqn (1) for a pair of protons at fixed separation d is known 
to be d-* (Solomon 1955), and to a good approximation for a trio of protons 
disposed on an equilateral triangle of side d (Hubbard 1958) it is 2d~*. For 
four protons arranged tetrahedrally it is 3d. In other cases we use the 
expression (2/n,)2;.;d,-° which gives the above particular results and which 
appears in the computation of the rigid lattice second moment for a ‘powder’ 
sample (Van Vleck 1948). It surely shows the correct trend. An alternative 
formula proposed by Gutowsky and Woessner (1956) has }2,;7,,~° in place 
of (1/n,)%;. ;7;~°. This has the disadvantage that it depends on the nucleus chosen 
for groups where all 7,; are not equal. 

We have in addition to allow for different magnetic nuclei, e.g. °F in 
fluorobenzene, by additional terms which however will prove to be small. We 
have also to allow for the effect of non-resonant protons when two or more 
chemically shifted sets are present. It is suggested in I that their contribution 
to relaxation is reduced as compared with that from resonant nuclei. It is 
necessary, further, to allow for complex molecular motion not described by a 
single ve, and then Eqn (1) will be generalized as in I. Also the correlation 
frequency for intermolecular interaction is not necessarily the same as_ for 
intramolecular since it depends more on translational than reorientational motion. 
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In the absence of better information we shall usually assume that the two correlation 
frequencies are the same, to the extent implied by Eqn (1). 

We first establish the order of magnitude of the terms in Eqn (1). In benzene 
and the benzene derivatives studied here N, ranges from 7 x 107! cm~? for benzene 
to 4x 10%4cm- for mesitylene. We shall assume that (2a)? is the available 
volume per molecule, i.e. (2a)-"3=Ny. Hence 


6 T™Myy 


2 ot Nya-$=3 x 10-9 A-*. 


For a methyl group (2/mg)2;_ ;d, *=63 x 10-°A~® and for the six protons in 
benzene 9:2 x 10-%A-®. Hence the external term is less than the internal although 
its exact value is rather uncertain. ‘This external term should also probably 
suffer reduction by a factor for molecules with more than one type of proton 
(see 1). ‘The argument that the intermolecular contribution is the minor one 
is somewhat reinforced by measurements on proton containing molecules in 
solution in a proton-free solvent. However, solution may change the molecular 
correlation frequencies and even the type of motion. The former may be allowed 
for to some extent by use of shear viscosity (see §3.1). An analysis by Bovey 
(1960); suggests that the intermolecular contribution is probably not more 
than 50% of the total interaction even in the case of benzene where inter- and 
intramolecular proton distances are comparable. Our rough calculation based 
on Eqn (1) gives 30% for benzene. A rather more elaborate analysis of solution 
results by Mitchell and Eisner (1960) using viscosity still, in our opinion, does 
not clear up this difficulty. A more reliable test would be to compare the pure 
liquid 7,’s with those for dilute solution in the perdeutero compound. It would 
then be reasonable to suppose that the molecular motion and the correlation 
frequencies would be little affected, and so parameters for the pure normal liquid 
would be obtained. 

In the absence of anything better, we shall usually suppose the external 
interaction to make a minor contribution to 1/7,. In that case Eqn (1) can be 


written 
1 “a qT 1 Vy 
r “ral (2), alte: (2) 
where 
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and hence J/vp=1/T, ,4in+ ‘The symbol J is introduced to express the theoretical 
interaction and distinguish it from the experimental quantity 1/7, ,,,, which 
may or may not be available and is not always to be taken as J/vy. Also, of course, 
I/vy may depend on temperature. 


3.1. Ethyl Benzene ws 


We consider ethyl benzene (Cg,H;C,H;) first since its molecular structure 
is rather similar to that of toluene (CgH;CHsg, see I). It will also facilitate the 
interpretation of the results for the monohalogen substituted benzenes which 


+N.B. The title of this article is a statement of the problem, not the conclusion reached. 
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might appear to be simpler cases to deal with first. The 7, values for ethyl 
benzene in Fig. 1 are similar to those of toluene in that the ethyl group signal 
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Fig. 1. Proton spin-lattice relaxation Fig. 2. Correlation frequencies for 
times at 47:5 Mc/s for the ethyl ethyl benzene deduced from the 
and ring protons in liquid ethyl proton magnetic relaxation 
benzene. times, as described in the text. 


Vp is the dielectric correlation 
frequency (Petro and Smyth 
1957). 


has no minimum in the available temperature range whereas the ring proton 
signal does. We were not able to resolve the methyl and methylene proton 
signals and so Tyethyi is a composite 7). Probably 7; metny1 and 7} methylene 
do not differ much. The minimum of 7 ying is 0:32 sec whereas it was 1-42 sec 
in toluene. Neglecting the external interaction we find from 7,,,, and 
Eqn (2), I/vyp=3-1sec—! and ve=1-62vy=77 Me/s at 148°K. Using this value 
of J in Eqn (2) and assuming that J is independent of temperature, we find 
Vering as a function of temperature as shown in Fig. 2. 

For T; etny1 we must calculate J. The weighted mean value of (2/n,)%,. ; d;~* 
for the two groups is 50-3 x 10-3 A~*, so that J/vyp=41 sec and ve etnyi obtained 
from Eqn (2) is given in Fig. 2. The dielectric correlation frequency vp is also 
given in Fig. 2 (Petro and Smyth 1957) plotted as 3vp) which is probably to be 
compared with ve (Bloembergen, Purcell and Pound 1948). vp is only available 
over the temperature range 20°C to 60°c. 

When ve> vr we expect 7, cve from Eqn (1) and possibly 7'/n ccve in view 
of the Stokes—Einstein relation (see Eqn (3)). Some authors therefore consider 
whether 77,/T is independent of temperature. This function is given in Fig. 3 
for the T,’s of ethyl benzene and shows a considerable variation with temperature, 
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Fig. 3. The dependence of 77T,/T on temperature for ethyl benzene for the ring and ethyl 
protons. Also similar data for toluene (from I), benzene, fluorobenzene, chloro- 
benzene and bromobenzene (using Fig. 4). 7 is the shear viscosity, T the absolute 
temperature. 


especially at low temperatures. This may be contrasted with the case of n-octyl 
bromide (Powles and Hartland 1960) and with water (Simpson and Carr 1958) 
where 77,/T varies much less. It is well known that this use of viscosity tends 
to be more valid for low viscosity liquids than for high viscosity, and the tendency 
for nT,/T to vary less with temperature at high temperatures may be related to 
this fact. The greater constancy of 77,/T for the ring protons could mean 
that the ring motion is the more closely related to viscosity. 

An apparent radius of the moving entity may be deduced from the viscosity 
and the nuclear correlation time through the appropriate Einstein—Stokes formula, 


3k _ T 


877? Ve n ; 


3 


This gives at 25°c, a=1-:8A from ve etny1 and a=3-5Afrom vering. The effective 
molecular radius deduced from the density is 3-0A. ‘The van der Waals 
dimensions of the ethyl group and of benzene are approximately 1-3A and 2:3A 
assuming approximate enclosing ellipsoids (Perrin 1934). There is a temptation 
therefore to think that the ethyl group and,\the whole molecule move almost 
independently as bodies of appropriate size. However, a similar calculation for 
toluene gives similar results, but it is not reasonable that the motion of the methyl 
group and the molecule should be independent (except for methyl C, reorientation 
which has special effects). For this reason this explanation of the difference in 
correlation frequencies was not proposed in I and is not considered a likely 
explanation here. 

Figure 2 shows that there is a close correspondence between 3vp and ve ethyl. 
This is very satisfactory since the ethyl group carries the electric dipole. We 
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doubt if the difference in rate of variation of 3vp and v¢ ethyl With temperature 
seen in Fig. 2 is significant since the results of Petro and Smyth (1957) showed 
a similar divergence for toluene and differed in this respect from other dielectric 
measurements. 

It seems unlikely that ve etnyi should fall at a lower rate with falling temperature. 
The low temperature value is perhaps beginning to be affected by the methyl 
C; reorientation as well as that of the ethyl group as a whole. This 
would be readily investigated by an extension of the dielectric loss measurements 
to lower temperatures. A similar but not identical conclusion was reached for 
toluene and an analysis similar to that given here could be carried out. 

As with toluene, vering is considerably less than veetny: over the whole 
temperature range. For the ring protons, even without external interactions, 
I/vy=6-0 sec-! whereas the experimental value from the minimum of Ty ring 
and Eqn (2) is 3-1 sec. To explain a similar but much larger discrepancy 
in J/vy for the ring protons in toluene as well as a similar but larger difference 
between v, .upstituent 22d vering, we suggested a rather complex motion of the 
toluene molecule. We suggest that for ethyl benzene we ought to consider the 
two most important motions to be firstly reorientation of the ethyl group about 
the bond joining it to the ring and secondly reorientation of the ring about its 
“C,’ axis. Reorientation about a ‘C,’ axis (perpendicular to the ring) may 
be relatively less important than in toluene owing to the obstruction of the much 
larger ethyl group. ‘These assumptions explain the basic facts. The agreement 
of 3vp and ve ethy1 is expected because the motion of the dipole is essentially the 
same as that of the ethyl protons. The slower motion C, and possibly C, will 
not affect either to any extent. If the C, motion controls vering the theoretical 
value of J/vy is smaller than that given above because the interactions of ring 
protons 1 and 2 and 4 and 5 in Fig. 1 are not modulated by the motion and so 
contribute little to 7,. Interactions 1 and 3 and 1 and 4 are reduced in effective 
contribution to 7,. A revised estimate of [/vy is 4-2 sec! which is closer to the 
observed value 3-1 sec-!, This argument demands some reconsideration of the 
external interaction since it could be that the translational motion of the molecules 
is associated with vering rather than veetny1. This is only important for ve ethy1 
and increases the contribution from the external interaction by ve ethyi/ve ring ~ 6 
at 25°c (since ve>vr). The two terms in Eqn (1) would therefore be 50-3 and 
18, so that the external interaction is still the less important one for the ethyl 
protons within the approximation of this analysis. The comparison for the 
ring protons remains unaffected. Even a serious underestimation of the external 
interaction for the ring protons could not explain the difference between ve ethy1 
and Ve ring: 

The difference between vc etnyi and vering can be explained in a number of 
ways. We have already mentioned the viscous reorientation of a quasi- 
independent ethyl group. We have given a detailed discussion of the difference 
in the v;’s for toluene (1). Since the present case is no more conclusive we 
shall not reproduce the arguments here. A worth-while analysis awaits a much 
more thorough knowledge of liquids and a more detailed knowledge of the 
nuclear resonance parameters. Fai A 

We emphasize that the motions we consider are a first approximation to the 
actual motion of the molecules but that they should be seriously considered in 
any explanation of transport, and possibly other, properties of this liquid. 
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3.2. Fluorobenzene, Chlorobenzene and Bromobenzene 


The 7, values for the ring proton are given in Fig. 4. Although the liquids 
were supercooled to a considerable extent no minimum in 7, was attained. 
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Fig. 4. Proton spin-lattice relaxation times for liquid benzene, fluorobenzene, chloro- 
benzene and bromobenzene. The right-hand scale indicates estimated values of v, 
(except for benzene). Values of 3vp (broken lines) are also given for chlorobenzene 
and bromobenzene. 7,=19 sec at 25°c for benzene (A) is widely reported in the 
literature. Vertical bars on curves indicate the melting temperature. 


We therefore assume ve > vz and take the calculated value (§3.1) I/vy=6-0 sec 
Hence from Eqn (2), ve=10°T, and this scale is given on the right-hand ordinate 
in Fig. 4. Since all three molecules are polar we can again compare ve and 3p, 
although rp is only available in a small temperature range near room temperature. 
Values of 3vp for bromo- and chlorobenzene (Branin and Smyth 1952, Hennelly, 
Heston and Smyth 1948) are given in Fig. 4. The only available value for 
fluorobenzene is 3vp =8-6 x 10" c/s at 21°c (Poley 1955). 3vp is much larger 
than vering. At 21°C in particular, 3vp/ve=5-5, 4:0 and 3-3 for fluoro-, chloro- 
and bromobenzene respectively. In view of the analysis presented for toluene 
and ethyl benzene and remembering that vp refers to the reorientation of the 
ring to halogen bond while v- refers to the reorientation of the ring, we conclude 
that these differences are significant. (For toluene and ethyl benzene where a 
minimum is attained, the experimental value of J/vy is less than 6-0 sec. 
For the benzene ring protons and monohalogen benzenes with a lower density 
of protons it should be even lower. The difference between 3vp and ve may 
therefore be even greater than given above.) We conclude that the motion of 
these molecules is also complex, although the data given here hardly warrant 
an elaboration of this statement. 

Chlorobenzene should perhaps be rather similar to toluene in view of the 
comparable size of the chlorine atom and the methyl group. We were unable 
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to supercool chlorobenzene sufficiently to attain a minimum of 7; ring. However, 
the lowest observed value of 7; ring is 1-5 sec and so the minimum must certainly 
be below the value 1-4 sec observed in toluene, in spite of the lower proton 
concentration. Toluene and chlorobenzene do not therefore seem obviously 
similar. For bromobenzene the lowest value of 7, is 0-45 sec, i.e. well below 
the minimum value for toluene and only just above the minimum for ethyl 
benzene. Bromobenzene may therefore be comparable with ethyl benzene and 
it may be the bulky substituent which gives this result. 

Further information about fluorobenzene is obtainable from a study of the 
relaxation of the °F nucleus. Owing to the weakness of the signal we were unable 
to do more than confirm that 7; for 1°F does not differ greatly from the proton 7}. 


3.3. Benzene 


We also give in Fig. 4 our results for benzene itself. One might have expected 
a uniform gradation from bromobenzene through chlorobenzene and fluoro- 
benzene to benzene, but in fact benzene is very different. This is not due 
specifically to the effect of the extra proton since this only increases I/v; by the 
factor 1-25, but it may well be associated with the increase in symmetry. This 
peculiarity of benzene as compared with substituted benzenes does not appear 
in the shear viscosity. 77,/T for benzene in Fig. 3 shows a strong rise with 
temperature. To our knowledge this has not been reported before. Bromo- 
benzene shows a maximum of 77,/7. Chlorobenzene and fluorobenzene show 
a fall with temperature. Such behaviour emphasizes the lack of direct 
correlation between 7, and 7 and is no indication of where the peculiarity lies. 
It should be recalled that for benzene the external interaction makes a large 
contribution to 7, and so the relaxation may be controlled to a much greater extent 
by the translational motion. If this is so it is even more surprising that »7,/T 
should be anomalous since the viscosity is surely more dependent on translational 
than reorientational motion. Our experience with toluene suggests that the 
C, motion of benzene is faster than the C, motions but the present results hardly 
warrant an elaboration of this point of view. 


3.4. Aniline 


In aniline (C,H;NH,) the substituent carries only a pair of protons and the 
dipole moment partially reorients with them. ‘The 7; values are quite different 
from those of toluene and ethyl benzene in that the substituent 7, is lower than 
the ring 7, over the whole temperature range. Proceeding as usual we take 
I/vy=40 sec! for the NH, group, assuming H-H=1-64A and J/vy=6-0 sec 
for the ring protons, which gives ve amide = 9°7 X 10°74 amide and ve ring = 10°74 ring 
since evidently ve>vy. From Fig. 5 Tiring/T1amiae=2°8 at —15°c and 1-5 at 
+107°c. Hence veamiaeX 3vering over the whole temperature range. At 20°c 
Veamide = 1-3 x 10! c/s and this agrees quite well with the dielectric correlation 
frequency, 3vp=2-4 x 10" c/s at 20°c, the only value available (Fischer 1949). 
The rather small factor between ve gmiae 420d vering and the uncertainty in the 
I/vy values we have used makes the simplest interpretation that the ring and 
amide group motions are essentially similar. Rapid reorientation of —NH, 
may be inhibited by weak hydrogen bond formation. The latter may be 
associated with the unusually high viscosity of this liquid. 
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Fig. 5. Ring and _ substituent Fig. 6. 7T7T,/T as a function of tempera- 
proton spin-lattice relaxation ture for aniline and methyl alcohol. 


times for liquid aniline. 


An alternative explanation is that the dielectric correlation frequency 
‘corresponds to reorientation of the NH, group about the C-N bond. Suppose 
also that the molecule as a whole reorients and then the appropriate I/vy value 
for the NH, group would be reduced by a factor about + and T, amiae is then 
‘controlled by the molecular motion. In that case we find veamide~ Vc ring 
together with 3vyp~7veamide in agreement with the hypothesis. A choice 
between these alternative explanations is difficult. It is again unfortunate that 
the lack of a minimum prevents an experimental evaluation of the magnetic 
interaction. 77,/T is given in Fig. 6 and shows a strong dependence on 
temperature. 


3.5. Paraxylene and Mesitylene 


The results for paraxylene (C,H,(CH;).) and mesitylene (C,H3(CHs)s3) are 
shown in Figs 7 and 8. (Note the difference in temperature scale.) Our values 
agree with those of Nederbragt and Reilly (1956) at 25°c. Both molecules have 
zero dipole moment and so dielectric correlation frequencies are not available. 

The results for paraxylene are more like those for ethyl benzene than those 
for toluene, while those for mesitylene are similar to those for aniline. In 
paraxylene the behaviour of the ring and methyl protons is very different and 
we feel must correspond to different correlation times and different motions. 
In view of the symmetry of the molecule it is tempting to suppose that the ring 
proton 7; is related to reorientation about what may be called the C, axis. Tis 
corresponds to a weak interaction since the ring proton’s principal interactions 
are not modulated by this motion. 

In contrast with ethyl benzene and toluene (Fig. 3) the value of 47\/T is 
less dependent on temperature for substituent rather than the ring proton 7, 
(Fig. 9). The latter is like that of benzene. 
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Fig. 9. 7T,/T as a function of temperature for paraxylene and mesitylene. 
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For mesitylene there is even greater difficulty in estimating the interaction 
of the ring protons. For the methyl protons the J/vr value associated with the 
isolated methyl group is 52 sec-!. In this molecule the interaction between ring 
and methyl protons in the same molecule must surely be important although 
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we have not observed any interaction between the relaxation of the two systems 
of protons (see I and Solomon 1955). The sum (2/n,)%,.,d,,~* for the ring 
protons, including interactions with methyl protons, is 11 x 10-°A~-*; without 
the methyls it is only 1-5 x 10-%A~®. Thus if the ring and methyl protons are 
affected by the same motion and interact like resonant systems we would expect 
ke Zeal Ti methy1 ~52/11=4-7. Experimentally (Fig. 8) this quantity varies. 
between 1-4 and 1:8. We suggest therefore that the ring and methyl proton 
correlation times do not differ substantially. This does not exclude a complex 
motion for the molecule but the nuclear resonance parameters are not sensitive 
to it. 

It is tempting to favour easy reorientation about an axis perpendicular to the 
ring but there is no direct evidence for this. 


3.6. Methyl Alcohol 


We give finally some results for a sample of methyl alcohol. These are of 
interest because although the 7, values for the hydroxyl and the methyl protons 


Temperature (°c) 


T; (sec) 


5 4 
10°/7 (T ink) 


Fig. 10. Proton spin-lattice relaxation times for a sample of liquid methyl alcohol. The 
right-hand ordinate shows an estimate of v¢methy) and provides a scale for the 


dielectric correlation frequency 3vp (Poley 1955). A, value reported by Bonera et al. 
(1960). 


are very close they are nevertheless different.. The largest ratio of the two which 
we find is 1-3 and would be extremely difficult to detect by the usual transient 
methods (see for example Bonera et al. 1960). In this liquid we have hydroxyl 
proton exchange and a J-type interaction between the two sets of protons, which 
at low temperatures is not averaged out in this sample (Powles and Hartland 
1961). These may be rather dependent on sample purity. The result of Bonera 
et al, (1960) at a single temperature differs from ours. 

Because of the strong interaction within the methyl group we consider 
using the J/yy value for an isolated methyl group, i.e. 52sec~4, and hence 
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Ve methy1 = 8-6 x 10°7; (since ve>vr). This scale is indicated on the right-hand 
ordinate of Fig. 10. Hence ve metnyi is greater than 3vp. On the other hand 
if we assume fast reorientation of the methyl group, the interaction parameter 
for reorientation of its axis is a factor approximately } smaller and so v¢ methyl 
is brought closer to 3vp at least at high temperatures. However, then the large 
external interaction of about 11sec! (see below) becomes important. The 
divergence at low temperatures may be associated with the modulated J-type 
interaction and should be investigated in conjunction with the high resolution 
spectrum. 

For the hydroxyl proton, in view of the exchange, the interaction might be 
given by the external interaction term only of Eqn (1). For methyl alcohol the 
proton density is high and this gives J/vp=11 sec". Hence ¥y,aroxy/3¥D 
at 25°c which is satisfactory since the main electric dipole moves with OH. 
However this agreement is again lost with falling temperature possibly because 
of the J interaction with the methyl group. 

For n-octyl alcohol it has been suggested (Powles and Hartland 1960) that 
the hydroxyl proton moves more slowly than the chain because of hydrogen 
bonding. A similar argument could be used here but the faster motion of the 
methyl group would be Cy reorientation. No higher frequency secondary 
dielectric relaxation has been observed in methyl alcohol which could be 
associated with our ve methyl. 


~1 


§ 4. CONCLUSIONS 


We have shown that the differences between the spin-lattice relaxation times 
for different chemical types of proton in the same molecule in several liquids are 
quite marked. Their interpretation forces us to the conclusion that the thermal 
motions of non-spherical molecules in these liquids are not simple and that the 
rate of motion about different axes may be very different. Little information 
is obtained about translational molecular motion. In some cases the molecule 
has internal flexibility, and the effect of this on the relaxation times has been 
discussed. The motional parameters obtained agree where expected in a 
satisfactory way with the dielectric correlation frequencies except in the case 
of methyl alcohol. These measurements show the way for a more extensive 
study of molecules of various shapes and flexibilities. ‘They show in particular 
the value of being able to study the motion of different parts of a complex molecule 
in elucidating its mode of motion in the liquid state. 
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Abstract. The magnetoelastic constants of nickel are calculated from the 
magnetostriction constant measured by Birss and Lee in 1960 and elastic constants. 
measured by Alers, Neighbours and Sato in 1960. It is shown that the tem- 
perature variation of these magnetoelastic constants is in good agreement with 
the theory proposed by Kittel and Van Vleck in 1960. According to this theory 
the magnetoelastic constants depend upon the magnitude of the spontaneous. 
magnetization. This may be increased slightly by a large magnetic field and it 
is shown that the theory explains, in principle, the origin of the forced magneto- 
striction. 


§ 1. INTRODUCTION 


N a recent paper (Birss and Lee 1960) we reported measurements of the 
if magnetostriction constants of nickel from the liquid nitrogen temperature 

up to the Curie point. As we remarked at the time, the magnetostriction 
constants by themselves do not provide information likely to be of interest to the 
theorist. What is really required is information on the magnetoelastic constants, 
which can be derived from the magnetostriction constants only if the elastic 
constants are also known. At the time our paper was written these were not 
known for nickel except at room temperature and the discussion of our results 
was necessarily limited. Since then a paper by Alers, Neighbours and Sato. 
(1960) has appeared which contains, inter alia, the measured values of the three 
elastic constants of nickel from 0°K to 760°K. In this paper we present values of 
the magnetoelastic constants of nickel, derived from the two sets of results. The 
temperature variation of these constants is examined in the light of the theory of 


Kittel and Van Vleck (1960). 


§ 2. THEORETICAL BACKGROUND 
Although the calculation of the magnetoelastic constants is simple it is. 
necessary to write down the basic equations since they will be required later. 
The fourth-order equation for the spontaneous magnetostriction A of a cubic 
crystal is (see, for example, Birss 1959) 
A= Ap + A,S(a2B,?) + AeS (o44%281 82) + AgS (ay70%9”) 
+A ,S(a«,*B;?) + AgS(oqog%s"ByBa) 9 9 eae (1) 
In this equation, which ignores terms involving powers of « higher than the 
fourth, «,, a5, %3 and B,, Bs, Bs are the directions of the spontaneous magnetization. 
§ Now at Department of Electrical Engineering, Imperial College. 
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and of measurement respectively with reference to the cubic crystal axes, and the 
operator S(_ ) denotes the sum of three quantities obtained by cyclic permutation 
of the suffixes on the expression within the brackets. 
To derive Eqn (1) the magnetic energy V is expanded as a Maclaurin series in 
the strain A; Thus 
Fae Pipi hen SP esa (2) 


In this expression the suffixes p, g, .. . run from 1 to 6 and the A,, are related to 
the £,, in accordance with the scheme A,, = E,, Ag2= Ey, A33 = Es, Ao3 = Ago = 24, 
A,, = A,,=4E,; and A,,=A,,=4H,. The association of the subscripts 9, gq, . - 

with V indicates successive partial differentiation with respect to E,, E,, .. . and 
the zero superscript indicates that these quantities are to be evaluated at zero 
lattice strain. If the elastic energy U=4C,,E,,E, is added to Eqn (2) and the 
quantity U+V is minimized with respect to all £,, then it may be shown (Birss 


1959) that, taking only the first two terms in Eqn (2), the equilibrium strains are 
iE, ent SV Rees oe bpewiirieees (3) 


where the S,,, are the elastic compliance moduli. For a cubic crystal in which 
there are only three independent elastic moduli Eqn (3) reduces to 


EY = — (Sy — Sy2)V,°— Sy(V2+V+V;°) for p=1, 2, iH} 
B,!=-SyV,9 for p=4,5, 6. 


The V,,° must depend upon «; in such a way as to satisfy the lattice symmetry, 
and it may be shown that for a cubic crystal they must have the form 


VP = Ly + L047 + Leat + Lynx? + L408 


ple Pastas pty ih te), si) aS (5) 
with corresponding expressions for V,° and V,°, and 
Vigo = a0g(My + Mya? + Maat + Maay?ag2+...), --20.- (6) 


with corresponding expressions for V,° and V,°. The constants Lp, L,,... 
and M,, M,,... are the magnetoelastic constants, which are related to the 


. 
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Fig. 1. Magnetoelastic constant L,—L, as a function of temperature. The circles 
represent experimental values deduced from the magnetostriction constant A, and 
the elastic constant C};—C :. The full line is that calculated from Eqn (11). 
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Fig. 2. Magnetoelastic constant M, as a function of temperature. The circles represent 
experimental values deduced from the magnetostriction constant A, and the elastic 
constant C,,. The full line is that calculated from Eqn (12). 


magnetostriction constants in Eqn (1) by 


Ag= —LpSy— (2L)+ Ly +L, +L4)Si2, 

A= 2 (L,—-Ls)(Su — S12); A,= —-M Su; 

A, = —LS1, + (2L,+3L4)Sys, 

A,= —(L2.+L3)(Si1— Siz); 

PS Ma uke tee ik a ead ae (7) 


Thus from our own measurements of A, and A, and the elastic constant data of 
Alers, Neighbours and Sato (1960) the magnetoelastic constants L,—L, and M, 
may be determined. The results are shown in Figs 1 and 2. 


§ 3. Discussion 


In the first place we notice that the magnetoelastic constants drop sharply to 
zero at the Curie point. There is no evidence of any ‘tail’ such as is frequently 
exhibited by the spontaneous magnetization. At low temperatures both constants 
appear to be varying continuously towards their value at absolute zero. The 
observation by Corner and Hutchinson (1958) that the magnetostriction constant 
A, is virtually independent of temperature between 20°K and about 200°K must 
be ascribed to a fortuitous combination of circumstances in which the rates of 
change with temperature of the coupling constants and the elastic constants are 
the same. 

In the previous paper we observed that, although the magnetostriction constant 
A, appears to approach its value at absolute zero monotonically, 4, does not seem 
to vary with temperature in the same manner but reaches a (numerical) maximum 
at about 120°x. This behaviour we formerly attributed to the possibility of in- 
complete saturation in the magnetically difficult [100] direction at low tem- 
peratures. We are now inclined to reject this explanation for the following 
reasons: (a) the magnetoelastic constants L,—L, and M, do approach their 
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absolute zero values monotonically; (b) even if this were not so the theory of 
Kittel and Van Vleck would provide a natural explanation; and (c) the incomplete 
saturation hypothesis seems to be untenable. The saturation field for magneti- 
zation in a [100] direction is 2K,/Is oersteds (Fowler 1936). According to 
Bozorth (1951), A, for nickel at 77°K, the lowest temperature at which 
our measurements were made, is approximately 650000ergcm~*. ‘Taking 

s=500e.m.u. allows us to estimate the saturation field at 77°K as 2700 Oe, which 
is considerably less than the 5000 Oe actually employed. 


§ 4. COMPARISON WITH THE THEORY OF KITTEL AND VAN VLECK 


A theory of the temperature variation of the magnetoelastic constants has 
recently been given by Kittel and Van Vleck (1960) in which the observed 
variation is explained in terms of a dependence of the magnetoelastic constants 
upon the spontaneous magnetization. ‘The problem is thus reduced to that of 
finding the form of this dependence and to this end the theory proceeds along the 
lines of the conventional theory of the anisotropy constants. 

The theory of Kittel and Van Vleck (1960) is, in fact, based on a theory due 
to Van Vleck (1959) of very general validity. It starts from an expression for 
the magnetoelastic energy which is, to second-order terms, essentially our Eqn (2) 
and which they write in the form 


V ,=Bo [E+ E, + Es] 
+ By’ [(o.? — $) Ey + (2? — §) Be + (43”— 3) Es] 
+ Bo’ [ax .He + aytg Hy + xx, Hs] 
+ B.'s’ [E, + E+ Es] 
+ Ba’ [Palo ) Ey + Pa(%2) Eo + pa(%s) Es] 


+ BBs’ [(7ayo905” — Hoty) Hy + (7org%3%y — otorg ) Ky 


+ (703% 05” — o90, ) Es], Mico til(s)). 
with 
= 8 = a 6 2 6 
Pale) = x5 Pale) = eh Feet a 
and s’ = S(a,7a9")— F 


This grouping of terms is employed instead of the usual arrangement in ascending 
powers of «,; in order that each magnetoelastic constant fy’, B,’, . . . (not to be 
confused with the £,, 8, and 8, in Eqn (1)) shall be the coefficient of a homo- 
geneous surface harmonic, of degree 4 for f,’, 8,’ and £;’, and of the second degree 
for B,’ and B,’. ‘The basis of the theory is then that whilst the spin moments are 
aligned parallel at saturation, there is nevertheless, at any finite temperature, an 
angular spread amongst the local units so that, locally, Eqn (8) is true where the 
B’’s are temperature independent. Instead the temperature variation of the 
magnetoelastic energy is ascribed to local variations in the «’s and the problem 
is to determine the angular averages for a given angular distribution. Kittel 
and Van Vleck relate these angular averages to the reduced spontaneous magneti- 
zation = TI;/I), and show that the effective value of each f’ at a finite temperature 
depends on ¢ in a way that is determined by the order of surface harmonic with 
which it is associated. Experimentally it is essential that the magnetostriction 
constants, and hence the magnetoelastic coupling constants derived therefrom, 
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should be associated with ascending powers of the «’s, since, in this way, the 
various constants can be distinguished by their different angular dependences. 
Thus the experimentally determined constants 4,, A», . . . will, in general, each 
consist of terms having different modes of temperature variation and it is not to 
be expected that the constants A,, A,, etc. will show a simple or even similar 
dependence upon temperature. It is necessary therefore to relate the f’’s 
occurring in Eqn (8) to the measured quantities. 

It may be shown that the constants L,,...,in Eqn (5) and M,,...,in 
Eqn (6) are related to the f’’s in Eqn (8) by, 


Tes ae eae 
Lo= Bo — 3 Br — = Bs’ + x= Ba 


, , 6 , 
L,=B,' + Bs’ — 5 Ba 


L,= By’ — Bs’ 
L; = Bs’ 
/ 1 f, 
My= Pr» = 5 Ps 
Dey: 
My=, Bs ome Nw ea WV OEE Fe Oeics (9) 


According to Kittel and Van Vleck the f’’s depend upon temperature through 
the reduced spontaneous magnetization ¢ according to the scheme 


_ BY = (Mi+/2 


in which £’(/) is a coefficient of a homogeneous surface harmonic of degree /. 
Thus B;'/B1,0' = Bs’ /Be,o =o and Bs'/Bs, 9’ = Ba’ /Ba,o =Ps'/Bs,0 =o". 

Before expressing the measured constants L,—L, and M) as functions of € 
it is necessary to enquire into the effect of including terms in «® in Eqn (8). If 
these are also grouped so as to form homogeneous surface harmonics of degree 
2n then one can predict that higher terms will vary with temperature as 


Be’ /Bo. 0 =Bo'/Br.o =--- = and that these terms will appear in the expressions 
for ms ..., and M,... , given in Eqn (9). Consequently these constants 
will in general vary as 

L; (or M,)=A;+ B+ C,0°+ Dio +. DE Cee Cac scat i: (10) 


To investigate whether our experimentally determined constants L, —L, and 
M, could be fitted to an expression of this form, we first made a logarithmic plot 
of L,—L, and M, against ¢? which confirmed the general dependence of the 
constants upon 3. Further analysis shows that L,—L, can be represented by 
the equation 

Eine bg = 81 C+ 70 5 CA ae a ln mire tees (11) 
assuming that this quantity is not vitiated by the effect of non-saturation, and that 


M), may be expressed as 
M, = 8608+ 200+ See eects (12) 


These equations are plotted in Figs 1 and 2 together with the experimental points. 
Eqn (11) fits the experimental points rather well over the entire temperature 


2C2 
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range. Eqn (12) on the other hand fits the experimental data extremely well at 
low temperatures but breaks down just above room temperature. It is evident, 
though, that the magnetoelastic constants may be represented fairly accurately 
by Eqn (10) and that the constants A;, B;, etc. do, in fact, converge respectably. 


§ 5. CALCULATION OF FoRCED MAGNETOSTRICTION CONSTANTS 


It is observed experimentally in all magnetic materials that above the point 
of technical saturation the magnetostriction exhibits a weak dependence upon 
the applied magnetic field H. The variation of A with H is a linear one and is 
known as the forced magnetostriction. Although the effect was, for a long time, 
regarded as a pure volume effect, measurements by Calhoun and Carr (1955) 
showed the forced magnetostriction of iron to be anisotropic. The effect is small, 
usually of the order 10-1° Oe, and has so far been analysed only in terms of the 
second-order equation for the spontaneous magnetostriction 


A= C4 CS(aPhA\4 CSB | see (13) 


‘The forced magnetostriction is, by definition, dA/dH and the second-order 
forced magnetostriction constants are Cy’, C,’ and C,', the prime denoting 
differentiation with respect to field. The work of Calhoun and Carr showed 
that, in iron, C,’ and C,’ are not negligible in comparison with C,)’. Experi- 
mentally it is observed that, for a given material, there is no constant 
proportionality between the C’s and the corresponding C’’s. Thus, for example, 
for iron C= 31-1 x10= (Ci. 0-94-08 Oer me C—O coal as 
C,' = —0-34x 10-! Oe}, and in certain aluminium-iron alloys C and C’ do not 
even have the same sign (Hall 1957). 

These observations may be explained as follows. Above technical saturation 
the spontaneous magnetization J, is slightly field dependent. The increase of 
I; with His linear and small. Values of the quantity d/,/dH for a given substance 
differ widely from one source to another, and almost the only certain thing about 
it is that it decreases with decreasing temperature. The forced magnetostriction 
arises because the magnetoelastic constants depend upon ¢ and at finite tem- 
peratures d¢/dH(= ¢’) is finite. Since the magnetoelastic constants are given 
by Eqn (10) the forced magnetoelastic constants must depend on ¢ as 


dA, 


L; (or M/)= aH 


v 


+ (3B,2+10C,0 +21D,20+4...)2’, 


and the forced magnetostriction will have the same kind of dependence. Thus 
the C’s and the corresponding C’’s will not bear any simple relation to each 
other. In particular, since the latter quantities depend much more strongly on 
terms involving higher powers of ¢ than the former, there appears to be no 
compelling reason for the two quantities even to have the same sign. Although 
it would be possible in principle to compute the forced magnetoelastic constants 
for nickel from Eqns (11), (12) and (14), very little purpose would be served 
thereby because any values of ¢’ employed would be little more than a guess and 
probably uncertain to an order of magnitude; in addition there appear to be no 
experimental determinations of the forced magnetostriction constants of nickel. 
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§ 6. Discusston 


There seems little doubt that the temperature variation of the magnetoelastic 
constants of nickel is correctly given by Eqn (10). Thus the observation by 
Dé6ring (1936) that the polycrystalline magnetostriction constant of nickel is. 
proportional to J,? can only be regarded as fortuitous and well illustrates the 
dangers of drawing conclusions from the magnetostriction constants alone. 
However, the very success of Eqn (10) raises a problem, for the theory which 
predicts it also predicts that the first anisotropy constant of nickel K, should vary 
as K,/K, >=", whereas the experimental data imply a more rapid variation, 

Thus the question of a temperature variation of both the anisotropy and 
magnetoelastic constants whose origin is different from that considered in this 
paper must be considered. One rather obvious mechanism is through the agency 
of thermal expansion, and Carr (1960) has shown that if the expression for the 
variation of the anisotropy constant K, with temperature, namely K,= Kj, of", 
is regarded as being correct for constant volume then when the thermal expansion 
of the lattice is taken into account the exponent becomes 10 —xwA T-9”, in which 
w is a volume strain, « = (1/K,,)(dK,,9/dw), A is the constant in the Bloch spin— 
wave equation, €=1—AT®?, and T is the absolute temperature. Brenner (1957) 
identified K, )< with the constant A, in Eqn (1), and Carr showed that for iron 
10—xwAT-3? is almost independent of temperature and equal to 8-2 over the 
small range of temperature where the spin-wave equation (=1—AT?? is. 
applicable. For iron the recent experimental results of Graham (1958) obey the 
law K,=K, 9¢° quite closely. Thus it is clear that when allowance for thermal 
expansion is made the agreement between theory and experiment is improved 
although it is still far from perfect. An analysis similar to that of Carr can 
be carried out for the magnetoelastic constants. Assume for the time that a 
particular magnetoelastic constant may be expressed as L(T)=L,)(w)@ in which 
L,(w) is regarded as being volume dependent. Then, from the spin-wave 
equation and a Taylor expansion of L,(w) it follows that 


L(T)=L,(0) [1+ «'o—3AT??] 
where 


This may be written in the form 
L(T)=L,(9)[1-—G- «'wAT 32) A T32] 


whence L(T) =L,(0)&" where n=3—«'wA“T*?, Now x’ may be related to a 
magnetostriction constant in a term which is of the sixth order in a. If Eqn (1) 
is to be of any use at all such a constant must be very small indeed at all 
temperatures, and since the effect of thermal expansion in higher order terms 
in Eqn (10) will involve magnetostriction constants of even higher orders than the 
sixth it would seem that the temperature variation of the magnetoelastic constants 
is not significantly affected by thermal expansion of the lattice. 

An intrinsic effect of temperature on the magnetoelastic constants is, however, 
not ruled out by the preceding analysis, nor is such an effect wholly unexpected 
as the following considerations show. The constant 8,’ in Eqn (8) and the 
related magnetostriction constant A, in Eqn (1) are due to the effects of exchange. 
They represent a pure volume effect and give rise to the anomaly in the thermal 
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expansion near the Curie temperature. Now the very existence of such an 
anomaly indicates that A, and By’ must be strongly temperature dependent, at 
least in the neighbourhood of the Curie temperature. Nevertheless the theory of 
Kittel and Van Vleck gives the unequivocal result Bo'/Bo, 9’ =1, independent of ¢. 
‘The reason for this is that this theory does not cover the temperature variation 
of the magnetoelastic constants as such. It relates the value of each magneto- 
elastic constant at a finite temperature to the average value of the angular spread 
of the spins about a definite crystallographic axis. This average value, and 
through this the temperature variation of the magnetoelastic constants, is uniquely 
related to the order of the harmonic of which each f’ is a coefficient. It follows 
from the theory that the coefficient of the zeroth-order harmonic By’ must vary 
with temperature as €°, But this is merely a restatement of the fact that 8,’ does 
not depend on the angle the spin moments make with a crystal axis, 1.e. on spin— 
lattice alignment.  ’ can, and indeed does, vary with the average angle that one 
spin makes with another, i.e. on spin-spin alignment, but this is outside the 
scope of the theory of Kittel and Van Vleck. Now it is clear that if 8)’ depends 
on spin-spin alignment the other f’’s may do so as well, and although there will 
in general be some correlation between spin-spin and spin-lattice alignment it 
is very difficult to predict what form it will take. The rather good agreement 
we have found between our experimental results for nickel and the theory of 
Kittel and Van Vleck suggests that the intrinsic temperature dependence of the 
magnetoelastic constants other than f,)’ through spin-spin angular variation is 
considerably less than that due to the spin—lattice angular variation. 
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Abstract. It has been verified that the Morse potential function is a good approxi- 
mation for the representation of the potential energy curves of dz and az 
electronic states of the CO molecule. The Franck—Condon factors for the triplet 
band system have been computed by the direct method of numerical integration 
of the Morse wave functions. The r-centroids for this band system have been 
calculated by (i) the direct method of numerical integration and (ii) the quadratic 
equation method of Nichollsand Jarmain. A close agreement is obtained between 
the values of r-centroids evaluated by both the methods. 

Assuming that the electronic transition moment is approximately constant, 
the relative population of the vibrational levels of the d°z state of the CO molecule 
has been calculated using Herman and Rakotoarijimy’s experimental data on the 
relative intensity measurement of the triplet bands developed in the presence of 
xenon. 


§ 1. INTRODUCTION 


spectrum of CO in the presence of rare gases and have obtained 

evidence of a marked selective excitation in the triplet band system of 
CO in the presence of xenon. They have calculated the relative population of 
the vibrational levels in the d*z electronic state of the CO molecule in the presence 
of xenon by making use of the Franck—Condon factors, evaluated by Pillow’s 
‘distortion method’ (Pillow 1951). We have already reported the Franck— 
Condon factors for this band system evaluated by the method of numerical 
integration using Morse wave functions. In the present paper the details of 
the calculations of the Franck-Condon factors and r-centroids for this band 
system are presented. Using Herman and Rakotoarijimy’s experimental data 
on relative intensity measurement, we have calculated the relative population 
of the vibrational levels of the dz state of CO in the presence of xenon, 
assuming the electronic transition moment approximately constant. These 
results will have to be further considered in the light of the variation of 
electronic transition moment to be reported in a subsequent paper. 


H ERMAN AND RakorToariImy (1960) have made a quantitative study of the 


§ 2. COMPUTATIONAL PROCEDURE AND RESULTS 


2.1. Evaluation of Franck-Condon Factors 


As the form of the wave functions involved in the overlap integrals is very 
much determined by the potential function used, the ability of the Morse potential 
function to represent the ‘true’ potentials of both the electronic states involved 
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in the CO triplet band system had to be checked. This was done by determining 
the ‘true’ potential curves by the Klein-Dunham—Jarmain method (Jarmain 
1959) using data from Herzberg (1950) and comparing the corresponding points 
on the Morse potential curves. The values of rmin and rmax for the different 
vibrational levels of the two electronic states are given in Table 1. 


Table 1. ‘True’ and ‘Morse’ Potential Curves for d°z and a*z Electronic 
States of CO 
d'z state a°z state 
v rmin(A) Ymax(A) v *min(A) rmax(A) 
True Morse True Morse True Morse True Morse 
1:3348 1:3339 1:-4666 1-4657 1:1594 1:1594 1:2662 1-2661 
1:2706 1:2663 1:5690 1:5644 1:1060 1:1058 1:3480 1:3478 
1:2367 1:2291 1:6424 1:6334 1:0770 1:0766 1:-4065 1:4061 
1-2125 1:2020 1:7073 1:6931 1:0559 1:0555 1:4578 = =1:4575 
1:1936 1:1804 1:-7684 1-7477 1:0390 1:0387 1:5059 1-5056 


OAM OS 
aAAANO 


The straightforward method of Jarmain and Nicholls (1952) has been used 
for computing the Franck—Condon factors. The Morse wave functions have 
been calculated on a desk calculator at intervals of 0-02A over the range of r 
within which they are significant. For higher vibrational quantum numbers, as 
there is a large cancellation in the Laguerre polynomials, we have carried as many 
significant figures in the computation as possible. Stirling’s approximation to 
a gamma function of large argument has been employed. The values of wave 
functions have then been interpolated at intervals of 0-01 A by means of sufficiently 
large scale graphs. All the wave functions have been checked for normalization 
to unity. 

The overlap integrals have been evaluated numerically by applying trape- 
zoidal and Simpson rules and the values of Franck—Condon factors obtained by 
both the methods are in good agreement with a maximum difference of 0-001. 
This shows that the interval of integration is sufficiently small. ‘The Franck— 
Condon factors are entered in Table 2. 


Table 2, Franck—Condon Factors for the Triplet Band System of CO 


Molecule 

NG 0 1 2 3 

. 

0 0-007 0-043 0-120 0-201 

1 0-031 0-114 0-162 0-091 ~~ 

2 0-068 0:145 0:074 0-000 

3 0-107 0-113 0-004 0-057 

4 0:133 0-051 0-018 0-079 

5 0-141 0-008 0-061 0-030 

6 0-132 0-002 0-073 0-000 
Sh ee 0-113 0-022 0-045 0-020 

8 ‘ 0-086 0-055 0-017 0-043 
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2.2. Evaluation of r-Centroids 


The r-centroids have been evaluated by two different methods: (i) the direct 
method of numerical integration, and (ii) the quadratic equation method of 
Jarmain and Nicholls. 

The Direct Method. The integrals 


Sb yrpydr 


have been evaluated numerically using the Morse wave functions by applying 
Simpson’s rule, and 7, ,. have been calculated by the relation 


: Sbyrbdr 
Ny y= ee ee Mes | OME 1 
h Soorb yar ) 
The Quadratic Equation Method. The r-centroids of molecular band systems. 
can be evaluated by solving the approximate equation, given by Nicholls and 


Jarmain (1956), 
By — Ey’ = Dy'[1—exp {—a(Fy, »—1,.1)}]?— Do’ [1 — exp {—a(Fy, » —Te)}}*, 


where « is the mean of the Morse constants «, and «, of the potential curves of the 
two electronic states and the primes over the various quantities indicate that these 
have been adjusted with respect to the chosen mean value of « (Fraser and Jarmain 
1953). 

Equation (2) is a quadratic equation in «(=exp (—a/,, ,-)) having two roots. 
out of which the one that gives real physical meaning to 7, has been used 
in the calculation. The Morse constants used are: «,=1-761057 x 108, 
Oy = 2:426142 x 108, mean «=2-093600 x 108. Results of both the methods of 
calculation of 7,, ,,., are given in Table 3. 


§ 3. DiscussiIoN 


It is seen from Table 1 that the Morse potential function is a very close: 
approximation to the ‘true’ potential of the a°z state of the CO molecule. The: 
‘true’ potential of the d°z state is also adequately represented by the Morse 
potential function in the region of lower vibrational levels. There is, however, 
some discrepancy in the region of higher vibrational levels due to the comparatively 
large value of weye (—0-1125) for the d°z state. Nicholls (1960) has reported 
a similar discrepancy in the B*X,~ state of O,. On account of this fact the values. 
given in Table 2 may be slightly different from the exact Franck—Condon factors. 
corresponding to the wave functions appropriate to the ‘true’ potentials of both 
the electronic states. 

It is seen from Table 3 that there is a fairly good agreement between the 
r-centroids calculated by the two methods, showing that the quadratic equation 
method is a good approximation up to v' =8, v’=3. Tawde and Murthy (1960), 
have drawn similar conclusions in the case of BeO (BX system) up to v’ =3,, 
v= 5, 

Nicholls and Jarmain (1956) have shown that under certain approximations. 
AF( =F y-41, y741—Fy,y”) in a sequence remains constant. In the case of the CO 
triplet band system such a regularity is exhibited if we determine A7 from the: 
values of 7, ., calculated by the quadratic equation method. This is because the 
approximations used in deducing the difference A? are the same as applied in the: 
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Table 3. r-Centroids for the Triplet Band System of CO 


ae 0 1 2 3 
=! 


1-298 1-321 1-346 1-371 
0 1-296 1-319 1-342 1-366 
1-282 1-305 1-328 1-351 
1 1-282 1-304 1-327 1-350 
1-267 1-289 1-311 mi 
2 1-268 1-290 1-312 ms 
1-252 1-274 1-286 1-323 
3 1-255 1-276 1-298 1-320 
1-238 1-259 1-287 1-305 
wd 1-242 1-263 1-284 1-306 
é 1-225 1-243 1-269 1-289 
2 1-230 1-250 1-271 1-292 
1-212 1-241 1-254 = 
6 1-218 1-238 1-259 = 
.. 1-200 1-220 1:252 1-267 
7 1-207 1-227 1-247 1-267 
1-186 1-211 1-238 1-240 
8 1-197 1-216 1-235 1-255 


Upper figure: numerical integration method 


Lower figure: quadratic equation method 


quadratic equation method. Values of Af determined from the values of 7, ,’ 
calculated by the numerical integration method, however, show some increase 
for higher bands in each sequence. 

The Franck—Condon factors entered in Table 2 have been used for calculating 
the relative intensities of a few bands of v"=0 progression. The intensity of 
the (0, 0) band has been taken as unity and it has been assumed that (a) all the 
vibrational levels of the excited state have equal population (i.e. T+ 00), and (b) 
the electronic transition moment is approximately constant. Then by making 
use of Herman and Rakotoarijimy’s experimental data on relative intensities of 
CO triplet bands in the presence of xenon, the relative population of the vib- 
rational levels of d°z state of the CO molecule has been calculated. The results 
are shown in Table 4. For comparison, Herman and Rakotoarijimy’s results 
are also entered in the Table. < 

Herman and Rakotoarijimy have concluded that the population of the fifth 
vibrational level is much increased due to resonance excitation by collisions of 
CO molecules with metastable xenon (3P) atoms. Their conclusion is supported 
by our calculations of the relative population of the vibrational levels based on 
the more accurate values of the Franck—Condon factors obtained by us by the 
method of numerical integration using Morse wave functions. 
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Table 4. Relative Population (N,,) of the Vibrational Levels of da State of CO 


in Presence of Xenon 


(1) (2) (3 (4) (5) (6) 

2,0 16 16-2 17-0 0-99 0-94 
3,0 46 34-8 35-1 1-32 1-31 
4,0 115 61-6 56:3 1:87 2:04 
5,0 400 90 75:3 4-44 5-31 
6,0 81 99 87-7 0-82 0-92 


(1) v’, v’; (2) I(v’, v”) experimental (Herman and Rakotoarijimy); (3) I,,(v’, v”) calculated 
by Pillow’s method (Herman and Rakotoarijimy); (4) I,,(v', v”) calculated by us by the 
method of numerical integration; (5) N, (Herman and Rakotoarijimy); (6) N,, (our cal- 
-culations). 
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Abstract. The energy spectra of the protons emitted from a manganese target 
when bombarded with 8-9mev deuterons have been measured by magnetic 
analysis at angles of observation between 5 and 60°. Angular distributions of a 
number of proton groups have been obtained and compared with theoretical 
stripping curves to obtain information on parities, spins and reduced widths. 
The results have also been compared with those of Schiffer, Lee and Zeidman 
on gross structure in the proton spectra. 


§ 1. INTRODUCTION 


HE energies of many of the excited states of *°Mn have been determined by 

| Green, Smith, Buechner and Mazari (1957) from a high resolution study 
of the *Mn(d, p)**Mn reaction using 6:6 and 7-0Mev deuterons. The 

same reaction has been studied in the present investigation using 8-9 Mev deuterons. 
Angular distributions were obtained for a number of proton groups. These 
were fitted with Butler type stripping curves to obtain information on parities, 
spins and reduced widths. ‘The results have also been compared with those of 
Schiffer, Lee and Zeidman (1959) on gross structure in proton spectra from 
reactions using 10 Mev deuterons. 


. 


§ 2. EXPERIMENTAL AND RESULTS 


Using the techniques described previously (Dalton, Kirk, Parry and Scott 
1960) with a target 0-27 mgcm~ and exposures up to 900jc, measurements 
were made at angles from 5 to 60° to the incident beam. 

In Fig. 1 is shown the proton energy spectrum obtained at 20° to the beam 
direction. The groups which have been identified with transitions to states of 
°6Min are labelled with their excitation energy in Mev. Detailed measurements 
were made on groups corresponding to states with excitation energies up to 
3-03 Mev and Fig. 2 gives their angular distributions while the information 
obtained for the transitions is contained in the Table. - 

Measurements were made on nineteen groups up to this excitation. Eight 
of these corresponded to single levels as observed by Green et al. and were fitted 
by /=1 curves. The other eleven were composite groups and each one corre- 
sponded to two or more levels. Five of these distributions were fitted with /=1 
curves, two with /=2 curves and three with curves for/=1or2. The remaining 
distribution at 2:12 Mev excitation was too complex for a single /-value to be 
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assigned. Possibly it contains an /=0 component and undoubtedly it contains 
components up to/=2. No obvious /=3 distributions were observed although 
most of the experimental distributions had appreciable yields at the larger angles 
of observation. 


*°Min (d,p) °*Mn 
£4=89mMev Angle 20° 


| 0-207 


100 


Number of Proton Tracks 


) lo ul 12 13 14 
Proton Energy (MeV) 


Fig. 1. Proton spectrum observed at an angle of 20° from a target of **Mn 
bombarded by 8-9 mev deuterons. 


The spectra became rather complicated at higher excitations but to enable a 
comparison to be made with the work of Schiffer et al. they were examined for 
possible /=0 transitions, particularly in the region corresponding to O=1 Mev 
where the oxygen impurity gives rise to a group with an /=0 distribution. Two 
strong forward peaking groups were observed corresponding to transitions with 
Q-values of 0-71 and 1-32 Mev, that for O = 0-71 Mev being three times the stronger. 
The cross section at 5° for the transition with O=0-71Mev was about 
11 mbnsterad-!. The angular distributions of the two groups can be fitted 
approximately with either /=0 or /=1 curves. The group with Q=0-71 Mev is 
possibly better fitted by the = 0 curve and that at Q = 1-32 Mev by the /=1 curve. 

As the ground state spin of **Mn is 5/2 (Mack 1950) unique spin assignments 
to the states of 5®Mn cannot be made. For those states reached by /=0 transitions 
the spin is 2 or 3, for /= 1 transitions 1 to 4 units and for /= 2 transitions 0 to 5 units. 


§ 3. Discussion 


The results of the angular distribution measurements may be compared with 
those of Schiffer et al. In Fig. 3 is shown a gross structure spectrum with 
impurity contributions removed. Averaging has been performed over an energy 
interval of about 200kev. There is considerable similarity between the spectrum 
and the one shown by Schiffer et al. ‘These authors assign the states 81/9, d5/2, 
Pre and psp at positions corresponding to Q-values of 0-4, 2:3, 3-1 and 4-6 Mev 
respectively, corresponding to transitions with /=0, 2, 1, and 1 for the ingoing 
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0,0-025 Mev 0-108 Mev ’ 0-207 Mev 0-336 Mev 
300 
200 t= cel [| vs 
150 ---T=634F 900 7T=5-56F 290) T25:34F 
—r=585F 


0-712 Mev 
t=! 
r= 4-83F 


1-16] Mev 
l= 


0-835 Mev 
c=} 


1-345 Mev 


z=) 
| ---7=6:34F 
—r=5-42F 


1-504 Mev 
t= 300 


T=5-57F 200 


1-73 Mev 
Z=l 


100 oo 
25 50 
0 0 0 


Differential Cross Section (relative units) 


2-27 Mev 2-75 MeV 

---L=|, r=445 | ---L=ljr=4-24F 

22,7808 —=2,r=8:I7F 
15 


2°85 Mev 2:96 Mev 3-03 Mev 


300F- z= ---L=|,r=4-20f 30 = a 
---7=6:34F —l=2,r=8-03F T=7-38F Mn (d,p)5&Mn 
200 pe4-g4f 150 : 2 P) 


100 Angular Distributions 


50 


0 20 40 60 0O 20 40 60 O 20 40 60 
Angle (c.m.system) (deg) 
Fig. 2. Angular distributions of proton groups from the °*Mn(d, p)®®Mn reaction. The 


distributions are labelled by the excitation energy of the corresponding final state. 
100 units of relative cross section are equivalent to 0-71 mbn sterad“!. 


neutron. From our results it is clear that there is a strong /=1 group centred 
round the’ O-value of 4-84 Mev, and there is probably a strong /=0 group centred 
round the Q-value 0:71 Mev. These two broad groups could correspond to the 
P32 and s4/. states assigned by Schiffer et al. The association of other single 
particle states with broad groups between these extremes is not at all obvious. 
Following on the broad /=1 group centred round O =4-84 Mev there is a run of 
J=1 transitions with Q-values down to 3-20Mev. ‘These transitions do not 
produce, when summed, one broad group which can obviously be identified with 
a single particle p,/, state at about 3-1mev. In addition there are in the lower 
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(1) (2) (3) (4) (5) (6) 
0/0-025 i 5°85 1420 61 0-033 
0-108 1 5-23 1920 106 0-046 
0-207 1 5-56 8530 386 0-187 
0-336 1 5°34 1770 82 0-037 
0:46 1 4-65 1950 148 0-050 
0-712 1 4-83 1240 81 0-030 
0-835 1 5-46 460 20 0-009 
1-161 1 5-36 1350 60 0-027 
1-345 1 5°42 570 23 0-011 
1:504 1 Seo 1210 51 0-025 
de73, 1 4-84 2130 122 0-045 
1-85 1 5-37 820 35 0-016 
1-96 2 6°34 1570 120 0-076 

2A2 —= — 2800 = = 
2-27 1 4-45 De, 0-069 
or 2 8-08 3900 132 0-135 
2-75 1 AO: 63 0-018 
or 2 8-17 1060 29 0-030 
2°85 il 4-84 2060 92 0-034 
2-96 io 4-20 62 0-017 
Nmor2 8-03 990 29 0-029 
3-03 2 7°38 2000 80 0-068 


(1) Excitation energy of level or group of levels (Mev). Those quoted to three decimal’ 
places are singlet levels as identified by Green et al., and those quoted to two decimal 
places are groups of unresolved levels, the energies being determined from the spectrograph 
calibration; (2) /-value of ingoing neutron; (3) radius chosen for Butler stripping curve (f); 
(4) value of the cross section at the peak of the angular distribution in ubn sterad-; 
(5) reduced width (2.J¢+1)y (kev); (6) reduced width expressed in dimensionless form 
(2J¢+1) 0". 


(d,p) Q-value (Mev) 
i f - 


mn (d,p)°Mn 
E4= 8:9 Mev 
Angle 30° 


da 


Proton Yield (arbitrary units) 


1d n= 2h ee fd) CAME 
r- ¥4 bn 
it O10 TTT }*mn 
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3 Ba eege 5S88essS se Fas 
T+ a ANN aatst-— ==> SS S999 


Fig. 3. Smoothed out proton spectrum at 30° with impurity groups removed. Below the: 
spectrum are shown individual groups in the spectrum and the /-values of the 
transitions giving rise to these groups. 


energy regions of the spectra transitions with appreciable cross sections which 
may be /=1 transitions. For groups from transitions with Q-values less than 
3-0 ev the experimental angular distributions are such that the clear assignment. 


408 A, W. Dalton, G. Parry, H. D. Scott and S. Swierszczewski 


-of one /-value to each group is not possible. This may be due to lack of experi- 
mental resolution or to defects in the simple stripping theory. Nevertheless 
there appear to be two distinct regions where /=2 transitions are a strong possi- 
bility. The Q-values at the centres of these groups of levels are about 2-90 and 
2-05 Mey. It is not obvious that these two groups should be combined in order 
that the resultant might be identified with the single particle d,/. state assigned by 
Schiffer et al. at about 2-3 Mev. 
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Abstract. It is shown that the continuity equation for the electron density in 
the F region of the ionosphere can be solved by the use of an electrical analogue. 
The equation which is solved in this way takes account of the rates of production 
and loss of electrons, and of vertical diffusion, but other types of movement are 
not included. The rates of production, loss and diffusion are assumed to vary 
with height in a manner appropriate to a particular model of the atmosphere, 
based on rocket and satellite data. 

The analogue computer is first used to find how the electron density at a 
series of heights varies with time due to the diurnally varying rate of production. 
The time of maximum production is at noon, but the time of maximum electron 
density occurs some time after noon, and the variation of this time lag with height 
is studied. Near noon, the electron density is found to be a maximum at a height 
of 250km. In the evening, the height of the maximum rises to about 300 km, 
and remains constant during the night. Above the level of the maximum, the 
ionization is controlled by diffusion and the ionization density falls off exponentially 
with increasing height; its time variation follows closely the time variation at 
the maximum. 

In other experiments, the production function is modified so as to represent 
a solar eclipse which occurs near noon. Diurnal curves of electron density are 
obtained at a series of heights, and the results show how the time of maximum 
electron density and the percentage decrease of electron density vary with height. 

In another type of experiment, the diffusion and recombination of a slab of 
ionization introduced at a fixed height are studied. It is shown that the slab 
spreads out to form a ‘layer’ which eventually assumes a certain fixed shape 
with a maximum at a fixed height of 300 km, and that this “shape-preserving ’ 
layer then decays with a time constant determined by the rate of recombination 
at the level of maximum ionization density. The final form of the layer is 
independent of the height at which the slab of ionization is introduced. These 
results may be relevant to the behaviour of the F layer at night when production 
is absent, and diffusion and recombination are the controlling factors. 


§ 1. INTRODUCTION 


largely on the production of ionization by solar radiation, loss by recom- 
bination and vertical transport by plasma or ambipolar diffusion. If these 
three processes only are considered, the continuity equation for the electron 
density N(h,t) is a partial differential equation, being second-order in height h 


and first-order in time 7. , ; 
+ Now at the Department of Scientific and Industrial Research, Radio Research Station, 


Ditton Park, Slough. 


Tr HE electron density in the F region of the ionosphere is thought to depend 
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This paper describes how solutions of this equation may be obtained by the 
use of an analogue computer.. This employs a series of condensers, the charge 
on any one of which represents the electron density at a certain height. The 
condensers form part of a network which contains resistors whose values are 
related to the diffusion and loss coefficients. The diurnal variation of production 
of ionization is represented by the supply of current from potentiometers, varied 
periodically by an assembly of cams. The voltage on each condenser is recorded 
by a pen-recorder, and represents the variation of electron density at the 
appropriate height. Daytime quasi-equilibrium conditions can be studied by 
stopping the cams at ‘noon’ or any other desired position. With the addition 
of another cam the effects of a solar eclipse can be investigated. 

The behaviour of a slab of ionization under the influence of diffusion and loss 
alone may be investigated by disconnecting the ‘ production’ circuits, giving an 
initial charge to one of the condensers and recording the voltage as a function of 
time on each condenser. 

In addition to the processes mentioned above, there may exist motions of the 
ionization caused by electromagnetic forces and diurnal temperature changes. 
The effects of these are complicated and it is of interest to solve the differential 
equation which applies if they are neglected. Comparison of the solutions with 
the actual ionosphere may show the extent to which these movements are 
important. 

It is hoped to present more detailed results in a later paper, and the account 
given here is mainly concerned with the assumptions made about the ionosphere 
(§2) and the equations governing the circuits (§3). A few samples of the results 
obtained with the first model are presented in §4. 


§ 2. IONOSPHERIC PROCESSES 


The equation of continuity satisfied by the electron density N may be written 
as 
=q—BN- F (Ney) veeee+ (1) 


in which the production rate qg is a’ function of height and of the solar zenith angle 

x(t), and the loss rate 8 is a function of height. The vertical drift velocity of 
diffusion w, depends on the plasma diffusion coefficient D, which is also a function 
of height, and on gravity. 

For the purposes of the model, the neutral constituents of the F region are 
taken to be atomic oxygen and molecular nitrogen. In the equations which 
follow the symbols n,;, H;, A; denote concentration, scale height and ionization 
cross section; the sufhx j=1 is used for O and j=2 for N,. The cross sections 
A, are assumed to be independent of wavelength. 

The processes envisaged are as follows: 

(i) Electrons are produced by the photo-ionization of atomic oxygen at a rate 
g(h) = Ayn, (h)S(h), where S (h)i is the flux of 1 ionizing photons at height h. 

(ii) A proportion of the ionizing radiation is absorbed by N, and does not 
contribute to the observable ionization because the N,+ ions recombine rapidly. 
The ratio of the flux S(A) at height h to the flux S,, incident at the top of the 
atmosphere (which is assumed to be horizontally stratified) thus depends on the 
distribution of both gases along the path traversed by the radiation. 
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(iii) The loss process involves an atom-transfer reaction between O+ ions and 
N, molecules, the resulting NO* ions being rapidly lost by dissociative recombina- 
tion (Bates and Massey 1948). The loss rate is thus B=An, where J is the rate 
coefficient of the transfer reaction, which is assumed independent of height. 
(iv) At the top of the F region, the ionization is in diffusive equilibrium. 

Low down in the F region, the loss rate is not directly proportional to the 
electron density as assumed in (iii) because the recombination of NO+ ions 
does not proceed rapidly in comparison with the transfer reaction. This 
circumstance is thought to be responsible for the presence of two peaks of electron 
density in the F region by day, the F1 and F2 layers (Ratcliffe 1956, Hirsh 1959). 
This bifurcation cannot be reproduced by the analogue, which solves only the 
linear equation (1) in which the loss rate is proportional to the electron density. 
In the lower F region the linear equation applies to the concentration of O+ ions, 
and the additional electrons associated with molecular positive ions are not 
represented in the analogue. 

With sufficient accuracy for present purposes, the production function given 
by (i) and (ii) may be written as 

q=SAyn, exp {—Ch y(n,A,H,+n,A,H,)}, ~ ~ s..... (2) 
in which Ch x is the function defined by Chapman (1931 a, b) and approximates 
to sec x for y < 85°. 

The plasma diffusion coefficient D is assumed to be given by the relation 


on mt | [ar |. Pa (3) 


The dependence of D upon the absolute temperature 7 is that suggested 
by Ferraro (1945) and takes account of attractive intermolecular forces. 
According to Dalgarno (1958), O+ ions diffuse more slowly in the parent gas 
than in other gases, and it is later assumed that b,=$b,. Shimazaki (1957) 
has shown that if » is the ratio of the molecular weight of the plasma to that of 
the neutral atmosphere, and H the atmospheric scale height, then the velocity of 


diffusion w, is given by 
1 ee Liddy 7 es A 
—Wp= D0) | 5 a Oh ak cee eee ( ) 


The differential equation obtained by combining Eqns (1) and (4) may be 
transformed into a type suitable for analogue solution by means of two changes 
of variable, which remove terms due to gravity and temperature gradients. 
A limiting height 4a is chosen, at the bottom of the F region, and two new 
variables x and X are introduced, defined by the equations 


x= zexp| - (ees ete (5) 


<e f cdb.t, 3, toliin de (6) 


The variable x is dimensionless, and decreases from unity at h=h, to zero 
at infinite height; it is approximately proportional to the gas pressure. X has 
the dimensions of length and increases from zero at h=h, to a finite value X., 
as h+co. X is termed ‘analogue height’ and it naturally depends upon the 
model atmosphere employed. : ' 

2D2 
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The dependent variable employed is v, where 
Nh, t)=2( oki ay) "SS ae (7) 
The assumption of diffusive equilibrium of ionization at the top of the 
atmosphere implies that N7'~exp(—ph/H) as h>oo, so that Nox. At any 
height vdX represents the number of electrons in a unit column of extent 3X 
in ‘analogue height’ X, and of extent 64=6X/x in ‘real height’ h. 


Table 1. Some Numerical Data 


(i) Atmospheric model 


Top h=735 km, H=78 km, X= 40-94 km, x=0-0057 
Bottom h=140 km, H=20km, X= 0:00 km, x=1 
Interval AX= 0-89 km 
Composition —7,/n,=0-76 whence (above 250 km) w~=0-35 
Diffusion by = 4b, =2°5 x 1018 cm sec deg—"? 
Loss A=1:-75 x 10-# cm? sec! 
Productiont So=79x 10% cm sec+ 

= mA,+mAs 

A= ——— =1°3 x 10-" cm? 

Ny + Ng 
Function Peak value Height Nearest Nearest 
source condenser 
q 400 cm~* sec! 200 km t—5 n=25 

q/x 3050 cm~* sect 228 km i=6 n=29 


(ii) Circuit 


Period of revolution of cams = 24 sec 

Whence time-scaling factor =7= 3600 

13 cams at heights /; of 150(10)180(20)280(40)400 and 480 km 

47 condensers, 4 uF (within 3%) 

Typical values of resistors: . 

Feeding (r,) 2MQ (n<40) 10 MQ (n>40) 

Loss (py) 4:5kQ (n=0), increasing to 5 MQ (n=42); omitted for 
n> 42 

Diffusion (R,,) greatest value 8-9 kO at 7» =25, decreasing to 4:8 kQ atn=1 
and to 1:3 kQ at »=46 


(iii) Calibration 
The greatest noon voltage is 6-7 v on source i=6. By substitution in Eqn (11), 
it is found that: 
F=1:3x 107 cm~3 v-!=1°8 x 10° cm~ per division on chart 


+ Calculated for sunspot minimum conditions at equinox, latitude 52°. “a 


The variations of 1,, m2, H and T with height have been taken from a model 
atmosphere computed by Dr. K. Weekes and based on rocket and satellite data 
(see Rishbeth and Barron 1960, Fig. 8). In that model, complete mixing of O 
and N, at all heights is postulated, so that the ratio ,/n, is independent of height. 
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This is admittedly unrealistic but greatly simplifies the calculation of q(h,t) 
and of D(h). The limit ha is taken at 140 km, low enough to include all levels 
at which the rate of production of ionization is appreciable. From 560 km to 
the upper limit of the model, at 735 km, the scale height is assumed to be 
independent of height. A few numerical values are shown in Table 1, and the 
variation with height of x and X plotted in Fig. 1. The production functions 
are computed for equinox in latitude 52°. 


Fig. 1. Variation with height of the coordinates x and X, calculated from Weekes’ data 
by Eqns (5) and (6). The locations of a few condensers are marked. 


The value of . depends on the composition of the neutral atmosphere and 
the nature of the positive ions. In the F region, above 250 km, nearly all the 
ions are thought to be O+, and if the atmosphere consisted entirely of atomic 
oxygen . would be 4, a value often used in theoretical work. With the model 
used here, in which ,/n, = 0-76, it is found that 1 =0-35. Below 250 km, however, 
the relative abundance of different kinds of ion varies with height, and so w has 
been estimated from the results of Johnson, Meadows and Holmes (1958) 
obtained with a rocket-borne ion spectrograph. The uncertainties introduced 
by this procedure should not be serious near the level of maximum ionization 
of the F region, and the present results are mainly concerned with the behaviour 
at this level and above it. 

With the substitutions and transformations outlined above, the continuity 
equation (1) becomes an equation for v, namely 


oe eo oe | 8 
ar Bo+ ae | De ae | en 0s ae a (8) 


This transformed equation contains a modified production rate g/x. The 
diffusion term is now of the standard form appropriate to a straightforward 
diffusion equation with a diffusion coefficient Dx* and the additional terms 
in the original equation, which represented the effects of gravity and vertical 
temperature gradients, have disappeared. 
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§ 3. THE Circuit 


A section of the network is shown in Fig. 2. The charge C,,V,, on the mth 
condenser represents the electron density at one height. This charge is dissipated 
by leakage through the resistance p,,, which represents the ‘loss’ of ionization by 
recombination. Charge can also be transferred between condensers by the 
resistances R,, and this corresponds to ‘vertical diffusion’ in the ionosphere. 
The applied voltage Q,, is varied periodically and simulates the diurnally varying 
“rate of production’ of ionization. Because the time variation of the production 
function is different at different heights, the voltages O,, are controlled by a 
number of cams cut to the appropriate profiles and mounted on a common shaft. 


25kQ i j 


Ss 
+24V 


H i 


Fig. 3. Diagram of voltage supply, showing 
how the potential applied to each condenser 
C,, is derived by interpolation from two 
Fig. 2. Section of idealized circuit. cam-controlled voltages Q;, Qj1,;. The 
special ‘ eclipse’ cam (not shown) varies 
the voltage supplied at S. 


The equation satisfied by the voltage V,, is 
C= av, 3 earn Va Vin nd > 
nF Tr Pn Res ne 


This may be rewritten by expressing the finite differences of neighbouring 
voltages in terms of differentials, and becomes 


pia fe | 
= fe +2]+; ha lerae =|: ees G4) 


=. Om 
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This equation is similar to (8), and with a suitable choice of parameters the 
condensers C,, may be ‘labelled’ with corresponding heights h,, which are 
spaced at equal intervals AX in analogue height. A time-scaling factor + must 
also be:chosen; it is the ratio of the periods of the solar production function 
(one day) and of the revolution of the cams (twenty-four seconds). Another 
scaling factor F is required to convert the voltage V into the independent 
variable v; this is expressed in units of cm-*v-1, and must be determined in 
each experiment. It then follows that at the height h,,, 


LOS) EE 9 (GH Oo bel RR ated? Be = (11) 
B= (CoP, Te. ut thee panes . (12) 
Dig) =(ALA(CAR, ane)? J. aig Gees (13) 
where 
eS iio 4 aay ee a lame (14) 
Pe eee. ee, ee eee (15) 


Some numerical data concerning the circuit are given in Table 1. It is not 
necessary to construct a separate cam for each of the forty-seven condensers 
because the shape of the production function changes quite slowly with height. 
In practice thirteen cams are provided, and each condenser is fed by two 
resistors from adjacent potentiometers as shown in Fig. 3. By choosing these 
two resistors suitably it is possible to interpolate between the two cams. 

In general, a condenser C,, at height h,, is connected through a resistance r,,_ 
to the source Q; at height /;, and through a resistance r,, to the source O,,, 
at height h;,,, where h;<h, <h;,,. The resistancesr,_ andr, , present a combined 
parallel resistance r,, and their ratio depends on the analogue heights X,, X. 
Gases 


n? 


AO Saat A}LC, COOL. ES RIE PON i or (16) 
then 
Tn—ltn=9+1,° Tyan =(0+1)/0 Henin (17) 
and 
Piet eee 1 erie eee MONE She (18) 


The camshaft is driven by an electric motor, and the cams operate the 
potentiometers through gears so that a larger angular movement can be obtained. 
The output of the 7th potentiometer varies with time in accordance with the ratio 
q(h;, t)/q(h;, 12"). Each potentiometer is connected to a fixed voltage through 
a variable resistor which is adjusted to give the correct output at ‘noon’, and not 
afterwards changed. The total resistance in each potentiometer circuit (~50kQ) 
is small compared with the resistances 7, (22 MQ). 

To investigate the effects of a solar eclipse, another potentiometer is used, 
operated by a cam mounted on the same camshaft. This ‘eclipse cam’ is cut to 
give the required obscuration function appropriate to the eclipse which is being 
studied. The output of the potentiometer is used to feed all the other potentio- 
meters, in place of the fixed voltage normally used. A change-over switch can 
be arranged so that the main bank of potentiometers can be fed from either the 
fixed voltage or the ‘eclipse potentiometer’; in this way, results for an ‘eclipse 
day’ and a ‘control day’ can be obtained in rapid succession. In this method of 
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simulating an eclipse it is assumed that the time variation of the eclipse function 
has the same form at all heights; this is not strictly accurate but it is a good 
approximation for an eclipse which takes place near noon. 

The voltages V,,(t) are recorded one at a time by connecting the condensers 
to a cathode-follower followed by an amplifier, whose output operates a pen- 
recorder, The scale of the chart is calibrated in terms of the variable v by 
recording the production voltages O,(t) on the chart (Fig. +); this enables the 
calibration factor F to be computed from Eqn (11). The electron density at 
any height h,, is then found by multiplying the deflection by x(/,). Another 
pen on the same recorder is used for timing purposes. ‘The time constant of the 
recorder is about } sec. 


220 


Fig. 4. Outputs of five of the ‘ production’ potentiometers, as functions of apparent time. 
The height represented, in kilometres, is marked on each curve. 


Figure 4 shows the curves obtained by recording the outputs Q,(¢) of a few 
potentiometers, and so demonstrates the well-known characteristics of the 
production functions. At great heights, production is small and approximates 
to an ‘on-off’ function. The amplitude of Q,(t) increases with decreasing height 
and reaches its greatest amplitude for the sixth source at h=220 km. Below this, 
the amplitudes of the production curves decrease rapidly with decreasing height, 
and OQ is only appreciable for a few hours around noon. 

In a different kind of experiment, which will be called a ‘ pulse’ experiment, 
the behaviour of a slab of electrons injected at a certain height is investigated with 
the use of a network of condensers and resistors alone. For this purpose, the 
resistances 7,,, 7, are connected to ground instead of to the potentiometers 
and a 4.F condenser is charged to a suitable voltage and momentarily connected 
across one of the condensers C,,; a timing pulse is simultaneously fed to the 
timing pen. The voltage-time curve on each condenser is recorded and converted 
to an electron density curve as described above. 


§ 4. DISCUSSION OF RESULTS 
4.1. Introduction 
Three kinds of N(t) curves are obtained with the analogue computer, namely 
‘diurnal’, ‘eclipse’ and ‘pulse’ curves. In each case a set of curves can be 


used to find how the electron density varies with height at fixed times. Examples 
will be given in $$ 4,.2-4.4. 
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In considering the experimental results, it is necessary to bear in mind the. 
limitations of the method. The accuracy is mainly determined by the finite 
number of condensers, which determines the step length AX in the integration 
by the circuit of the differential equation. The error in the determination of the 
level of maximum electron density, for example, is of the order of one step (i.e. 
about 10 km ath=250 km). In addition, there is some uncertainty in the reading- 
and calibration of the chart; an accuracy of about 5°, is attempted. 

It should be emphasized that the diffusion coefficients (b,, 5.) used for these 
initial investigations are larger, by a factor of about five, than those which may be 
appropriate to the actual F region. Consequently, the results presented here 
may be thought of as showing the maximum possible effects of diffusion in the 
F region. Further experiments with smaller values of diffusion coefficient are 
in hand. 

4.2. Diurnal Variations 

A set of V(t) curves is shown in Fig. 5, and the derived N(h) curves in Fig. 6.. 
In general, the level hm of maximum ionization is found to lie in the region. 
where the ‘diffusion rate’ D/H? and the loss coefficient 8 are comparable, as. 


=A ai poe Sen eee ns 
03 06 09 i IS 18 t 2I 00 03 
First contact Totality Last contact 


Fig. 5. ‘ Diurnal’ V(t) curves for seven condensers, whose serial numbers and heights. 
in kilometres are shown on the left. The dashed curves refer to an ‘eclipse’ the 
timing of which is shown by the arrows below the scale of hours. The centre 
arrow marks the time of ‘totality’; the others show ‘first contact’ and “ last 


contact”. 
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suggested by Rishbeth and Barron (1960). During the night, Am approaches 
a constant level and the ionization at all heights decays with approximately the 
loss coefficient appropriate to that level. By day, the bulk of the production of 
ionization takes place well below the level Am, which is lower than it is at night. 
In the following description of results the level of maximum ionization hm will 
for brevity be called the ‘F2 peak’. 


h (km) 


2 4 2 4 
NW (10° cm-3) W (lo°cm-3) 


Fig. 6. Electron density distributions, or (N, h) curves, calculated from the (IV, t) curves 
of Fig. 5. The left-hand diagram shows the increase of electron density, from 
04h ‘ apparent time’ (before sunrise) to 144; the ‘ eclipse’ (N, h) curves for 12» 
and 14" are shown dashed. The right-hand diagram shows the decrease of electron 
density during the afternoon and night. 


It is interesting to consider the times of maxima of the (V, ¢) curves at different 
heights (Fig. 5). These are shown in Table 2 and compared with the values of 
1/6 at each height. Below the level of the F2 peak the maximum electron density 

-at a height / occurs at a time of the order of 1/8() after noon, as would be expected 

if only production and loss processes were important (Appleton 1953). Above 
the peak production and loss are both small, and the variation of electron density 
is controlled by diffusion and closely follows the variation at the peak. This is 
manifested in the circuit by the form of the voltage—time curves, which are almost 
identical for all condensers above the peak (x >35). In terms of the circuit this 
is because the top condensers are effectively connected in parallel and have 
negligible leakage. The time constant for the equalization of charge between 
neighbouring condensers is very short; for example, C,,R,, =0-016 sec for n= 40, 
representing a scale time in the ionosphere‘of only one minute. 

Another way of showing the effect of diffusion is to plot measured voltages 

-as a function of condenser number 1, at fixed times (Fig. 7). Near the top, V is 
independent of height and so the corresponding N(A) curve is exponeiitial 
(Fig. 8). 

The equilibrium N(h) curve for noon (obtained with the cams stationary) 

is compared in Fig. 8 with the function g(/)/8(2) to show how a peak is produced 
-by the action of diffusion. Below the peak, the electron density is not very 
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different from the ratio q/8, and diffusion has little effect. The peak occurs at 
250 km, at which height the ratio BH?/D=1-1; this agrees well with the results 
of Rishbeth and Barron (1960) which were based on the assumption of 
equilibrium (i.e. dN/dt =0). The N(h) curve for 14" in the time-varying solution 
is copied from Fig. 6, to show how the F2 layer approaches equilibrium conditions 
in the afternoon. 


46 
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Fig. 7. Distributions of voltages on Fig. 8. (N, A) distributions derived from 


condensers C,. Full curve, equili- Fig. 7 for noon equilibrium (continu- 
brium, cams stopped at noon. Broken ous line), and for the diurnal variation 
curve, time 14 of diurnal variation, at 145 (broken line) from Fig. 6. 
from Fig. 5. Dotted curve, pulse The thin continuous line shows the 
experiment of §4.4; the ‘ shape- ‘equilibrium’ electron density dis- 
preserving’ distribution (scaled to tribution N=q/B which would be 
coincide at the top with the full obtained if there were no diffusion 
curve). and if @N/dt were negligible. 


The M(t) curves are similar to those obtained by Gliddon and Kendall (1960). 
These authors assumed an isothermal atmosphere and obtained a solution of the 
continuity equation in terms of analytic functions, which were evaluated with a 


digital computer. 
4.3. Eclipse Effects 


An initial study of eclipse effects has been made with the special cam set to 
give an eclipse near noon. The results are not meant to represent any particular 
eclipse, but to indicate the kind of effects produced. In this example, ‘first 
contact’ occurs at 105 apparent time, ‘totality’ at 11%30™, and ‘last contact’ 
at 135, so that the duration of the whole eclipse is three hours. 

The effects observed are illustrated by the dotted curves of Fig. 5 and 
summarized in Table 2. The greatest reduction of electron density varies 
from 389/, at the top of the F region to 70°/, at 180 km, and occurs later than 
totality; the time lag is comparable with 1/B at heights below the peak, but 
above the peak the variation of electron density is controlled by diffusion and 
closely follows that at the peak. This is consistent with the behaviour noted 


in connection with the diurnal N(¢) variation. 
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Two N(h) curves are shown in Fig. 6. At 12" the effect of the eclipse is near 
its maximum; the N(h) curve is flat near the peak, and it is possible that more 
accurate measurements would show an ‘F 14 stratification’ of the type suggested 
by Ratcliffe (1956b). By the time of the next N(h) curve plotted, at 14", the 
effect of the eclipse has diminished, and it disappears before 18". 


Table 2 

(1) (2) (3) (4) (5) (6) 
21 179 70 0:2 0:2 0-12 
26 204 60 0:3 0-4 0-25 
30 232 53 0:6 0:8 0:5 
34 272 48 0-9 1°5 1:2 
3% 314 42 1-1 2-0 2-6 
41 405 38 1:3 2:4 12:8 
46 735 38 1-4 2-6 1000 


(1) Condenser number; (2) height (km); (3) percentage reduction in electron density 
due to eclipse; (4) delay in time of minimum electron density after totality (hours); 
(5) delay in time of maximum electron density after noon for normal day (hours); 
(6) value of 1/8 at each height (hours). 


4.4. The Pulse Experiment 


Figure 9 shows the V(t) curves for a ‘pulse’ experiment, in which the 
condenser C,,, corresponding to the ‘top’ of the F region, was suddenly given 
a charge. For condensers near to the point of entry of the pulse the response 
is immediate, but the response at more distant points in the circuit is delayed. 


5 6 7 


3 4 
Z (sec) " 


Fig. 9. (V, t) curves for several condensers, obtained by injecting a pulse at the ‘ top * 
of the circuit. The initial response is somewhat influenced by the recorder 
characteristics. The unit of the time scale is 1 second, representing 1 hour in,the 
ionosphere. 


After the initial rise, the voltage on all condensers decays with approximately 
the same time constant. From the voltage distributions at selected times N(h) 
curves may be constructed (Fig. 10), and these show that the ionization spreads 
out into a distribution which after about two hours maintains a constant shape 
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and decays with a time constant which is approximately the time constant C,,p,,’ 
appropriate to the level of the peak of N. It is found that wherever the pulse is 
introduced, the same shape-preserving distribution is finally obtained. Since 
the circuit is linear, this result may be generalized to the conclusion that any 
pe: distribution of voltage on the condensers will evolve into this particular 
orm. 


h (km) 


Fig. 10. (N, /) curves for the ‘ pulse ’ experiment at times of 3, 1, 14, 2, 3 and 4 seconds 
after the injection of the pulse at the ‘ top’ of the circuit (i.e. 4, 1, 14, 2, 3 and 
4 hours in the ionosphere). ‘The curves show the development of the ‘ shape- 
preserving’ distribution. The scale of N is arbitrary. 


The ‘shape-preserving’ distribution of voltage is shown in, Fig. 7; its 
amplitude having been chosen for comparison with the ‘noon equilibrium ’ 
distribution discussed in §4.2. The decrease of voltage with increasing distance 
from the ‘top’ of the circuit is slower in the case of the ‘noon equilibrium’ 
distribution because of the steady supply of current at lower levels. 

The results of the ‘pulse’ experiment are of interest in connection with the 
behaviour of ionization in the F region at night, when production is absent. 
The observed changes of the distributions are not unlike those described by 
Shimazaki (1957). 

It has been shown (Dungey 1956, Duncan 1956, Martyn 1956) that in an 
isothermal atmosphere an ionized layer would develop into a certain form, under 
the influence of diffusion and loss, and would then decay without change of shape. 
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In the special case in which the loss coefficient 8 decreases exponentially upward 
with a scale height equal to that of the neutral atmosphere, the shape-preserving 
solution is a ‘Chapman alpha’ layer, with its peak at the level where BH?/D=4, 
and it decays with the loss coefficient appropriate to this level. 

The model atmosphere used for the first version of the analogue computer 
does assume this variation of 8 with height, but it is not isothermal. ‘The shape- 
preserving layers which are formed are very like ‘Chapman alpha’ layers; their 
peak is at the level where BH?/D=0-3, and they decay with an apparent loss 
coefficient which is approximately 0-6 times the value of B at this level. ‘There 
is thus a qualitative agreement with theory, satisfactory in view of the experimental 
accuracy and the fact that the model atmosphere used is not isothermal. 


§ 5. CONCLUSION 


The previous discussion shows that interesting results can be obtained by 
using an electrical analogue to solve the continuity equation for the F region. 
The analogue demonstrates results obtained by several theoretical investigators, 
and shows how diffusion may control the top of the ionosphere. In some ways 
the method is limited, in that many important factors (such as electromagnetic 
movements) must be omitted, and that changes of parameters involve the 
replacement of numerous components and are thus laborious to carry out. 
In other ways it is versatile, as it need not be limited to any special, mathematically 
simple model of the atmosphere. 
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Abstract. Assuming that electron emission from the cathode and collision 
ionization in the liquid are both necessary for the electrical breakdown of liquid 
dielectrics, a criterion for breakdown is developed in which the cumulative effects 
of the applied field and the space-charge field of the positive ions produce a con- 
tinuously increasing electron current at the cathode. ‘The present theory differs 
from earlier similar theories in that the ionization occurring in the liquid is 
considered to be very small even at breakdown, in agreement with recent con- 
duction measurements. ‘The breakdown criterion shows clearly how the 
measured electric strength can depend on either the cathode or the liquid. The 
influence on the breakdown measurements of dissolved oxygen is also discussed, 
and the quantitative predictions of the theory are compared with measurements of 
the electric strength of liquid argon. 


§ 1. INTRODUCTION 


HE possible importance of space-charge distortion in electrical breakdown. 
of liquid dielectrics has been realized previously (Macfadyen 1955, 


O’ Dwyer 1954), and a theory has been developed (Goodwin and Macfadyen: 
1953) in which ions produced in the liquid by collisions between electrons and 
liquid molecules move to the cathode and enhance the field there to give increased 
electron emission. At a certain critical field strength this feedback process. 
becomes unstable and breakdown follows. Possibly the most serious objection 
to the theory is that there is little evidence for collision ionization in liquids, and 
very large electron multiplication is necessary to satisfy the breakdown criterion. 
The most recent measurements of conduction in n-hexane with pulsed fields up 
to 1-3 x 10° v cm— have indicated that there is practically no ionization occurring: 
even at field strengths just below breakdown (Watson and Sharbaugh 1960), and 
consequently the theory in its present form is not applicable. 

It is the purpose of this paper to derive a criterion for the breakdown of a 
liquid subject to a steady electric field assuming, as in earlier theories, that space- 
charge distortion at the cathode is important, but that the ionization taking place 
in the liquid is small. As a result of this small degree of ionization the magnitude 
of the field distortion is small also, and this enables certain simplifying assumptions. 
to be made. In the derivation of the theory of Goodwin and Macfadyen (1953),. 
it was assumed that the ionization coefficient was constant at all points in the gap, 
but since a large multiplication rate was necessary to satisfy their breakdown. 
criterion considerable field distortion would have resulted. O’Dwyer (1954). 
attempted to improve on this by allowing for non-uniformity of the field in the: 
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basic equations, but he only shows that a cathode effect may be expected in break- 
down measurements, the equations being too complicated to take the theory 
further. 

As a basis of the theory it is necessary to assume some law for the emission of 
an electron current from the cathode as a function of the cathode field. Con- 
duction measurements at fields below breakdown may be described either by a 
field emission law (Green 1955, Goodwin and Macfadyen 1953) or by a Schottky- 
type emission law (House 1957), and the recent pulse conduction measurements of 
Watson and Sharbaugh (1960) are found to give a good fit to both laws. In the 
following theory it will be assumed that a simple field emission law adequately 
describes the current—field relationship, but this does not imply that the mech- 
anism of emission is true field emission. Other laws could equally well be used. 


§ 2. THEORY 


The emission of electrons from the cathode when subject to a field E, may be 
‘described by an equation of the form 


, B 
Je=ApwEe* exp (- =) Sty, (1) 
Pc 


in which je is the electron current density, » is the local field enhancement factor 
(Lewis 1955) and A and B are constants depending on the cathode surface. It 
will be assumed that the cathode field is composed of the applied field Ey and the 
field E., (<E,) due to the positive ions produced in the liquid. IfJ) is the electron 
‘current density in the absence of space-charge (EZ, = Ey in Eqn (1)), then replacing 
E. by E,+£., in (1) gives 


rae 2E BE 
=] 3 EN wh da) Oe 
ih io 2 Ey Jew a ) 


It is assumed that p is independent of field. 

If the electronic and ionic mobilities are denoted by k_ and k, respectively, 
and if the ionization coefficient corresponding to a field E is denoted by «, then it 
may be shown that the field at a distance x from the cathode of a gap of width d 
is given by (Loeb 1939) ‘ 


j0--Me(tow fsa) a) o( [28 


in which « is the dielectric constant of the liquid. If the distortion due to space- 
‘charge is small throughout the whole gap, then E may be replaced by Ey +AE 
(AE <£,) and little error will be introduced by assuming that the value of « at 
every point in the gap is that corresponding to the applied field EZ, denoted by a. 

Integrating (3) and writing E? = E,?+ 2E,AE leads to the following expression 
for the field enhancement, 


1 . eee 1 Lal “ 
rc cE? — Smjel exp (ad) — (- + r) ss exp (292) |}. 


‘The constant of integration C may be evaluated by noting that 


AE= 


dl 
| AFdx =0, 
0 
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and an equation for the cathode field distortion E, is obtained by setting «=0. 
After some rearrangement this gives 


E, a Gje ceeeee (4) 
where 
para Ft sed ia Drea 
G= TEs EXP (Hd) (- far {EXP (% a) — xd — 5] : 
eatateneye (5) 
If the rate of ionization occurring in the liquid is small, then a d is small and 
(5) may be simplified to give 
» and Re 
ae ck, Ey (x z) sole eae (6) 


The sign of the cathode field distortion is therefore determined by the 
magnitude of a d and the ratio k,/k_. The minimum value of ad required to 
give a positive field enhancement at the cathode will therefore be different for 
different liquids, since the ion mobilities may differ widely from one liquid to 
another. 

Much of the experimental work on the breakdown of liquid dielectrics has 
been concerned with the paraffin hydrocarbons, and of these n-hexane has been 
studied most extensively. This liquid may therefore be considered as repre- 
sentative of the normal liquids used in breakdown experiments. The mobility 
of the negative ion in n-hexane has been investigated in some detail (LeBlanc 
1959, Chong and Inuishi 1960, Gzowski and 'Terlecki 1959), but in recent years 
there has only been one report of the mobilities of both positive and negative ions 
(Gzowski and Terlecki 1959). These latter measurements were taken with electric 
fields less than 1kvcm~, and the ratio k,/k_ was found to be 0-308. While 
there is evidence that the negative ion mobility is independent of field up to 
500 kvcm-! (Chong and Inuishi 1960) it has been suggested that at fields near 
to the normal breakdown level (about 1 mvcm~*) an increase in mobility may be 
expected if the electron can be stripped from the hexane molecules by the high 
fields (Crowe 1956, LeBlanc 1959). ‘The large conduction currents measured 
by Watson and Sharbaugh (1960) and by Macfadyen and Helliwell (1959) are 
suggestive of a high mobility ion. Direct measurements of the ion mobilities at 
breakdown field strengths in these hydrocarbons are necessary before the pre- 
dictions of the present theory may be compared quantitatively with the existing 
breakdown measurements, but if it is assumed that k_ may increase from the low 
field value by a factor of ten at breakdown fields, then k,./k_ would be only about 
0-03. Thus even in the complex liquids xd required for a positive cathode field 
enhancement can be small, and the theory to be developed here could then be 
applicable to these dielectrics. 

However, it has been established that electrons in liquid argon remain free 
even at very low fields (Williams 1957), and the ratio k,/k_ata field of 100 kvem—1 
is about 10-4. Consequently, even for very small xd the factor k., /k_ in Eqn (6) 
may be neglected and G may be simplified further to give 

27% 9d” 
G= a. (7) 


The electric strength of liquid argon has been reported recently (Swan and 
Lewis 1960), and it is therefore an ideal liquid for comparison between the 
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present theory and experiment. During breakdown no solid deposits are formed 
on the electrodes, and this has enabled a thorough investigation of electrode 
effects to be made. For the hydrocarbon liquids many of these effects may be 
obscured by deposits on the electrode surfaces. Further calculations will there- 
fore be concerned principally with liquid argon, but the same reasoning may be 
applied to other liquids, bearing in mind that the important parameters are the 
positive ion mobility k, and the ratio k,/k_ at breakdown. 

The factor G in Eqn (7) contains the ionization coefficient a, and it is 
necessary to specify the form of the variation of this coefficient with field. There 
are no measurements of « in liquids and the choice of the function «(£) is purely 
arbitrary. In the absence of evidence to the contrary it seems reasonable to 
assume that the same law for the gas phase may be extended into the liquid phase. 
Ward (1958) has found that over a very wide range of E/p the variation of a» for 
argon may be expressed as 


D 
= Cexp(— =r) shin. SCS) 


where the constants C and D involve the gas pressure. 
Introducing this into (7), and combining with (4) allows the cathode field Eg 


to be expressed as 
“ 2aptd*s  f  D 
Eo= E+ 7 exp ( mn): re (9) 


Figure 1 shows the cathode emission current je plotted as a function of cathode 
field EZ. from both Eqns (1) and (9). The ionization and emission constants are 
given on the diagram together with the values of the other parameters used in 
the calculation. For low applied fields the characteristics intersect in two places. 
The smaller of the two intersections represents the stable conduction current 
finally established, while the second represents an unstable state analogous to 
many other physical problems, and has no practical significance. For very 
large applied fields there is no intersection of the characteristics and consequently 
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Fig. 1. Graphical representation of Eqns (1) and (9). The curve represents the cathode 
emission (Eqn 1), while the straight lines show the cathode field—emission current 
relationship due to the space-charges (Eqn (9)). 
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there is no stable emission current. Physically this means that the number of 
ions produced in the liquid causes the cathode field, and therefore the emission 
current, to increase continuously. The condition for which the two. charac- 
teristics are tangential therefore represents the state where a stable emission 
current will be established, but where a slight increase of EF, will cause this current 
to increase indefinitely. This is taken to represent the breakdown condition. 
It is clear that when the breakdown criterion is satisfied the emission current is 
not infinite, and the cathode current density at breakdown may be conveniently 
evaluated from Eqns (4) and (2). 
Combining these gives 
ARIA Eee (ie) 5 AS (10) 
where 
P=2G/E, and): O= BG/LE,*. 


This equation has two roots for small j), the smaller one corresponding to the 
stable conduction current as before. At breakdown these roots are coincident 
and therefore 0/de of both sides of (10) must be equal. The quantities P and 
QO depend on the applied field £,, and before differentiating (10) these must be 
examined in more detail. Using Eqns (7) and (8), and the constants as given on 
Fig. 1, the quantities P and O are found to increase by a factor of about ten when 
the applied field is increased from 0-8mMvcm~ to 15mMvcm~-!. For the same 
field change at the cathode Eqn (1) predicts that j, is increased by a factor of 103, 
and thus P and Q are only weak functions of je and may be considered as constants 
in Eqn (10). Any realistic form of %» as a function of field would lead to a similar 
result. Differentiating (10) and solving for j, at breakdown gives 


jh Ee OE Cone Oe Tee (11) 


where = [1+ (8u£,*/B)]"—1, and the asterisk denotes the values of the para- 
meters at breakdown. Introducing (11) into (2) gives the breakdown criterion 


0.=2GAy?E,* (2 + Q) exp [— (4—Q)B/4pEy*]. 


Clearly an explicit expression for E,* is not possible, but if G is replaced by 
(7) and %» by (8) an explicit relationship for d* may be obtained in the form 


ae Qck., 2) olyeD B(4—Q) 
= 4mpu2AC(2+ Q) P 2E,* 12 8uky* Ns 


If the cathode constants are known, and «, is a known function of Hp, then d* 
may be calculated for a given applied field and the breakdown voltage determined. 


§ 3. APPLICATION AND Discussion 


Equation (12) shows how the liquid and the cathode can both influence the 
breakdown voltage at a given gap setting. The first term in the exponential is 
the ionization term and therefore represents liquid properties, while the second 
term contains the constants of the cathode. Clearly, depending on the relative 
magnitudes of these two terms, the cathode may be important or the ionization 
term may completely mask any cathode changes. For example, if D is very 
large and the first term predominates, the ionization occurring is small (from (8)), 
and the field necessary to give breakdown is set by a certain degree of ionization, 
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there being ample electrons available from the cathode by virtue of the smaller 
term in B. Under these conditions changes in B are not important and the 
breakdown voltage would not depend on cathode material. On the other hand, 
if the term in B were predominant the breakdown voltage would depend critically 
on the cathode, the actual breakdown being governed by the availability of 
electrons, and not greatly by the ionization rate. Such a balance between two 
processes, one at the cathode and one in the liquid, has been proposed by Lewis 
(1953a), and evidence from breakdown measurements using point-plane 
electrode configurations in m-hexane suggest that this idea is correct. 

Figure 2 shows the breakdown voltage-gap width characteristic as calculated 
from Eqn (12) for two values of the cathode constant B. The ionization and 
emission constants are as given on Fig. 1. Because of the lack of experimental 
information on emission and ionization in liquids choice of the constants 
A, B, C and D is arbitrary, but an attempt has been made to use realistic values. 
Also shown on Fig. 2 is a typical characteristic obtained experimentally in liquid 
argon using gold electrodes. Good agreement could be obtained over the whole 
curve by adjusting the constants, but exact agreement is meaningless in view of 
the uncertainties involved. Increase of B in Eqn (1) will reduce the emission at 
a given field, and consequently a higher field is required to cause the breakdown 
instability. The criterion for breakdown as expressed by Eqn (12) is very sen- 
sitive to changes in B or D. 
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Fig. 2. Breakdown voltage—electrode spacing ; Fig. 3. Breakdown voltage—electrode 
characteristics calculated from Eqn (12). spacing characteristics calculated from 
Eqn (12) and compared with measure- 
ments in liquid argon. 2, 


The shape of the breakdown voltage-gap spacing characteristic depends on 
which term of the exponential in Eqn (12) is dominant and on the functional 
relationship of these terms with Ey. With the forms of emission and ionization 
laws assumed in the derivation of (12) the characteristic can take two distinctly 
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different forms depending on whether the term in £,~¥? or in Ey~? is of greater 
importance. It is obvious that the term involving E,~1? will result in a more non- 
linear characteristic than the term in Z,~1. This is illustrated in Fig. 3, where 
curve (i) has been calculated from (12) with a value of B small enough to make the 
emission term unimportant. It is seen to exhibit considerable curvature and 
shows that if the electron supply just prior to breakdown is plentiful the actual 
breakdown voltage depends strongly on the ionization law. A change in the 
field dependence of « would change the degree of curvature. With the same 
ionization constants as before curve (ii) of Fig. 3 has been calculated with B 
increased until the contribution of the emission term became significant. The 
introduction of a term in E,~ reduces the curvature, and the characteristic becomes 
practically linear. 

Results of experiments with liquid argon are again in agreement with this 
theory. Also shown in Fig. 3 are experimentally determined breakdown 
characteristics for liquid argon using stainless steel electrodes which were pre- 
pared by a normal buffing procedure (Swan and Lewis 1960), but which in one 
case were used directly and in the other were subjected to a glow discharge in 
hydrogen prior to the breakdown test. With the normally prepared electrodes 
the characteristic obtained was linear within the experimental error, while with 
electrodes that had been subjected to a glow discharge in hydrogen there was 
considerable curvature. In the light of the theory developed above, this suggests 
that the normally prepared electrode was not emitting strongly and that the break- 
down occurred when a certain level of cathode emission was obtained. A glow 
discharge in hydrogen would reduce much of the oxide on the cathode surface and 
an increased electron emission would result. The term involving the ionization 
could now become significant and the curvature of the characteristic would 
become appreciable depending on the form of « as a function of field. The 
constants A, C and D were chosen to make the experimental curve and the theo- 
retical curve with small B in reasonable agreement. 

In many experimental determinations of the electric strength of liquids it 
has been found that the breakdown voltage-gap width characteristic does not 
pass through the origin when extrapolated to zero gap but that there appears to 
be an intercept on the voltage axis of about 1000v. It is significant that for 
electrode spacings in excess of about 2 x 10-*cm the characteristics calculated 
from (12) and shown in Fig. 2 are almost linear, and extrapolation of this linear 
portion back to the voltage axis shows an intercept of about 1000v. Large 
changes of the coefficient B do not appreciably alter this voltage. The charac- 
teristic obtained with B = 107 vcm— in Fig. 3 is not linear in the range of electrode 
spacings of interest (d< 10-*cm), but for the smaller gap widths a linear approxi- 
mation also gives an intercept of about 1000 v. Since it is usual to determine the 
breakdown voltage at only four or five gap widths in the range up to 10-?cm 
slight curvature may not be noticed and the characteristic assumed linear, showing 
the same intercept as is obtained when the term in B is predominant. However, 
if the breakdown is dependent on the ionization term the introduction of an im- 
purity may change the functional form of « with Z, which will alter the curvature 
and possibly also the apparent intercept. The rapid increase in electric strength 
as the gap becomes smaller (which gives rise to the apparent voltage intercept) 
could therefore be attributed to the increase in Ep required to maintain the 
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In n-hexane which is free of dissolved oxygen, breakdowns can occur with 
steady voltage stresses as low as 500kvcm~!. The recent pulse conduction data 
of Watson and Sharbaugh (1960) have shown that a measurable« process becomes 
significant only for fields in excess of 1:2 mvcm-+, so that at first sight it would 
appear that the theory given here can not be applied to the hydrocarbon liquids. 
However, there is strong evidence to suggest that these low breakdown strengths 
are caused by spurious effects. Sletten (1960) has examined the behaviour of 
particles in n-hexane under the influence of electric stress, and has found that it 
is impossible to remove all particles from the gap and electrode surfaces, even 
with vigorous flushing and careful filtration of the liquid. These particles oscillate 
between the electrodes, and under certain conditions the arrival of a positively 
charged particle from the anode on to the cathode surface has been observed to 
cause the steady conduction current to increase’ by a factor in excess of 10°. 
Clearly, under these circumstances the mechanism of breakdown might be 
entirely different. 

If short duration impulses are used, the particles do not have time to pass 
between the electrodes and a higher breakdown strength results. As long as 
the pulse length is sufficient to allow the positive ion space-charge to accumulate 
near the cathode without appreciable particle movement the above space-charge 
theory could hold. For very short impulses the temporal develoaces of the 
space- charge becomes important. 

With air-saturated n-hexane the particles do not seem so effective, and in fact 
are often ejected from the gap after a breakdown (Sletten 1960). Under these 
circumstances the breakdown strength with direct voltage is found to be about 
1-2mvcm-, which corresponds to the stress where a measurable « appears. As 
for measurements in liquid argon, the breakdown voltage-electrode spacing 
characteristics for the hydrocarbon liquids containing dissolved air exhibit an 
intercept of about 1kv (Lewis 1953b). In liquid argon it is well known that 
oxygen as an impurity is very efficient in trapping free electrons to form stable 
negative ions (Davidson and Larsh 1950), and it is possible that this could also 
occur in m-hexane, although the impulse electric strength of this liquid is not 
affected by the presence of dissolved oxygen, which suggests that attachment 
may not beimportant. The breakdown theory developed above could be modified 
to include electron attachment, but for the present qualitative discussion it is 
sufficient to note that the loss of electrons to negative ions may be considered as 
a reduction in «, and that a higher electric field would be necessary to give the 
required degree of ionization. It is likely that the introduction of oxygen into 
the liquid will also have an effect at the electrodes where a double layer can be 
formed due to the chemisorption of the oxygen. This will reduce the emission 
and change the cathode emission constants. 


§ 4. CONCLUSIONS 


The theory developed in § 2 differs from previous theories involving a positive 
ion space charge in that the ionization occurring in the liquid is assumed small, 
and that the field distortion in the gap is assumed small.in comparison with the 
applied field. From Eqns (4) and (11) the cathode field enhancement is E)*Q/4, 
and for the two characteristics shown in Fig. 2 the ratio E,*/E)* is found to be 
about 0-1. From the definition of Q in Eqn (11) it is clear that a very low value 
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of B will give rise to a larger cathode field distortion. The values of ad at break- 
down corresponding to the two curves in Fig. 2 are found to be between 0-1 and 
unity, while the theories of Goodwin and Macfadyen and of O’ Dwyer would 
require aod to be about 10. With such small values of aod it is unlikely that an 
% process would be observed in conduction measurements at field strength much 
below breakdown, in agreement with recent pulse conduction measurements 
(Watson and Sharbaugh 1960). 

The electron emission current density as calculated from Eqn (11) is also of a 
reasonable magnitude, being less than 1 Acm~® in most cases ; and if it is assumed 
that the discharge develops in a filamentary channel of about 10~*cm diameter, 
the current at breakdown would be approximately 10-°a. The arbitrary choice 
of constants involved makes exact calculations unnecessary, but the examples 
given appear to indicate that the theory derived is consistent with the assumptions 
made. 

The electric strength of liquid argon containing small quantities of oxygen in 
solution has been found to depend strongly on the anode surface condition and 
material (Swan and Lewis 1960). This may be explained in terms of a space 
charge of negative ions near to the anode surface which can lead to a degree of 
ionization greater than that corresponding to the applied field. The space- 
charge formed at the anode depends on the insulating properties of that electrode 
and hence on the surface condition. A full discussion of the anode effects and 
anode space-charge is to be given in another paper (Swan and Lewis 1961). 
A few additional ions produced in the enhanced field near the anode would alter 
the breakdown voltage from the value predicted by Eqn (12) for the case where 
the anode was not important by effectively changing the ionization coefficients 
C and D. 

While space-charge distortion at the cathode combined with an ionization 
process in the liquid predicts an instability in the current growth, the final develop- 
ment of the discharge is not explained. A possible explanation is that once the 
instability criterion is satisfied the current density at the cathode spot increases 
very rapidly, and the energy liberated there vaporizes the liquid to form a bubble. 
Any pressure dependence of breakdown must in some way be due to changes in 
the development of the discharge prior to the attainment of the current instability, 
and it is reasonable to assume that a change in hydrostatic pressure will alter the 
gas in equilibrium at the cathode surface, which in turn will change the emission 
constants. 
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The Determination of m/e for Free Electrons by Momentum 
Transfer 


By H. A. DAW} anp F. S. HARRIS, Jr. 
Department of Physics, University of Utah, Salt Lake City 


MS. received 25th January 1961 


Abstract. A new method for measuring m/e for free electrons has been developed! 


by using momentum transfer. A Faraday cage mounted on a torsion device 


collects electrons from an electron gun. The change in maximum angular- 


displacement of the fibre with electron beam on and off together with the 


measured current gave a value of m/e of 5-82 x 10-"kg c+ compared to the- 


accepted value of 5-6854 x 10-# kg cl. 


§ 1. INTRODUCTION 


constant was measured, the ratio of the mass to charge for cathode rays. 


HORTLY before the turn of the twentieth century a significant physical: 
(Thomson 1897). It has been estimated since, that at least forty-three- 


different methods have been used in making this determination (Hoag and Korff 
1948). All of these methods involve however only four basic principles. The 
four principles may be written as follows in equation form (the symbols have 
their usual meanings) 
MED at oe. (1) Brae Nik ese ror (2) 
[BZD / Di A Broeoe (3) MU HEV aos srs. (4) 
The first equation represents the velocity filter consisting of crossed electric 


and magnetic fields as used by Thomson. The second equation determines. 


the same information as the first but is a direct measurement on the time of 


flight of the electronic stream. This principle was incorporated in the experiments. 


of Wiechert and others (Wiechert 1899, Kirchner 1931, Perry and Chaffee 1931). 
The latter two equations connect the electrical and inertial properties of the 
electronic stream. The third equation relates the momentum of the stream 


to the magnetic field strength, while the fourth equation relates the energy of 


the stream to the applied voltage. Instances where these principles have been 
used are numerous (Hoag and Korff 1948, Gerlach 1933). 


Of the four principles only the time-of-flight velocity determination is. 


independent of the nature of the electromagnetic field interaction of charged 
particles. Since for a determination of m/e any two of the principles may be 


used, the combination of (1) with (2) excepted, no determination of this ratio- 


is independent of the nature of the electromagnetic interactions. The nature 
of the interaction however may be side-stepped if one introduces a new measure- 


ment which is independent of the fields, but connects the inertial and electrical. 
properties of the stream. ‘Two solutions suggest themselves: one is to measure: 


+ Now at Department of Physics, New Mexico State University, University Park, New- 


Mexico. 
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electron beam momentum directly as a function of beam intensity, and the second 
is the measurement of the power directly as a function of beam intensity. The 
direct measurement of the momentum transferred per unit time by the cathode 
tay stream is the subject of this paper. Momentum transfer has been used for 
ions (Lamar 1933). 


§ 2. ELECTRON BEAM MomMEeNTuUM METHOD 


Consider a current J crossing the boundary x, from the left in Fig. 1. The 
-current is carried by a stream of free electrons from the boundary x to the 
boundary x,. Here the current J moves away from the boundary to the right. 


Xo x, X Xo 


Fig. 1. Electron path in acceleration region and field-free region. 


During a portion of the path the stream may suffer an acceleration due to an 
applied electric field. Let us for convenience suppose this to occur between x9 
and x, due to a potential V between these two points, and that the stream then 
moves in field-free space over the remaining path. The momentum per unit 
time crossing the boundary « is then given by 


=I Be... 5) 


where J is the beam current and m/e is the ratio of the mass to charge for electrons. 
Making use of Eqn (4) to eliminate the velocity from Eqn (5) one obtains 


Fe 
mle = Wak w Lb te pes cle Sh ee oe Pete ee (6) 
If one makes use of Eqn (2) the resulting equation would be simply 
m  FAt 
ath cee a Ore T NER te Pe TE a aa 7 
Creal AS (7) 


This latter equation would permit an absolute determination of m/e. 

The nature of the field interactions with moving charged particles is dependent 
on the speed of the particles, and of particular interest is the relativistic —— 
In this region Eqn (6) becomes 


where c is the speed of light. The purpose ofthis study was to apply the principle 
‘stated by Eqn (5) and to determine if the momentum transferred by a moving 
-charged stream could be used to determine m/e with reasonable accuracy. 


-§ 3. EXPERIMENTAL 


Careful consideration was given to the design of suitable measuring equipment. 
The problems of target weight, detector sensitivity, secondary electron emission, 
-electrostatic forces, etc. were solved by means of the tube design shown in Fig. 2. 
“The body of the tube was made of a one-litre boiling flask. A round glass joint 
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put into the tube wall permitted the insertion of an electron gun. A torsion 
device was used ‘as the detector and this effectively eliminated gravitational 
forces. Secondary electron emission was controlled by completely capturing 
the a beam in a Faraday cage mounted at the bottom of the torsion fibre, 
see Fig. 2. 


Fig. 2. Vacuum tube showing the Faraday cage and torsion suspension. The focus and 
deflection coils are at the left, the travelling microscope is in the foreground, and 
the vacuum system to the right. 


The torsion fibre was a 1 mm tungsten wire, spot welded at the lower end 
to the cage, and attached to a rotatable support at the upper end. The upper 
support enabled one to adjust the cage position by means of an external magnet. 
The torsion constant of the suspension fibre was determined by measuring the 
period of oscillation with a body of known moment of inertia suspended from the 
fibre. The suspended body was in this case the cage itself. All of its components 
were carefully massed and measured. 

The following values were determined for the detector suspension : 


Cage moment of inertia 31-9 x 10-7 kg m? 
Period 67-7 sec 
Torsion constant 27-3 x 10-9 kg m? sec~?. 


The cage was constructed of brass with a tungsten pointer passed horizontally 
through a diameter. The semi-length of the tungsten pointer was 5-75 x 10-? m. 
Target holes were drilled in the cage 1:45 x 10-2 m from the suspension and the 
cage face coated with willemite. The interior of the tube was completely coated 
with a semi-transparent coat of silver by means of the Rochelle salt process so 
that electrostatic charges could not disturb the detector. 

The tube was evacuated by means of a fore vacuum pump and a three stage 
oil diffusion pump, DPI GF 25W. All measurements were made with a vacuum 
of approximately 10-* micron. The deflections produced by the electron stream 
were measured in the following manner. A travelling microscope was mounted 
near the tube wall and focused on the end of the tungsten rod pointer. The 
microscope was adjusted to the position of maximum (positive) deflection with 
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the electron beam turned off. The oscillations were timed, and after one-half 
cycle had elapsed from the position of maximum deflection, the electron beam 
was turned on. ‘The beam had been previously directed to and focused on a 
hole in the target. The change in the maximum positive displacement was then 
measured by means of the microscope. The electron beam was turned off after 
it had been on for one complete cycle and a second reading was made on the 
maximum positive displacement. The positions were very reproducible. In 
general five independent readings were made of the deflection produced at each 
electron beam intensity. There are several factors to note: the damping of the 
system was negligibly small, the deflection as measured was twice the value one 
would obtain with a static measurement, and the overall deflection angles were 
very small. 


§ 4. RESULTS 


The measured values of deflection as a function of beam current are plotted 
in Fig. 3. All of the readings were taken at 5000 volts. ‘The slope of the solid 


4 


Deflection (10-*m) 
Ls) 


0 10 20 30 40 50 60 
Current (mA) 


Fig. 3. Deflection of the pointer as measured by the travelling microscope plotted against 
the beam current for a potential of 5000 v. 


line together with the measured values for the instrument were combined to 
yield F in Eqn (6) which there becomes 


m eager eI 
@ 28VP (7) Mics Q 


where s is the distance from axis to target hole centre, / the semi-length of pointer, 
k the torsion constant, V the voltage and d/J the ratio of deflection to current. 
Upon substitution in Eqn (9) one obtains 5-82 x 10-!kgc- which agrees 
favourably with the results of other measurements (Cohen, DuMond, Layton 
and Rollett 1955, 5-6854 x 1012 kg c—). 
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§ 5. CONCLUSIONS 


This method of determining m/e has been demonstrated to be practical. 
The experiment was not designed to yield a precise result and refinements in 
this direction will require considerable ingenuity. This is a new application of 
Newton’s second law to measurements in the field of electron physics. Aside 
from its restricted application here, it may find application to measurements in 
other areas of physics, such as in the measurement of scattering and capture 
cross section. Measurements are currently being made on relativistic electrons 
by one of the authors at New Mexico State University. 
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Measurement of Ionization and Attachment Coefficients in Carbon 
Monoxide in Uniform Fields 


By M. S. BHALLA anp J. D. CRAGGS 
Department of Electrical Engineering, The University of Liverpool 


MS. received 6th February 1961 


Abstract. Measurements of pre-breakdown currents in uniform field con- 
ditions, in carbon monoxide at different pressures, in the #/p range of 36 to 
200 v cm! (mm Hg)-! indicate the presence of electron attachment. It is 
suggested that the mechanism of negative ion formation is due to dissociative 
attachment, therefore values of « and the dimensionally equivalent attachment 
coefficient 7 have been computed from the semi-logarithmic plots of current 
against electrode separation, by employing the modified Townsend equation 
for the growth of current. Static breakdown potentials have been measured 
up to pd~1050mm Hgcem (where p is the pressure and d the gap length) and 
show that Paschen’s law is obeyed. Further, the values of secondary coefficient y 
have been computed from upcurving of the semi-logarithmic plots of current 
against electrode separation. The values of breakdown potential calculated 
from the breakdown criterion are in good agreement with the measured values, 
showing that the static breakdown in carbon monoxide is brought about by the 
‘Townsend build-up mechanism. 

The mean cross sections for ionization and attachment have been calculated 
for various electron mean energies from the mean values of «/p and 7/p obtained 
from the present study and compared with the values computed from low pressure 
single collision data, by assuming either a Maxwellian or a Druyvesteyn 
distribution of electron energies. It is concluded that the Maxwellian distribution 
is satisfactory to explain the results but the Druyvesteyn distribution does not 
seem to apply. Calculations show that the electron attachment observed in this 
study is due to resonant attachment processes occurring at about 10 ev and the 
contributions due to processes of a continuous nature at about 21 and 23 ev are 
negligible. 


§ 1. INTRODUCTION 


HE attachment processes occurring in carbon monoxide when submitted 
| to bombardment by low-energy electrons of well-defined energy, at low 
pressures, have been studied by Tate and Smith (1932), Lozier (1934) and 
Hagstrum and Tate (1941). Accurate measurements of attachment and ionization 
cross sections in carbon monoxide under single collision conditions have been 
made by Craggs and Tozer (1958) in these laboratories, using a Lozier apparatus. 
Earlier workers were unable to observe electron attachment in carbon 
monoxide in swarm conditions (Bradbury 1934, Loeb 1956). It therefore 
seemed desirable in view of the single collision data (Craggs and 'Tozer 1958) to 
study attachment in carbon monoxide in swarm conditions and to measure the 
attachment and ionization coefficients for various values of the parameter E/p 
(£ is the field strength and p the gas pressure) in uniform fields. 
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It has been shown (Harrison and Geballe 1953, Geballe and Reeves 1953). 
that when electron attachment of the type 


Ne Cee Ole ke © a eam aWersters,: « (1) 


occurs in the growth of the electron avalanche the equation for the current flowing. 
in a uniform field gap is given by 


I om 
p7[seerle-na- 24 |/[1- Fee te- na | 
BUEN Eni 0280 ty DUA gee. Sone (2) 
where « is Townsend’s primary coefficient, 7 the attachment coefficient, y the 
secondary coefficient, d the electrode separation and J, the initial electron current 
at the cathode. 
Provided only those current measurements are considered in which 
contributions due to secondary processes are negligible then Eqn (2) is reduced to 


n> [ae ie 24] - |. cree @) 


Equation (3) indicates that the semi-logarithmic plot of (I/J, @) is not linear 
and that curve fitting techniques are necessary to evaluate « and 7 accurately. 

When « is large compared with » the curvature of the (log J, d) plots ceases. 
to be apparent and the latter becomes linear. It has been shown by Prasad 
(1960) that under these conditions the exponential term in Eqn (2) tends to 
dominate the subtractive term particularly at large values of d (d>0-5 cm). 
and the current growth in the gap can be approximated by 


I exp [(«—7)d] (4) 


Ij 1—y‘(exp [(«—)4]— 1) 
where Jy’ =I«/(«—7) and y’=ya/(«—7). . If further a/(«—) is close to unity,. 
then Eqn (4) can be approximated to 

es amie a al nl AE SR RR = (5) 

I, © 1—y (exp [(#—)4] — 1) 
as in a non-attaching gas. This shows that the mean slope of the (log /, d) plot 
under these conditions would yield an ‘apparent’ value of «/p~(%—7)/p and 
the value of the secondary coefficient y would be in error by a factor of 

a—7)/a. 
' ins from Eqn (5) that the criterion for breakdown at which current I 
becomes self-maintained and independent of J is 
y(exp [(«—7)ds]-1)=1 real Be (6) 
where dg is the breakdown sparking distance (cm). ih 
Studies by earlier workers, working under single collision conditions, show 
that a resonant attachment process occurs in carbon monoxide at about 10 ev. 
The process has been interpreted by Hagstrum (1955) as 
COE CLO ee GG case. (7) 
Further processes occur at about 21 and 23 ev and are of a continuous nature: 
involving ion pairs. ‘These are interpreted by Hagstrum as 
CQ+ e> CA4 OF FE. 1 Pie ek = dees (8) 
COs e> GaHO reer Rae (9) 
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In the present study it was not possible to observe attachment for the parameter 
E/p >56v cm~!(mm Hg)! corresponding to the mean electron energy of 
approximately 4ev because the curvature of the (log/, d) plots ceased to be 
apparent. Energy considerations indicate that under these conditions, i.e. for 
mean electron energies less than 4ev, the possibility of reactions (8) and (9) 
contributing to the negative ion formation to any appreciable degree can be ruled 
out (cf. §5). Thus reaction (7) is the only one that need be considered for mean 
electron energies less than about 4ev. However the formation of negative ions 
at higher pressures where three-body processes must be considered will 
presumably comprise 


€O-e— COx* 


(CO-* denotes an excited state of CO~) together with reaction (7). The degree 
-of branching between (7) and (10) is not known. 

Consequently values of «,7, apparent «, y and the breakdown sparking 
-distance ds have been calculated in carbon monoxide by employing Eqns (3), 
(5) and (6). The authors find that the measurements of pre-breakdown currents 
-conform to the above theory over a wide range of pressures. 

From the mean values of «/p and 7/p so obtained the mean cross sections for 
ionization and attachment have been calculated for various electron mean energies 
-and an attempt has been made to compare these values of cross sections with 
the values computed from the low pressure single collision data by assuming 
‘either a Maxwellian or a Druyvesteyn distribution of electron energies. 


§ 2. EXPERIMENTAL PROCEDURE 


A detailed description of the apparatus and the modifications made to improve 
its performance and accuracy have been published earlier (Hopwood, Peacock 
and Wilkes 1956, Bhalla and Craggs 1960) and will not be dealt with here. In 
the present study the ionization chamber was always evacuated to better than 
5 x 10-§mm Hg with an apparent leak of less than 0-4h~1, before the gas was 
admitted. The gas used in the experiments up to 100 mm Hg pressure was 
spectroscopically pure and supplied by British Oxygen Gases Ltd., but 
preliminary measurements up to 100 mm Hg pressure and the final measurements 
at 300mm Hg pressure were made in cylinder gas (97:3°% carbon monoxide, 
1:7°% nitrogen, 0-8°% carbon dioxide, 0-2°% oxygen) obtained from the Imperial 
Chemical Industries Ltd. Each gas filling from the cylinder was passed very 
slowly through a trap maintained at — 78°c by using a mixture of solid carbon 
dioxide and acetone. 

The gas pressures were measured (corrected to 20°C) either on an oil manometer 
using silicone oil of specific gravity 1:09 to within +0-05mm Hg or on the 
-micromanometer (cf. Hopwood, Peacock and Wilkes 1956) to within + 0-5 mm Hg. 
A platinum coated cathode was used throughout this study and its distance from 
the dural (aluminium alloy) anode was measured to within +0:005mm. The 
voltage applied to the ionization chamber, variable in steps of 0-2 volt (0 to 50 kv) 
was known to within +0-3% and the ionization currents produced could be 
-determined to an accuracy better than 1:5%. The overall error inthe measurement 
of «/p should therefore be not greater than 3%. It is very difficult to assess the 
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errors in 7/p, since they depend on curve fitting but it is estimated that in the 
most favourable conditions (medium values of E/p) they are about +5% 
increasing to perhaps + 15% for low and high values of E/p. 


§ 3. Data AND RESULTS 


The experiments were conducted over a pressure range of 2-5 to 300 mm Hg 
(corrected to 20°c) and a range of E/p from 36 to 200 v cm! (mm Hg)-1. Some 
of the typical (log/, d) plots at 25 and 100 mm Hg pressures are shown in 
Fig. 1. All these plots exhibit curvatures characteristic of Eqn (3), thus 
justifying the assumption made regarding the mechanism-of negative ion 
formation. It was observed, however, that, beyond a particular value of the 
parameter E/p, for each pressure the curvature of the plots ceased to be apparent 
and the latter became linear. 
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Fig. 1. Tonization currents in carbon 
monoxide at 25 and 100 mm Hg 
pressures for various constant values 
of the parameter 


Fig. 2. Ionization currents in carbon 
monoxide at 100 mm Hg pressure 
for various constant values of the 
parameter 


E/p (v cm™ (mm Hg)~’). E|p (v cm™ (mm Hg)~”). 

Figure 2 shows the upcurving of (log/, @) plots indicating the presence of 
‘secondary ionization processes. For the sake of brevity only typical plots for 
100 mm Hg pressure are shown, for which the initial photoelectric current I, 
from the cathode was reduced by adding a fine wire gauze filter in the path of the 
ultra-violet radiation, from the low pressure mercury discharge lamp, incident 
on the cathode. This enabled pre-breakdown currents to be measured 
-sufficiently close to the sparking distance without causing space-charge distortion 
‘of the electric field due to unnecessarily large values of anode current. 
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3.1. Evaluation of « and y 


The values of « and n have been computed from the above-mentioned curves 
by a careful process of curve fitting employing Eqn (3). The values of «/p and 
n/p obtained in the range of E/p =36 to 60v cm—! (mm Hg)~* at 25 and 100 mm Hg 
pressures are given in Table 1 and the values of /p are plotted as a function of E/p 
in Fig. 3, which also includes Prasad’s (1960) data in dry air for comparison. 
Values of «/p and 7/p obtained at 300mm Hg pressure are not included, since 
they are considered only to be of sufficient accuracy to measure y and breakdown 
potentials because of impurities present in the gas (cylinder gas). 


Table 1. Values of «/p and 7/p for CO at 25 and 100 mm Hg Pressure 


25 mm Hg 100 mm Hg 

Elp a/p nlp a/p nlp 
36 a — 0-0033 0-0011 
38 — _ 0:0048 0-0012 
40 0-0070 0-0016 0-0068 0:0014 
42 0-:0094 0-0018 0:0094 0:0017 
44 0:0124 0-0020 0-0128 0-0022 
46 0-0164 0-0028 0:0169 0-0027 
48 0-0212 0-0036 0:0195+ a= 
50 0:0266 0:0042 0:0245+ oH 
52 0-0330 0-0050 0-0303+ — 
54 0-0400 0-0056 0:0368+ — 
56 0-0480 0-0060 0-0445+ — 
60 0:0615+ ao 0-0616+ —_— 


+ ‘ Apparent’ values. 


‘ Apparent’ values of «/p (cf. § 1) for the parameter E/p > 56Vcm—! (mm Hg) + 
at 25mm Hg pressure and E/p >46vcm— (mm Hg) at 100mm Hg pressure: 
were calculated from the linear (log/, d) plots employing Eqn (5). Table 1 
shows that these ‘apparent’ values of «/p at 100 mm Hg pressure are consistently 
below the true values of «/p but agree within 10% to the (« —7)/p values obtained. 
from the non-linear plots at 25 mm Hg pressure for the corresponding values. 
of E/p. . 


Calculated values + 


25mm Hg + 


I 100mm Hg * 
0 | i | 5 ‘a 10? tall eal rari ae hay oe 
30 40 50 60 } 10 10? 103 
Ep (vcmi'(mmHg) ') pa (mm Hg cm) 
Fig. 3. Values of 7/p as a function of E/p Fig. 4. Observed breakdown potentials. 
in carbon monoxide and in dry air for as a function of pd in carbon mon- 


comparison. oxide and in dry air for comparison. 
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3.2. Breakdown Measurements and y 


Breakdown potentials Vs were measured over a pressure range of 2:5 to 
300 mm Hg (corrected to 20°c) up to pd~1050 mm Hg cm and are plotted 
(in volts) as a function of pd in Fig. 4, which includes Prasad’s (1959, 1960) data 
in dry air for comparison. Results showed no pressure dependence (within 2% 
for spectroscopically pure gas and 2:5°% for the cylinder gas) for any particular 
value of pd, thus indicating that Paschen’s law is obeyed in this region. 

Values of the secondary coefficient y have been computed from the upcurving 
of linear (log I, d) plots (cf. Fig. 2) at various pressures employing Eqn (5) and 
are plotted as a function of E/p in Fig. 5. These values of y have been used to 
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Fig. 5. Values of y as a function of E/p in carbon monoxide, for a platinum surface. 


calculate the sparking distances d, and consequently the breakdown potentials V5 
from the breakdown criterion (6). Table 2 summarizes the values of «/p 
(apparent values), y, ds and calculated V3, together with measured Vg for different 
values of the parameter E/p at various pressures. Calculated values of the 


Table 2 
? V, (kv) 

(mm Hg at 20°c) Ejp a/pt y x 104 d, (cm) Calc. Meas. 
25 90 3:04 x 10-1 6°3 0:97 2:18 2:18 
(Spec. pure) 80 2-01 x 10-1 6:9 1-45 2:90 2:90: 
70 1-21 x 10-4 5-1 2°51 4-39 4-39 
65 8-9 x10? 3:8 3-54 5:75 5-77 
100 60 6:16 x 10 So! desi 7:86 7:92 
(Spec. pure) 56 4:45 x10-? 2253) 1:86 10-42 10-42 
54 3-68 x 10 228 2:28 12-31 12:26 
5 3:03 x 10 2-0 2:81 14-61 14-66 

50 2:45 x 10-? 1-55 3-58 17:9 18-0 

300 50 2:20 x 10-2 1:17 137, 20-6 20:7 

(Cylinder) 48 fe7200l0n 0-90 1:81 26:1 26-1 

46 1:30 x 10 0:77 2-43 goo) 33-7 

44 9-4 x10-% 0-47 3553 46-6 46:3, 


+ ‘ Apparent’ values. 
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breakdown potential agree with the measured values to within 1% (cf. Table 2) 
and are indicated in Fig. 4. The good agreement between the measured and the 
calculated values of breakdown potential shows that the static breakdown in 
carbon monoxide is brought about by the Townsend build-up processes up to 
a pd of 1050 mm Hg cm. 


§ 4, CORRELATION OF RESULTS W1TH Low PRESSURE EXPERIMENTS 


Calculated values of mean cross sections for ionization o+ and for attachment 
ao employing the cross section data from low pressure experiments in carbon 
monoxide (Craggs and Tozer 1958) are compared with the values obtained from 
the present study, using the electron drift and agitation velocity data from the 
diffusion experiments (Skinker and White 1923) for the Maxwellian and 
Druyvesteyn distributions. 

The earlier work of Deas and Emeléus (1949), Tozer, Thorburn and Craggs 
(1958) and Thompson (1959) shows that the mean cross section for any particular 
collision process for the mean energy E of a given energy distribution is given 
by the equation 


ae [ose dNe/ [eae ie (11) 


where a, is the cross section for this process for electrons of energy Zev and 
Uy is the velocity and dN, the number of electrons in the range E to E+6E 
of the distribution in the swarm. Further, swarm constants «/p and »/p can be 
converted into a mean cross section for any particular value of E/p from the 
knowledge of the drift velocity W, the mean velocity of agitation U and mean 
energy E of the electrons as functions of E/p by using the equation 

- 1Wwé 

Gz = NOG?) shebang (12) 
where JN is the number of molecules per cm® at 1mm Hg at the appropriate 
temperature and @ represents « or 7. However it is to be noted that when 
employing the data from the diffusion experiments the various quantities should 
be corrected for the different energy distributions assumed (Healey and Reed 
1941, Huxley and Zaazou 1949), 

The ot and o~ values thus obtained by using the ionization and attachment 
cross sections from Craggs and Tozer’s (1958) low pressure data employing 
Eqn (11) and the mean values of «/p and »/p from the present measurements 
employing Eqn (12) are represented in Figs 6 and 7 for both the Maxwellian and 
the Druyvesteyn distributions. 


§ 5. Discussion 


The double sets of values at 25 and 100 mm Hg pressures given in Table 1 
show that the measured values of «/p and »/p for different gas fillings are consistent 
and the ‘apparent’ values of «/p (cf. §1) agree with the true values of «/p to 
within 10%. However, for the values of the parameter E/p >60v cm! (mm Hg) 
contributions due to the attachment processes decrease rapidly (cf. Fig. 8) and 
the ‘apparent’ values of «/p approach the true values of «/p. 

Further, the values of «/p obtained at different pressures in the range E/p 
where the results overlap, also showed good agreement within the experimental 
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limits (+3%). These considerations suggest that «/p and y/p are not pressure 
dependent and are therefore functions of E/p. The values of «/p and 7/p do not 
depend on the ionization current, which can be seen by a careful consideration 
of the experimental data such as those, for example, plotted in Fig. 1. However 
no accurate measurements could conveniently be made at pressures higher 
than 100 mm Hg because the quantities of spectroscopically pure gas required 
were prohibitively great. 
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Fig. 6. Mean ionization cross sections in Fig. 7. Mean attachment cross sections 
carbon monoxide as a function of in carbon monoxide as a function of 
mean electron energy. A, calculated mean electron energy. A, A’, B, B’, 
from Craggs and Tozer’s low pressure as in Fig. 6. 


data, for a Maxwellian distribution of 
electron energies; A’, calculated with 
the data from the present study, for a 
Maxwellian distribution of electron 
energies; B and B’, as for A and A’ 
but with a Druyvesteyn distribution. 


Figures 6 and 7 show respectively for ionization and attachment the 
comparisons between the mean cross sections deduced from «/p and 7/p 
measurements and from the low pressure single collision work of Craggs and 
Tozer (1958) assuming either a Maxwellian or a Druyvesteyn distribution of 
electron energies. The results obtained by using the Maxwellian distribution 
show satisfactory agreement whereas it seems that the Druyvesteyn distribution 
does not apply. It was therefore decided to use the Maxwellian distribution and 
extend the calculations for the mean attachment cross sections to 10ev mean 
electron energy and estimate theoretically the contributions made by reactions (8) 
and (9) to the negative ion formation. The mean ionization and attachment 
cross sections, calculated from the low pressure data as well as from the present 
measurements, are shown in Fig. 8 as a function of mean electron energy (2 to 
10ev). The mean attachment cross sections are represented by the curve F 
when contributions due to reactions (8) and (9) are ignored and by the curve G 
when these are taken into consideration. This indicates that the contributions 
made by reactions (8) and (9) to the negative ion formation for mean electron 
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energies less than 4ev are negligible. As mentioned earlier, no attachment 
could be observed in this study for the parameter E/p >56vcm—(mm Hg)", 
i.e. mean electron energy ~ 4 ev, because the curvature of (log /, d) plots ceased 
to be apparent. These considerations justify the use of Eqn (2) to represent the 
attachment processes in the present study. Fig. 8 also includes the mean 
ionization cross sections calculated from the low pressure data of Tate and Smith 
(1932). These show slightly better agreement than those calculated from the 
low pressure data of Craggs and Tozer (1958) when compared with the mean 
ionization cross sections obtained from the present «/p measurements. 
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Fig. 8. Mean ionization and attachment cross sections in carbon monoxide as a function 
of mean electron energy, for a Maxwellian form of electron energy distribution. 
C, D and E, mean ionization cross sections; F, G and H, mean attachment cross 
sections. C, F and G, calculated from Craggs and Tozer’s low pressure data; 
D, calculated from Tate and Smith’s low pressure data; E and H, calculated with 
the data from the present study; F and G, see text for details. 


It is found that the ‘apparent’ values of a/p, i.e. («—7)/p in dry air 
are higher than those in carbon monoxide for the corresponding values of the 
parameter E/p, e.g. approximately a factor of 3 at E/p=50vcm— (mm Hg). 
The secondary ionization coefficient y in dry air (Prasad 1959) as well as in 
carbon monoxide is of the same order, e.g. y~ 10-4 at E/p =50v cm! (mm Hg)-1. 
Therefore breakdown potentials in dry air should be lower than those in carbon 
monoxide for the same values of pd. Breakdown potentials in carbon monoxide 
and dry air are indicated in Fig. 4 as a function of pd and it shows that the curve 
for dry air is lower than that of carbon monoxide as expected. ~ 


ACKNOWLEDGMENTS 
One of us (M. S. B.) is indebted to the Electrical Research Association for 
financial support and permission to publish this paper. We are grateful to 
Dr. A. N. Prasad for many discussions and advice. 


Ionization and Attachment Coefficients in CO 447 


REFERENCES 


Buatra, M. S., and Craccs, J. D., 1960, Proc. Phys. Soc., 76, 369. 

Brappury, N. E., 1934, 7. Chem. Phys., 2, 827. 

‘Craccs, J. D., and Tozer, B. A., 1958, Proc. Roy. Soc. A, 247, 337. 

Deas, H. D., and Emevtus, K. G., 1949, Phil. Mag., 40, 460. 

‘GEBALLE, R., and Reeves, M. L., 1953, Phys. Rev., 92, 867. 

Hacstrum, H. D., 1955, #. Chem. Phys., 23, 1178. 

Hacstrum, H. D., and Tarte, J. T., 1941, Phys. Rev., 59, 354. 

Harrison, M. A., and GeBatte, R., 1953, Phys. Rev., 91, 1. 

Hearsy, R. H., and Reep, J. W., 1941, The Behaviour of Slow Electrons in Gases (Sydney: 
Amalgamated Wireless (Australasia)). 

Hoprwoop, W., Peacock, N. J., and Wiixes, A., 1956, Proc. Roy. Soc. A, 235, 334. 

Hoxtey, L. G. H., and Zaazou, A. A., 1949, Proc. Roy. Soc. A, 196, 402. 

Loss, L. B., 1956, Handb. d. Phys. (Berlin: Springer), 21, 460. 

Lozizr, W. W., 1934, Phys. Rev., 46, 268. 

Prasap, A. N., 1959, Proc. Phys. Soc., 74, 33. 

— 1960, Ph.D. Thesis, University of Liverpool. 

SxinkeER, M. F., and Wuite, J. V., 1923, Phil. Mag., 46, 630. 

Tate, J. T., and Smitu, P. T., 1932, Phys. Rev., 39, 270. 

Tuompson, J. B., 1959, Proc. Phys. Soc., 73, 821. 

‘Tozer, B. A., THorsurN, R., and Craccs, J. D., 1958, Proc. Phys. Soc., 72, 1081. 


448 


The Influence of Cathode and Anode Surfaces on the Electric Strength 
of Liquid Argon 


By D. W. SWAN anp T. J. LEWIS 


Electrical Engineering Department, Queen Mary College, 
Mile End Road, London, E.1 


MS. received 13th March 1961 


Abstract. he electric strength of liquefied argon is found to depend to a marked 
degree on the nature of both cathode and anode. This effect has been investigated 
systematically. ‘The cathode is thought to influence the strength through the 
process of electron emission into the liquid, whilst the anode becomes important 
only if the rate of emission from the cathode exceeds that at which the anode 
can accept charge. In this case a high space charge field is set up near the anode 
which can lower the applied field necessary for breakdown. By measuring the 
electric strength of liquid argon containing various concentrations of oxygen, 
it has been shown that probably the anode space charge is formed only when 
part of the current before breakdown is carried by negative oxygen ions. The 
electric strength is found to be very sensitive to small concentrations of oxygen.. 


§ 1. INTRODUCTION 
M EASUREMENTS of the electric strengths of liquefied argon, oxygen 


and nitrogen have been reported in an earlier paper (Swan and Lewis. 

1960) and it was shown that for argon in particular, the strength was. 
greatly influenced by the nature of the cathode and anode surfaces and by the 
presence of dissolved oxygen. ‘The experiments reported here are a continuation. 
of that work in which these effects have been studied in more detail. Hancox 
(1957) has already reported that the degree of cathode surface oxidation can 
influence the impulse electric strength of transformer oil, and Sletten (1959) has. 
demonstrated that dissolved oxygen increases the strength of n-hexane. Both 
these effects are found to a marked degree with the inert liquid argon, which is. 
ideal for such studies since a minimum of damage occurs to the liquid and 
electrodes when a discharge takes place. It has been found possible to separate 
the roles of cathode and anode in determining the strength of liquid argon and to. 
advance reasons for the unusual control exercised by the anode. 

The apparatus and experimental techniques were the same as those described 
in the earlier paper (Swan and Lewis 1960). The electrodes were 5 mm diameter 
spheres and the electrode spacing could be adjusted externally by means Of a 
micrometer. The procedure for obtaining reproducible surface oxide conditions. 
on the electrodes was simple. Freshly polished electrodes were allowed to oxidize 
freely in dry air in a desiccator for pre-determined times and the oxide growth 
was then arrested by immersion in n-hexane. This procedure had previously 
been found to give reliable control of the surface oxide in the measurements. 


* 
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reported by Hancox (1957). Except for the experiments using spectroscopically- 


pure argon and mixtures of argon and oxygen, commercial grade argon has been 
used having a purity of 99-95%; the significant impurities being nitrogen 
(<500 parts per million), oxygen (<20 parts per million), and hydrogen 
(<10 parts per million). 


§ 2. EXPERIMENTAL RESULTS 


2.1. Influence of Electrodes 


For each sample of liquid and set of electrodes the breakdown voltage was 
obtained at a number of electrode spacings ranging from 2 x 10-8 cm to 10- cm.. 
The electric strength was then determined as the slope of this characteristic, 


which was usually a straight line within experimental error with an intercept of 


approximately 1 kv if extrapolated to zero electrode spacing. A similar intercept 
was found in previous measurements with liquefied gases (Kronig and Van der 
Vooren 1942, Blaisse, van den Boorgaart and Erne 1958) and in measurements 
on hydrocarbon liquids (Lewis 1953). The reason for this intercept is not fully 
understood at the moment but in a recent study (Swan 1961) it has been shown 
that a mechanism of breakdown involving a small degree of ionization in the 
liquid could account for it (see §3). At each electrode spacing it was found 
necessary to record about twenty values of the breakdown voltage in order to 
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Fig. 1. Electric strength of liquid argon with oxidized electrodes. 


obtain a reliable average. Fig. 1 shows the results obtained for a number of 
electrode materials, and in every case both anode and cathode were treated 
identically. The results for platinum and gold show that contact with air in the 
desiccator did not influence the strength. This is consistent with the idea that 
the surface change for the other metals produced by exposure to air in the 
desiccator is due to oxidation, since neither platinum nor gold forms oxides at 
room temperatures. For stainless steel, brass, copper and aluminium electrodes 
there is a considerable change in electric strength with increasing oxidation 
time. Maxima occur in the strength for both stainless steel and brass electrodes 
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‘but copper and aluminium do not produce an increase in the initial stages of 
oxidation, the strength falling throughout the entire range of oxidation times. 
The points on the curve for copper electrodes are seen to be more scattered at 
the shorter oxidation times than the points obtained with other electrode materials. 
This is thought to be due to the very temperature-dependent rate of oxide growth 
on copper, the heating produced during the final stage of polishing being sufficient 
to cause appreciable variations in the surface conditions from one test to another. 
Aluminium electrodes produce quite a different characteristic which can be 
explained in terms of the very rapid initial oxidation of that metal which does 
not continue at longer times. 

Initially (Swan and Lewis 1960), these effects were attributed to the combined 
but opposing influences of the increasing effective barrier to emission at the cathode 
due to the growth of the oxide, and the subsequent decrease due to positive ions 
from the liquid forming a double layer there (Green 1955). If the electric 
strength were directly related to the emission then a plausible explanation of the 
results would be possible. The absence of an initial increase of strength when 
‘using copper or aluminium electrodes could be attributed to the thickness and 
nature of the oxide present at ‘zero oxidation time’ since, in the preparation, a 
thin layer of oxide will form even when the time in the desiccator is zero. For 
copper this layer may contain the highly insulating cupric oxide (Ronnquist 
and Fischmeister 1960) and thus the positive ion layer could form readily, 
resulting in an increased emission. Aluminium would behave in a similar manner. 


Table 1. Electric Strength of Liquid Argon with Anode and Cathode 
of Different Materials 


Cathode material Anode material Electric strength (mv cm!) 
Aluminium (15) Aluminium (15) 0:69 
Aluminium (15) Stainless steel (15) 1-44 
Stainless steel (15) Aluminium (15) 0-88 
Stainless steel (15) Stainless steel (15) | 1:86 
Stainless steel (0) Gold 22 
Stainless steel (17) Gold 1:26 


The period of oxidation in minutes is indicated in brackets. 


However, experiments performed with anode and cathode of different materials 
show that the state of the anode surface also influences the strength, so that these 
suggestions are not correct. Table 1 gives results for stainless steel and 
aluminium electrodes and it can be seen that, with an aluminium cathode of 
15 minutes’ oxidation time, the strength is 0-69 Mvcm~! when the anode is 
aluminium and 1-44 mvcm7! when it is stainless steel. On reversing the 
aluminium-stainless steel pair, the strength fell to 0-88 mvcm~, and with 
both electrodes of stainless steel the strength was 1-86 mvcm-!. As a further 
‘check on the influence of the cathode, a gold anode was selected because of its 
inactivity with oxygen, and the strength determined for changes of oxidation 
time of a stainless steel cathode (Table 1). There was only a slight increase in 
strength as the cathode was oxidized to the point corresponding to the peak 


Electrical Breakdown of Liquid Argon 451 


strength obtained with two stainless steel electrodes (Fig. 1), in fact the strength 
(1-26mvcm-*) is little greater than that for two gold electrodes (1-16 mvcm-). 
It is concluded that the gold anode is exerting a much greater influence than the 
cathode in this case. 


2.2. Separation of Cathode and Anode Effects 


In order to obtain results showing cathode effects without anode influence 
it was necessary to substitute a stainless steel electrode of zero oxidation time 
for the unsuitable gold anode. As described below, such an electrode will exhibit 
the least anode influence. With this arrangement curve A of Fig. 2 was obtained. 
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Fig. 2. Influence of anode and cathode 
on the electric strength of liquid 
argon. A, Cathode stainless steel, 
various oxidation times; anode stain- 
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Fig. 3. Influence of cathode and anode 
oxidation on the electric strength of 
liquid argon. The electrode con- 
ditions are as given for Fig. 2. 


less steel, zero oxidation time. B, 
Cathode gold; anode stainless steel, 
various oxidation times. C, Cathode 
stainless steel, 24 hour oxidation time; 
anode stainless steel, vatious oxidation 
times. 


‘The strength is seen to increase continuously for oxidation times up to 140 minutes 
and there is no tendency for a peak strength at about 15 minutes as occurs when 
both electrodes are oxidized for the same period. This is considered to be good 
evidence that the cathode oxidation was responsible for the initial increase of 
strength when using stainless steel electrodes. A similar cathode oxidation 
could also produce the increase observed with brass electrodes. To demonstrate 
that the anode determines the decline in strength for oxidation times beyond 
the peak in Fig. 1 a gold cathode was employed with stainless steel anodes of 
different oxidation times. The strength declined continuously with increasing 
anode oxidation time in the manner shown in curve B of Fig. 2. A similar result 
shown as curve C was obtained by using a stainless steel cathode which had been 
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oxidized for 24 hours (thus giving a maximum strength due to the cathode) 
and a stainless steel anode with oxidation times up to 120 hours. The complete 
characteristic is given in logarithmic form in Fig. 3 together with the results of 
Fig. 2 curves Aand B. The plots are good straight lines showing that the strength 
varies exponentially with oxidation time, but due to the overall complexity of 
the relationship between strength and oxide growth, it is not possible to explain 
why this should be so. 


2.3. Oxygen in Solution 


From the fact that curves B and C of Fig. 3 have different slopes for the anode 
effect in spite of identical stainless steel anodes, it may be deduced that the cathode 
can control the degree of anode influence. A possible way by which this could 
occur would be for the emission from the cathode to determine the degree of 
negative space charge at the anode and this in turn to determine the strength. 
This space charge would be most effective if oxygen (or other electron-attaching 
impurity) were capable of producing, in the body of the liquid, negative ions 
which would be transported to the anode. This possibility was investigated by 
modifying the system so that a given sample of argon gas with small admixtures 
of oxygen could be retained under pressure and condensed into the cell many 
times without appreciable change in composition. Some preliminary tests with 
gold electrodes showed that the addition of oxygen resulted in an increased 
strength, and because gold should not be directly influenced by oxygen, it may be 
assumed that part of the increase in strength was due directly to the oxygen in 
the body of the liquid. With electrodes that form oxides some change in the 
surface oxide conditions may also occur to alter the strength, particularly as each 
discharge could momentarily expose fresh metal at a high temperature. The 
anode effect in the argon—oxygen mixtures was examined more carefully using 
a platinum cathode together with anodes of either aluminium or stainless steel 
of zero oxidation time. It had been observed before that these latter two metals 
behave very differently as anodes and, since a platinum cathode should not be 
influenced by oxygen concentration, changes in strength due to the anode effect 
should show clearly. Table 2 gives the results obtained for argon containing 
various percentages of oxygen. ‘The quantities of oxygen recorded are approximate 
only but the general trend of results is not affected by this. Oxygen above a 
concentration of about 0-002 % increases the strength of the liquid but does not 


Table 2. Electric Strength of Liquid Argon—Oxygen Mixtures with 
Aluminium and Stainless Steel Anodes and a Platinum Cathode 


Electric strength (mv cm) Difference 
Aluminium Stainless steel in strength 
Liquid anode anode (mv cm-) Bs. 
Commercial A 20% 1-35 7 0-36 
Commercial A 1% 1-33 1-68 0:35 
Commercial A 0-002% 0-686 1:07 0-384 
Spectroscopic A 0:0002% 0-764 0-888 0-124 


The quantity of oxygen in the mixture is given as a percentage in each case. 
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change the difference in strengths due to the different anodes. With very small 
oxygen concentrations the influence of the anode is reduced, the difference for 
spectroscopic grade argon being only 30% of the difference for commercial argon. 
A significant effect shown by the results of Table 2 is that with an aluminium anode 
the strength of the mixture first decreases as the oxygen content is increased and 
then increases in the same way as observed with the stainless steel anode. It 
might be expected from the earlier results that addition of oxygen should increase 
and not decrease the strength. ‘The decrease found can be associated with 
space charge distortion of the field (§3). 

It is clear from the foregoing results that the ‘intrinsic strength’ of liquid 
argon is not a meaningful quantity, but in order to obtain a reliable value for the 
electric strength of liquid argon a measurement was made using spectroscopically 
pure argon and gold electrodes. By using these electrodes contamination from 
oxygen absorbed on the electrode surfaces was reduced, and the percentage of 
oxygen in the argon itself was very small. The results of the measurement, 
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Fig. 4. Breakdown voltage as a function of electrode spacing for spectroscopic 
grade argon. Gold electrodes. 


shown in Fig. 4, are compared with the characteristic of breakdown voltage 
against the product of gap width and density for gaseous argon given by Kachikas 
and Fisher (1953) using brass electrodes. The strength of the liquid is found 
to be 750 kvcm~—!. It is seen that for a given value of density times gap-width 
the breakdown voltage of the liquid is considerably lower than that of the gas. 
The implications of this will be discussed in §3. Other measurements for 
spectroscopically pure argon have been given in Table 2 and in each case the 
strength is considerably less than 1 Mvcm™. 


§ 3. DIscUSSION 
3.1. The Breakdown Instability 
To explain the results obtained, certain breakdown processes are suggested 
which allow the roles of anode, cathode and the bulk liquid to be distinguished. 
It is generally accepted that, at the fields existing when breakdown occurs in 
liquid dielectrics (approximately 1 mvcm~*), there will be significant electron 
emission from the cathode and that this emission will be field dependent. 
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It is obvious from the complex nature of the metal—liquid interface that the 
emission will not occur strictly according to the Fowler—Nordheim law as for a 
metal—vacuum interface but, nevertheless, available evidence suggests that a 
relationship with that form of field dependence is adequate for the present purposes. 
(Watson and Sharbaugh 1960, Green 1956), particularly at low temperatures. 
The electrons emitted drift through the liquid, and if the field is high enough 
ionizing collisions (« process) could occur, producing positive ions which, moving 
towards the cathode, enhance the field there, so producing increased emission. 
This feedback process could cause the emission to increase progressively and so 
lead to breakdown as a result of high local heat input and vaporization of the liquid 
at the cathode. The concept of breakdown resulting from vaporization at the 
cathode has been suggested recently by Watson and Sharbaugh (1960). It should 
be emphasized that the degree of ionization required in the bulk of the liquid 
may be very small and not normally detectable at fields below breakdown if the 
increase of emission with cathode field is very rapid, so that only a small number 
of positive ions is necessary. Boyle and Kisliuk (1955) have examined the 
influence of small numbers of positive ions on emission and have used the idea 
to explain the breakdown phenomena in air at small electrode spacings when the 
chance of an ionizing collision is very small. Kisliuk (1959) has also considered 
the emission caused by a single ion acting alone. The number of electrons emitted 
as a result of one ion returning to the cathode depends on the number of ions 
already present and on the field and may be much greater than unity. Swan 
(1961) has recently investigated a similar effect for liquids, and choosing arbitrary 
but realistic laws for the emission and for the field dependence of ionization in the 
gap, has set up an equation for current instability as a breakdown criterion. It has 
been possible to reproduce theoretically the relationship between breakdown 
voltage and electrode spacing for liquid argon using values of ad (where d is the 
electrode spacing) much less than unity. With such a small number of ionizing 
collisions it is unlikely that an « process would be observed in conduction 
experiments. ‘The necessity for sufficient although very small ionization gives 
rise to the increase of electric strength observed at small electrode spacings (Swan 
and Lewis 1960). Ina liquid all these processes may well be confined to narrow 
filaments between cathode and anode (Goodwin 1956) and involve the single 
ion and the collective ion processes discussed by Kisliuk (1959) and by Boyle 
and Kisliuk (1955). 


3.2. The Role of the Cathode 


Due to surface dislocations, patches having low work function, and 
geometrical irregularities, a freshly prepared cathode surface will always be 
non-uniform in structure and certain sites will be able to emit more freely than 
others (Lewis 1955). The probability of breakdown being initiated at one of 
these sites is therefore high. On exposure to air oxidation will commence and 
this will occur first at those sites where the emission would be greatest (Cabrera 
1957). On most metals after the initial preferential oxidation the whole surfate 
will oxidize more slowly and uniformly (Mott 1947). The growth of an oxide 
layer will decrease the emission by raising the potential barrier at the surface ; 
consequently a correlation between cathode oxidation and the breakdown 
instability outlined above might be expected. This is supported by the evidence 
of curve A of Fig. 2, and is in agreement with the work of Hancox (1957) who 
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found similar results with oxidized stainless steel cathodes when measuring the 
impulse strength of transformer oil. In some experiments the strength did not 
attain a steady value until several discharges had occurred, and this was probably 
due to the preferential removal of sites of abnormally high emission. The patchy 
nature of the surface would give greater scatter in measurements than if it were 
microscopically uniform and would account for the coefficient of variation of 10% 
found in nearly every case. 

The strong influence of a cathode-dependent field-emission process for- 
breakdown of liquid argon would also account for the difference in breakdown 
voltage between the gaseous and liquid phases (Fig. 4), because Paschen’s law 
is valid only when the processes of breakdown depend on the ratio of the field. 
strength to density and not on field strength alone. 


3.3. The Effect of Dissolved Oxygen 


After emission from the cathode, electrons will suffer collisions with argon: 
atoms and with impurity molecules as they move to the anode. The measured. 
drift velocity of electrons in liquid argon is about 10° cm sec“! for fields above 
about 5kvcm (Williams 1957, Malkin and Schultz 1951) and this value- 
indicates that the electrons remain free in the liquid at these stresses. The 
presence of very small concentrations of molecular impurities can influence the- 
motion of electrons (Swan 1960) and oxygen and nitrogen will produce stable- 
negative ions (Davidson and Larsh 1950). There is no direct evidence for 
collision ionization in the liquid, but the mean electron energy in a field of 
10° vcm~t is likely to be only about 1 ev (Stacey 1959, Swan 1960). It has been 
suggested by Swan (1960) that the transport of electrons in liquid argon can be- 
described by classical kinetic theory, in which case a field of 1 Mvcm~ would 
give an electron energy distribution of mean value 5-5ev. This value is large- 
enough to suggest that there would be sufficient electrons in the high energy 
tail of the distribution to produce the small degree of ionization required. 

If oxygen is present in the argon a strong electron attachment process could. 
exist having a maximum cross section at about 1 ev (Biondi 1960) in which stable: 
O,~ ions are formed by three-body collisions. In oxygen gas the three-body 
attachment process is pressure dependent and a second oxygen molecule stabilizes. 
the excited ion. Argon atoms are not efficient in stabilizing the molecular ion 
since they cannot absorb quanta of vibrational energy and for this reason the: 
concentration of oxygen in the liqiud argon will be very important. If the: 
stabilizing collision occurs with a third body capable of resonant absorption, as. 
would be the case when both the ion and the third body were identical molecules, 
the cross section for the transfer of the excess energy can be quite large. If 
n is the percentage concentration of oxygen in the liquid argon, N the number: 
density of argon atoms and Q the cross section for the attachment process, the 
mean free path for attachment ) is given by A=(nNQx 10). For liquid 
argon N is 2x 1022cm-%, and if Q is taken to be 10-*cm? (Massey 1938) the 
mean free path for attachment at an oxygen concentration of 0-001 % is 5 x 10S cna: 
Clearly, since the electrode spacing is normally much larger than this many of 
the electrons will be attached to form negative ions at some point in the gap even 
at this low concentration. Another attachment process occurring at about 7 ev 
(Hurst and Bortner 1959) has a much smaller cross section but its influence on. 
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the number of electrons reaching higher energies may be very important. Thus 
both attachment processes could reduce the number of electrons making ionizing 
collisions. A greater electric field is then necessary to produce the required ‘a’ 
coefficient for breakdown. 


3.4. The Anode Process 


For breakdown measurements with steady voltage, the voltage is increased 
slowly over a period of time and many ions could be formed even at the lowest 
oxygen concentrations. ‘These ions drift to the anode and, unless instantaneous 
neutralization of charge is possible there, a space charge will be formed. Ona 
clean surface it is likely that neutralization can occur without difficulty, but 
if there is a semiconducting or insulating layer on the anode it is possible for 
‘this layer to acquire negative charge and prevent further neutralization of ions. 


N 


Current Density 
aN 


i>) 


Ee Ho fa 
Electric Field 


Fig. 5. Hypothetical representation of field—current characteristics for cathode and anode. 


A space charge formed at the anode will enhance the field there as can be seen 
by considering a simple model in which the rates of charge emission from the 
cathode J, and neutralization at the anode J, are field dependent (Fig. 5). If, 
for a given mean applied field Ey, J, would be less than J, at that field, then a 
space charge will be produced to reduce the applied field at the cathode to Ee 
and raise it at the anode to Z, until J, =J,=TI (Fig. 5). A problem of this type 
but with different boundary conditions has been examined by Fan (1948). An 
analysis of the present situation including the effects of diffusion of the ions shows 
that the cathode field is practically undistorted whilst the anode field is increased 
until the current taken at that electrode is equal to that emitted from the cathode. 
This is a consequence of the large value of E, applied near to breakdown which 
-causes the diffusion layer of ions to be very compact and against the anode surface. 
The growth of an insulating oxide layer on the anode surface will increase the 
blocking properties of the anode and alter the law relating J, to the anode field. 
This will lead to a greater anode space charge field. 

Thus, when the anode is blocking, the emitted charges will cross the gap in a 
field that is practically undistorted by space charge until they are very near to 
‘the anode surface. Here the field can increase rapidly, and an enhanced 
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jonization rate « will occur. Since the space charge layer is small, the increased 
number of ionizing collisions will not be large, but only a few additional ions are 
necessary to cause an instability in the current from the cathode (Swan 1961). 
If the number of additional positive ions is small and they are removed rapidly 
from the space charge region by the high field, they will have a negligible effect 
on the field distribution. 

The experimental curves in Fig. 1 can now be explained as follows. For 
zero oxidation time with stainless steel and brass electrodes the anode is not 
important in the breakdown process since the surface layer is not sufficiently 
insulating to prevent ion neutralization. This results in practically no anode 
space charge and the actual breakdown strength is determined by the emission 
properties of the cathode and by the positive ion space charge set up there by ions 
produced uniformly in the bulk of the liquid. As the oxide layer on the electrodes 
increases in thickness the cathode emission is reduced, and if the anode space charge 
is still insignificant a rise in the electric strength will result. When the electrode 
layers are sufficiently thick the emission from the cathode could exceed that 
accepted by the anode, resulting in an anode space charge field enhancement and 
an increased « value. The strength now depends more upon the anode surface 
condition than upon the cathode. Further increase of oxide layer increases 
simultaneously the space charge field at the anode and the production of positive 
ions in that region. The mean electric field required for breakdown is therefore 
reduced. Curves A and B of Fig. 2 can be explained in similar terms. ‘The 
absence of the initial cathode-dependent range when using copper and aluminium 
electrodes (Fig. 1) can be explained if it is assumed that even at zero oxidation 
time the anode surface is sufficiently insulating to set up an appreciable space 
charge. With platinum and gold electrodes it is not possible to deduce whether 
the anode or the cathode is predominant since no variation with oxidation time 
was observed. However, the last two results in Table 1 suggest that a gold anode 
can give rise to a space charge since if the cathode had been the controlling electrode 
in these experiments the measured electric strength should have been much greater 
in magnitude. The existence of an insulating surface layer on gold has been 
proposed by Green (1955), who found that his results for the conduction current 
in n-hexane with gold electrodes could be explained in terms of an adsorbed 
hydrocarbon layer. It is quite possible that during electrode preparation a 
chemisorbed hydrocarbon layer could have been formed, thus giving rise to the 
observed effects. 

If it is assumed that the law relating J, to anode field is some rapidly increasing 
function of field, then, once a space charge has been established for a given 
pair of electrodes and a fixed applied field, the magnitudes of the space charge 
field will not be very dependent on oxygen concentration. An increase in the 
rate of arrival of negative ions will be compensated for by a small change in 
anode field. Consequently, in this case, the influence of the anode on the 
measured breakdown strength will be almost independent of oxygen concen- 
tration. The results in Table 2 confirm this. For commercial argon and argon 
with greater concentrations of oxygen, the strength increases with increasing 
oxygen content but the difference in strength due to different anode materials 
remains the same. The increase in strength with increasing oxygen content can, 
in this range, be attributed to a reduction in the number of electrons as a result of 
attachment in the liquid as discussed earlier. When the oxygen concentration is 
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very small and ion formation in the liquid is less probable, no appreciable space 
charge is formed and the influence of the anode is reduced. From Table 2 it can 
be seen that for the spectroscopically pure argon the change in strength due to the 
different anodes was reduced to 30% of that observed at large oxygen concen- 
trations. That a difference was still found suggests that, even in the purer argon, 
electron attachment was occurring, although at a very much reduced rate.. For 
a stainless steel anode the strength increases continuously with increasing oxygen 
content, but with an aluminium anode there is a reduction in strength for very 
small oxygen concentrations which is followed by a continuous increase with the 
addition of more oxygen. This behaviour suggests that a stainless steel surface 
of zero oxidation time does not give rise to an anode space charge, so that the 
continuously increasing strength observed with increasing oxygen content and 
a stainless steel anode can be attributed to progressively increased electron 
attachment in the liquid. Aluminium, however, forms a highly insulating surface 
layer immediately on exposure to air. It is to be expected, therefore, that a 
space charge would form even at very low oxygen concentrations when only a 
small percentage of the electrons emitted form ions, and as a result of this an 
appreciable anode field enhancement could be set up during the period of voltage 
increase prior to breakdown. In this situation the « process would increase and 
the strength decrease with increasing oxygen concentration until attachment in 
the body of the liquid became predominant. At this point the effective reduction 
in « outweighs the increase due to the anode space charge, and the strength 
increases in a similar way to that observed with a stainless steel anode. 


§ 4. CONCLUSIONS 


As far as the authors are aware, this is the first time that the influence of the 
anode material on the electric strength of liquids has been examined in detail, 
although Sharbaugh, Crowe, Cox and Auer (1956) did observe a 9°% reduction 
in the impulse strength of n-hexane when the anode surface was roughened. 
It is possible that for hydrocarbon liquids ‘and oils which contain dissolved 
oxygen an anode influence may still be important, but that the solid deposits 
and adsorbed surface layers completely mask any variations in the properties 
of the underlying surface. With liquid argon, however, the absence of solid 
deposits allows slight changes of the electrode surfaces to be effective, and the 
influence of the cathode and anode may be investigated separately. 

The formation of an anode space charge depends on the ease with which 
negative charge can be accepted at that electrode, and it is to be expected that 
negative ions in which the excess electron is more strongly bound would give 
rise to a greater space charge distortion than free electrons or ions on which 
the electron is only weakly attached. ‘The much reduced anode influence 
observed with spectroscopic grade argon suggests that oxygen as an impuxity 
is particularly important in this respect. 

The mechanism postulated for the anode behaviour requires the establishment 
of a space charge at the anode surface, and is time dependent therefore. By 
using pulse fields of short duration it should be possible to prevent the develop- 
ment of the space charge, andthe electric strength measured in this way should 
be independent of the anode. ' Work is now-in progress to check. this. 
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The Electronic Structure and Spectrum of Nitrobenzene 


By IT. E. PEACOCK 
Chemistry Department, Kings College, Strand, London, W.C.2 


MS. received 27th March 1961 


Abstract. ‘The self-consistent field molecular orbital theory has been used to 
calculate the z electronic structure and spectrum of nitrobenzene. 


§ 1. INTRODUCTION 


HE self-consistent field molecular orbital theory (Roothaan 1951), as 

| applied to 7 electron systems (McWeeny 1956, McWeeny and Peacock 

1957), has been used to calculate the z electron charge distribution and 

spectrum of nitrobenzene. The matrix elements of the self-consistent field 
Hamiltonian are given by (McWeeny 1956) 


hE =; $Puyii— svg + DP 4; —Z;)yij 
J 


h i a Bij % 2Piyyij 
where the w;— >;Z;y,; (Z; is the number of 7 electrons supplied by atom j) and 
the f,; are the elements of the ‘bare’ framework Hamiltonian. The P,; are the 
elements of the ‘charge and bond order’ matrix and the 


vis = H(1)j(2) [712 “LY (2) 
are the two-electron interaction integrals. y{ is the one-centre two-electron 
integral for an atomic orbital centred on carbon atom 12. 
For a heterocyclic molecule the equation for AK, corresponding to a 
heteroatom, is (McWeeny and Peacock 1957) 


hi, = w+ 80, + SPuyys— dy Et D(Pis— Zy)yig- 
J 


and 


We choose w;+ $y as the energy zero, and then the AE vanish for alternant 
hydrocarbons. The energy unit f, is chosen to have the value of the resonance 
integral for nearest neighbours in benzene, i.e. — 4-79 ev (McWeeny and Peacock 
1957). For a nitrogen atom contributing two 7 electrons 6w;=2-808 (Peacock 
1959c) and for an oxygen atom contributing one electron 5w,=0-88 (Sidman 
1957). Bj; for N-O bonds was given the value 0-5708 and for C-N bonds 0-538. 
The electron interaction integrals have the values assigned in previous 
calculations (McWeeny and Peacock 1957, Peacock 1959a, b,c). In particular 
y€= —2:3808 and yX=—2-6728. y® is given the value —3-0608 (Sidman 
1957). The Hamiltonian and the charge and bond order matrix are made 
self-consistent using McWeeny’s iterative procedure (McWeeny 1956). The 
electronic spectrum was then calculated as in previous work (McWeeny and 
Peacock 1957, Peacock 1959 a, b, c). 
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§ 2. RESULTS 


Nitrobenzene was considered as a 7 electron system containing ten electrons ; 
one from each carbon and oxygen atom and two from the nitrogen atom. 

The self-consistent field molecular orbitals together with their energies are 
given in Table 1. The numbering of the atoms in the molecule is given in Fig. 1. 
The molecule has the symmetry C,, and the molecular orbitals are given the 
symbols A and B, depending upon whether they belong to the symmetric or 
antisymmetric representation of the point group. The self-consistent charges 
and bond orders (for nearest neighbours) are shown in Fig. 2. From this charge 
distribution the 7 dipole moment is estimated to be 3-06 D. 


3 aa Sere - ie 
N 
6 
3 8 
0-671 
2 3) 
| 0-968 
Fig. 1. The nitrobenzene molecule. Fig. 2. a electron charges and bond 
orders. 


For the calculation of the excited states, all of the configurations involving 
the molecular orbitals C, B, A, B’ and C’, in which one electron has been excited, 
were used. For completeness the ground state configuration was included; 
although as expected its interaction with the excited states was negligible. 
The symmetries of the configurations which arise are given in Table 2. The 
wave functions for the excited states in terms of the interacting configurations 
are given in Table 3. 


Table 2 


A (0) (B > B’) o(C > C’) o(A>C’) 
B 0(A > B’) ®(B > C’) @(C > B’) 


Table 3 
Energy (V) 
‘Y'p1 = 0:97230(A — B’)—0-05040(B > C’) —0:2282@(C > B’) 31000 
WYpo=0:17040(A — B’) —0-51520(B > C’) +0:84000(C > B’) 36500 
W'p3 = 0-1599O(A > B’) +0-85560(B > C’) +0-49230(C — B’) 52800 * 


W 49 = 0-9993@(0) + 0-03770(B — B’) + 0-00590(C > C’) 0 
41 =0-03790(0) — 0-95720(B > B’) —0:28700(C > C’) 37000 
Wias= ®(A > C’) 40500 


PY 4g =0-00520(0) — 0-28710(B — B’) +0:9579®(C = C’) 51200 


The Electronic Structure and Spectrum of Nitrobenzene 463 


§ 3. Discussion 


The observed spectrum of nitrobenzene has three main bands (Wolf and 
Strasser 1953) at 400007, 36.0007 and 302007. These bands can be interpreted 
in terms of the excited states listed in Table 3. The 300007 transition can be 
identified with the state in which ®(A-+B’) is prominent. The 360009 
transition is associated with the ®(C-+B’) and ®(B-+B’) states. Finally, the 
band at 40000% can be associated with ®(A+C’). From an examination of 
the orbital coefficients, the 300007 is confined to the nitro-group. Both the A 
and B’ orbitals are fairly well localized on the nitro-group and this transition 
will therefore be characteristic of the nitro-group. Furthermore it is a 7>7* 
transition and not n—7 as previously assigned. A recent interpretation of the 
experimental data confirms this (Godfrey and Murrell 1961). . 

Similarly the 36 0009 transition will be expected to be benzene-like in character. 
(C-+B’) and ©(B-B’) are the analogues of the benzene « and p bands, but 
they are heavily perturbed by the nitro-group. This leads to considerable 
charge transfer from ring to nitro-group (about } electron in each case). 
Observations of the crystal spectrum should indicate that this band is both long 
and short axis polarized. The 400007 band involves the transfer of almost a 
whole electron from the nitro-group to the ring. “The A orbital is localized on 
the nitro-group, whereas the C’ orbital is concentrated in the ring. This band 
will be characteristic of benzenoid nitro-groups. 

The observed behaviour of the three bands is in agreement with this 
interpretation. The model used gives a satisfactory interpretation of the spectrum 
of nitrobenzene. 
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LETTERS TO THE EDITOR 


A Corrigendum to the Article ‘Double Beta Decay’ by 
H. Primakoff and S. P. Rosen in Reports on Progress in Physics 


The following corrections should be made to Eqn (44) of the article mentioned! 
in the title (Primakoff and Rosen 1959): in the coefficient of 


|<F'r*| +3 1 Tay fe 4,J% ede = |M,|? teat (1) 
n,m 


replace f; by 3 f, for 7=1, 2, 3, and in the coefficient of 
22 Cre] ») Ta Tg ie [Pi > a | = Tp Tg On Cg Syl Friral eA Ds 
er er =22(M,M,*) wees. (2) 


replace f; by 4f, for i=1, 2, 3, 6; all other terms remain unchanged. Eqn (44) 
is now positive definite and in agreement with earlier, independent calculations. 
of both authors (Primakoff 1952, Rosen 1957). Moreover the numerical 
estimates of no-neutrino Bf decay lifetimes (Eqn (54)) do not involve M, and 
are unaffected by these corrections. 

At first sight, the corrected form of Eqn (44) does not appear to include, 
as a special case, the results of Greuling and Whitten for m,=V=0 (Greuling 
and Whitten 1960, Eqns (35)—(38)); in particular it does not contain the matrix 


element 


Ms; = os r*| > boned al 4 Fim) (Om , a) ea * ue ° eae (3) 
n,m 


The discrepancy can be resolved, however, by observing that the passage in our 
paper from Eqn (36) to Eqn (41) involves an average over the direction of r,,,,- 
This procedure automatically eliminates the matrix element 


M, = ciel > Ta To Leal ee 
n,m 
=3 _ 
My- My SOR DANS SORE es ear ae (4) 
ee = i ; 2 (Fn mp ad FnpIma— 35.8 : S,,) 
= 
x (2(P psa lag be 7 30a nm?) 
from our expression and replaces M, by 4M, in the results of Greuling and! 
Whitten. It then follows that Eqn (44) does contain their results as a special 
case, except for a difference in the sign of M,. 
The average over the direction of r,,,,, is a good approximation only if the 


initial and final 0+ nuclear states are, to a large extent, spherically symmetric 
in ordinary space (i.e. 1S,). Therefore, within the limits of this approximation, 
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our results agree with those of Greuling and Whitten, except for the sign of M,. 
Since our independent calculations (Primakoff 1952, Rosen 1957) agree on this 
sign, we believe ours to be correct. 


+ The University of Pennsylvania, H. PrimaKorrFt. 
Philadelphia, S. P. Rosenf. 
Pennsylvania, U.S.A. 


{ Midwestern Universities Research Association, 
Madison, Wisconsin, U.S.A. 
3rd July 1961. 


GREULING, E., and WHITTEN, R. C., 1960, Ann. Phys., N.Y., 2, 510. 
PrimakorfF, H., 1952, Phys. Rev., 85, 888. 

PrimakorfF, H., and Rosen, S. P., 1959, Rep. Progr. Phys., 22, 121. 
Rossn, S. P., 1957, D. Phil. Thesis, University of Oxford. 


LETTERS TO THE EDITOR 


We should like to draw readers’ attention to the publication of Letters to the 
Editor in this journal. We have arranged with our printers to publish letters 
six to seven weeks after receipt, provided they are reported upon favourably 
by our referees. For example, items for publication in the November issue of 
the journal should be received in the office not later than 20th September. 
This also applies to the other two journals of The Institute of Physics and The 
Physical Society, i.e. the British Journal of Applied Physics and the Journal of 
Scientific Instruments. 
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REVIEWS OF BOOKS 


Angewandte Gitterphysik, 3rd Edn, by W. Kueper. Pp. xii+291. (Berlin: 
Walter de Gruyter, 1960.) DM 38. 

This book makes an introductory survey of the whole field of crystal pro- 
perties and their relation to lattice structure. Dr. Kleber is Professor of Minera- 
logy and Crystallography in the Humboldt University of Berlin, and has the 
primary aim of giving students who are only moderately equipped in mathe- 
matics an understanding of the fundamentals of crystal lattice theory and its 
applications. This aim determines the scope of the book, which is mainly 
concerned with the general properties of crystals at medium and high tempera- 
tures and says comparatively little either about low temperatures or about refined 
theories. 

After an introductory section on the principles of crystal structure and its 
experimental determination, the greater part of the book deals with physical and 
physical chemical properties (both bulk and surface) of ideal crystals, and how 
they can be at least partly understood in terms of crystal structure and inter- 
molecular binding. A final section discusses the real structure of crystals and 
properties dependent on lattice imperfections. 

The book is clearly written, and avoids most of the complicated mathematical 
detail that so often obscures physical significance to the common reader. In 
places, however, it could have been improved by referring some of the sections 
to specialists for comment. The discussion of thermal properties, which is 
particularly interesting to the present reviewer, is probably one of the worst 
examples: it has no references after 1939, contains several inaccuracies and 
betrays an odd emphasis in its selection of topics. Zero-point energy is not 
mentioned, and the lattice is stated to be at rest at T=0; the cyclic boundary 
condition is stated to be physically equivalent to holding the end atoms of a 
chain fixed; and the coefficient of linear expansion (denoted by y!) is continually 
confused with the coefficient of volume expansion, so that two different values 
for NaCl are even quoted on the same page (p. 160). A rather unrealistic 
model proposed by Klemm in 1928 for the vibrations and melting of NaCl is 
treated in considerable detail, but Lindemann’s simple treatment is not men- 
tioned. No indication is given of what the frequency distributions of crystals 
are really like (and hence why Debye’s approximation is so good), and it is 
implied that the anharmonic contribution to the specific heat is necessarily 
positive. Nevertheless, even this section will give many students a clearer idea 
of thermal properties of crystals than they would get from trying to study the 
usual treatises. 

In short, this is a good book, but a thorough critical revision could make it 
much better. Naturally it is rich in German references, which English readers 
should find refreshing. It is very well printed and bound. T. H. K. BARRON, 


Atomic Theory for Students of Metallurgy, by WIiLLIAM Hume-RoTHery. 
Pp. vili+418. (London: Institute of Metals, 1960.) 50s. 


Since it was first published in 1946 this book has been revised and reprinted 
several times and has become firmly established as an introduction to modern 
physical ideas on the structure and properties of metals and alloys, not only 
for the ‘Students of Metallurgy’ to whom it is addressed but also for 
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physicists and chemists with an interest in the metallic state. The title has 
always been misleading and does the book less than justice for it deals with 
far more than atomic theory as such, three-quarters of it being an account of 
the properties, mainly electronic, of bulk metals and alloys. 

The present edition is considerably enlarged (by 85 pages) and many 
chapters have been rewritten to take into account recent advances in knowledge. 
In particular there is a useful new chapter summarizing the experimental methods 
that are available for investigating electronic structure. The arguments are 
presented in a delightfully clear and usefully critical manner and the book 
contains probably as complete an elementary account of the electronic properties 
of metals as is to be found anywhere. Those familiar with earlier editions will 
welcome this more up-to-date treatment and to those coming new to the subject 
it may be warmly recommended as an excellent introduction to it. The book is 
well produced and the price is not unreasonable. ADL, 


Physics of the Upper Atmosphere, ed. J. A. RavciirFe. Pp. xi+586. (New 
York, London: Academic Press, 1960.) $14.50. 


The investigation of the upper atmosphere of the earth has long been the 
‘concern of physicists, radio scientists, astronomers and magneticians, and 
workers in the field have to be familiar with a correspondingly wide range of 
studies. In recent years the intensive measurements made during the 
International Geophysical Year, and the remarkable developments in space 
research, have both enhanced the importance of the subject and accelerated the 
study of it. The publication of this comprehensive and authoritative survey 
is thus very timely and greatly to be welcomed. 

This volume is a co-operative effort on the part of a team of workers under 
the general editorship of Mr. J. A. Ratcliffe, formerly of the Cavendish 
Laboratory, Cambridge, and now Director of the Radio Research Station, 
Slough. Each of the contributing authors is an acknowledged authority in the 
branch of the subject concerned, and each chapter is, in effect, a monograph 
critically surveying the present state of knowledge and including a list of the 
more important references. The individual topics and authors are: The 
thermosphere—the earth’s outermost atmosphere (S. Chapin), The properties 
and constitution of the upper atmosphere (M. Nicolet); The upper atmosphere 
studied by rockets and satellites (Homer E. Newell, Jr.); The sun’s ionizing 
radiations (H. Friedman); The airglow (D. R. Bates); General character of 
aurorae (D. R. Bates); The auroral spectrum and its interpretation (D. R. 
Bates); Radar studies of the aurora (H. G. Booker); The ionosphere (J. A. 
Ratcliffe and K. Weekes); The upper atmosphere and geomagnetism (EE: 
Vestine); The upper atmosphere and meteors (J. S. Greenhow and A. C, B. 
Lovell). The book was in preparation at the time of the International 
Geophysical Year and since the upper atmosphere was the subject of very 
intensive study during that period, it is fitting that in the final chapter of the 
book the authors have taken, the opportunity of summarizing the significant 
advances in this field which occurred during the I.G.Y. and details of which 
had been published up to December 1959. Lows _ 

The planning and production of the book are of the highest quality and 
there can be no doubt that it will prove to be of the utmost value to all workers 
in this field. W. J. G. BEYNON. 
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High Energy Electron Scattering Tables, by R. HERMAN and R. HorsTaDTER. 
Pp. ix+278. (Stanford, California: University Press, 1960.) 68s. 


The study of high-energy electron scattering has made rapid progress in 
the past few years and an increasing number of laboratories are taking part 
or planning to take part in this work. In this book much of the information 
needed for the planning and interpretation of experiments is assembled, and it 
will surely take its place not only on the library shelves but also in the research 
rooms of these laboratories. 

It deals essentially with the elastic scattering of electrons from nucleons and 
nuclei and is divided into two parts. The first 70 pages, which form an 
introduction to the tables, are also an excellent survey of the theoretical and 
experimental results in this field. 

The second part, occupying about 200 pages, contains the following main 
groups of tables: (1) Nuclear charge density distributions for eleven different 
models. (2) The nuclear form factor for these tabulated against ga, where q is 
the momentum-energy transfer parameter and a is the root mean square radius. 
(3) The Rosenbluth scattering cross sections for point protons and neutrons 
from 50 mev to 10 000 mev, and the coefficients of the form factors F, and F, 
used in extending the Rosenbluth formula to nucleons of finite size. Values 
of q are also tabulated and these can be readily applied to the previous sets of 
tables. (4) Tables relating to scattering from the deuteron, in particular the 
cross section for inelastic scattering according to the point proton and neutron 
theory of Jankus and some sets of values from an extension of the theory to finite 
nucleons. 

These are the chief contents. There are also graphs based on the tables, 
lists of kinematic relations, information on electron—electron and muon—nucleus 
scattering and much more. 

Some of the material in this book may well become obsolete in a few years 
and in fact the authors say that they intend it as a preliminary handbook to be 
brought up to date as occasion demands. Nevertheless, it contains sufficient 
basic information to make it extremely useful for some time to come. 

J. R. HOLT. 


. 


Graphite and its Crystal Compounds, by A. R. UsppeLonpe and F. A. Lewis. 
Pp. xii+217. (Oxford: Clarendon Press, 1960.) 35s. 


Graphite is a material of great interest to the pure scientist, and of 
considerable and growing importance to technologists in many fields of activity. 
The authors have done a useful service to workers in both categories by bringing 
together much of the information available about graphite and related substances 
in a way that certainly fulfils their aim, that of ew eey descriptive access to current 
lines of research. 

Inevitably, no single viewpoint can be used as a starting point for the 
discussion of properties as various as the thermoelectric power, the mechanical 
properties, and the oxidation of even pure, defect-free graphite; and an 
extension to compounds ranging from dilute solid solutions to materials behaving 
like organic macromolecules must introduce further complexities. The authors 
have shown great flexibility in adjusting their terminology to the topic under 
discussion, and are rightly aware of the part that can be played by defects of 
various types in rendering interpretations of a given property uncertain. 
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Some of the discontinuous impressions one receives, however, might surely 
have been avoided by a more logical arrangement of the material of the book, 
and by the inclusion in the earlier sections of some brief account of the 
theoretical models for metals and semiconductors, with which comparisons are 
often made. If a description of the structures of graphite and its compounds 
(including for this purpose boron nitride, the structure of which is described 
in the chapter on the thermal properties of graphite) had been followed at 
once by an account of models for their electronic structures, the discussion 
of individual properties in later sections could be handled more conveniently. 
As it is, the electron band structure of graphite is dealt with towards the end 
of the chapter on electronic properties, and after reference has been made in 
earlier sections to electronic contributions to the specific heat and transport 
properties, while a discussion of changes in energy band populations in the 
compounds comes three chapters later. 

There can be no doubt however that this book will prove very useful to the 
growing number of people who are concerned with graphite and related 
materials; and its extensive bibliography provides convenient access to 
specialized accounts of the many theoretical, experimental, and technological 
points referred to. B. R. COLES. 


From Dualism to Unity in Quantum Physics, by ALFRED LaNpbE. Pp. xvi+ 114. 
(London: Cambridge University Press, 1960.) 18s. 6d. 


The main theses of this book are roughly as follows. Statistical behaviour 
is a fundamental characteristic, both of classical and of quantum phenomena. 
Hence no distinction should be made between accidental and essential indeter- 
minacy. This is supported by the following arguments: (a) absolute deter- 
minism can never be established as a physical doctrine; (0) it is a known fact 
(not logically impossible) that in many physical situations specific causes lead 
to randomly distributed effects; (c) this randomness is intrinsic, a fact supported 
by the conformity, or harmony, between a priori mathematical probability 
theory and statistical observed behaviour. 

Though randomness is intrinsic, it is no mere ad hoc brute fact but can be 
shown to follow from the application of the principle of continuity. Randomness 
then is due to transitions between causally determined states. 

The transition may be considered in connection with an important conceptual 
unit, the filter, leading to the definition of statistical passing fractions (of the 
passage of particles in a given state passing through a filter itself being in some 
state or other), using the principle of symmetry. Given the additional postulate 
of reproducibility, the passing fractions become transition probabilities. 
These may be expressed through matrices for which certain mathematical 
correlation laws hold, in particular a triangular matrix multiplication law, the law 
of unitary transformation, which turns out to be identical with the law of inter- 
ference of probabilities. With the addition of the postulates of the homo- 
geneity of space (q) and momentum space (pf variable) together with the assump- 
tion of the dependence of transition values of observables on p- and q-intervals 
only, the author deduces the wave function w(q, p)=const. exp (27gp/h). 

This is a unitary theory because it insists that “‘ particles are real things, 
4s-waves are not” (p. 73), i.e. there is no need to invoke a principle of comple- 
mentarity. Instead of wave-theory, we need no more than the concept of 
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statistical frequency applied to the transition probabili‘ies of particles 
subjected to some physical process of interference. ‘The dualistic wave-particle 
ideas of the Copenhagen School as well as recent attempts at a determinist 
substructure for quantum mechanics (Bohm etc.) are both rejected. 

Professor Landé is particularly concerned to show that the rules of quantum 
mechanics are not merely ad hoc but “ can be understood as necessities rather 
than as oddities under certain simple ground postulates ” (pp. 49-50). Actually, 
however, his argument for basic universal indeterminacy seems itself to involve 
a brute fact, viz. the harmony between statistical experienced behaviour and 
a priori probability theory. More specificially, even if the principle of continuity 
bestows rationality upon statistics, the statement that if the ratio of the number 
of particles blocked by a filter to that passed “‘ is not to be quite erratic, 2 can 
only be a definite statistical ratio” (p. 19, italics mine) is certainly far from being 
transparently “‘ self-evident” (p. 41). Further, Landé admits that he possesses: 
no proof of the uniqueness of the ‘‘ unitary transformation law” (p. 46), limiting 
himself to the statement that “it seems inconceivable” that another could be 
constructed, though quoting Eddington’s remark, “The building at this. 
point shows some cracks ”’. 

Still, his attempt to “‘ dispel the aura of incomprehensibility ” of quantum 
mechanics by “simple, almost self-evident physical ground axioms, so that 
we can recognize it as a necessity rather than an oddity ” (pp. 41, 42) is courageous, 
refreshing, and curiously harks back to seventeenth and eighteenth century 
modes of physical thought—indeed, Descartes is quoted approvingly on p. xv! 

Although the author displays verbally hostility to ‘“‘ positivism ” (pp. xi, 97), 
its essential approaches are fortunately frequently retained; thus we find on 
page 31 that the definition of the state of a system “‘ has no concrete meaning 
unless it is (observationally) substantiated ’’. But one wonders how strictly the 
author has applied the principle himself ? Well-defined states must be repro- 
ducible. But though “ position x of a particle is not a well-defined state, .. . 
position x at a certain time instant ¢ is” (p. 29). Now how can the latter be 
reproduced ? : 

This is a most important and stimulating volume. It breaks fresh ground 
in fundamentals and one can only hope that it will be followed by more work 
on the explication of the simple meanings of quantum mechanics, in lieu of 
the “‘ semantic tricks’ (p. 72) with which only too much recent exploratory 
literature has been burdened. GERD BUCHDAHL. 


> 


The Hydrogen Bond, by G. C. PimenTEL and-A,. L. McCLexan. Pp. xii+475. 
(San Francisco, London: W. H. Freeman, 1960.) 82s. 


This work represents the first survey in book-form of the hydrogen bond 
in all its manifestations. About 2250 references to publications covering 
research done in the main in the last thirty years, testify to the growing interest 
in this field. The investigation of the hydrogen bond has for a long time been 
considered as a byway of physics and chemistry; with the increasing success. 
in the elucidation of the structure of proteins and nucleic acids it has, however, 
become apparent that hydrogen bonds play a decisive role in the configuration 
of these spiral structures. A real understanding of this curious effect to which 
we may owe our very existence, becomes of increasing importance to the’ 
biochemist and biologist, quite apart from its intrinsic interest to the student 
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of the nature of chemical bonding. This book will therefore fulfil a very useful 
function. It provides a detailed and complete discussion of the various. 
phenomena produced by the presence of hydrogen bond such as anomalies. 
in the pressure—volume-temperature curves, in the values of dielectric constants, 
the shifts and widths of infra-red and Raman spectra, in the spacings observed 
in the x-ray spectra of crystals, in the fine structure of nuclear magnetic 
resonance spectra and in neutron diffraction. So far, the last two methods. 
have not come up to expectation; infra-red spectroscopy provides still the 
most accurate criterion for the, presence of hydrogen bonds. The work done 
in this field is mainly, in spite of the great number of publications, in the 
qualitative stage; it lacks systematic attack and careful quantitative determina- 
tions are confined to Professor Mecke’s admirable studies. Two chapters are 
devoted to the role of hydrogen bonds in the configuration of proteins, nucleic 
acids, industrial substances and the human body. The various attempts at a 
theory of the hydrogen bond are discussed. They have so far been unsuccessful. 
The experimental results are summarized in a great number of tables and 
diagrams illustrate the text. 

The authors have been extremely thorough in the treatment of their subject 
but not very critical. The over emphatic presentation of the material is not 
quite in keeping with its general importance. L. KELLNER.. 


Field Theory of Guided Waves, by R. E. Couuin. Pp. xiii+ 606. (London: 
McGraw-Hill, 1960.) 128s. 


The propagation of waves in transmission lines, waveguides and free space 
is studied in most honours degree courses in physics and electrical engineering. 
The engineer approaches the subject most readily through the distributed 
circuit concepts of transmission lines in terms of voltages, currents and 
impedances. He then discovers the limitations and finds that further progress. 
requires the field approach using Maxwell’s equations. For the physicist, 
on the other hand, Maxwell’s equations frequently provide the starting point 
for the transmission and propagation of electromagnetic waves. Although this 
approach is more fundamental and more rigorous the ideas of equivalent circuits 
and impedances are most powerful in solving many problems, and it is most 
desirable that the serious microwave experimenter should be well versed in 
both methods. 

The book under review is concerned with postgraduate study, and it is based 
almost entirely on field concepts though occasionally it uses equivalent circuits. 
It is assumed that the reader has a previous knowledge of microwave theory 
such as would be covered in a first course in physics or electrical engineering. 
The chapter headings are: Basic electromagnetic theory, Green’s functions, 
Transverse electromagnetic waves, Transmission lines, Propagation in cylindrical 
waveguides, Inhomogeneously filled waveguides, Excitation of waveguides, 
Variational methods for waveguide discontinuities, Periodic structures, Integral 
transform and function theoretic techniques, Surface waveguides, Artificial 
dielectrics. ‘There is a mathematical appendix and there are sets of problems. 
at the end of each chapter. It will be seen that this is a fairly advanced text 
and it requires some mathematical ability in the reader. The coverage is wide- 
and much of the material has not previously been collected together in one 
volume. The general presentation is first class. The book can be thoroughly 
recommended for reference purposes in all microwave laboratories. M. R, GAVIN. 
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Théorie des Groupes en Physique Classique et Quantique, Vol. 1, Structures 
Mathématiques et Fondements Quantiques, par TH. KAHAN. Pp. xxiv + 664. 
(Paris: Dunod, 1960.) 75 n fr. 


The theory of the physical applications of groups and their representations 
is certainly a sufficiently large and well established subject to warrant up-to-date 
and unified treatment in a printed book. At present the student has at his 
disposal one or two excellent but old textbooks, a few key published papers, 
and a medley of mimeographed notes. The present attempt to give a complete 
account of the entire field of group theory in physics is therefore welcome. 
There is to be a second volume dealing with particular applications of groups. 
The first volume is largely of a mathematical nature. It is in seven parts, by 
different authors, each of which is nearly self-contained. 

Part 1, by Cavaillés and Kahan, is the longest and also the most unusual. 
Its aim is to provide a thorough and rigorous understanding of all the mathe- 
matical notions directly or indirectly involved in group theory. This is done 
by a formal series of definitions and theorems, starting from the elements of 
mathematics, together with a few illustrative examples about rotation groups 
and spinors. 

It seems to the reviewer that this was a misguided effort. The theoretical 
physicist will normally prefer a less formal treatment; or else he will do better 
to turn to an actual mathematics textbook. |The physicist confronted with a 
mathematical term he does not understand may, however, find this part useful 
to refer to. 

Part 2, by T. D. Newton, is about the inhomogeneous (and extended) 
Lorentz group and its unitary representations. Whilst chiefly concerned to 
recover the classic results of Wigner, the author combines this with some 
other material and presents it in a unified way which is nowhere else available 
in book form. 

Part 3, by Gouarné, is on the theory of abstract groups; and Part 4, by 
Rideau, on group representations. Part 5 is also by Rideau and is about 
permutation groups and their representations. Part 7, by Nataf, deals with the 
three-dimensional notation group. This part contains the results most familiar 
to ordinary physicists, on angular momentum, Clebsch—Gordan coefficients, 
tensor operators, and so on. These four parts give straightforward and useful 
accounts of important topics, but they are portions of the theory already quite 
well covered by existing books. 

Part 6, by Kahan, is on the axiomatic foundations of quantum theory, 
and does not seem to occupy a very natural place in the book. 

The book as a whole suffers greatly from being by several different authors. 
There is considerable overlapping between different parts, and unity of 
presentation is not achieved. For example, rotation groups are mentioned in 
several places in unconnected ways. The work cannot help but be a useful 
source of reference, but a judgment on the value of the project must await 

~the publication of the second volume. J. C. TAYLOR. 
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The Energy Levels of the Magnesium Isotopes of Mass 25 to 28 


By S. HINDS, H. MARCHANT anp R. MIDDLETON 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


Communicated by K. W. Allen; MS. received 7th March 1961 


Abstract. The energy levels of the magnesium isotopes of mass 25 to 28 inclusive 
have been measured with a broad-range magnetic spectrograph using a variety 
of deuteron and triton induced nuclear reactions. The following is a list of the 
reactions used to study each magnesium isotope together with the number of 
levels observed below a particular excitation energy: 


Mig 24Me(d, p)*Mg 54 levels below 7-64 Mev 
27 Al(d, «)?®>Mg 54 levels below 7-64 Mev 
*6Mg 25Mo(d, p)**Mg 49 levels below 8-617 Mev 
24Ig(t, p)**Mg 63 levels below 9-370 Mev 
27Al(t, «)?®>Mg 87 levels below 10-515 Mev 
"Mg *6MIg(d, p)?’Mg 18 levels below 5-017 Mev 
25Mg(t, p)??Mg 42 levels below 7-031 Mev 
8g *6Me(t, p)*Mg 19 levels below 6-759 Mev 


The ground state Q-values of the above reactions were also measured. 


§ 1. INTRODUCTION 


HE work described in this communication originated as a study of the 
| energy levels of 2®Mg using the **Mg(d, p)**Mg and the *’Al(d, «)°Mg 
reactions. However, due to the presence of small amounts of ?°Mg and 
26g in the enriched *4Mg target it was also thought desirable to study the 
25Mg(d,p)27Mg and the ®*Mg(d,p)?’Mg reactions. This greatly assisted in 
the analysis of the 2*Mg data and also provided much new information about 
the nuclei 2*Mg and 2’Mg. Recently, when tritium was accelerated in the 
Aldermaston 6 Mey electrostatic generator, it was possible to confirm the latter 
results with measurements made using a number of triton induced reactions. 
Thus, 2*Mg was further studied using the *Mg(t, p)**Mg and the ?7Al(t, «)?®Mg 
reactions and 2’Mg using the »Mg(t, p)?”Mg reaction. Some energy levels 
of 28Mg have also been measured from the **Mg(t, p)?8Mg reaction but it was 
not possible to confirm these because of the lack of convenient reactions’ 
proceeding to this nucleus. 

The energy levels of 2*Mg have previously been measured, below 4-2 Mev 
excitation energy, by Endt, Enge, Haffner and Buechner (1952), Enge (1954) 
and Sheline, Nielson and Sperduto (1959). In all of these investigations high 
resolution magnetic analysis was used to study the 27Al(d, «)?®Mg reaction and 
in the case of Endt, Enge et al., also the *Mg(d, p)®Mg reaction. Recently, 


PROC. PHYS. SOC. LXXVIII, 4 2H 


474 S. Hinds, H. Marchant and R. Middleton 


the well-known state at 3-40 Mev has been shown to consist of two groups by 
Hinds, Middleton and Litherland (1961) having components at 3-398 and 
3-407 Mev. A few states have also been reported above 4:2mev by Hinds, 
Middleton and Parry (1958) from a low resolution study of the 4*Mg(d, p)*Mg 
reaction. ‘Two neutron resonance levels have also been reported at 7-411 and 
7-581 mev and have recently been confirmed by Newson, Block, Nichols, Taylor, 
Furr and Merzbacker (1959). 

The energy levels of **Mg have previously been measured by Endt, Haffner 
and Van Patter (1952) from a magnetic analysis study of the *Mg(d, p)**Mg 
reaction. Blair and Hamburger (1960) have studied this reaction and also the 
26Mg(d,d’)?®Mg reaction and report an additional level at 3-614 +.0-020 Mev 
which was not observed by Endt, Haffner and Van Patter. 

The energy levels of ?’Mg are not accurately known and only the first excited 
state has been precisely measured. ‘This was done by Endt, Haffner and 
Van Patter (1952) who employed magnetic analysis to study the **Mg(d, p)?’Mg 
reaction. Several higher excited states have also been reported by Hinds, 
Middleton and Parry (1958) from a low resolution study of the same reaction. 
A neutron resonance level, at 6-726 Mev and having a natural width of greater 
than 75 key, has also been reported by Newson et al. 

The authors are unaware of any previous measurements of the energy levels 
of **Meg. 


§ 2. EXPERIMENTAL PROCEDURE 


Thin aluminium and enriched magnesium isotope targets were bombarded 
with 5:5 to 6-0mMev deuterons and tritons from the Aldermaston electrostatic 
generator and the charged reaction products analysed with a broad-range magnetic 
spectrograph. The latter instrument has previously been described, see Hinds 
and Middleton (1959a). Prior to striking the target, the ion beam from the 
accelerator was defined to an area of 0:25 mm by 1-5 mm and this bombarded 
portion of target served as an object for the spectrograph. In general several 
exposures were made at different angles of emission for each target and frequently 
two exposures were made at one angle with different field strengths. The latter 
was done to increase the effective energy range of the instrument which is normally 
restricted by the length of the nuclear plate. Exposure strengths were about 
500 to 3000uc depending upon the target thickness, the angular acceptance 
of the spectrograph and the reaction cross section. 

Normally 100 thick Ilford C2 nuclear plates (recently replaced by K2) 
are used in the spectrograph to record all types of particles. However, trouble 
has been experienced when exposing at small angles of emission. This arises 
from the spurious scattering of the primary particles and in a (d, p) reaction, for 
example, results in a dense continuous background of deuteron tracks which 
makes the counting of proton tracks difficult. In this example, the background 
can be effectively prevented by placing an absorber in contact with the emulsion 
of sufficient thickness to stop the deuterons while still permitting the protons 
to pass through into the emulsion. This is clearly not possible in the case of a 
(d,«) or a (t,«) reaction because the range of the «-particle is generally less than 
that of the deuteron or triton. A very satisfactory solution has been found to 
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this problem by using Ilford K minus 1 nuclear plates. These record «-particle 
tracks clearly but little more than a few grains are produced by protons, deuterons 
and tritons of more than 2 or 3Mev. ‘They also have the advantage of being less 
sensitive to y-rays and are almost completely insensitive to neutrons. 

The magnesium isotope targets were prepared from enriched magnesium 
oxide supplied by the Atomic Energy Research Establishment, Harwell. This 
was evaporated from a tantalum boat directly on to a thin carbon film (about 
10 gem) which had previously been mounted on a target frame. Tantalum 
was used as a boat material because it reduces the magnesium oxide to basic 
metal and since this is more volatile than either tantalum or its oxide, only the 
magnesium metal evaporates. Relatively pure targets of *Mg, ?*Mg and ?*Mg 
were prepared in this way ranging in thickness from about 20 to 404gcm~. 
The aluminium targets consisted of self-supporting films of about 10 to 
30 ~gcem~ and were also prepared by the evaporation process. Some difficulty 
was experienced with the thinner aluminium targets since they were extremely 
fragile and rarely permitted more than a single exposure to be made before 


breaking. 


§ 3. RESULTS AND DISCUSSION 
3.1. The Energy Levels of ?>Mg 


The energy levels of ?>Mg were measured using the *Mg(d, p)?®>Mg and the 
27Al(d, «)?>Mg reactions, the latter being preferred and generally considered to 
yield the more consistent results. This preference was based on the general 
observation that individual «-particle groups from a (d,«) reaction are usually 
of comparable intensity (neglecting isotopic spin considerations) while the 
proton groups from a (d, p) reaction frequently differ very strongly in intensity. 
Thus, in a (d,p) study there is a greater probability of missing a group, 
particularly if weak and neighbouring a strong group. The energy resolution, 
however, is generally less in the (d,«) reaction because of the greater loss of 
energy of the «-particle in traversing the target. In principle this can be 
compensated for by using a thinner target but in practice generally only partial 
compensation can be achieved because thin targets are extremely fragile and will 
not withstand prolonged ion bombardment. 

Two typical spectra from the *Mg(d, p)?°Mg reaction are shown in Fig. 1. 
The upper was measured at an incident energy of 5-721 Mev and with the 
spectrograph at a laboratory angle of 30° and a magnetic field strength of 
8690 gauss. The lower spectrum was obtained at an incident energy of 5-60 Mev, 
an angle of 31° and witha field of 6576 gauss. Other energy spectra were measured 
at 60° and 90° with the higher field setting and at 20° and 60° with the lower field. 
The proton groups corresponding to states in **Mg were identified by their 
characteristic variation of energy with angle and are labelled numerically, with 
‘0’ referring to the ground state. Groups arising from target impurities of C, 
MN, 160 and 28Si are labelled by the symbols of their residual nuclei with a 
subscript referring to the appropriate excited state. It will be noticed that the 
groups arising from ™N and *8Si are very weak and only the more prominent 
groups have been labelled. Identification of groups from the latter impurity 
was greatly facilitated by a previous study of the **Si(d, p)**Si reaction 
(unpublished). 
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The incident deuteron energy for each exposure was computed from the 
measured energy of the ground state proton group from the #*O(d, p)1”O reaction 
and the known Q-value of this reaction. A value of 1:917 Mev was assumed for 
the latter which was derived from the recent compilation of nuclear masses by 
Everling, Konig, Mattauch and Wapstra (1960). This method of determining 
the beam energy was preferred to the more direct method dependent on measuring 
the energy of the elastically scattered deuterons since it is almost completely 
independent of target thickness. Beam energies measured in this way are thought 
to be accurate to within + 10kev. The Q-value of the *Mg(d, p)”*Mg reaction 
has been computed, from several such measurements, to be 5-096 + 0-012 Mev 
which is in good agreement with the value of 5-097+0-007 Mev reported by 
Endt, Enge, Haffner and Buechner (1952). Agreement is not quite so good, 
but within the experimental error, with the value of 5-106 Mev obtained from the 
masses reported by Everling et al. (1960) (N.B. The mass data reported by 
Everling et al. were used to obtain all other mass Q-values referred to in this 
communication). 
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Fig. 1. Proton energy spectra measured from the *4Mg(d, p)?*>Mg reaction. ‘The upper 
spectrum was obtained at an angle of observation of 30° using deuterons of 
5-721 mev and the lower spectrum at 31° with deuterons of 5-60 mev. 


The mean values of the energy levels of #*Mg, determined from the 
24e(d, p)?*Mg reaction, are listed in column (1) of Table 1. The levels above 
7-331 Mev are virtual, but of these only the 7:399 and the 7-57 Mev states were 
observed to have appreciable natural widths. These were measured to have 
widths respectively of 13+3kev and 80+20kev and are to be compared with 
the values of 7:8 + 0-5 kev and 75 + 15 kev reported by Newson et al. from neutron 
scattering measurements. 


Table 1. The Energy Levels of ?*>Mg (Mev) 


Group number (1) (2) (3) (4) (5) (6) 
0 0 0 0 0 0 
il 0:579 0-583 0-581 0:°583 0-586 
2; 0-973 0-979 0-976 0-976 0-975 
3 1-609 1-609 1-609 1-611 1-608 
4 1-962 1-958 1-960 1-957 1-963 
& 2-564 2:564 2:564 2:562 2°568 
6 2-737 2:731 2:734 2-736 2-741 
“i 2-800 2-795 2-798 2-799 2-806 
8 — 3-398 3-398 — — 
9 3-407 — 3-407 3-405 3-404 
10 3-900 3-902 3-901 3-898 3-915 
11 3-965 3-966 3-965 3-969 3:975 
12 4-054 4-057 4-055 4-055 4-061 
13 4-268 4-269 4-268 4-265 4-280 
14 4-351 4-350 4-350 
15 4-701 4-706 4-704 
16 4-711 4-714 4-712 4-72 
107) 5-004 5-006 5-005 
18 5-108 5-108 5-108 
19 5-243 5-245 5-244 5-27 
20 5-454 5-453 5:454 
21 5-465 5°51 5-465 5:49 
2D, 5-511 5-514 5:512 
23 5:52 5-523 5-523 
24 5-738 5-738 5-738 
25 5-786 5-785 5-785 5-79 
26 5:851 5-851 5-851 
27 5-969 5-965 5-967 
28 6:04 6-032 6-032 
29 6:074 6-073 6:074 
30 6:159 6:159 6:159 
31 6°350 6-349 6-350 
32 6°423 6-423 6-423 
33 6:°458 6-456 6-457 
34 6°558 6:558 6°558 
35 6-668 6:669 6-668 
36 6:768 6:769 6:768 
37 6-825 6-826 6°825 6:80 
38 6-871 6°872 6:°872 6°85 
39 6-903 6-899 6-901 
40 6:944 6:944 6:944 
41 7-026 7-023 7-025 
42 7:078 7-075 7:076 
43 7-170 7-172 TGA 7:18 
44 7-215 7-214 7:215 7:23 
45 7-271 7:270 7-270 
46 7:364 7:365 7-365 (7) 
47 7-399 7-400 7-400 7-411 
48 7-490 7-482 7-486 
49 7-513 7:510 7-512 
50 -- (7-538) (7-538) 
51 7-563 7564 7:564 
52 7°57 — 7:57 7°581 
53 7-623 7-623 7-623 
54 7-640 7-640 7:640 


(1) Measured from the **Mg(d, p)*>Mg reaction; (2) measured from the ®7Al(d, «)**Mg 
reaction; (3) mean values of (1) and (2); experimental error is +10 kev, except for 
7-538+0:015 and 7:57+0-02 mev; (4) measurements of Endt, Enge et al. (1952) and 
Enge (1954); (5) measurements of Sheline, Nielsen and Sperduto (1959); (6) measure- 
ments of Hinds, Middleton and Parry (1958); (7) neutron resonance scattering 
measurements of Newson et al. (1959). 
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Alpha-particle energy spectra, from the 2’Al(d, «)?®Mg reaction, were measured 
at laboratory angles of 15°, 30° and 60° at incident energies of 5-60, 5-70, 5-72 and 
6:01 Mev. Most of these exposures were made with relatively low magnetic field 
strengths and were primarily intended to study the higher excited states and 
only two exposures were made which included the ground state. One of these, 
obtained at an incident energy of 5-704 Mev, a laboratory angle of 30° and with 
a field strength of 9169 gauss is shown in the upper half of Fig. 2. The lower 
spectrum was also obtained at 30° but with an incident energy of 6-01 Mev and 
a field of 8455 gauss. 
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Fig. 2. Alpha-particle energy spectra from the 27Al(d, «)*®Mg reaction measured at an 
angle of 30°. The upper and lower spectra were obtained with spectrograph 
magnetic field strengths of 9169 and 8455 gauss using 5:704 and 6:01 mev deuterons 
respectively. 
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The «-particle groups corresponding to states in 2°>Mg were identified by 
their characteristic variation of energy with angle and are labelled numerically. 
Several groups were also identified as arising from target impurities of 1#C, *O 
and **Si and these are labelled by their symbols for the residual nuclei. It is 
notable that two strong groups were observed from the 'O(d,«)!4N reaction 
corresponding to the ground and second excited states of 14N and also a weak 
group proceeding to the T’=1 first excited state. The latter transition can 
only proceed by violating the isotopic spin selection rule (see Browne 1956). 
Alpha-particle groups were observed corresponding to all the states of ®Mg 
excited in the (d,p) reaction except for the broad state at 7-57mMev. A weak 
group of «-particles was also observed corresponding to a state at 7-538 Mev. 
This may have escaped detection in the (d, p) reaction because of the masking 
effect of the broad 7-57 Mev group. 
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The energy of the incident deuteron beam was calculated from the measured 
energy of the ground state «-particle group from the 'O(d,«)'4N reaction and 
the mass Q-value of 3-110 Mey. From this the mean Q-value of the ®’Al(d, «)*°Mg 
reaction was calculated to be 6-691 + 0-012 Mev which is in good agreement with 
the value of 6-694 Mev reported by Endt, Enge et al. Both these values agree, 
within the experimental errors, with the mass Q-value of 6-700 Mev. 

The mean values of the energy levels of 2*>Mg, measured from the ?’Al(d, «)?*Mg 
reaction, are listed in column (2) of Table 1. In column (3) are the weighted 
mean values from both reactions which are subject to an experimental error of 
+10kev except for the levels at 7-538 and 7-57 Mev for which errors of +15 
and +20kev respectively are possible. Columns (4) and (5) of the Table contain 
respectively the aforementioned results of Endt, Enge et al. and Sheline et al. 
Agreement between the three sets of measurements is good and particularly so 
in the cases of the present results and those of Endt, Enge et al. where the 
maximum deviation is only 4kev. In column (6) are the levels reported by Hinds, 
Middleton and Parry from a low resolution study of the **Mg(d, p)”*Mg reaction. 
It is of interest to note that although many states were missed in this investigation, 
most of these were weakly excited and a recent study of the proton angular 
distribution (Middleton and Hinds, to be published) revealed that most of these 
were formed by processes other than stripping. 


3.2. The Energy Levels of *®Mg 


The energy levels of 2*Mg have been measured using three independent 
nuclear reactions and a typical energy spectrum from the **Mg(d, p)?*Mg reaction 
is shown in Fig. 3. This was obtained at a laboratory angle of 50°, an incident 
deuteron energy of 6:020Mev and with a spectrograph magnetic field of 
10100 gauss. Similar energy spectra were measured at angles of 31”, 40° and 
60° at a slightly lower bombarding energy. Groups corresponding to states in 
26g were identified as previously described and are labelled numerically, with 
‘0’ referring to the ground state. Strong impurity groups were observed arising 
from 2C and 160 and these are labelled in Fig. 3, using the same notation as 
previously. It should be noted that several weak groups were also observed 
arising from 24Mg but only the ground state is labelled in the figure. Also at the 
particular angle illustrated groups 22 and 37 are masked respectively by the 
intense proton groups corresponding to the ground and first excited states of O. 

The incident deuteron energy was calculated for each angle of observation 
from the measured energy of the ground state proton group from the 
16Q(d, p)!O reaction and the mass Q-value. From these the mean Q-value 
of the *Mg(d, p)?®Mg reaction was calculated to be 8:8614+0-012Mev. This 
is to be compared with the value of 8-880 + 0-012 Mev reported by Endt, Haffner 
and Van Patter and with 8-873 Mev expected from nuclear mass data. Agreement 
between these values is not very good. 

A more convenient and reliable reaction for studying the energy levels of *Mg 
is the 27Al(t, «)?Mg reaction. This has the advantage of proceeding from a 
target of a 100% isotopic abundance and thus the probability of incorrectly 
assigning a group is considerably reduced. Alpha-particle energy spectra have 
been measured at laboratory angles of 30°, 40° and 50° at an incident energy 
of 5-95 Mev and in Fig. 4 is shown a typical spectrum obtained at 40° with a 
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Fig. 3. An energy spectrum of the protons from the *Meg(d, p)*®*Mg reaction obtained 
at an angle of observation of 50° with incident deuterons of 6-020 mev. 
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Fig. 4. A typical alpha-particle energy spectrum from the *7Al(t, «)?*Mg reaction. 
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was measured at an angle of observation of 40° at an incident triton energy of 
5:95 Mev. 
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spectrograph field of 10569 gauss. Groups were identified and are labelled as 
previously described. Strong impurity groups were observed arising from !2C 
and 160 and also a weak group from the ?*Si(t, «)?’Al reaction corresponding to 
the ground state of ?’Al. 

The incident triton energy was determined by measuring the energy of the 
ground state «-particle group from the 1O(t,«)!°N reaction and by assuming 
a Q-value of 7:687 Mev for this reaction. The latter value was obtained from 
nuclear mass measurements. This led to a triton energy of 5-951 +0-010 Mev 
and from this the Q-value of the ?’Al(t, «)?®Mg reaction was determined to be 
11-541+0-012Mmev. This is in excellent agreement with the value of 11-540 Mev 
expected from nuclear mass data. We are not aware of any previous direct 
measurements of this O-value. 

The third reaction used to study ?*Mg was the *Mg(t, p)**Mg reaction and 
a typical energy spectrum is shown in Fig. 5. ‘This was obtained at a laboratory 
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Fig. 5. A proton energy spectrum from the *Mg(t, p)**Mg reaction measured at an 
angle of observation of 60° and at a bombarding energy of 6-015 Mev. 


angle of 60°, an incident energy of 6-015 Mev and with a spectrograph magnetic 
field of 10334 gauss. Similar spectra were measured at the same incident energy 
at angles of 30° and 45°. Groups corresponding to states in **Mg and those 
arising from impurities were identified and labelled as previously described. 
It will be noticed that a weak group of protons was observed arising from the 
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2C(®He,p)"4N reaction, indicating the presence of a small percentage of *He 
in the triton beam. However, since we had previously studied the *4Mg(*He, p)?*Al 
reaction (Hinds and Middleton 1959b) we were able to verify that none of the 
proton groups appearing to correspond to states in 2*Mg did in fact correspond 
to states in 8A], 

‘The incident triton energy was determined from measurements made on the 
Q(t, p)!8O reaction and by assuming the mass O-value of this reaction to be 
3-706 Mev. From this the O-value of the *4Mg(t, p)**Mg reaction was determined 
to be 9-930 + 0-012 Mev which is to be compared with the mass O-value of 9-946 Mev. 

The energy levels of ®*Mg measured from the **Mg(d,p)?®Mg, the 
27Al(t,«)®Mg and the ™4Mg(t,p)?®Mg reactions respectively are listed in 
columns (1), (2) and (3) of Table 2. In column (4) are the weighted mean 


Table 2. The Energy Levels of ?®Mg (Mev) 


Group number (1) (2) (3) (4) (5) 

0 0 0 0 0 0 
1 1:807 1-800 1:803 1:805 1:825 
2 2-941 2-938 2:944 2-941 2-972 
3 3:591 3-571 3-588 3-584 — 
4 3:945 3:944 3-938 3-943 3-969 
5 4-321 4-316 4318 4-319 — 
6 4°331 — 4:332 4-331 4-353 
7 4:353 —- 4:348 4-350 — 
8 4829 4834 4-828 4:830 4-863 
9 4°896 4-900 4-892 4-896 4-924 

10 4:968 4-976 4-966 4-970 5-270 

11 5 +287 5-290 5:285 5:287 5-322 

12 5-474 5:471 5-468 5-472 5-502 

13 5-687 5-684 5-686 5-686 — 

14 5711 5-709 5-711 5-710 — 

15 6°121 6:120 6:118 6:120 6:147 

16 6°252 6:259 6°249 6-253 

17 6617 6:617 6614 6:616 

18 6'738 6°740 6:734 6°737 

19 6°866 6°871 6:872 6:870 

20 6:967 6:971 6:972 6:970 

21 7053 7058 7-055 7:056 

22 7:096 7-092 7-097 7-095 

23 7:237 7241 7:238 7:239 

24 7-251 7252 7249 T254 

25 7:273 —_ 7-270 7°272 

26 7:338 7:338 7:341 7:339 

27 -- 7:352 _ 7:364 7355 

28 7:383 7377 7°383 7:382 

29 7-414 7-40 7-417 7-413 

30 7528 7°531 7535 7°531 

ot 7668 7:670 7:667 7:668 = 

92 _ — 7:680 7-680 

a3 7:714 7:716 7712 7°714 

34 7:761 7:762 7:761 7:761 

35 7:808 7:816 7:807 7°810 

36 7842 — 7:834 7:837 

37 7-945 7:948 7940 7:944 


38 8-020 8-030 8-022 8-023 
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Table 2. ‘The Energy Levels of **Mg (mev)—(continued) 


Group number 
39 


(1) 
8-040 
8-175 


8-243 
8388 
8-451 
8494 
8-524 
8-565 
8-617 


(2) 


8-189 
8 +233 
8-384 
8-448 
8-488 
8-518 
8-566 
8-611 
8-660 
8-694 
8-849 
8-889 
8-917 


9-031 
9-101 
9-157 
9-225 
9-242 
9-294 
9366 
9-415 
9-461 
9-528 
9-564 
9-615 
9-674 
9-707 
9-760, 
9-814 
9:841 
9-895 
9-931 
9-970 
10-028 
10-090 
10-118 
10-213 
10-272 
10:316 
10-358 
10:40 
10-419 
10-483 
10:515 


(4) (5) 
8-040 
8-172 
(8:188) 
(8-215) 
8-237 
8386 
8449 
8-491 
8521 
8-566 
8-614 
8:659 
8-694 
8851 
8-890 
8-918 
8-950 
9-033 
9-045 
9-101 
9-156 
9:225 
9°244 
9:295 
9367 


(1) Measured from the **Mg(d, p)**Mg reaction; (2) measured from the ?7Al(t, «)**Mg 
reaction; (3) measured from the “Mg(t, p)’*Mg reaction ; (4) weighted mean values of (1), 


(2) and (3); (5) reported by Endt, Haffner and Van Patter (1952). 


Experimental error; +10 kev for levels 1 to 49, in column (4); 
to 63, in column (4); +15 kev for levels 64 to 87, in column (2). 


+12 kev for levels 50 
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values which are subject to an experimental error of + 10 kev for groups 1 to 49, 
+ 12kev for groups 50 to 63 and +15 kev for groups 64 to 87. The energy levels 
in parentheses are doubtful and were in general observed only with one nuclear 
reaction. It may be noted that although according to the Table groups 32 and 39 
were observed only with one reaction their existence was supported by one or 
both of the other reactions studied. 

In column (5) of Table 2 are listed the energy levels of ?*Mg reported by 
Endt, Haffner and Van Patter (1952) from a magnetic analysis study of the 
*>Meg(d, p)**Mg reaction. ‘These are not in good agreement with the present 
values but if allowance is made for the omission of certain levels the remainder 
are found to be consistently greater than the present values by about 25 kev. 
This suggests that an error may have been made in the determination of the 
ground state Q-value. Blair and Hamburger (1960) also report a level at 
3-614 + 0-020 Mev which was not observed by Endt, Haffner and Van Patter 
but which may be identified with our level at 3-584+0-010 Mev. 


3.3. The Energy Levels of ?’Mg 


The energy levels of ?*Mg have been measured using the ?*Mg(d, p)?’Mg 
and the ?°Mg(t, p)?’Mg reactions and a typical proton energy spectrum from the 
former reaction is shown in Fig. 6. This was measured at an angle of 31° using 
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Fig. 6. Energy spectrum of the protons from the **Mg(d, p)?*Mg reaction measured at 
a laboratory angle of 31° and at an incident deuteron energy of 5-937 mev. 
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deuterons of 5-937 Mev and with a spectrograph magnetic field of 8455 gauss. 
Energy spectra were also measured at angles of 25, 40 and 60° using deuterons 
of slightly lower energy. The various proton groups were identified in the 
manner previously described and those corresponding to states in 2’Mg are 
labelled numerically. Strong impurity groups were observed arising from carbon 
and oxygen and several weak groups from °C and Si. The groups arising from 
the latter impurity were difficult to identify by their characteristic variation of 
energy with angle from those arising from ?*Mg. Identification, however, was 
simplified by comparison with previously measured proton energy spectra 
obtained at a similar deuteron energy with a target of ?8Si. 

The incident deuteron energies were determined individually at each angle 
in terms of the accurately known Q-value of the O(d,p)!”O reaction. From 
these the mean Q-value of the **Mg(d, p)?’Mg reaction was calculated to be 
4-213 +0-012 Mev which is in excellent agreement with the mass Q-value of 
4-212mev. Agreement is also good with the previous measurement of Endt, 
Haffner and Van Patter who reported a value of 4-207 Mev. 

Proton energy spectra from the >Mg(t, p)??Mg reaction were measured at 
angles of 30, 45 and 60° at incident triton energies of 6-024, 6-017 and 6-014 Mev 
respectively. The 30° spectrum is shown in Fig. 7 which was obtained with a 
spectrograph magnetic field of 10100 gauss. Groups were identified following 
our usual procedure and those corresponding to states in ?’Mg are labelled 
numerically using the same notation as was used in the 2*>Mg(d, p)?’Mg reaction. 
As is evident from the spectrum a fairly strong proton group was observed arising 
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Fig. 7. A proton energy spectrum, obtained at an angle of 30° and with incident tritons 
of 6:024 mev, from the *Mg(t, p)?’Mg reaction. 
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from the #C(*He, p)*N reaction indicating that our triton beam contained a 
significant contamination of *He ions. This was particularly disturbing since 
it is kinematically impossible to distinguish between a (He, p) and a (t, p) reaction 
proceeding from the same target nucleus and some of the groups attributed to 
states in ?’Mg might be due to the ?*>Mg(*He, p)?’Al reaction. To eliminate 
this possibility repeat exposures were made at 30° and 45° using carefully purified 
tritium gas in the ion source. Neither of these spectra exhibited a group corre- 
sponding to the #C(*He, p)!4N reaction and from them we were able to confirm 
that our previous assignments to states in ?’Mg were correct. It may also be 
noted that the *He contamination of the beam obtained with the purified gas 
was measured to be less than 0-1°% by observing the elastically scattered groups 
from an aluminium target. 

Strong impurity groups were observed in all exposures arising from C and 
16Q and also a significantly strong group from the 7*Si(t, p)*°Si reaction corre- 
sponding to the 39th excited state of 9°Si. The latter assignment was possible 
because the authors had previously studied the ?*Si(t, p)?°Si reaction (to be 
published). Other impurity groups from this reaction are of negligible intensity 
except for that leading to the 15th excited state of 9°Si. Unfortunately this group 
coincides at most angles of observation with group 19 from the ??Mg(t, p)?”7Mg 
reaction. Group 19 is tentatively assigned to 27Mg because it was consistently 
observed to be too strongly excited to be entirely accounted for by the ?*Si(t, p)?°Si 
reaction. 

The energy of the incident triton beam was determined for this exposure 
in terms of the Q-value of the !O(t, p)!8O reaction in the manner described in 
the study of the *Mg(t, p)?®Mg reaction. From this the mean Q-value of the 
2>Meg(t, p)?’Mg reaction was calculated to be 9-045+0-012Mev which is in 
good agreement with the mass O-value of 9-052 Mev. 

In Table 3 are listed the energy levels of ?°Mg determined from the two 
reactions and also the weighted mean values for the first 18 states. The 
experimental error for the latter values is + 10 kev and for the higher levels, which 
were determined only from the ?*Mg(t, p)?’Mg reaction, is +15kev. The 
assignment of group 19 is doubtful and this yalue is shown in parentheses. 
Several groups were observed corresponding to higher excited states than 
group 43 but due to the complexity of the spectrum, precise analysis was not 
possible. Nevertheless, two strong groups were consistently observed 
corresponding to levels in ?7Mg at 7-240+0-015 and 7-676 + 0-015 Mey. 

The excitation energy of the first excited state is in good agreement with the 
value reported by Endt, Haffner and Van Patter (column (4) of Table 3). The 
levels reported by Hinds, Middleton and Parry from a study of the **Mg(d, p)?”?Mg 
reaction are also in fair agreement with the more intense groups observed in the 
present investigation with the same reaction. “The resonance level at 6-726 Mev 
reported by Newson et al. to have a natural width greater than 75 kev was not 
observed. This is not surprising since such a wide level, particularly if weak, 
might easily have been mistaken for background. 


3.4. The Energy Levels of *®Mg 


The *°Mg(t, p)?8Mg reaction was used to measure the energy levels of *°Mg 
up to an excitation energy of 6-8Mev. Exposures were made at an incident 
triton energy of 5-957 Mev at laboratory angles of 30, 45 and 60°. In Fig. 8 
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Table 3. The Energy Levels of ?7Mg (Mev) 


Group number (1) 
0 0 
1 0-981 
yp 1:690 
3 1-934 
4 Sri 
5 3-426 
6 3-471 
a 3-483 
8 3-554 
9 3-758 
10 3-782 
11 3-880 
12 4-145 
13 4-398 
14 4-550 
15 4-767 
16 4-816 
Li, 4-982 
18 5-016 
19 (5-169) 
20 5-292 
21 5+365 
22 5-405 
23 5-618 
24 5-742 
25 5-762 
26 5-817 
27 5-922 
28 6-005 
29 6-074 
30 6-122 
Si 6-152 
32 6-306 
33 6-327 
34 6:499 
35 6-643 
36 6:712 
37 6-807 
38 6-846 
39 6:912 
40 6:978 
41 7-007 
42 7-031 


4°75 


487 


(1) Measured from the *Mg(t, p)?’Mg reaction; (2) measured from the **Mg(d, p)?*Mg 
reaction; (3) weighted mean values of (1) and (2); (4) first excited state measured by 
Endt, Haffner and Van Patter (1952), other levels are measurements of Hinds, Middleton 


and Parry (1958). 


Experimental error: +10 kev for levels in column (3); 


in column (1). 


+15 kev for levels above 19 
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is shown a typical proton energy spectrum obtained at 45° with a spectrograph 
magnetic field of 9160 gauss. Groups were identified as previously described 
and those corresponding to states in *8Mg are labelled numerically. Strong 
impurity groups were observed due to !#C and 180 and also several weaker groups 
due to the presence of a small amount of ?8Si. 
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90 95 190 105 to 5 12-0 


6 rad 
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Et = 5:96 MeV 
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53 “4 55 
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Fig. 8. A typical proton energy spectrum from the **Mg(t, p)?®Mg reaction. This was 
measured at a laboratory angle of 45° and at an incident triton energy of 5-957 mev. 


As for the other (t, p) reactions the beam energy was measured in terms of 
the 1°O(t, p)#8O ground state Q-value. From this the mean Q-value of the 
26Mg(t, p)?8Mg reaction was calculated to be 6:466 + 0-012 Mev, which is in good 
agreement with the mass Q-value of 6-460 Mev. No previous direct determinations 
have been made of this Q-value. The energy levels of *Mg are shown in Table 4 
where the experimental error is + 12kev for.levels 1 to 4 and +15 kev for the 
remainder. These errors are slightly larger than usual since they are the means 
of only three determinations and it was not possible to verify them using another 
reaction. “ 


3.5. Discussion of Ground State Q-values 
The ground state O-values reported in this communication are such that 


their internal consistency may readily be verified. This is illustrated in Table 5 
by comparing the ?°>Mg—**Mg mass excess difference, which may be calculated 


in four independent ways from the present results. The first two columns of the 
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Table 4. The Energy Levels of Mg 


- Group Level Group Level 
number energy number energy 
(Mev) (Mev) 

0 0 10 5-652 

1 1-468 11 5-695 

2 3-861 12 5-910 

3 4-014 13 6:135 

4 4-553 14 6-416 

5 4-874 15 6:516 

6 EUG ee 16 6:539 

7 Sat ri 17 6°599 

8 5-264 18 6-708 

9 5-463 19 6:759 


Experimental error: +12 kev for levels 1 to 4; +15 kev for levels 5 to 19. 


Table contain respectively the reaction and its measured Q-value. From the 
latter the mass excess differences between the initial and final nuclei have been 
determined and these are listed in column (3). By subtracting successive pairs 
of values from column (3), three independent values of the >Mg-26Mg mass 
excess difference were obtained and these are listed in the fourth column together 
with the directly determined value from the *Mg(d, p)?*Mg reaction. 

The four independent determinations of the >Mg—2*Mg mass excess difference 
agree with each other within the stated experimental errors. The mean value 
of the *Mg-*Mg mass excess difference is 3-023 + 0-008 Mev which is in good 
agreement with the mass value of 3-026 + 0-003 Mev. All mass excess values are 
referred to the scale where !2C has zero mass excess. 


Table 5 


(1) (2) (3) (4) 
A. ™Mg(d, p)*Mg 5-096 £0012 *Mg-*Mg= —0-75140-012\ 4.994 4. 9.917 
*™4Ma(t, p)?*Mg 9-930+0-012 *4Mg-*Mg= 2-270+0-012 ms 


B. *Meg(d, p)??Mg 4:213+0-:012 **Mg—*"Mg= —1-634+0-012 3-019 +0:017 
*Me(t, p)?"Mg 9:045+0-:012 *Mg—’Mg= 1-385+0-012 = 

C. *"Al(d, «)®Mg 6-691+0-°012 *"Al-*Mg= 4-019+0-012 3-036 +0-017 
27Al(t, «)*Mg 11:541+0-012 ?"Al**Mig= —0-983+0-012 zm 


D. *Mg(d, p)?*Mg 8-861+0:012 *Mg—*Mg= 3-014+0-012 3-014+0-012 


Mean value of >Mg—**Mg = 3-023 + 0-008. 
*>Vie—*8Mg calculated from the masses of Everling et al. =3-026 + 0-003. 


(1) Reaction; (2) measured Q-value (Mev); (3) mass excess difference (Mev); 
(4) mass excess difference of **>*Mg—*Mg (mey). 


ACKNOWLEDGMENTS 


We would like to thank Dr. K. W. Allen for his continued interest in this 
work, Mr. A. H. F. Muggleton for preparing the targets and Mr. V. Shepherd 
and his staff for operating the Van de Graaff accelerator. 


PROC, PHYS, SOC. LXXVIII, 4 21 


490 SS. Hinds, H. Marchant and R. Middleton 


REFERENCES 


Buarr, A. G., and Hampurcer, E. W., 1960, Bull. Amer. Phys. Soc., [II], 5, 247. 

Browne, C. P., 1956, Phys. Rev., 104, 1598. 

Hinps, S., and Mipp.eTon, R., 1959 a, Proc. Phys. Soc., 74, 196. 

— 1959b, Proc. Phys. Soc., 73, 501. 

Hinps, S., MippieTon, R., and LITHERLAND, A. E., 1961, Nucl. Phys., 24, 510. 

Hinps, S., MrppLeTon, R., and Parry, G., 1958, Proc. Phys. Soc., 71, 49. 

Enot, P. M., ENcE, H. A., HAFFNER, J. W., and BuECHNER, W. W., 1952, Phys. Rev., 87, 27. 

Enpt, P. M., Harner, J. W., and VAN Patter, D. M., 1952, Phys. Rev., 86, 518. 

Enc, H. A., 1954, Univ. Bergen Arb. Naturv. R., 1. 

EveErRLING, F., Konic, L. A., Matraucu, J. H. E., and Wapstra, A. H., 1960, Nucl. Phys., 
18, 529. 

Newson, H. W., Bock, R. C., Nicuots, P. F., Taytor, A., Furr, A. K., and MERZBACKER, 
E., 1959, Ann. Phys., N.Y., 8, 211. 

SHELINE, R. K., Nrecsen, H. L., and SperpuTo, A., 1959, Nucl. Phys., 14, 140. 


491 


Twinning in a Cation-deficient Spinel Structure 


By J. GOODYEAR anp G. A. STEIGMANN 
Physics Department, University of Hull 


MS. received 28th March 1961 


Abstract. Crystals of B-In,S, have been studied under the polarizing microscope 
and by x-ray diffraction. Optical examination has shown that the crystals are 
twinned, and the relative orientations of the twin components have been 
determined by rotation and oscillation x-ray photographs. The diffraction 
data have also confirmed the body-centred tetragonal cell proposed by Rooymans. 
Assuming that the material has a spinel structure, deficient in cations, it follows 
that twinning takes place when a redistribution in the tetrahedrally occupied 
sites occurs. 


§ 1. INTRODUCTION 
Ts structure of B-In,S, has been studied by Rooymans (1959) using an 


X-ray powder technique. The powder pattern contained a large number 

of weak reflections which were attributed to a superlattice based on a 
cation-deficient spinel structure. Rooymans found that the supercell was 
body-centred tetragonal with a=a'/\/2=7:62A and c=3a'=32-32A, a’ being 
the parameter of the spinel-type cell from which the structure was derived. 
The absence of 00/ reflections with /44n (n being an integer), and the assumption 
that the structure is essentially that of a spinel with 4 tetrahedrally coordinated 
cation vacancies per supercell, suggested that the space group was 14,22, the 
four vacancies being located at the equivalent positions of the 4, screw axes 
of the space group. However, Rooymans also mentioned that the structure 
might possibly have a lower symmetry because of the observation of a weak 
reflection at about 3-64 which was not reconcilable with a tetragonal lattice. 
Single crystals of B-In,S, have recently been prepared in this department 
for infra-red luminescence study. Equivalent amounts of indium and sulphur 
were placed separately in silica boats in a sealed evacuated tube. The portion 
of the tube containing the sulphur was heated at 600°c and that containing the 
indium at 1060°c, indium sulphide forming in the boat containing the indium. 
Plate crystals were found on the edges of the boat containing the indium, and 
although only about’ 10 in thickness, were quite extensive (as much as several 
millimetres) in their dimensions parallel to their flat faces. When examined 


212 
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under the microscope the crystals showed three directions of growth edge at 60° to 
each other, and were found to be birefringent and twinned on a macroscopic scale. 

The purpose of the present study is to check Rooymans’ cell using single 
crystal diffraction data, and to examine the nature of the twinning phenomenon 
in relation to the crystal structure. 


§ 2. OpTIcAL AND X-RAY Data 


Crystals of B-In,S,; were examined between crossed polaroids with their 
flat faces lying parallel to the microscope stage. With most of the crystals it 
was observed that different parts of the specimen were extinguished in turn as 
the stage was rotated, in one direction, through multiples of 30°. This suggested 
that there were three twin components oriented at 120° to each other. Some of 
the crystals were lath-like in shape showing well-defined growth edges parallel 
to the elongated axis, and one such crystal was selected for x-ray examination. 
Figs 1(a), (6) and (c) (Plate 1) show the extinction positions for the twin 
components in such a specimen. For convenience the components will be 
labelled types (a), (b) and (c) depending on whether extinction occurs when the 
specimen axis is parallel, at 30° or at 60° respectively, to the vertical crosswire 
when the microscope stage is rotated in a clockwise direction. 

An x-ray rotation photograph of type (a) material, taken with the elongated 
axis parallel to the rotation axis, showed layer lines corresponding to an identity 
period of about 7-6A parallel to the specimen axis. Corresponding rotation 
photographs of type (6) and (c) specimens were identical, with layer line spacings 
corresponding to an identity period of about 22-94. In terms of Rooymans’ cell 
these correspond to the following axes: type (a) to the [100] axis, types (6) 
and (c) to the [331] axis. Oscillation photographs taken about each specimen 
axis, with the flat face of the crystal approximately perpendicular to the x-ray 
beam, revealed that the crystal face of each component was the (013) or (013) 
face. When these observations are considered in relation to the optical data, 
the extended face of each individual of the twin can be taken as the (013) face 
with specimen axes as [100] for a type (a) crystal, [331] for type () and [331] 
for type (c). 

At this stage it seemed worth while to check Rooymans’ cell using both single 
crystal and powder diffraction data. Oscillation photographs, about both the 
a and c¢ axes, yielded reflections which could be accounted for by Rooymans’ 
cell, the only systematic absences being of the type h+k+/=2n+1 and, for 
OO/ reflections, /44n (where 7 is an integer in each case). ‘The space group is 
thus [4,22, [4,/a or 14,. Fig. 2 (Plate 11) shows a c axis rotation photograph 
and, as one would expect, the principal (non- ssupeniattics) reflections occur on 
layer lines with /=0 or a multiple of 3. 

Powder photographs of the material were taken with a crystal-focusing 
camera, of effective diameter 22-9 cm, employing CuK« radiation. ‘The cell, 
parameters, calculated from the powder data, are a=7:62,A and c=32-3,A, and 
a comparison between the observed and calculated lattice spacings is given in 
the Table. , The agreement with Rooymans’ parameters is within the experimental 
error, and it can, be concluded that Rooymans’ cell is correct. It thus seems most 
probable that the extra reflection observed by Rooymans was due to some impurity 
in his powder specimen. 
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Comparison of Observed and Calculated Lattice Spacings of B-In,S, 


T/Io dops hkl dealc L/Io dobs hkl deale 
WwW 8:12 004 8-09 VVS 3-252 213 $:252 
WwW 7-43 101 7-42 WM 3-114 206 37113 
Ss 6-23 103 6:23 W 3-017 215 3-017 
MSs 5-12 112 Sit W 2:775 208 2:774 
W 4-942 105 4-934 WwW 2:744 217 2:744 
WwW 4-046 008 4-045 Ss 2-695 220 2-695 
W 3-952 107 3-953 VW 2°558 224 2557 
MS 3-812 200 3-812 W 2°534 301 27533 
W 3-450 204 3-449 W 2-472 303 2-473 
WwW 3-389 211 3-390 


§ 3. A STRUCTURAL INTERPRETATION OF THE TWINNING PHENOMENON 


In discussing the twinning in terms of the crystal structure, it is convenient 
to consider an alternative unit cell whose base is parallel to the (013) face of the 
tetragonal cell. This secondary cell is side face-centred monoclinic and its 
relation to the more fundamental tetragonal cell is shown in Fig. 3 (a). Fig. 3 (0) 
shows the orientation of the secondary cell in the three components of a lath-like 
crystal. These orientations are possible because the identity periods along the 
specimen axis of type (5) and (c) crystals are each exactly three times that along 
the axis of a type (a) specimen. 


‘Type (a) 


———————— 
Direction of specimen axis 


(2) 


Fig. 3. (a) Secondary unit cell (dotted outline) having a centred base parallel to the (013) 
face of the tetragonal cell (full outline). (0) Orientation of the secondary cell in the 
three twin components; in each component the arrow represents the direction of the 
tetragonal a axis. / 
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Fehr. 


solar a 


e Indium atom in octahedral coordination 
a Indium atom in tetrahedral coordination 
4 Vacant tetrahedral site (occupied in the spinel structure) 


Fig. 4. Atomic arrangement within the secondary cell. (a) Sequence of atomic sheets 
which are parallel to the centred base. Full lines A, B and C represent sheets of 
close-packed sulphur atoms, chain lines sheets of octahedrally co-ordinated indium 
atoms, and broken lines sheets of tetrahedrally co-ordinated indium atoms. 
(6) Octahedrally co-ordinated indium atoms between sheets A (dotted circles) and B 
full circles) of close-packed sulphur atoms. Full line is outline of top cell; broken 
line is cell perimeter in plane of octahedral sites. (c) Octahedrally and tetrahedrally 
co-ordinated indium atoms between sheets B (dotted circles) and C (full circles) of 
close-packed sulphur atoms. Full line is outline of base of cell; broken line is cell 
perimeter in plane of octahedral sites. 


If one assumes the very plausible structuré proposed by Rooymans, i.e. a 
cation-deficient spinel, then 16 molecules are required per unit cell giving 
a calculated density of 460 gcm~-*, which agrees well with a value of 
455 +0-02 gcm-* found by a pyknometer method. In this structure the 
sulphur atoms would be in approximate positions of cubic close packing in 
layers parallel to the (013) face of each twin component, i.e. parallel to the 
centred faces of the secondary cell of Fig. 3(a). The arrangement of the atoms 
within a secondary cell is shown in Figs 4(a), (b) and (c); there are two 
close-packed layers of sulphur atoms per cell with indium atoms octahedrally 
co-ordinated between two sulphur layers and indium atoms, both octahedrally 
and tetrahedrally co-ordinated, between the next two sulphur layers. Four of 
the tetrahedral sites, normally occupied in a spinel structure, are now vacant 
The symmetry of this structure conforms with the space group /4,22, with the 
vacancies located at equivalent positions of the 4, screw axes of the space group. 

From the standpoint of the structure, no change in the disposition of the 
sulphur atoms or of any of the octahedrally co-ordinated indium atoms is required 
in crossing the boundary between one twin component and the next. Twinning 
takes place when the pattern of vacancy sites changes. This feature is clear if 
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Fig. 5, showing the slight change in the occupied tetrahedral sites at the twin 
boundaries, is considered in relation to Fig. 4(c). In fact, if all the vacant sites 
normally occupied in a spinel were filled with indium atoms there would be no 


Fig. 5. Changes in the pattern of occupied tetrahedral sites at the twin 
boundaries. 


twinning phenomenon. This structural interpretation explains why only three 
components are found and also their relative orientation. Finally, as is actually 
observed, one would not expect to find a well-defined plane between two 
components because of the relative ease with which one individual could encroach 
on the domain of the other. 
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The Manchester High Energy Magnetic Cosmic Ray Spectrograph 


By J. E. R. HOLMES}, B. G. OWEN] anp A. L. RODGERS$ 


Department of Physics, University of Manchester 


Communicated by #. G. Wilson; MS. received 16th May 1960, 
in revised form 10th April 1961 


Abstract. Modifications to the Manchester counter spectrograph are described 
which have permitted the momentum measurement of single cosmic ray particles 
to a maximum detectable momentum of 1000Gev/c. The measured output of 
the instrument was 20 particles per day of which approximately 50% had 
momentum exceeding 10 Gev/c and 2% exceeding 100 Gev/e. 


§ 1. INTRODUCTION 


r | ‘HE counter spectrograph at Manchester, described by Hyams et? al. (1950) 
attained a maximum detectable momentum of about 20 Gev/c, a limit mainly 
set by the 4cm diameter of a single counter. With this instrument Owen 

and Wilson (1955) measured the momentum spectrum of j-mesons arriving 

vertically at sea level in the range 0-5 Gev/c to 20 Gev/c. 

Consideration of counter spectrographs show that it is not easy to increase 
the maximum resolution by more than an order of magnitude by the use of 
smaller counters or by methods involving the overlapping of counters. To 
gain a greater increase in the momentum resolution suggests a different method 
of measuring the deflection of a particle trajectory. If cloud chambers are used 
for the purpose, it is possible to locate the particle trajectory to the order of the 
track width. 

With this in mind, during 1952 flat horizontal cloud chambers were intro- 
duced at each of the three measuring levels of the Manchester spectrograph. 
The Geiger counter was thus replaced by a cloud chamber track as the funda- 
mental mode of location of a particle trajectory. The counter trays were retained, 
although vertically displaced to make room for the cloud chambers, and served 
in a secondary role as the control system of the instrument. ‘The particle 
trajectory at each horizontal measuring level was located with respect to 
a centimetre graticule ruled over the inner surface of the top glass plate of each 
cloud chamber. This surface formed one of the strict measuring planes and was 
coincident in each case with the original plane occupied by the counters, thus 
leaving the dimensions of the spectrograph unchanged. 

We attempted to reach a maximum detectable momentum of about 1000 Gev/c. 
From the geometry of the spectrograph this implied measurement of particle 
deflections of about a third of a millimetre. 


t+ Now at Atomic Energy Research Establishment, Winfrith, Dorset. 
t Now at Atomic Energy Establishment, Risley, Lancs. 
§ Now at Atomic Weapons Research Establishment, Aldermaston, Berks. 
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§ 2. "THE SPECTROGRAPH CHARACTERISTICS 
2.1. Principle of the Spectrograph 

The spectrograph consists of a symmetrical arrangement of two deflecting 
magnetic fields and three horizontal measuring levels, symmetry being established 
about the middle measuring level. 

The schematic representation of the instrument is shown in Fig. 1. A fast 
charged particle moves in a vertical plane through the horizontal magnetic fields 
having significant values of field only in the restricted similar regions H, and H,. 
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Fig. 1. The principle of trajectory deflection measurement. 


The deflection of the particle trajectory is described by reference to the inter- 
sections A, B and C of the trajectory with the horizontal lines aa’, bb’, cc’ which 
are symmetrically placed relative to the field regions H, and Hy. The angular 
deflection 0 of the particle trajectory in each magnetic field is given by 

a [4- 300 f Hal 

p P 

where p is the radius of curvature in centimetres from point to point of the 
trajectory of a singly charged particle of momentum p ev/c. The line integral of 
the magnetic field { H di is taken throughout the whole of the region H, or H, 
from which significant contributions arise. 

The momentum ? of the particle is therefore given by 

300d) | H dl 
fe ee ee (2) 
where BB’=A=d,@ is the deflection in centimetres referred to the middle 
measuring level. 

The above expression assumes that the whole of the deflection @ occurs at 
the median lines h,h,’ and hyh,’ respectively, a description which is true only for 
a vertical trajectory and a symmetrical field distribution about the median line. 
The effect of departures from the ideal conditions is investigated in $4.1, but it 
may be stated here that to within the precision of the present measurements the 
lines hh,’ and hgh,’ are adequately defined by the horizontal planes of symmetry 
of the magnetic fields. | 
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2.2. Description of the Spectrograph 

The general features of the instrument are discussed here in so far as they are 
relevant to spectrum measurements at momenta exceeding the upper limit of the 
counter work. A more complete description of the design and performance is 
given in Hyams et al. (1950). 

The three cloud chambers which are each enclosed in a light-tight box deter- 
mine the points of intersection of the particle trajectory with the three planes aa’, 
bb’, cc’ respectively. Immediately below are the three counter layers which 
form the control system of the spectrograph. Counter alignment is achieved 
by a hanging plumb-line method. ‘The two supported electromagnets of the 
Blackett type have vertical rectangular pole faces of 30cm x40cm, with the 
smaller dimension vertical, which are separated by a distance of 9-5cm. ‘The 
characteristics of the magnets are described by Hyams et al. 

‘Defining’ counters of cathode length 30 cm are placed in, and fill about 80% 
of, the gap width. The purpose of the counters is firstly to ensure that each 
accepted particle trajectory is totally described in air, minimizing the effect of 
particles being scattered in the iron, and secondly to exclude vertical particle 
trajectories which pass through the edges of the pole gap where J H di falls rapidly. 
At full magnet excitation the defining counters exclude vertical particle trajec- 
tories whose integrated field value is more than 8° below that of the value corre- 
sponding to the central point of the pole gap. It may be shown that for all 
straight, i.e. high energy, tracks accepted by the aperture of the spectrograph 
and the defining counters, the root mean square deviation in j H dl is less than 
1:5°%. Since the present paper is concerned only with these ‘straight’ tracks, 
it may be concluded that, to within the accuracy of the present observations, all 
particles of a given momentum recorded by the chambers suffer the same deflection 
characterized by a unique value of [ H di. 

The weighted mean value of the magnet current over the duration of the 
spectrum determination (Holmes, Owen and Rodgers 1961) was 29-2 + 0-4 a and 
corresponded to an integrated field of (5-97+0-05) x 10° gausscm. The value 
of d, is 149 cm and the equation relating the particle momentum p to the deflection 
A in the central plane of the spectrograph is 

i= i GeV icniitd s Mabon este (3) 
where A is measured in centimetres. 

The deflection of the particle trajectory is defined in two stages. (i) At each 
measuring level the cloud chamber track is located with respect to a centimetre 
graticule ruled over the inner surface of the top plate of each chamber at a ruling 
pressure sufficient to provide adequate scattering of light by the chamber grid 
lines. ‘This location establishes the point of intersection of the particle trajec- 
tory with each chamber grid. (ii) The three chamber grids are aligned with 
respect to one another thus establishing a three-dimensional coordinate systenm 


2.3. Characteristics of the Cloud Chambers 
The design of the cloud chambers is governed by the necessity of keeping the 
additional scattering material in the particle beam at the measuring levels to a 
minimum, of conforming to the general geometry of the spectrograph, and of 
retaining sufficient accessibility. Further requirements are the reduction of 
gas motion and the production of comparable tracks in each of the three chambers. 
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The chambers are of light construction, the material in the particle beam consisting 
of 0-6cm of plate glass (the top plate of the chambers) and 0-9cm of Perspex 
which constitutes the material of the base and walls of the chamber. In addition 
the chambers are pressure controlled and require no back plate or piston. 

The internal dimensions of each chamber are such as to provide adequate 
coverage of the respective counter trays. For the two extreme chambers 
the overall dimensions are 483cmx17cmx4-8cm and cover the middle 14 
of the 16 counters in the tray. The dimensions of the middle chamber are 
32 cm x 15cm x 4:8cm and it spans the eight counters in this tray. 

Consistent with their purpose the chambers are shallow, of sensitive depth 
3-5 cm, and the gas expansion is downwards through a velvet covered perforated 
Perspex plate to the base of the chamber. The measuring plane adopted has 
the advantage that because the expansion is downwards, and therefore in the 
direction of the particle trajectory, this plane is one of zero movement at expansion. 

To produce comparable tracks the chambers are connected in parallel to a 
common supply of gas. The gas used is saturated air produced by passing air 
through a mechanical filter to a large reservoir where it stands over distilled water. 
A fresh supply of gas is used after each expansion. The cloud chamber tracks 
are 1-10+0-25 mm in width and correspond to an expansion time of 15 msec. 

Satisfactory backgrounds of less than 10 drops per square centimetre of 
chamber grid may be obtained by using two cleaning expansions and a waiting 
interval of approximately 4 minutes. The total insensitive time is thus about 
8 minutes, which is entirely permissible for the rate accepted by the geometry of 
the instrument in the momentum region investigated. 


2.4. Photography 


Figure 2 shows the photographic and illumination system of asingle measuring 
unit which is comprised of a chamber CH and a horizontal layer of Geiger counters 
C. For compactness, and to keep associated apparatus out of the particle beam 
the chamber CH is photographed stereoscopically by the open shutter camera 


at 


Fig. 2. Section through a single cloud chamber unit. 


P through the plane mirror M inclined at 22}° to the vertical. Chamber illumi- 
nation is provided by a line source of light at the focus of a cylindrical lens 
contained in the lamp box L. A parallel beam of light enters the chamber 
immediately below the top plate, of width sufficient to provide adequate illumi- 
nation over the sensitive depth. Light scattered through 45° is used. The 
length of the projected track is about 2cm and the juxtaposition of the stereo- 
scopic photographs gives a mean angle between the projected tracks of about 10°. 
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The point of intersection of the particle trajectory with the chamber grid is deter- 
mined by finding the coordinate of the point of intersection of the stereoscopic 
tracks. 


2.5. Alignment of Chambers 


An optical method is used to align the three chambers with respect to each 
other. The top plate of each chamber extends beyond the sensitive chamber 
region in the ‘longitudinal’ direction (parallel to the pole faces of the magnets). 
For the chambers at the top and middle measuring levels brass plugs are cemented 
into the glass, one on each extension. For the top chamber a hole of 0-5mm 
diameter is drilled into each plug and accurately located on the extension of the 
central line of the chamber grid whereas for the middle chamber there is a 5mm 
aperture again located on the central line. A subsidiary grid is ruled on the 
bottom chamber glass. 

Monochromatic light is passed through the small holes of the top level which 
then act as point sources of light. The light is diffracted by the 5mm hole in 
the middle chamber extension and a Fresnel diffraction pattern is projected on 
to the subsidiary grid of the bottom chamber. The lines defined by the centre 
of the diffraction patterns and the point source of light are used as the reference 
lines from which all track locations are measured, in effect establishing a three- 
dimensional coordinate system. 

The chambers are first mounted horizontally and an approximate alignment 
is achieved by hanging plumb-lines. The three chambers are then each adjusted 
the extra small amount until the centre of each diffraction pattern coincides with 
the central line of the bottom chamber. Subsidiary cameras photograph the 
diffraction patterns. 

The system allows two degrees of freedom, one a translation of one chamber 
with respect to another and secondly a skewness of the chambers with respect to 
one another. It may be shown that the effect on the measured deflection of a 
particle trajectory by a pure translation is nullified by the symmetrical arrange- 
ment of measuring levels, and that in the general case where both conditions may 
exist, the effect is again zero for vertical particle trajectories. It is therefore only 
necessary to investigate the error introduced in the deflection as a function of the 
inclination of the particle trajectory. It may be shown that providing the angle 
of skewness is small (and in our instrument this is certainly less than 10-3 radian), 
and for a maximum inclination of 10°, then the maximum error introduced in 
the longitudinal deflection of a paticle is of the order of 10-*mm whilst that in 
the transverse direction is about 0-5mm. The arrangement gave an alignment 
accuracy to 50. 

The equation for the deflection of a particle is now related to the intersections 
A, B, C (Fig. 1) of the trajectory by the relation 

> 


A=BB’=4(T+B)—(M+M,), 


where 7, M, and B, refer respectively to the distances measured from the fitst 
grid line of the top, middle and bottom chambers and M, is a correction factor 
relating the chamber grids with the three dimensional coordinate system defined 
by the diffraction alignment. 

Equation (4) is combined with Eqn (2) to define the momentum ee Be 
incident particle. 
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§ 3. SELECTION OF EVENTS 

A single event is characterized by the discharge of a set of three Geiger counters, 
one in each measuring level, which assigns each particle to a particular momentum 
category (Hyams et al. 1950), and by the particle deflection as measured by the 
cloud chambers. Strict criteria are applied to the acceptance of a particle trajec- 
tory in order that background effects may be reduced to a minimum. These 
considerations reduce the possibility of spurious observations below the already 
small value (~0-1%) determined by Hyams e¢ al. for the counter spectrograph. 


3.1. General Criteria of Acceptance 


That the expansion of the chambers is initiated by the discharge of a single 
counter in each of the measuring counter trays implies that a particular counter 
defines a region of the chamber where the track must be found. Tracks which 
lie outside this region are rejected, and only one track must lie within it. In 
addition the track width must be of the order of 1 mm, that is, its passage through 
the chamber must be contemporary with the expansion; furthermore the incli- 
nation of the track must not be greater than 10° to the vertical in the spectrograph. 


3.2. Selective Criterion 


In the plane parallel to the magnetic field the particle has nominally zero 
deflection. However, because of observational errors, scattering in the spectro- 
graph and possible chamber distortion, the distribution of particle deflection in 
this direction is Gaussian of measured standard deviation +3-Omm. Deflections 
of more than three times this standard deviation are rejected as arising from a 
spurious identification. 


§ 4. FACTORS AFFECTING THE ACCURACY OF THE MEASURED PARTICLE DEFLECTION 


The performance of the spectrograph is limited by errors which occur in the 
determination of particle momenta; in the paper by Holmes, Owen and Rodgers 
(1961) it is shown how these modify the measured sea level j.-meson spectrum at 
very high momenta. 

The various sources of uncertainty in the spectrograph may be classified as 
follows. 


4.1. Geometrical Errors 


‘It was stated in §2, that Eqn (2) is true only for a vertical trajectory and a 
symmetrical magnetic field distribution about the median line. 

Measurements show that the magnetic fields are symmetrical about the 
median planes to within 2%. As the order of accuracy in the present measure- 
ments is never better than about 7°%, only movements of h,h,’ and heh,” which 
arise from the inclination of the trajectory in the magnetic fields are considered. 
It may be shown that the vertical displacement of h,h,’ from the plane of sym- 
metry is given (Hyams et al. 1950) by 

o pe Ji benpens Se re (8) 
Nera 2H max. ': 
where Hmax is the almost uniform field which extends over the major part of the 
pole gap, and where « is the inclination to the vertical of the incident trajectory. 
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In the present measurements f H dl=6 x 10° gausscm, Hmax= 12500 gauss and 
the maximum inclination of the particle trajectory is 10°. This leads to a 
maximum uncertainty in the location of h,h,’ of 0:014A where A is the 
longitudinal deflection. The corresponding uncertainty in the longitudinal 
deflection is 0-005A?°% and is negligible compared with the observational errors 
of measurement. ‘To the precision of the present measurements therefore, the 
lines h,h,’, h,h,’ are adequately defined by the horizontal planes of symmetry 
of the magnetic fields. 

Departure from the general symmetrical arrangements, either of measuring 
levels, or of inequality in deflecting magnetic fields, introduces an error in the 
measured particle deflection. 

It may be shown that if the angular deflections in the two magnetic fields are 
6 and 6+¢ respectively and the middle measuring level is displaced by « from the 
position of symmetry, then to the first order the error 5A in the measured particle 
deflection is given by 


Shela = Oya el be eee (6) 


The first term in the above expression represents the departure from geometrical 
symmetry whilst the second refers entirely to the inequalities in the angular 
deflections in the magnetic fields; the two terms are independent. 

In the present work it has been possible to define the middle measuring level 
to within 0-7mm from the plane midway between the top and bottom levels. 
For a particle incident at maximum inclination 10° and momentum greater than 
10 Gev/c, the corresponding uncertainty in the particle deflection is 0-15 mm. 

The difference in the field exciting current in each magnet may be controlled 
to less than 1°, corresponding to an uncertainty of 0-25 % in the particle deflec- 
tion, an amount small compared with the error introduced by the departure from 
geometrical symmetry. 

Thus, within the accuracy of work undertaken, the measuring grids in each 
chamber are coincident with the symmetrical measuring levels aa’, bb’ and cc’ of 
Fig. 1, and a particle experiences equal deflections in the two magnetic fields. 


4.2. Scattering in the Spectrograph 


Following Eqn (15) of Hyams et al. (1950) the root mean square scattering 
deflection (5A), is proportional to the particle deflection, where both quantities 
are measured at the middle measuring plane of the spectrograph. A direct 
experimental determination of the scattering deflection has been derived from 
measurements of the half-width of the distribution of transverse deflections as a 
function of increasing particle momentum. For about a quarter of the period 
of the observations the spectrograph was run without any other scattering material 
in the particle beam than was necessary to determine the particle momentum, 
For the remainder of the time a subsidiary experiment involved the positioning 
of ancilliary apparatus in the spectrograph. The experimental determination 
gives ratios for (5A),/A of 0-022 +0-007 and 0-045 +0-005 respectively under 
these two conditions. The ratios of the experimental scattering contribution to 
the expected scattering based on the William’s nomial are 0-65 40:27 and 
0-9+0-1 respectively. 
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4.3. Observational Errors 


Measurement errors are determined mainly by the geometry of photography. 
The errors in the point of intersection of the stereo-tracks projected on to the 
longitudinal and magnetic field directions vary over a single chamber with the 
angle made by the tracks to the chamber grid lines. For all cases the uncertainty 
in the location of a particle with respect toa chamber grid is greater in the magnetic 
field direction than in the longitudinal direction. The error in a particle deflec- 
tion is calculated as a function of the trajectory displacement in the spectrograph. 
The measured distribution in deflections in the plane parallel to the magnetic 
field is used as an independent check on the calculated values. 

For a particle which passes centrally through the spectrograph the error in 
measurement of the longitudinal deflection is 0-25mm and corresponds to a 
maximum detectable momentum of 1000 Gev/c, whereas for the most unfavour- 
able case of a particle which traverses vertically through the edge of the instrument 
the deflection error is 1-4mm. The mean error averaged over the total aperture 
of the spectrograph is 0-9 mm and 70% of the particle deflections are subject to 
errors within the range 0-6mm to 1-2mm. 


4.4. Convective Gas Distortion 


An attempt has been made to determine the magnitude of the effect due to 
chamber gas movement before photography. Experimentally this may be 
indirectly inferred from the distribution of particle deflections in the direction 
parallel to the magnetic field. No great statistical accuracy may be placed on 
the conclusions, but it seems probable that convective gas distortion has a negli- 
gible effect on the measured particle momentum at least up to 300 Gev/c above 
which the paucity of measured particles becomes the controlling feature in 
spectrum determinations. 


4.5. Systematic Errors 


To provide an overall check on the presence of systematic errors in the measure- 
ment of particle deflections, observations were made both on zero magnetic field 
and of positive and negative deflections on reversed fields. ‘These investigations 
showed that systematic effects were of negligible consequence compared to the 
observational errors of measurement. 


§ 5. APPLICATION TO SPECTRUM DETERMINATIONS 


It is for energetic particles that the additional information of the cloud chamber 
spectrograph is most important. There was, therefore, incorporated in the 
apparatus an electronic ‘momentum selector’, a device which in effect carries out 
the analytic operation by which particle momenta are determined in the counter 
spectrograph, and only passes an operating pulse to the cloud chamber system 
when the traversing particle falls into a desired momentum category. With the 
counter instrument statistical errors of 3°% were achieved for momenta less than 
10 Gev/c and thus it was unnecessary to re-investigate this momentum region, 
It was therefore important to record all particles of momentum appreciably 
greater than 10 Gev/c accepted by the geometry of the instrument, together with 
a sufficient number of particles of lower momentum to provide an overlap of the 
new data with the existing counter-determined spectrum. The selector bias 
was accordingly adjusted so that the selector only passed an operating pulse to the 
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cloud chamber system when the traversing particle was recorded in momentum 
categories 0, 1, 2, and 3 (see Hyams et al. 1950, Table 4).. Under these conditions 
the lower momentum limit of the cloud chamber spectrograph is approximately 
3 .Gev/c and effectively all particles of. momentum greater than 10Gev/c are 
recorded. 

The rate of collection of particles accepted by the chambers is about 20 per 
day, of which 8 are of momentum greater than 10 Gev/c. Over an effective running 
period of 14 months, 4566 particles were recorded of which approximately 1800 
were of momentum greater than 10cGev/c and 70 were in excess of 100 Gev/c. 
The operating efficiency over this period, including maintenance time, was 70%. 
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Abstract. 'The momentum spectrum of single cosmic ray muons arriving at sea 
level in the north-south plane at 57° N geomagnetic latitude has been measured 
for near vertical incidence. Results are given which cover the momentum range 
5 Gev/e <p < 1000 Gev/c, and together with the earlier work of Owen and Wilson 
form a continuous spectrum from 0-5 Gev/c to 1000 Gev/c. The high momentum 
work is based on 1800 particles of momentum greater than 10 Gev/c. 

The charge ratio of single muons arriving at sea level has been measured, for 
near vertical incidence, to an upper momentum limit of 100 Gev/c. The measure- 
ments are compared with those of other workers and together show evidence for 
a maximum in the sea level charge ratio in the momentum range 3 Gev/c to 7 Gev/c. 


§ 1. INTRODUCTION 
A PARTICULAR application of the cloud chamber spectrograph, described 


in Holmes, Owen and Rodgers (1961), is to investigate the near-vertical 

sea-level spectrum and charge ratio of cosmic ray muons at appreciably 
higher momenta than could be attained using the original counter spectrograph 
of Hyams et al. (1950). With the counter instrument statistical errors of 3% 
were achieved in spectrum measurements for momenta less than 10 Gev/c and it 
was unnecessary to re-investigate this momentum region. It was therefore 
important to record effectively all particles of momentum greater than 10 Gev/c 
accepted by the aperture of the instrument together with a sufficient number of 
particles of lower momentum to provide an overlap of the new spectrum data 
with the existing counter spectrograph measurements of Owen and Wilson (1955). 
To achieve this performance the ‘momentum selector ’ bias was adjusted so that 
the cloud chambers operated only when the traversing particle was recorded in 
counter momentum categories 0, 1, 2 and 3. Under these conditions the lower 
momentum limit of the cloud chamber spectrograph was approximately 3 cev/c 
and all particles of momentum appreciably greater than 10 Gev/c were recorded. 
Over an effective running period of 14 months, during the years 1953-55, 4566 
particles were recorded of which 1800 have momenta greater than 10 Gev/c and 
70 momenta greater than 100 Gev/c. 

All particles were collected within 10° from the vertical in the north-south 

plane, and within 2° in the east-west plane. 
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§ 2. "THE PRINCIPLE OF SPECTRUM MEASUREMENTS 


A particle traversal is characterized by the discharge of three Geiger counters 
which assign the particle to a momentum category covering a relatively wide 
momentum range, Hyams ef al. (1950). Within the category of nominal 
deflection A,, defined by the measured deviation for a trajectory passing through 
the axes of the three counters concerned, the deflection spectrum S,,(A) is the 
product of the incident deflection spectrum S(A) and the quantity P(A—A,) 
which is a purely geometrical expression for the relative collecting efficiency of a 
set of three counters as a function of the difference of deviation from the nominal 
deflection of the counter geometry. The particle deflections measured by the 
use of the three cloud chambers consist of observations of S,(A) within the 
separate momentum categories. 

The relative efficiency of collection K,, for particles of a given momentum 
category is a factor which is defined by the aperture of instrument. The total 
counting rate in a single momentum category is composed of counts from a 
number of ‘channels’ each of which is defined by the three Geiger counters con- 
cerned in a single event. Essentially the unit of counting is such a channel, and 
the differing relative efficiencies of collection K,, from one momentum category 
to another arise because different numbers of unit channels are available for the 
various momentum categories. 

In the present instrument a further channel bias is produced by the operation 
of the ‘momentum selector’. Ideally the selection output pulses should be 
constant in the same momentum category, but in practice the actual selection 
pulses are distributed about the nominal pulse for the category and those cate- 
gories whose output selection pulses are near to the chosen bias value are in part 
rejected. There is thus no sharp cut off in momentum category selection, and 
for the fixed value of bias used during the present investigation, whilst appreciably 
all category 0 particles were recorded, the acceptance factors R,, for categories 1, 
2 and 3 were 85%, 50% and 20% respectively. Under these conditions the 
normalized deflection spectrum is 


Oe CRS OM Mans Toa Fe: (ae Tae Nye PLR il See. 5 (1) 
The momentum spectrum S(p) is related to the incident deflection spectrum. 
ie 
y SUAVE (py Ot Te = ee aT (2) 


§ 3. CALCULATION OF THE SEA-LEVEL SPECTRUM 


3.1. Methods of Spectrum Determination 


It is apparent from Eqn (1) that if observations are made within a single 
momentum category, the incident particle deflection spectrum may be calculated. 
in arbitrary units independently of the category.normalization factors, as both K,, 
and R,, affect a single momentum category as a whole. 

Following Owen and Wilson (1955) the incident spectrum is derived by 
comparing the observed distribution of particle deflections in a single momentum 
category with the expected distribution of deflections in that category for an 
assumed incident spectrum. The comparison spectrum used is identical with 
the one used in the Owen and Wilson investigation and refers to a muon differential 
generation spectrum for a unique height of production and given by 


S(p) dp~p* dp. 
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Whilst the application of the comparison spectrum in the present investigation is 
somewhat different from that in the earlier work, this spectrum was found still to 
be a convenient approximation. 

Measured particle deflections are allocated to their respective counter cate- 
gories and are grouped into suitable deflection ranges. The deflection distri- 
bution in a counter category is normalized to the intensity per unit of deflection, 
giving a differential deflection distribution for each category. The distribution 
expected on the basis of the incident comparison spectrum is calculated for each 
counter category and normalized to the same number of observations. The 
errors in normalization in no case exceed 1%. Fig. 1 shows the observed distri- 
butions for categories 0, 1, 2 and 3 together with the smoothed expected distri- 
bution for the comparison spectrum. 
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Fig. 1. The measured deflection distributions within momentum categories. The expected 
distributions for the comparison spectrum are shown by the full lines. 


As each momentum category has considerable overlap with neighbouring 
categories, more than one comparison may be made for a particular deflection 
range. The method established a series of slowly varying differences between the 
measured incident spectrum and the comparison spectrum for successive deflec- 
tion ranges. 

Two methods are used to calculate the incident spectrum and these afford a 
convenient check on the interpretation of the measured data. In the first method 
the ratio of the observed rumber of particles to the integrated product of the 
comparison spectrum and t..e efficiency factor in a deflection range is multiplied 
by the integrated area of the comparison spectrum. This gives the incident 
spectrum in terms of the numbers of particles observed in a deflection range, and 
thus the corresponding momentum range. The observed intensities are nor- 
malized to unit momentum interval and give the differential momentum spectrum 
in histogram form and arbitrary units. The derived spectrum is fitted to the 
original counter spectrum of Owen and Wilson by normalizing to the same 
number of particles over the whole Renton of overlap. The statistical error in 
this normalization is 2°5%. 


2K2 
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The second method of deriving the incident spectrum is to assume that the 
ratio of the observed number to the expected number of particles in a deflection 
range may be defined at a particular deflection in the range. This ratio is multi- 
plied by the comparison spectrum at the chosen deflection to give the incident 
differential deflection spectrum. Conversion to the differential momentum 
spectrum is made by Eqn (2). 

The choice of the deflection at which the whole of the contribution in a 
deflection range is plotted requires knowledge of the mean slope of the spectrum 
over the deflection interval considered. A method of successive approximations 
is used and the deflection is chosen so that the area under the histogram cell is 
equal to that under the smoothed curve of known slope which is assumed constant 
over the deflection interval considered. It may be shown that because of the 
shape of the incident spectrum the procedure is only important for particle 
deflections less than 0-5 cm, i.e. momenta greater than 50 Gev/c. 


Table 1. Derivation of the Vertical Intensity of Cosmic Ray Muons at Sea Level 
as a Function of Momentum 


(1) (2) (3) (4) (5) (6) (7) = (8) 
0-23 0-23 17 0-39 0-022 4:8 x10-% 48 1160 
1-0 0-80 1-647 1:3 yaar) 2 Onl Ora 20 271 
2:0 1-40 1-14 1-60 6:40 1-42 x 10-10 18 134 
3-0 2-00 1:10 Bol 19-7 4-38 x 10-10 16 89 
4-0 2°50 0-97 2°44 39-0 8-65 x 10-1 aS 67 
35 3°12 0:97 3-00 91-0 2°02 x 10-° 10 49 
{es 3°94 1:18 4-60 259 573 oer? 7 36 
9:5 4:55 1-15 5-24 470 1:04 x 10-8 tl 28 
tis 5:05 1-13 5:09 753 1:67 x 10-8 7 zs 
14-0 5°54 0-97 5°35 1-05 x 108 2 33x10" 5 19 
17-0 5-98 0-97 5-76 1-66 x 108 3-68 x 10-8 5 16 
20-0 6°35 1:05 6-68 2:66 x 10° o:90ix105* 3 13 
235 6°64 0-97 6:40 3-55 x 10° 7-88 x 10-8 4 11 
28:0 6°86 (ha I 7:76 6-07 x 10° 3510-7 3) 9-6 
33-0 6:99 1:08 7:56 8-25 x 10° 18305? 5 8:2 
38:0 6:97 1-00 6:97 1-01 x 104 2:24 x 10-7 5 Tell 
43-0 6-90 0-86 5-90 UTO 10" 2:44 x 10-7 6 6:2 
48-0 6:77 0-87 5°85 1-34 x 104 2:98 x 10-7 9 5:6 
53-0 6-61 0-97 6-40 1°79: x 104 3:98 x 107? 9 Sell 
58-0 6°39 0-94 ST 2-00 x 104 4-44x10-7 10 4-6 
63-0 6-13 0-94 5°72 2:28 x 104 5-06 x 10-7 11 4:3 


+ Corrected for a total random error of 0-9 mm, ap=0°75. 


(1) The mean deflection in the deflection range concerned A (mm), (2) The corresponding 
value of the comparison spectrum S(A), (3) The measured conversion factor including 
correction due to observational errors, (4) Differential deflection spectrum, i.e. product of 
(2) and (3), S(A), incident, (5) Differential momentum spectrum in arbitrary units S(p), 
incident unnormalized, (6) Differential momentum spectrum in particles cm~? sec! sterad~! 
(mev/c)~? normalized to Rossi, S(f), incident, (7) Statistical uncertainty: standard deviation 
of S(p)(%), (8) Mean momentum p (Gev/c). 


The measured data derived by this method are presented in Table 1. The 
spectrum is normalized to the counter spectrum of Owen and Wilson over the 
whole region of overlap by comparing the observed points with the smoothed 
curve of these workers. The comparison is displayed in Fig. 2 where the observed 
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Fig. 2. Comparison with the counter spectrum of Owen and Wilson (1955). 


points are expressed as a percentage difference from the counter spectrum. A 
x?-test gives a goodness of fit P(y)=0-20, and it is concluded that there is satis- 
factory agreement over the region of overlap. 


3.2. The Effect of Random Errors on the Observed Spectrum 


The presence of spurious errors in the measurement of particle deflections 
modifies the measured spectrum in the region where the magnitude of these 
errors becomes comparable with the particle deflection. The degree of modi- 
fication is a function of the shape of the incident spectrum and the magnitude of 
the total random errors. Inthe present work the effect is to produce a net transfer 
of particle deflections to regions of lower deflection and results in a measured 
momentum spectrum which contains an excess of particle over the true incident 
spectrum at high momenta. 

The effect of the observational error of measurement is negligible for particle 
deflections greater than 1-5mm, i.e. for momenta less than 200Gev/c. At this 
value the correction term is less than 1%. Beyond 200 cev/c, a comparison is 
made between the observed numbers of particles collected in a deflection interval 
with the number expected from an assumed incident spectrum and the observa- 
tional error of measurement. 

Over the error-sensitive range it is assumed that the true differential spectrum 
S(A,) of particles may be represented by a simple power law of the form 


S(Aq) dAy=KA,2tdAy 


where A, is the true deflection and a,» is the true exponent in this range. Kisa 
constant of normalization. The observation that over a relatively large range at 
higher deflections (lower momenta) the differential spectrum may be represented 
by a simple power law allows confidence to be placed in this assumption. A 
further assumption is that the random errors are normally distributed. This is 
in part justified by the observation that the residual particle deflections parallel 
to the magnetic field direction also follow such a distribution. Under these 
conditions the observed differential deflection spectrum S(Ap) is related to the 
true differential spectrum S(A,) by 


S(A,)=R i} “sian)exp} (= ae) ay ae) 
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where g is the total root mean square error, and equals 0-9 mm (Holmes, Owen 
and Rodgers 1961), and k is a constant of normalization. A normalization point 
in the spectrum is taken where the effect of random errors is negligible. The 
actual choice of this point is insensitive for the statistical accuracy of the present 
observations in the momentum range concerned. In practice numerical inte- 
gration of Eqn (3) is carried out. The ratio of the observed number of particles 
in a deflection interval to the number expected as a function of the exponent a 
and the mean square error o is derived for various values of ap. The most 
probable value of a» is deduced by the y?-test applied to the comparison. 

The conclusions of the analysis are that the most probable value of a» is not 
significantly different from the exponent at higher deflections, and corrections 
to the measured spectrum in the error sensitive range are relevant to a true 
exponent %,=0-75 + 0-03. 

The uncertainty in the correction term due to a corresponding uncertainty in 
the total root mean square error is in no case greater than the statistical uncertainty 
in the groups affected, and only in the highest momentum group does the absolute 
correction exceed the statistical uncertainty. 

The method is of course insensitive to any singularities in the spectrum which 
may occur at momenta greater than 200Gev/c. It is however, commensurate 
with the paucity of events recorded in the error sensitive region. 


§ 4. SEA-LEVEL CuarcE Ratio or High ENercy Muons 
4.1. Introduction 


Extended measurements of the momentum variation in the charge ratio of 
muons arriving vertically at sea level have been made by Owen and Wilson (1951) 
using the Manchester magnetic spectrograph described in Hyams et al. (1950), 
by Caro, Parry and Rathgeber (1951) and Moroney and Parry (1954) from 
observations on the Melbourne spectrograph, by Filosofo, Pohl and Pohl-Ruling 
(1954) from measurements using a magnetic lens at various depths underground, 
and by Pine, Davisson and Greisen (1959) who have used a cloud chamber 
magnetic spectrograph. : 

The results of Owen and Wilson, and those of Filosofo, Pohl and Pohl-Ruling, 
show that the charge ratio increases with meson momenta from about 1-17 at 
1 Gev/c to about 1-26 at 5 Gev/c and that at higher momenta a slight decrease seems 
to occur. The results of Pine, Davisson and Greisen show stronger evidence of 
a decrease for momenta greater than 20 Gev/c. The observations of Caro, 
Parry and Rathgeber and Moroney and Parry, though statistically inferior to 
those of Owen and Wilson and Filosofo, Pohl and Pohl-Ruling corroborate an 
increase in the charge ratio at low meson momentum for the vertical muon com- 
ponent and are not inconsistent with a decrease at higher momenta. 

The use of Geiger counter spectrographs and depth methods to study the 
behaviour of the charge ratio at momenta considerably greater than 10 Gev/c.is 
limited by the maximum resolution of counter spectrographs and by the rate of 
collection of data at great depths. A further limitation with counter spectro- 
graph measurements is that because particles are assigned to counter categories 
it is only possible to examine the general behaviour of particles over a relatively 
broad momentum range. In the Manchester counter instrument, because of 
the variation of the geometrical efficiency factor over a single category, the observed 
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spectrum of particle deflections in category 1 contains a 3% contamination of 
particles of opposite sign of appreciably higher (70 Gev/c) mean momentum. A 
correction must therefore be made which depends upon the mean value of the 
charge ratio corresponding to this high momentum group, and an extra- 
polation of the charge ratio to momenta considerably in excess of the maximum 
detectable momentum must be inferred. 

The increased resolution of the modified system allows an investigation of the 
charge ratio to be made to meson momenta of 100 cev/c and the limit is imposed 
by the rate of collection of particles which is small at momenta greater than this 
value. Relatively small momentum ranges may be investigated and the limit 
to which the sign of the particle may be detected is set by the observational error 
in the location of the particle trajectory defined by reference to a set of three 
measuring cloud chambers in the instrument. 


4.2. Measurements with the Spectrograph 


The application of the instrument to charge ratio measurements is relatively 
simple since the ratio of the numbers of particles of opposite sign collected ina 
given time is independent of the variation of instrumental efficiency with 
momentum. Charge ratio observations were recorded continuously and con- 
currently with the collection of spectrum data and the direction of the magnetic 
field was reversed at frequent intervals to ensure that equal numbers of deflections 
of opposite sign were recorded. It is expected that the particles recorded were 
essentially muons, the proton component being negligible at the energies under 
consideration. 


4.3. Factors affecting the Observed Charge Ratio 


A correction to the observed charge ratio of the highest momentum group is 
imposed by the limit to which the sign of a measured particle deflection can be 
detected. This leads to an analogous correction to that of the earlier counter 
work, and depends upon the value of the charge ratio at the limits of measurement. 
As such a correction is uncertain to an extent to which the charge ratio at the limit 
of measurement is uncertain, two extreme possibilities are taken, i.e. that either 
the charge ratio at the higher momenta remains appreciably the same as the last 
measured point, or that it falls to unity at higher momenta. No evidence exists 
for an increase in the charge ratio and it is assumed that the true value lies between 
the two limits. It may be shown that the true value of the charge ratio in the 
highest momentum group is greater than the observed value by 0-6% if the 
charge ratio at high momentum is assumed to remain at the value of the last 
measured point, and is within 01% of the observed value if the charge ratio 
falls to unity. Both corrections are negligible compared with the statistical 
accuracy of the measured ratio. 

The possibility of an electronic bias associated with the operation of the 
momentum selector was investigated and it was concluded that within the 
momentum categories used in the measurements the effect of such a bias would 
have negligible effect on the measured values of the charge ratio. 


4.4. Experimental Results 
Observations were collected within separate momentum categories for 
reversed magnetic fields and the measured values of the charge ratio are presented 
in Table 2. Columns (3) and (4) of this table show the charge ratios in the 
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Table 2. Measured Charge Ratios 


(1) (2) a, (4) (5) (6) (7) 
0 1-07+0:28 0-87 +0-26 

Os, tis 1-02 + 0:26 sre pe Eee 703 Sa 
0 1-6140-34 1-08 +0-25 : 

ES aE 1-01 £0-22 eee, BEY Aa hs 3 
0 1324018  1-04+0-16 Os tae 

9-20 $ ee latices 1:29+0-08 1133 18 
0 15240-37  1-50+0-38 

2300 ed 1154013  1-25+0-15 1354008 1060 11 
2 1-8540:30 1-28 +0-22 
0 1-4740-20 1:51+0-22 }) 

31-50 1 1-4640-15  1-15+0-13 1394008 1272 6-7 
2 1-6040-35 1-10 40-29 


(1) Deflection range (mm); (2) momentum category number; (3), (4) observed charge 
ratios on reversed fields: (3) H+, (4) H-; (5) weighted mean charge ratio N+/N-; 
(6) total particles; (7) mean momentum (cev/c). 
aa a Th ee 
relevant categories for reversed magnetic fields and column (5) is the weighted 
mean value for the momentum range concerned. 

It has further been possible to check experimentally the numbers of particles 
of opposite sign which, because of the geometrical efficiency factor, appear in 
category 1 (Hyams et al. 1950). Reversed field observations show this fraction 
to be 2:86% and 2:78% respectively and give a mean value of 2-8 + 0-4% which 
agrees well with the expected value. 


§ 5. CONCLUSIONS 


The description of the measured spectrum in terms of the comparison 
spectrum used by Owen and Wilson is given in Fig. 3 in an extended form of 
Fig. 2 of their paper (Owen and Wilson 1955, p. 413). The adopted form of the 


a 


/Expected Intensity 


Observed 


i 10 100 1000 
Momentum (Gev/c) 


Fig. 3. Ratio of the observed intensity to the intensity expected based upon a muon 
differential generation spectrum S(p) dp~p-’ dp. The full curve represents the 
counter spectrum of Owen and Wilson (1955). : 
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differential spectrum of single muons arriving vertically at sea-level at 57°N 
geometric latitude is shown in Fig. 4, where the present results are combined with 
those of Owen and Wilson to form a continuous spectrum for 
0:5 Gev/c <p < 1000 Gev/c. 

The corrections to the measured spectrum arising because particles are 
in general collected from a direction inclined to the vertical, which varies for 
different momentum categories, are negligible in the present work where the 
lowest momentum particles are recorded in category 3 of mean zenith angle 35 


10° 


bi 
ws 
= 


sec-!cm~2 sterad"' (Mev/c)! 
Ss 


0” a 


10°'4 J. ee 


He 
J 10 100 1000 
Gev/c 


Fig. 4. The differential momentum spectrum of vertically incident muons at sea level. 


The spectrum is essentially composed of muons. The electron component 
is eliminated as in the work of Owen and Wilson (1955), and the evidence on the 
proton component (Mylroi and Wilson 1951 and Barrett et al. 1952) indicates. 
that the sea level proton flux in the momentum range investigated is less than 
0-1% of that of the total sea level flux. From the expected form of the pion 
spectrum at sea level it is concluded that unless the pion cross section for nuclear 
interaction falls to a very small fraction of the geometric value, pions contribute 
a negligible proportion of the total sea level flux up to the highest measured 
momentum. 

The fact that the spectrum described here is composed of single unaccompanied. 
muons does not exclude the possibility of there existing a high momentum bias, 
which would act to reject an increasing fraction of the sea level component if the 
probability that a muon is accompanied by a shower increases with momentum. 
No experimental information may be gained from the records because of the: 
impossibility of identifying the muons in such cases. The chance that two 
muons arising by decay of parents produced in the same primary collision and 
arriving simultaneously within the aperture of the spectrograph is negligibly small 
at the energies considered. It is further expected that the density of the soft 
component at sea level is low enough to make no substantial corrections to the 
observed rates at the highest momentum recorded. ro 

Compared with the results of other workers the measured spectrum 1s 1n 
agreement with the more recent investigations of Ashton e¢ al. (1960) and of 
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Pine, Davisson and Greisen (1959) over the whole of the momentum range below 
200.cev/c. It does not agree however with the earlier work of Caro, Parry and 
Rathgeber (1951), particularly above a momentum of 20 Gev/c. . 

In relation to charge ratio measurements the emphasis of the present work is 
primarily to study the behaviour at momenta in excess of 10Gev/c. In Fig. 5 
the present measurements are displayed together with the results of Owen and 
Wilson and those of later workers. 


Present experiment 
Owen and Wilson 
Caro et a. 
Filosofo et al, 
Moroney and Parry 
Brode and Weber 
Pine e¢ al. 


Sea Level Charge Ratio of Muons 


1 10 100 
Momentum (6ey/c) 


Fig. 5. Collected observations of the charge ratio of muons 
arriving vertically at sea level. 


Taken alone the present investigation suggests that the sea-level charge ratio 
‘of vertically incident muons decreases with increasing momentum greater than 
7Gev/c. The measured points are in reasonable agreement with the obser- 
vations of Pine et al. and of Brode and Weber (1955) above a momentum of 
20 Gev/c, but are however approximately 10°% greater than the Owen and Wilson 
and the Filosofo work. 

On the basis of the evidence presented in Fig. 5 it would appear that the sea- 
level charge ratio passes through a broad maximum in the momentum range 
3 Gev/c to 7 Gev/c but that only the general shape of the curve may be inferred. 
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Abstract. Germanium shows at liquid helium temperature a very strong rise 
in conductivity with field strength at about 2vcm—. This process has been 
investigated theoretically on the basis of electron temperature concept. The 
variation of the density of electrons with field is calculated considering excitation 
of donors into the conduction band by impact ionization and phonon absorption 
as well as reverse processes. It is shown that the current, though strongly field 
dependent, is always stable and an expression for current density as an explicit 
function of the field strength is obtained. Good agreement with experiments 
supports the validity of this theory. 


§ 1. INTRODUCTION 


HE variation of current with electric field in germanium has been a subject 

| of extensive experimental investigation in recent years (Ryder 1953, Gunn 

1957, Bray and Mendelssohn 1957). In general it is observed that the 

current obeys Ohm’s law up to a certain value of the field strength, but deviations 

occur beyond this value. Shockley (1951) has proposed a theory and has shown 

that the mobility , of the current carriers in a covalent semiconductor varies 
with the field F, according to the law 


m= m(Ta)| (5=) ahd pve ve Fe (1.1) 


where 4, (7,) is the mobility of the current carriers at vanishing field and s is the 
velocity of sound in the crystal, provided the scattering of the current carriers is 
due to the acoustical modes of the lattice vibrations and the field F satisfies the 
condition u;(T))>s. If the density of the current carriers n(T)) is independent 
of the electric field the expression for the current density J in view of (1.1) is 


J=Fen(Ta)un(To)| (52) Fa |. ats Ona 


where é is the charge of a current carrier, 

Ryder (1953) investigating experimentally the field effects in a fairly pure 
n-type germanium at temperature 77°K and above found that the current density 
is proportional to F¥? as is predicted by the theoretical relation (1.2). However, 
the constant of proportionality was not in agreement with this relation. On the 
other hand Sclar and Burstein (1957) working at liquid helium temperatures 
observed that the current variation with the field was completely different from 
(1.2). These authors have reported that for a fairly pure n-type germanium at 


t Based on report L/T 406 of the British Electrical and Allied Industries Research 
Association. 
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liquid helium temperature the current obeys Ohm’s law up to a field strength of 
about 2 vcm~ while for a small increase in the applied voltage above 2vcm™ 
the current increases by several orders of magnitude. This rapid increase 
ceases at about 4 vcm~! and for higher values of the field strength the current is 
proportional to F¥?. Sclar and Burstein refer to this behaviour as ‘low tem- 
perature breakdown’ because of its similarity with the rising current observed in 
semiconductors at intrinsic breakdown fields. These authors have also esti- 
mated theoretically, on the basis of a simple model, the magnitude of this break- 
down field at which a steep rise in the current is observed. In the opinion of the 
present author however, this field dependence of the current at low temperatures 
cannot be denoted as a breakdown process. We emphasize this point because 
the processes involved in the low temperature field dependence and in intrinsic 
breakdown are quite distinct. Intrinsic breakdown results from a state of 
instability of the current carriers under the action of the breakdown field, whereas 
in the case of low temperature field dependence the current though strongly field 
dependent, is always stable. Furthermore at intrinsic breakdown, in view of the 
instability of the current, no theoretical expression for the current density can 
be obtained. It is the object of the present paper to provide a theoretical explana- 
tion for this low temperature field dependence and obtain an expression for the 
current density as a unique and continuous function of the field strength. 

The basic idea of our theory lies in the use of electron temperature concept 
first introduced by Frohlich (1947 a, b). He has shown that electrons in a semi- 
conductor under the action of a field can establish among themselves an equili- 
brium energy distribution corresponding to an electron temperature T, which is 
always greater than the lattice temperature 7. Making use of this idea, Shockley 
calculated the effect of the field on the mobility of electrons and obtained the 
relation (1.1). The consequent expression (1.2) for the current density J follows 
if the density of electrons is constant. At liquid helium temperatures however 
we cannot expect the density of the free electrons to remain constant with the 
field as may be seen from the following argument. Consider a crystalt of n-type 
germanium having a donor impurity concentration of about 10/*cm~*. At these 
low temperatures the number of free electrons will be small, about 107-108 cm~, 
whereas the number of electrons bound to the donor sites will be of the order of 
1044cm-3. Under the action of an electric field the free electrons would assume 
a Maxwellian energy distribution at an electron temperature T>T, and would 
also tend to establish temperature equilibrium with the bound electrons. This 
is counteracted by the lattice vibrations which try to maintain equilibrium with 
the bound electrons at temperature Ty). These two opposing effects acting on 
the bound electrons determine their number density and consequently also that 
of the free electrons. These effects can be discussed in terms of the following 
processes : 


Process 1, in which a free electron having a kinetic energy greater than the 
donor ionization energy can ionize a donor and create an additional free electron. 

Process 2, in which a bound electron is ionized by the absorption of a lattice 
quantum of energy greater than the donor ionization energy. 


+ Even though the calculation of this paper is referred to n-type germanium, the results 
obtained are valid for any covalent semiconductor, provided the ionization energy of donors 
is less than ©(@ = Debye temperature). 
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In order to satisfy the principle of detailed balancing the reverse of these 
processes must occur. ‘These reverse processes relate to the capture of a free 
electron by a donor. These two processes, each with its reverse, are taken into 
account in §3 in order to determine the free electron density as a function of the 
lattice and electron temperatures. In §4 we obtain the expression for the current 
density, by considering the effect of the field on both the mobility and the density 
of the free electrons. The results obtained in §4 are discussed and compared 
with experiment in §5. The necessary preliminary discussion for the develop- 
ment of the theory is given in § 2. 


§ 2. PRELIMINARY CONSIDERATIONS 


Frohlich has considered the effect of an electric field on the energy distri- 
bution of the electrons in a series of papers. (Frdhlich 1947 a, Frohlich 1947 b,. 
Frohlich and Paranjape 1956). He has shown that the electron-electron inter- 
actions play a very important role in determining the energy distributions of 
electrons in the presence of an electric field. By considering a simple free electron 
model (i.e. without inter-electron interactions) he and Stratton (1957) have shown. 
that for a field F however small, the sufficiently fast electrons continuously gain 
energy from the field and would be indefinitely accelerated leading to a non- 
stationary energy distribution. This can only be avoided by considering 
electron-electron interactions which bring about a stationary distribution. 
These authors show that the energy gained from the field is randomized as a 
result of electron-electron interactions. The average energy of the free electrons 
which exceeds the vibrational energy of the lattice can therefore be represented 
in terms of an electron temperature 7. Stratton has treated in detail the problem 
of inter-electronic collisions in semiconductors by considering various ranges of 
the electron density. He has concluded that even at low densities when the 
influence of inter-electronic collisions may not be predominant the field depen- 
dence of the average energy and of the mobility of electrons is practically the same 
as that obtained by using the electron-temperature concept. In this paper 
although we are dealing with very low electron densities, the use of electron- 
temperature concept will not therefore introduce any serious error in our calcu- 
lations. To determine T we proceed as follows: We denote the rate of gain of 
energy by the free electrons from the field by A and the rate of loss of energy by 
the electrons to the lattice by B. For the steady state the condition 


AB io io ie ALA (2.1) 


must be satisfied. On the basis of the electron-temperature concept Stratton 
has calculated A and B and has obtained an explicit form of Egn (2.1) which read 


ba _ 32n(T es? ral s 3 
A= Fren(T)u(T)= 5 zat my) | tap laB oe (2.2) 
where n(7’) is the free electron density at electron temperature 7 and u(T) is the 
effective mobility of the electons at T. Eqn (2.2) is called the energy balance 
equation and is used to determine T for a given field F. When the field Fis 
increased T would also increase and this would in general affect the electrical 
properties of the crystal. In this section we consider the effect of electron 
temperature on the mobility of electrons. For any mechanism of electron 
scattering, if we know the mobility of an electron of a given energy then. the 
corresponding average mobility at electron temperature T can be obtained by the 
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usual procedure of averaging. It can be shown that the variation with T of 
mobility, due solely to scattering by the acoustical modes of the lattice is given by 


teat Ye ta (To) =) ae eee (2.3) 


The corresponding expression for the mobility .,(7’) due to the ionized impurity 
scattering, which can be obtained with the help of the Conwell and Weisskopf 
(1950) formula, is 

. he T 3/2 ni(T) 

m(T)=m(T)| mp Se (2.4) 
where nj(T) is the number density of the ionized impurity at T. It should be 
remembered that (2.4) is an approximate formula, since we have neglected the 
terms varying slowly with energy in the Conwell and Weisskopf formula. 

Using (2.1) if we eliminate T from (2.3) and (2.4) we will get the expression 
for the mobility variation with the field. This procedure can be applied in a 
straightforward manner to lattice scattering ; it results in relation (1.1). But for 
ionized impurity scattering elimination of T is not possible at the present stage 
since we do not know the electron temperature dependence of j(T). We shall 
derive this quantity in the next section. 


§ 3. ELECTRON DENSITY 


As a model for our calculations consider a crystal of n-type germanium, 
containing a donor impurity of NV, per cm? and an acceptor impurity of N, per cm*. 
From the requirement of electrical neutrality one can calculate, using elementary 
statistical mechanics the number density (T,) of free electrons in such a crystal. 
In this paper we are only interested in low temperature, so low in fact that the 
density of holes in the valence band is negligible compared with the free electron 
density. 

Defining m,(T)) and mi(T>) as the density of the bound electrons and the 
density of ionized donors respectively, then the charge neutrality requires that 

RNS oN ere (3.1) 
where 

nT) = Np =e Lo): ae (3.2) 
Relations (3.1) and (3.2) are fundamental and are valid even under the influence 
of an electric field. 

In the absence of an external electric field, there is complete thermal equili- 
brium between free electrons, bound electrons and the lattice at any temperature 
T,. If we measure the energy « of an electron from the bottom of the conduction 
band, then the probability O(c) of finding an electron with a positive or negative 
value of « obeys the equation 


0(e)=[exp (A) idee (3.3) 


where € is the Fermi energy. For a non-degenerate semiconductor —€>kTy 
(k=Boltzmann’s constant), and in terms of n(T) 


E\_ _x(Ty)h 
ne en) ~ 2QmakT 2 


nse) 4] 


From (3.3) follows 
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on the assumption that the donors have a single ionization energy J. Having 
obtained mp(T)) we may determine n(7,) and nj(T,) from Eqns (3.1) and (3.2). 
Hence the ratio [ni(T))/np(T))] whose value we require later, is given by 


m (DC Ahr 
any exp (— a): nye (3.4) 


In the presence of an electric field the thermal equilibrium of the crystal is 
disturbed. However, if the crystal is maintained in a heat bath of temperature 
Ty, one may assume that the lattice is maintained at a temperature Ty while the 
electron temperature T will be in excess of T>. 

We denote the energy distribution of free electrons in the conduction band, 
under the action of the field by f(e). Since they are assumed to reach equilibrium 
amongst themselves at temperature T(T >T,), f (€) can be represented by Fermi— 
Dirac distribution function at JT. This distribution will be valid in the con- 
duction band only for electrons with «>0. Thus f(e)=[«-exp (</kT) +1] 
where « is a normalizing factor. If «exp (e/kT))>1 which is true for non- 
degenerate semiconductors, we have 


fozer(F) ees (3.5) 


« the normalizing factor, is obtained by using the condition 


[“Flee(@)de=n(1) 


where p(e) is the density of states per unit range of energy for the free electrons. 
As is well known p(e) =47(2m)?(e)1/2/h3 so that 


wad OD (EN a (ee 


When T=T), «=exp (&/RkT ) as is expected. 

Since f (e) as given by (3.5) is only valid for «> 0 we cannot determine p(T) 
from it, as we could in the field free case. To determine mp(7) and hence n(T) 
and n;(T) one has to consider in detail the rates of change of m(T’) due to processes 
1 and 2 introduced in §1. If we denote the rate of change of n(7’) due to process 
1 and its reverse by [dn(T)/dt], and that due to process 2 and its reverse by 
[dn(T)/dt], then the total rate of change [dn(T)/dt]tota is equal to 
[dn(T)/dt]c+[dn(T)/dt],. For the electron density to be time independent, 


we must have 
dn(T) dn(T) dn(T) 
| dt _|total =|" dt —|,+ [= rama OPUS as (3:7) 


We shall first consider process 1 with its reverse and obtain [dn(T)/dt]c. In 
process 1 an electron with an energy « greater than the donor ionization energy 
can ionize a donor and produce an additional free electron. If « is the energy of 
the initiating electron and the final energies of the resulting electrons are «, and 
€, then energy conservation requires that «e=«,+e,+J. 

Here [dn(T)/dt]c is expressed as a sum of the rates of increase and decrease “of 
n(T) by the process 1 and its reverse by the equation 


EE = any(T)—- bn(T). , falei’g (x8) 


dt 
Using the energy distribution function (3.5) with (3.6) for the electrons at electron 


Loew 
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temperature T it can be shown that a and 6 are related to T by the relation 
[5 |=2| = | | 
_ fm 3 E 7 | [ se [ - i vs 
LinctylLcty [Lr] | -(en)* (ere) | 


eee eee 


The quantities a and b are expressible in terms of the cross section o¢(ele,, <2) 
for the process 1 and its reverse. If we define an average cross section by 


Oe | “ee(clen aye aes / | ~pla)dey Baur (3.10) 


then clearly 
a= | “F(©)re(e)e(©)o(@) de ames GELS) 


where v(c) is the velocity of the electron of energy e. For hydrogen-like impurity 
(Mott and Massey 1952) 
Ms 0-285 ret | «D 
oe(e) = mica. og 0-0121 ose ses 


where D is the dielectric constant. Eqn (3.12) is obtained by Born’s approxi- 
mation and is valid for «> J, but it gives a fair order of magnitude fore>J. Using 
(3.12) in (3.11) one obtains 


167 =f 
a= =e amoc(I)IkT exp (a) Norske srs (3.13) 


where o¢(J) is the ionization cross section for an electron of energy e~J, With 
the value of a from (3.13) and the ratio [a/b] from (3.9) one can readily obtain 


l6mz , 


b= AANA eee esate (3.14) 


3 

We now turn to process 2, in which a bound electron absorbs a lattice quantum 
of energy «+; it is thus transferred to the conduction band into a state of energy 
«. Conversely a free electron of energy ¢ emits a lattice quantum of energy «+I 
and is captured. Since this process involves the emission and absorption of a 
lattice quantum (phonon) the cross section for ionization and recombination 
respectively can be written as 


a I+e TaN as —1) emission of phonon 
Oral<) = oy, (e) exp IVE; mae RE: ot recombination of an electron, 


I+e -1) absorption of phonon 
ora(€) =a,(0)| exp ( a) . i| Hees of donor, 


the quantity [exp {(I+¢)/kT)}— 1] represents the temperature dependence of 
the number of phonons of energy «+ J which is involved in the interaction. o;,(€) 
is independent of 7, but depends on the properties of the crystal. When 
kT, <I (as is the case at liquid helium temperature), o;,(¢) is almost equal to 
o,(e) so that o(e) can’be interpreted as the electron recombination cross section 
at low temperatures. Here [dn(T)/dt],, can be written as a sum of the rates of 
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increase and decrease of n(T) by process 2 and its reverse by 


[| =im(Tyauel iD), nin, eB (3.16) 
he 
where c and dare related to the cross section ox(¢) through the following relations 
kO-—I 
re ik [ex(F + i) - Fat SB REyo(e\(cdE.. a. aa (3.17) 
an 
ah I+e 
B= | abl Nee (Gs - SY] exp (F )- A aeleju(elpteldel ( aameutaae 
0 


To determine c and d it is necessary to know the energy dependence of o,(e). 
Lax (1959) and Frood (1959) have calculated o,(¢) on the basis of different 
models and have obtained different results, but both of these authors. agree that 
o,(e) should increase as « decreases. Making use of this fact we define o,(«) by 
the relation 

oy (epeay (AT o et gley) sein) 1 Tee eek « (3.29) 
where is treated as an arbitrary but positive numerical parameter From (3.5), 


(3.17), (3.18) and (3.19) it is seen that 


Oo ya a a 2 
£ =(2) ( r) exp Ry eee (3.20) 
provided I>kT, and kO—I>kT. Substituting the value of « from (3.6) into 


Eqn (3.20) we get 
¢ _ mi(To) n(To) lz] es 
d mp(To) n(T) instante (3.21) 
From (3.19) and (3.21) we can see that at T= Ty 


ut) 1) -[S,, 


(Ty) [ate 3.22 
sail Egy wel ake ee ad haa (3.22) 


Consider now the integral (3.17) for c. Using Eqn (3.19) we evaluate the 
integral for c and obtain 


so that 


cee OE SET AOlexp Ge TPT sess (3.23) 


iB 
where QO is a numerical factor independent of T and is defined by 
(KO —D/kT, 
O= i exp (—x)x1-* dw. 
With the knowledge of the values of the ratio [c/d] from (3.20) and of c from 
(3.23) the value of d is found as 
d=[l6mr/h®][«][RT]*[o,(RT))OVTo/T]P. —.. +. (3.24) 


Substituting the values of a, b, c and d from (3.13), (3.14), (3.23) and (3.24) 
into (3.8) and (3.16) condition (3.7) can be written as 


mi(T) oom I[kT) + exp (=TkT o)(kTo)*ox(kT)O], 
AT xoe(L)IRT + (T/T)? (RT ou(RT 9)O 


| 
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For the sake of convenience we write (3.25) in the form 


AD ee ee 
wy =) re ene (3.26) 
where a’, b’, c’ and d’ stand for the respective terms in (3.25). It should be 
remembered that a’, b’, c’ and d’ are obtained from a, 5, c and d by the removal 
of a common factor. 

We attempt to solve (3.26) approximately for different ranges of electron 
temperature T' and consider in each range only one predominant term from the 
numerator and denominator of the right-hand side of the Eqn (3.25). At liquid 
helium temperature, « is very small so that we expect that a’ and b’ would be very 
much smaller than c’ and d’ respectively for a range of electron temperature 
T)<T<T, where T, is to be determined. On the basis of this and with the 
known electron temperature dependence of a’, b’, c’ and d’ we divide the electron 
temperature T into the following three ranges: 


Case I. IRS eo bead when c'>a’ and d'>b’ 
Gisewil 1,<2<T, when dae and d' >b’ 
Caselli. 7,<T when a’>c' and bed! 


The electron temperatures 7, and 7, are determined by the conditions. 
[a] 7,=[e’]p, and [5']7,=[4']z, respectively. 

In case I, we neglect a’ and 6’ from the Eqn (3.26) and writing (7) and mp(T) 
in terms of n(T) from (3.1) and (3.2), Eqn (3.26) can be written as 


Ng +n(T) =e — eS 


No-Na—n(t) ne LT, PNET: 


This quadratic equation in (7) has the solution 
n(T)=2{— (Ng +x) + [(Nq +)? —40(Ny— Np) ]} «...-- (3.28) 


2 Cienk L592 T\O I 8 ( =A 
aay re PET)" 


Simplifying the relation (3.28) for the condition x< N, and N,?>4«Np we obtain 


_ 2Np[ 2makTy |?” ale: (26—-1)/2 
tes 4) is ] ye = if 


In case II we neglect c’ and b’ in Eqn (3.26) and solving for n(T) we obtain 
NyIT/ToPee(Z)/ou(k To) ON LL/AT 0] exp (= H/T) 


where 


IN eS ee ee 
m(T)+Na= 72 67/7 Foc) /ou(To) OMA To] exp (—1/RT) 
ca (3.30) 
The relation (3.30) can be simplified for the condition 
T\P ofl) 1 & ee 
ve i) EIGER \ a: 


giving 
BTV ee ee el oni 
n(T)+Ng=No( 7) me? (ar) O82) 
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For case III, we solve the Eqn (3.26) for n(T) neglecting c’ and d’ and obtain 
n(T)=3{— (Naty) t+ [Ng +9)? 49(N a — Np) 27}. (3.33) 
where 
y= [2(2mrkT)3?/h3] exp (—I/kT). 
The relation (3.33) may be simplified to 


2Np (2mrkT\3!2 =i) 
n(1)= <2 ace a ) exp(Zp) ees (3.34) 
for the conditions 
y<N, and N,?>4yN, BES (3:35) 
§ 4. RESULTS 


In this section we make use of the results obtained in the previous sections to 
derive an expression for the current density J, as a function of F, the applied 
potential gradient. By definition 


Jan T ewer) (Le) er ese (4:1) 
From Eqns (2.3) and (2.4) we therefore have 


T, |v? for acoustical mode 
Jan(TrJeuy(To)| “rr || ae] F ae 


scattering 
he (4.2) 
and 
n(T) VP m(T) VP T 73? for ionized impurity 
rentrden(TO| gry |LmclL] ? "teasing 
aot (4.3) 


Using (2.2) to eliminate T from (4.2) and (4.3), we shall find J as an explicit 
function of F. Before carrying out this calculation of J, we first discuss Eqn 
(2.2) which relates T with F. Unfortunately T is not an experimentally observ- 
able quantity so that one cannot confirm the correctness of (2.2) by direct experi- 
mental observations. By observing the field dependence of conductivity at 
temperature 77°K and above Gunn (1957) and several other authors have con- 
cluded, that Eqn (2.2) is only qualitatively correct. ‘To get quantitative agree- 
ment with experiments the right-hand side of (2.1) must be increased by a factor 
of the order of 10, Physically this means that the electrons should lose energy 
to the lattice at a rate ten times greater than that given by B in Eqn (2.2). We 
do not attempt to give any explanation for this discrepancy but for the purpose 
of this paper multiply the right-hand side of (2.1) by an arbitrary numerical 
parameter g and determine its value from higher temperature measurements. If 
the scattering is due to the acoustical modes then Eqn (2.2) can now be written as 


F¥u,?(T)) = = (7 7) (7 & ) 5 ree (4.4) 


When the electric field is large enough to satisfy F y4,(T)) >ys where y = (32g/37)}?, 
then (4.4) can be simplified to give 


clea biicwpule Sk 
1h ys 


With the help. of (4.5) we may now write the current density J due to acoustical 
scattering for the three cases defined in §3. 
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Case rl, 
For a field range of F, >F >(ys)/uz,(T)) where 


Deal 
pee! © i 4c na ao, 4.6 
~nTOLT, 2 : atin 
we have the current density J as 


provided the conditions for the validity of (3.29) are satisfied. 


10? 


03 r a 
ee n- type a bl 


ne pe rs 
10% 
0-01 01 pe 10 100 


The variation of the current with the field. Curves A, B and C represent the case I with 


B=1, 3/2 and 2 respectively, while the curves D and E represent the cases II and III 
respectively. 


Case II. 
For a field range of F, >F >F, ee 


Fy= | 7 Z-5| eee (4.8) 
the current density J is 
= [Fyz(To)e] “ae ‘a pu(To) ee 
<aiforeon(-ar( C23)" 


provided the condition (3.31) is satisfied. 
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Case III. 
For a field range F >F,, the current density J is 


= Np 2(2mrkTo)82 > Fuz(T) . 1 —I\ /FinlT,) ive 
J=Fu(Texp |e +3 Pte) (ee 3) f 


provided the condition (3.35) is satisfied, which gives the upper limit of F for the 
validity of (4.10). 

An expression for the current density J, when the scattering is due to ionized 
impurities can be obtained in a similar way. We shall not give the exact 
expressions here, but derive only approximate results from the cases II and III 
where the results are interesting. Substituting (2.4) in (2.2), we obtain the 
relation between T and F as 

F*vr(To)er(To) _ m(T) _ Na+n(T) 


sy —m(Ty) Na t+n(To)” 
For cases II and III the electron density n(T) varies exponentially with T, so 
that one can write approximately 


nD) xX exp (—1/k1) |) ee ne ee (4.12) 


where X may be assumed to be almost independent of T. Substituting (4.12) in 
(4.11), we obtain 


= pales Ets Fu (To )er(To {Na tnTo)} _ 
RP =} 2, ee N, |. eee (4.13) 


This means that kT varies very slowly with F. Using this property we may write 
J for ionized impurity scattering as 


de Ft AT, ia (Tg CN Cy) td ee (4.14) 
provided n(T)<N, and [F?u,(To)uz(To)/s*y?]>1. 
When n(T) >N,, the current density J can be expressed as 
SJ = Pew (a) (Rie) ly a ane eid (4.15) 


so that the current is proportional to the field F. From Eqns (4.14) and (4.15) 
we can see that no strong field dependence is expected on the basis of this theory 
when the impurity scattering predominates. 


§ 5. Discuss1Ion 


In §3 we have obtained expressions for the variation of the free electron density 
with electron temperature for three separate ranges denoted by cases I, II and 
III. Each case is defined by considering only one of the two processes by which 
the ionizations of the donors or the recombinations of the free electrons take plave. 
For case I both the ionization and the recombination is due to the process 2 
(lattice interaction) and we obtained a rise in n(T) with T as proportional to 
(RT)*@-Y2, For case II, n(T) rises rapidly with T as exp(—J/kT) when the 
ionization of the donors is due to process 1 (impact ionization) and the 
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recombination of the free electrons by process 2. In case III the process 1 
completely predominates and is therefore associated with a complete thermal 
equilibrium of the free and the bound electrons. In this case m(T)) increases 
exponentially till it almost reaches the saturation value of Np. The transition 
temperatures J, and T, can be defined using (3.25) by the following equations 


T; aa at _ Na or(RTy)Q RT 
(7) exp (7)= tase) nati sighehe ere (5.1) 
and 
RE \e a 5 
aoe(1)IkT, = RT, (ATP oR dO ee faae (6:2) 
respectively. 


In §4, we obtained expressions for the variation of current density J with field 
F. Weillustrate these results graphically for a typical example of a fairly pure 
n-type germanium crystal having Ny=10'cm~-*, N,=5 x 10% cm~ and with 
(I/kT,)=25 (i.e. Ty~4°K). Fixing y=6 from the experiments of the field 
dependence of the conductivity at 77°K, we have drawn for case I three curves for 
three different values of 8. We see that when B=1, the current is proportional 
to the field, which is in agreement with experimental observation by Sclar and 
Burstein. This value of B=1 which lies in the same range as the values obtained 
theoretically by Lax and Frood, may therefore be the correct value. For cases II 
and III the current rises very steeply as exp (constant//) for a very narrow range 
of the field strength F while for higher values of the field the current is proportional 
to F¥2, The F4? field dependence of the current indicates complete ionization 
of donors and is therefore consistent with (1.1). The transitional field strength 
of F,, below which the currents are ohmic (case I) and above which the current 
rises rapidly (case II) is therefore associated with the critical field #* (the break- 
down field, in the terminology of Sclar and Burstein). 

F* is obtained from Eqn (4.6) with the use of (5.1) which determines T, the 
transition electron temperature. 7,=12°K is found if we set o¢(J)=10~ cm? 
and o,(kT))O=10-%cm? (Lax 1959). From Eqn (4.6) F*=1-3vem is 
then obtained when the mobility of electrons in germanium at 4-2°K is assumed to 
be 2-7 x 108cm2 v-!sec—! a value proposed by Sclar and Burstein. F* has been 
obtained in agreement with the experimental value, by making use of the experi- 
mental value of y at 77 °K and the above values for the cross section and the mobility. 
In our theory at the field strength F* the impact ionization (process 1) just 
begins to surpass ionization by phonons (process 2) while recombination is still 
predominantly due to phonons. Sclar and Burstein incorrectly neglect the 
latter, i.e. they consider process 1 for both ionization and recombination according 
to our case III. This would lead to a much lower field F* than found by our 
theory. 
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Formulae for Non-degenerate Rayleigh-Schrédinger Perturbation 
Theory in any order 


ae gi By R. HUBY 
Department of Theoretical Physics, University of Liverpool 


MS. received 13th February 1961 


Abstract. It is shown that Bloch’s solution for the mth order perturbation of the 
energy and the eigenvector in the Rayleigh—Schrédinger perturbation theory of 
non-degenerate, discrete levels can be expressed in a different form, of a kind 
suggested by Brueckner, and some advantages of the latter form are presented. 


§ 1. INTRODUCTION 


HE many-body problem has stimulated interest in the systematic formu- 
| lation of the higher order terms in Rayleigh—Schrédinger perturbation 
theory for discrete energy levels, i.e. the determination of the discrete 
eigenstates and eigenvalues of a Hamiltonian: 
Eiseliy Te OR Py ee een (1) 
(the sum of an unperturbed operator H, and a perturbing one 7’) in the form of 
series in ascending powers of H’. The case most studied has been that of a 
system of many particles the interactions between which constitute H’, and 
important perturbation developments appropriate to this particular case have 
been made (e.g. Goldstone 1957). However, some attention has also been paid 
to the formulation of the solution to the general problem (1). Bloch (1958) 
has presented an elegant formulation, which leads to a quite simple expression. 
for the mth order energy or state vector when the problem is ‘non-degenerate’ 
(i.e. when we study the shift of a non-degenerate unperturbed energy level). A 
different prescription for writing down the energy shifts in the first few pertur- 
bation orders (again for the non-degenerate problem) had been suggested by 
Brueckner (1955), but it was not clear how this was to be generalized correctly to 
any arbitrary order. The purpose of this paper is to show that the prescription 
of Brueckner for the energy can in fact, with small modifications, be extended 
up to any arbitrary order; and that it can also be adapted to yield formulae for 
the state vectors to any order. This is achieved by showing that the formulae 
proved by Bloch can be expressed alternatively in Brueckner’s form. 
Brueckner’s type of formula has some advantage in the ease with which it 
can be visualized and applied. 


§ 2. BLocu’s FORMULATION 
Let us first summarize the relevant results of Bloch (see also Messiah 1960). 
We consider some unperturbed, discrete, eigenvalue of Hp, say E), which in the 
first instance may perhaps be degenerate, its eigenvectors spanning a g-dimensional 
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subspace Q, of the total state space. Let Py be the operator of projection on to 
Q, and Q, the projector on to the orthogonal sub-space: 


Qo=1—Py. ai tk aBeeae (2) 
Next, we define the ‘energy denominator’ operator: 
Gea! , 
re FT Oat Wy eh 9 ree (3) 


Now we assume that there are g independent, exact eigenvectors of H which, if 
the perturbation H’ were reduced to zero, would tend to unperturbed vectors 
lying within the subspace Q). Let these exact eigenvectors of H be |x), |B), ... (g); 
(all. normalized); and let the corresponding eigenvalues of H be (E,+E,), 
(E,+£,),...(g). We denote by |x), the projection of |«) on to Q,: 


lee Pyaar ten oD ae (4) 
Bloch works with an operator U, defined so that its product with each of these 
projections |x) , |B), ... is the corresponding exact eigenket of H: 

lo he Tee ge | ee (5) 


while the product of U with any vector in the sub-space orthogonal to Q, vanishes. 
He obtained a perturbation expansion of U: 


2) 


Ue SY eee (6) 
n=0 
where 
Cnc Bay \\ (7) 
and 
OM eS SeH SUH 2 ole (aot). =) a eee (8) 
Here 
om — Pe eee (9) 
k  /1\k 
#u(Qo\re/h 
S (2) () 0, Gl 0 (10) 
and >’ means a sum taken over all non-negative integers k,, kp, ... k,, which satisfy 
Saeed Ww ial oe chor aiees (11) 
i=1 
and 
S hiSp. Mall’p from 126 ttoln= Ty (12) 
i=1 


In the non-degenerate case (g=1) the energy shift can be found immediately 
with the aid of U. Writing the energy as a perturbation series: 


Eek oe Bre Ss E), isan. ob eo MOR ae (13) 
n=l 
we have 
EM=<0|N' UC} 9 Seanse (14) 


where |0) is the normalized unperturbed state vector proportional to |x). Also 
the eigenvector of H in a perturbation series (but not normalized to unity), i.e. 


Nizy=[0)+ > le), soatee eel 
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is given by 

sand) erat UiGes 1) eee mae meme aim Png eat ee (16) 
Each of the perturbation terms |x) is orthogonal to |0), and so the normalization 
factor N may be written <0|«)-1. N is to be determined, to any chosen pertur- 
bation order, after evaluating the right-hand side of (15) to the appropriate order, 
by calculating the length of this vector. 


§ 3. THE FORMULATION AFTER BRUECKNER 


We deal only with the non-degenerate case. 
It is well known that, if the lowest order non-vanishing correction to the 
energy in the perturbation series (13) is Z,”’, then this is given by 


£0) =(0|H 2 H'0, a a 20 1/0) eae (17) 


(where the bracket contains m factors H’); but on the other hand, if there exist 
lower order non-vanishing corrections to the energy, then the formula for E,” 
contains certain additional terms+. When (17) is expanded in terms of the matrix 
elements of H’, e.g. 


Qo xy Qo emir . ~ COLE?) GNA) <0) 
(OH OH 2H )= 2 EEE)” 


this introduces intermediate unperturbed states |7),|j), etc., which are all 
different from the initial state |0). On the other hand, the additional terms that 
can appear in E,™ contain factors in which |0) itself occurs as an intermediate 
state. For example, the full formula for Z,® comprises in addition to (17) the 
term 


noe FF ; {O|H’|t) (| H’|0) <O|H’|0> 
=(0fr7 2 r/o) oer10y-- 5 ere. 


Brueckner pointed out that, in the first few perturbation orders, the additional 
terms such as (19) in E, can be constructed schematically from the basic term 
of (17) as follows. Writing (19) for instance, as 


2 (Olea - (H') a H'(0) : 


we insert around the inner factors H’ in (17) one or more pairs of bra-ket brackets, 
which signify taking a diagonal matrix element with respect to the state |0)— 
also a change of sign may be required. 

The correct generalization of this procedure to any order is as follows. 

Rule 1. To find the nth order energy perturbation of the level Ey, viz. EX, we 
first write down the basic matrix element (17). We then add to this all other 
expressions which can be obtained from it by inserting any number of pairs of bra—ket 
brackets around the inner H' factors{. The bra and ket of a pair may be separated 


+ More precisely, additional terms enter, not in the next higher order above the first 


non-vanishing one, but only in the next order after that. 
t By an‘ inner’ H’ factor we mean any H ’ other than the first or the last. 
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by any number of link factors 
Hi 20 py Qo. Hy 
a a ; 


and brackets may lie within brackets, but one bra—ket pair may not straddle another, 
and no brackets may touch. Finally the sign (—1)” is attached to the expression, 
where v is the number of bra—ket pairs inserted in it. Each bra—ket pair signifies 
that we form the expectation value of the operator which it encloses, in the state |0). 

Afterwards, any bra—ket pair together with its contents, since they constitute 
a pure number, may be removed bodily as a factor outside the original expression 
As an illustration, 2, is 


£8 =(0|H' 20 4 20 py Qo 720 0) 
a a a a 
— (oer 29 ¢z4"y Lo py Qo zy Qo Ho) —.... 
a a a a 
z 1 Qo 7 p77 Qo p7\Qo py Qo FrIQ\ — 
(O|H ete pat S meg <2 H'(0) Meee 
fe: 1 Qo / 271 Qo p71 Qo z7\Qo zy 
(Ol aH gol <? H’)=* H'0) 
+ (olen 20 (x97) Qo (447) 20 py Qo 0) +... 
+ (O|H’ e (H at (H') os Hives HO) saat eon (20) 
(14 terms) 
= (oH 2¢ ry Qo py" 20 py Qo H'0) 
} a a a a 


— (0|H" Be H’ ae H’ = H'|0)<0|H"0) 


+ (ofr £0 a0) (oz 20 Fr|0)<0|H"0). 


The correctness of this prescription is proved in the appendix. 

A similar prescription (also proved in the appendix) can be made for the 
perturbation of the state vector. Let us consider the mth order term in the series 
(15) for the eigenvector of H. We write down first a ‘basic’ term (cf. (17)) 


Qo Oo 1 Qo i) 
et ee (21) 


(where there are factors H’), and this is in fact the correct formula for |x”) 
provided that all the energy corrections of order less than m vanish. Otherwise, 
however, certain terms must be added to (21). The general rule for formulating 
these terms is 

Rule 2. To find the nth order perturbation of the state vector |0), we first write 
down the ket. that is displayed in (21), and then add -to it all the expressions which 


Rayleigh—-Schrédinger Perturbation Theory 21834) 


can be obtained from it by inserting any number of bra-ket pairs around the H' factors 
other than the last. The rules for arranging and interpreting the brackets are the 
same as those in Rule 1, and again the sign (—1)’ is to be attached to an expression, 
where v is the number of inserted bra—ket pairs. 

The perturbed vector thus obtained is the one normalized as in (15) and (16). 
As an illustration, |x) is 


Ja) = Qo py Qo py Qo 20 10) 
a a a a 


— Qo pry Qo 7 Qo Qo H0y 
: a a a a 


Oo , Oo 7 Og 1 Qo 2 
+ SO 0H sed) Se Ht) H’'|0). 
(14 terms) 
= Qo pyr Qo py Qo Fy Qo F719 
a a a a 


— 20 py Qo py 20 F410) 0|H1'10) 
a a a 


t H'\0 >(olz” o H'|0) (O|H"|0). 


§ 4. COMMENTS ON THE FORMULATION AFTER BRUECKNER 
From (14) and (16) there is a simple relation between £, and Bey: 
Bes OLA oO) s ace Sait Ale gare (22) 
This shows that Rule 1 follows directly from Rule 2, the formula for #,” being 
closely related to that for |x") (both, for instance, having the same number of 


terms). 

The formulation given in Rules 1 and 2 is most helpful when the energy 
corrections vanish below a certain order, say the nth. It is evident from Rule 1 
that the necessary and sufficient condition for this is the vanishing of all brackets 


of the form 
, OQ, , 7 
(ol <0 H ... H'(0) 


which contain fewer than factors H’. This greatly simplifies the construction 
of the formulae for energies and state vectors of order higher than n: in following 
Rules 1 and 2 we have simply to exclude all expressions which contain brackets 
enclosing fewer than m factors H’. For instance, if the lowest non-vanishing 
energy correction is the third, then E® is given by 


no = (oer 20H Qo py 20 47 Lo H1\0/ 
: a a a a 


¢beoe 


: F , 0 Os v Qo , 
— (oH eee eur 2o ry’) Hp). 
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Brueckner’s original formulation indeed differed slightly from ours of §3, because 
he exploited this kind of simplifications as follows. The original problem of (1) 
is replaced formally by 


H={H,+ (0|H'|0)}+u, 
where 


u=H' — (0|H'|0), 


and uw is now treated as the perturbing operator. The unperturbed energy 
becomes (£,+ <0|H’|0)), but all the unperturbed states |) remain unaltered, as 
does the operator Q,/a. The first order energy perturbation  O[u|0) now 
certainly vanishes, and so when the perturbation formulae are written down 
according to Rules 1 and 2, all expressions containing brackets (uz) can be excluded. 


APPENDIX 


Starting from Bloch’s formula for U™ (Eqn. (8)), we assert that this can be 
constructed by the following Rule: 
Rule 3. To find U™, we first write down 


Dory eer a Step ne (A.1) 
a a a 


(containing n factors H’), and then add to it all the expressions which can be formed 
from it by inserting any number of bra—ket pairs around the H’' factor other than 
the last. The rules for arranging and interpreting the brackets are the same as 
those of Rule 1, and again the sign (—1)” is to be attached to an expression, where 
v ts the number of inserted bra—ket pairs. 

Once Rule 3 has been proved, Rules 1 and 2 will follow trivially from it by 
applying (14) and (16) respectively. 

First we show that any single one of the expressions prescribed by Rule 3 
is equal to one of the terms in Bloch’s series (8). A typical expression in 
Rule 3 may be written. 


(1) (2) (i) (i+1) (i+m) (i+m+1) (n) 
o=(—1) 20H 27 ak HL H! «. we EP aOR EEE, 


= (—1)'0,(03)03Po = (— 1)”0,(02)03]0 <O], 


where it is to be understood that the bra beside O, is the one closest to the left end 
of the whole expression and the ket beside O, is the proper partner of this bra. 
That is to say, O, contains no bra-ket pairs, but both O, and O; may doso. Now 
let us lift out the numerical factor — (O,) and replace it between |0) and <0| in 
the last form of (A.2) 


v= (~1[)*-40,05|0)<0| — 0,0) <0 
=(—1)"*0,03(— Po)O2Po “ 


=(—1y4 20 Qo. 20H? OP so 
a a 


as 
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Comparing this final expression with the first expression in (A.2) the changes can 
be described as follows: 
(i) In the chain of operators (interspersed with brackets) 


202.00 
a a . 


(n=m) 
the factor Q,/a which stood originally just to the right of 'H’ has been shifted 


leftwards into the place just to the right of H’, converting this factor into 
Q,/a?, while the place vacated has been refilled with S°. 

(ii) The number of bra-ket pairs has been reduced by one, and the positions of 
the remaining brackets have been altered. 

(iii) The factor (— 1)” has been altered so as still to correspond to the remaining 
number of bra—ket pairs. This process is now to be repeated successively, first 
seeking the nearest complete bra—ket pair to the left end of the expression, and 
then shifting it to the extreme right end. At each step the number of bra-ket 
pairs falls by one, and a factor Q,/a is shifted leftwards, its vacant place being 
taken by S°. Eventually, all the brackets will have gone, and we shall have an 
expression of the form in (8), which we denote v’: 


though it remains to verify that (11) and (12) are satisfied. 

Since the total power of 1/a in the expression has been conserved, the ’s in 
v’ satisfy (11). The chain of operators in the original expression (A. 2) (forgetting 
for the moment the brackets and sign factor) is of the form of a term in (8), with 


Dp 
2h? 


Now in the process of going from v to v’, the shift of factors Qo/a has always been 
leftwards; hence the &,’s in v’ satisfy (12). 

We proceed to the converse : to show that any single one of the terms in Bloch’s 
formula (8) is equal to one of the expressions prescribed by Rule 3. A typical 
term in (8) may be rewritten 


(n) (n—1) (1) 
w'=SmH'Sm-1 H' ...S1H'Py, wa wees (A.5) 
where, because of (11) and (12) 
en a ee (A.6) 
i=1 
Si<q: (allqgfromlton—1).  —«.+s (A.7) 


i=1 
We may write 


n 4 (i) (m) (1) 
ao = — Sf Sra,. HT QOH... HPL... 2HP, 
ar 
= — 0,22 0,P,0.Po= eG Og|0)<0|O,[0) <0}, weaves (A.8) 


where (i) the inner P, which has been written down explictly represents the S° 
nearest to the right end of the expression in (8), (1i) the factor Q,/a’i which has been 
written down explicitly is the factor S% nearest to the right end for which /;> 1. 
Because of (A.7) all the / values contained in O, are unity. 
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Now, let us lift out the numerical factor {0|O,|0) and replace it between O, 
and O; thus: 


= ~ 0, 28, 010,40) 220, 0) <0 


(n) (i) (Cie Hy 1) “F m) (1) 
a SH So cee ee Qo =, ( H Qo"H” ) Se°H Ht Py 
a 


Pad 


Comparing this with the original expression in (A.8), the changes can be described 
as follows: 

(i) In the chain of operators, from the factor Q)/a'i which, having /;> 1, lies nearest 
to the right end, one factor Q,/a has been extracted and has been shifted right- 


i41 

wards to replace a S° factor, and the remaining S® factors right of H’ (if aa 
have been interchanged with some Q,/a factors. 

(ii) A bracket of the type prescribed in Rule 3 has been inserted to the right of ‘H’. ” 
(iii) The expression has been multiplied by (—1). 

The process is now to be repeated successively, first lifting out everything to the 
right of the S° factor nearest to the right end (again because of (A.7) this section 
always contains only a string of Q,/a factors to first power) and setting it down 
leftwards inside the first factor Q,/a’t from the right end which has /;>1. This 
eventually results in the disappearance of all S% factors with /,A1, and indeed we 
get an expression of the type prescribed by Rule 3, which we denote w: 


DSU. SVS I Sacer (A.10) 


We have now proved that every expression v in Rule 3 equals a term v’ in Bloch’s 
(8), and conversely every expression w’ in (8) equals aterm win Rule 3. Further- 
more, if we follow the first procedure for converting v into v’, and then the second 
procedure for converting v’ back into a Rule 3 type expression, it can be seen that 
the result obtained is the original v. ‘This is because the second procedure, 
starting from wv’, just reverses step by step the first process which ended in v’. 
This result finally establishes a 1: 1 identity between all the individual expressions 
in Rule 3 and all the terms in (8), so that they both yield the same sum U™, 
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Abstract. A résumé is given of how accurately perturbation theory (using a 
ground-state hydrogen-like atom perturbed by a point charge) predicts the 
Iso and 2po energies of H,+ and HeH?+. Corresponding delta-function models 
are discussed; here it is possible to test the convergence of the perturbation 
expansions. The models indicate that the series for the 1so energy is divergent 
for H,* at large values of the internuclear separation R but convergent for HeH?*; 
this explains why the H,* series is inaccurate and the HeH?*+ series accurate. 
Both series converge for small R. The 2po energies are represented by divergent 
series which are asymptotically convergent if Ris sufficiently large. A ‘resonance’ 
correction is justified for the H,* series, giving an accurate 1so energy for all R 
and an improved 2po energy. 


§ 1. INTRODUCTION 


XACT electronic energies of H,+ have been found numerically for given 
Boss of the internuclear separation R (Bates, Ledsham and Stewart 1953), 

but it is desirable to express these energies directly as functions of R. 
An obvious approach is to use a perturbation method and regard the ion as a 
hydrogen atom perturbed by a proton, but the resulting energies are not accurate 
even at quite large values of R (Dalgarno and Lewis 1956). This is in contrast 
to the situation with the heteronuclear ion HeH?* where accurate energies can 
be obtained using similar techniques, and so H,* poses a problem in perturbation 
theory. 

A physical reason for the poor results with H,* is the so-called ‘resonance’ 
degeneracy in the limit of infinite R. To take the simplest case, both the ground 
state (1sc) and the first excited state (2pc) of H,+ have each to be represented 
for large R by a 1s hydrogen atom perturbed by a proton; the resulting iterated 
energy cannot be a good approximation to two different exact energies simul- 
taneously, and so the method must be inaccurate for one or both of the states. 
With HeH?+ the nuclei have different charges, and the 1so and 2po energies are 
represented by two different perturbation expansions. 

The central part of this paper is devoted to a mathematical investigation of 
the conventional perturbation theory approach with the help of a one-dimensional 
delta-function model for H,*+ introduced by Frost (1956). Here a transcendental 
equation for the exact energies is used as a yardstick to test the convergence of 
corresponding perturbation results. It is, unfortunately, necessary to employ 
some kind of simplified model, because formulae giving exact energies as functions 
of R are not available for H,* itself. The reasons for the shortcomings of pertur- 
bation theory in the case of Frost’s model should be similar to those for the 
actual ion. 
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Firstly, however, we give a résumé of the perturbation treatment for the 
lsc and 2po states of both H,+ and HeH?+, and the paper is completed by the 
justification of a simple ‘resonance’ correction to the H,* perturbation series. 
This yields accurate formulae for the 1so energy at all R values and for the 2p 
energy when R is greater than 4a). 


§ 2. PERTURBATION TREATMENT FOR THE 1so AND 2po STATES 


The electronic energy of a hydrogen-like atom of nuclear charge Z in its 
ground state perturbed by a point charge q situated at a distance R away from 
the nucleus can be formally written 


E=f£ot+gl,+@E,+O(g). «5S = aeenee (1) 
-I 


Ta 


> 
[oe} 


Z R g 
Fig. 1 
Here E,= —4Z? in ordinary atomic units. Using conventional perturbation 


theory with —q/rp as the perturbation to the Hamiltonian (see Fig. 1), it can 
be shown (Dalgarno and Lynn 1957, Robinson 1958) that if we write 


#=ZR 


B=2Z[-7+ (1+ Ze], 
5 {Nae on fiers 
B= 3 aie ) eEi* (21) — (147) e— Ei(22) 


+ [145 +2-5 cies r(1 cs 7) et] Ei* (22) 
+[2 (1 + 1 (K+1n2t)-—2—- : oi Ones. (1 + 7) e*EiQ2) | e~2t 


dit ak eee a ee, 
+ [2(1+ 3 Ne anaes + 52 emus 


K being Euler’s constant. It is possible in principle to evaluate further terms 
in the series (1), but the labour involved in finding even E, would be very 
considerable; good approximations are available for these higher orders 
(Dalgarno and Lewis 1956, Dalgarno and Stewart 1956b). 

In Table 1, the expression £)+gE£,+@E, with Z=2 and q=1 is compared 
with the exact Iso energy of HeH?+ at different values of R, and the saine 
expression with Z=1 and g=2 is compared with the exact 2po energy. ‘These 
exact values were computed by Bates and Carson (1956). It seems likely from 
the table that the Iso perturbation series converges to the true Iso energy for 
all values of R. It has been shown by Dalgarno (1956) that the first three terms 


then 


and 
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of the series do give the true result in the limit of zero R; this can be verified by 
considering the limiting values of E, and E,. We also see from the table that 
the 2po series is probably asymptotically convergent to the true 2po energy for 
sufficiently large R. 


Table 1. Comparison of Electronic Energies for HeH?+ 


R(a) 0 1 2 3 4 5 
1so state 
Exact —4°5 —3-03335 —2:51219 -—2:33549 —2:25060 —2:-200 23 
Perturbed, —455 —3-01530 —2:50893 —2-33525 -—2:25058 —2-200 23 
Z=2;q¢=1 
Pert.+A.t —3:-01897 —2:51202 —2-33558 —2:25061 —2-200 23. 
2po state 
Exact —1:125 -—1-33834 -—1-34518 -—1-17883 -—1-03108 —0-92254 
Perturbed, —4°5 —2:75582 —1:72613 —1-26283 -—1:03825 —0-916 26 
Zig — "2 
Pert. A_f —1:96835 —1:54658 —1-22911 —1-:03256 —0-915 37 


Table 2. Comparison of Electronic Energies for H,* 


R(a@) 0 1 2 3 4 5 
1so state 
Exact — 2:0 —1-45178 —1-:10262 —0-:91089 -—0:79608 —0-72442 
Pert.+A.7 —2:0 —1-48766 —1-:12373 -—0-91811 —0-79663 —0-723 30 
Perturbed, —2-0 —1-42862 —1:04280 —0:85572 —0-75935 —0-704 04 
Zig 
Pert. + A_ft 0 —0:65387 —0-73234 —0:72660 —0-70466 —0-680 66 
2po state 
Exact —0°5 —0°56481 —0-66753 —0-:70142 —0-69555 —0-677 29 


All energies are expressed in atomic units. 


FT See § 5. 


The results for H,*+ are displayed in Table 2. This time there is only one 
‘perturbed’ energy, i.e. Ey + qh, +@E, with Z=q=1. For large R, this is a 
good approximation to the mean of the lsc and 2po energies (cf. Dalgarno and 
Lewis 1956), and for small R it again seems likely that the perturbation series 
converges to the exact Iso energy. It is possible that this also occurs for large R, 
but if so then the convergence will be slow and many more terms than three in 
the series (1) will be needed. Dalgarno and Lewis included E; and Ey, (in 
approximate form) without apparent improvement. 

If a perturbation expression for the 2po energy is required which is valid 
for small R, then an unperturbed hydrogenic wave function must be used which 


2M2 


540 P. D. Robinson 


tends to the appropriate 2p function as R tends to zero. We shall not discuss 
such a problem here as we are primarily concerned with behaviour at large R 
values. ‘ 


§ 3. Frost’s DELTA FUNCTION MODELS 


(a) Hydrogen-like atom. ‘This one-dimensional model of the atom consists 
of an electron moving along the x axis with a potential of — d(x) replacing the 
true —Z/|x|, 5(x) being the usual delta-function. This potential is the limiting 
case of a square well potential centred on the origin, of depth U and width a, 
as U tends to infinity and a tends to zero whilst the product 

aU=xX 
is kept constant (see Fig. 2). We call the quantity \ the strength of the well, 
although such a term is sometimes used to mean a?U. The model has just one 
bound state with energy 


B= Ss eee (2) 


and normalized wave function 

p= exp (—Ala]); 
it is thus analogous to the ground state of the hydrogen-like atom if A is replaced 
by Z. 


0 Ge 
Ge 

uF = 

-! 

0 R 
0 
r & 
a 
Fig. 2 . Fig. 3 


(b) Diatomic ion. 'The single-nucleus model is extended to represent H,+ 
or HeH?+ by having two delta-function potential wells of strengths ’ and p, 
the A well being situated at x=0 and the yw well at x= R (see Fig. 3). Two bound 
state wave functions exist, and are of the form 


= Aeexp (~ylxl) + Bexp (—ylx— RI) 
where the two possible values for y are roots of the equation 


y= OF ye Ag l= eap(—2yR))=02.) Pane (3) 
A and B are specified in terms of y and R, and the energy eigenvalues are given by 
Bice — eye ek nn ee ee eee (4) 


in each case. 
We denote the two possibilities for y by y, and y2, where, from (3), y, is the 
(positive) root of 


Qy,=At+ pt [(A—p)2+4Awexp(—2y,R)P2, sae ee (5) 
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and y, is the non-zero root of the similar equation 
2yg=Atp—[(A—p)?+4Awexp(—2y,R)P?. wea (6) 


We shall suppose, without loss of generality, that A>p. It is clear that y, is the 
greater value for y, and thus from (4) yields the ground state of the system. 
The limiting values of y, as R tends to infinity or to zero are, from (5), respectively 
Aand A+; Eqns (2) and (4) therefore indicate that for large or small R values 
the ground-state energy approximates to that of a single-well system with 
strength A or A+, accordingly. This situation is an exact analogue of what 
happens with the 1so state of the diatomic ion, with the nuclear charges Z and q 
replaced by delta-function wells A and p, and with the limiting cases of ground-state 
hydrogen-like atoms replaced by single-well systems. 

Yo gives the only bound excited state of the system. This state can be compared 
with the first excited state (2po) of the diatomic ion. The behaviour is analogous 
for large R when y, approximates to ., showing that the electron is concentrated 
round the p well; with the ion the electron is concentrated round the charge g. 
But the analogy breaks down at small values of R. yy, decreases to zero as R 
decreases to (A+ )/4Au, and is negative when R is less than this value, showing 
that the model has then only one bound state. However, the model can still be 
used for testing perturbation theory at large R values. 

In §§3.1 and 3.2 we give certain series expansions for y, and y, and in §3.3 
we see to what extent the corresponding energies found from them agree with 


energies derived from perturbation theory. The case of equal wells is considered 
in § 3.4. 


3.1. Ground State (‘1so’); A> 


In order to test the perturbation theory we need an expansion for y, in powers. 
of 1. We see from (5) that y, tends to A as p tends to zero, and it can in fact be 
proved (see Appendix A) that 

yp =A+ pay (A) + p2ag(A) +... + ema (A)+..-, severe (7) 
where 


An q®-1 1 e—2yR_] n n rs qe e—24R_ | s 
an )- =| S545+ y \ eh = $a | r } } 


The first three coefficients are: 


a,() =e", 


e—2Ak 
a,(A)=[1— (2AR + 1)e**] —, 
e72AR 
a,(X) = [1 — (44R+3)e-2** + 2(302R* + 3AR + Le] —-. 


The radius of convergence p of the series (7) is discussed in Appendix A. 
It is not possible to find p explicitly as a function of R, but a partly qualitative 
graph is shown in Fig. 4. The series converges whenever p is less than p, 
ie. under the following circumstances: (a) if u<v, for all values of R; 
(6) if v<p<), for R sufficiently small or sufficiently large, but not in the 
intermediate region; (c) if ~>A, only for R sufficiently small. Thus when 
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A> p, (7) will converge for all values of R save possibly for those in some 
intermediate region. The crucial difference between the cases A> and A= 
is that in the latter case the series (7) can never be convergent for large values 


of R. 


Fig. 4 


There is an alternative series expansion for y, in powers of exp (—2AR) 
which is valid for large R. Since y, tends to A as R tends to infinity, (5) gives, 
by iteration: 


nar+ (Se 2 we e-BaR_ [ 2R+ ml( -): e-aR 


+2 [ aR a + aco (es) e-8AR4 O(e-BF), (8) 


It is interesting to compare expansions (7) and (8). If (8) is expanded further 
in ascending powers of » (permissible since y. <A), then it coincides exactly with 
{7), correct to order p4. 


3.2. Excited State (‘2pc’); A>p 
There is no valid convergent expansion for y, in ascending powers of A which 
would correspond to series (7) for y,. We cannot let A tend to zero in (6), because 
A>p. There is, however, an analogue of (8) which will be valid for large R. 
Since y, tends to yp as R tends to infinity, (6) gives: 


von (Beat [ate] Yom 


3 [ sR oe asp wo »|( -) eH R4 O(e-MR), (9) 


(9) is the same as (8) vith A and p interchanged. 


The formal expression 
Yo= pe +Aa,y (pw) + A*aq(w) + APa5(w) + O(A4, e-H#F) (10) ., 
can be obtained by dividing out the coefficients of the powers of e~*#¥ in (9), 
but this can never give a convergent series since A>. All that can be said 
for it is that a finite number of its terms give the correct value for y, in the 
limit of infinite R. 
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3.3. Perturbation Treatment 


We now treat the two-well model as a single well of strength A situated at x=0 
perturbed by a second well of strength » at x=R (see Fig. 3), and develop an 
expression for the energy in the form 


POE Oe Sieh ept OG) ae (11) 


The unperturbed energy and wave function are those of the single-well model, 
Le. 
Eo=- $42 and as tea 


and the perturbation to the Hamiltonian is —é(v—R). The first-order 
correction to the energy is therefore 


B= — | *  b5(a0-— Ry d= —re-WR, 


The sum-rule technique of Dalgarno and Lewis (1955, see also Dalgarno and 
Stewart 1956a) is employed to evaluate EZ, and E,; details are given in 
Appendix B. The results are: 


E,= —[1—(2AR+ })e**B]e—2"2, 
—2AR 
E,= —[1—2(2AR + 1)e*** + (XR? + 44R + Le] =<. 


Substituting these expressions in (11), we have 


2 
jj aN [ 2 ~ eAR + 2 (5) {1—(2AR + f)e2*Fle-24k 


3 
2 (5) {1 —2(2AR + le? + (6X2 R?-+4AR + Le Re 4? + owt) | 


It can be verified that if series (7) for y, is substituted in E= —}y°, then the 
resulting formula for the energy is identical with (12), to order p+. Thus, on 
the evidence of the first four terms in the perturbation expansion, the ground-state 
energy of the two-well model is accurately represented by perturbation theory 
provided that pz is less than p, so that series (7), and therefore also series (11), 
is convergent. 

If the two-well model is regarded as a well of strength » perturbed by a larger 
well of strength A, expression (12) will be obtained with A and interchanged. 
So the energy predicted for the excited state by perturbation theory will be that 
derivable from (10); it will only be a poor asymptotic approximation to the true 
energy for large R, and will be meaningless for small R. 


3.4. The Case of Equal Wells: 4=p 


Here there is just the one perturbation series which has to represent both the 
‘1s’ and the ‘2po’ energies, i.e. expression (12) with w set equal to A. But 
in this case series (7) can never be convergent for large R, as we saw in §3.1, 
and so (12) will not converge for large R either. It is merely a poor asymptotic 
approximation to both energies. When R is sufficiently small, however, (12) 
does converge to the true ‘1so’ energy. 
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With equal wells, Eqns (5) and (6) defining y, and y, degenerate into 


y[A=1 40-72, 
giving the following approximate solutions for large R: 
¥,/APIA eT Ba ARE et . eRe tee eae (13) 
valAtel — eA — \Re 2s ee Rete eae (14) 


(13) and (14) replace (8) and (9), which are no longer valid when A=p. Unlike 
(8) and (9), they contain odd powers of exp (—AR), providing further evidence 
that series (7), which does not contain such powers, cannot be an accurate 
representation of y, for large R. 


§ 4. RESULTS AND DISCUSSION 


If it is permissible to carry over the results derived from the delta-function 
model to the genuine physical problem, then we can make the following 
assertions : 


HeH?*, In the l1so state the energy is represented by a perturbation series 
with Z=2 and q=1 (cf. A=2, w=1) which is convergent either for all values 
of R, or possibly for all values of R except those in some ‘intermediate’ region. 
For the 2po state, the perturbation series with Z=1 and g=2 (cf. A=1, p=2) 
is divergent at any fixed value of R but is asymptotically convergent for sufficiently 
large R. It can be said to represent the 2po energy only for such values 
of R. (The asymptotic convergence would seem to be better for HeH?+ 
itself than for the model. Perhaps this is because the contribution to the energy 
which is not exponentially decreasing is less trivial than with the model.) 
H,*. 'The single perturbation series with Z=q=1 (cf. A=y=1) merely 
converges to the lso energy for small values of R. ‘The series is divergent for 
large R, but it is asymptotically convergent to both the 1so and the 2po energies. 
The question remains as to whether it is possible to ‘improve’ the perturbation 
series for H,*. A recent attempt at this has been made by Dalgarno and Lynn 
(1956). For the ground state they start with the ‘best’ LcAo wave function 


$1(ra) + ¥4(rp)> 


and improve it with the set of functions 


Pn(ta) + Pn(to) 
as a basis for the perturbation expansion, %,, being the mth hydrogenic wave 
function. However their approximations lead to an energy which is not accurate 
as R tends to zero. In §5 we attempt to justify a simpler, more accurate formula, 
which merely adds a ‘ resonance’ term on to the first three terms of the perturbation 
series (1). 


§5. A ‘ RESONANCE’ CORRECTION 


5.1. A Modified Perturbation Expansion 


The primary aim is to find a good approximation to the energy of the lsc 
state of H,* for large R. Following Dalgarno and Lynn, and writing 


A, =%;,("a); B,=%,("v) 
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(both functions being assumed normalized), we set 
p=A,+B,+ > €,(Ap + B,) 
nF 


in the wave equation 


LO AE od 4 oe eel Aas Feige xe (15). 
The Hamiltonian is (see Fig. 1 with Z=q=1) 
epee he tb gras sh 
Tam Thy Th 
and as R tends to infinity then 
E-E,4; 


Hand E,* are the Hamiltonian and ground-state energy for an isolated hydrogen 
atom with nucleus at A. We suppose the coefficients c, to be small, since c,, 
tends to zero as R tends to infinity. 

If (15) is premultiplied by A,* and integrated, and the products of c, with 
exponentially decreasing integrals are neglected, it is found that 


1 


1 
(B—By\(1+ (Ax1,))= (4, | - =| 41) + (Ail - =| 21) 
4 > on {Ar -2 Ane a kealbes oe (16) 


(Here (A,{B,) means {.A,*B,dr, (A,|—1/rp|A,,) means f{ A,*(—1/r)A, 47, 
etc.) Similarly, if we first premultiply (15) by A,,*, we obtain 


mm? 


1 & 
“n= Be (An A,+ % ¢w4a)+ Of “a 


rb 
&,,, being the energy of the hydrogenic function %,,._ For large R, it follows that 
1 1 
(m= gg (An Seah Died (17) 


since F tends to &, (=£,*) and c, tends to zero as R tends to infinity. 

Substitution of (17) into the last term of (16) gives precisely the second-order 
perturbation energy E£,*. Also the first term on the right-hand side of (16) is 
the first-order energy E,4, and so we finally obtain 


By) (+ Ay/B)) asers(isy 


E=E,A+ (BA+ BA (4,| - * 


5.2. The ‘ Resonance’ Term 


E can be expressed more concisely in terms of a ‘resonance’ correction, A,, 
defined by 
_ SA+ BHA +B) _ 14 ania.) 
“SURO P OSA BT OS acts 
This quantity is the difference in energy caused by having A,+ B, rather than A, 
as wave function. A. simplifies to 


{(1+ ¢4,|B,))7*—- VE A+ (Ay 


and using this in (18) we get 
E=EA+EA+E A+ (Ay|B,))1 +A. Spool)’ 


A, 


By) (1+ <A,|B,>)7, 


ae 
Tp 


546 P. D.. Robinson . 


Expression (19) has been derived on the assumption that R is large; the 
overlap integral {A,|B,) is exponentially decreasing, and so the difference between 
(19) and 

R=EA+EATEA+TAA | eave (20) 
will not be very great for large R. (20) has the advantage over (19) in that it 
correctly represents the 1so energy as R tends to zero, for A, then also tends 
to zero. The explicit form of A, is 

_ (—1/R+2R/3)e—* + (1+ 1/R)A+R+ R?/3)e | 
1+(1+R+R*/3)e* : 
it supplies some odd powers of e~* which are lacking in the perturbation series. 
There was similar trouble with the delta-function model, as we saw in §3.4. 
Values of (20) are given in Table 2, showing how accurately it represents the 1so 
energy for all values of R. 

The 2po energy of H,* is also quite well represented for large R by 

BPR AS Boe AS Ty lode) OPO iia (21) 
where A_ is defined as 

(A, — Bi |A|A,— By) 
(A, — B,|A,— B,) 
A, —B, being the best Lcao wave function for this state. Values of (21) are also 
shown in Table 2. 

We have expressed the formulae in this section in terms of energies referred 
to nucleus ‘A’. This is purely arbitrary; ‘A’ and ‘B’ could be interchanged 
throughout. 


— (A, |H|A)), 


5.3. Resonance in the Heteronuclear Case 


It can be shown that the resonance corrections are less significant if the nuclear 
charges are different. Reverting to Fig. 1 with a charge Z at A and g (<Z) at B, 
the hydrogenic ground-state functions are 


1/2 12 
A= (=) exp(—Zr,) and B,= (£) exp (—qrp) ; 
7 7 
the best Lcao function is of the form 
~=A,+0(Z,q, R)B,, 
4 being found by minimizing the resulting energy. There are two values for 6, 


6, (approximating to the 1so state), and @_ (to the 2pe state). The corresponding 
resonance corrections turn out to be of magnitude 


A,=O(),  A_=0(9%), 
if g is sufficiently small. ‘Thus they should not appreciably affect the energy given 
by (1), where g* terms are already neglected. They are calculated for HeH?*, 
and the difference they make to the perturbed energies is shown in Table 1. 
Finally we remark that, as R tends to infinity, 6, tends to zero and @_ tends to 
infinity provided 7#q, but 0,=1, 6_=—1 for all Rif Z=q. Also if Z=1 and 
q=1-—e where « is small, it can be proved that 


3e/ R-1 
a,= 41-5 (see le" +0), > 
showing that, for large R, 6, approach their H,*+ values quite sharply as q 
gets close to 1. This indicates that the significance of the resonance correction 
increases markedly as the H,* case is reached. 
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The Series for y, in Powers of 
Equation (3) can be written 


y=A+pf(y); 
where 


fly)=1+ [emve—1]2 
yy 


and hence a series in powers of » can be developed for the root of (3) which tends 
to A as p tends to zero, i.e. for y,. There is in fact a Lagrange’s expansion for y, 
(see, for example, Goursat 1916) of the form (7), where 
m—1 
aA)=f0) and 2,Q)=— [S00 | 
Following Goursat, if M(r) is the greatest value of the function | f(z)| on the 
circle |z—A|=r in the complex plane, then the radius of convergence p of the 
series (7) is in turn given by the greatest value of the function 


y(r)=r/M(r),  O<r<oo. 


Fig. 5 


In our case we obtain 
rlA—r| 
IO = 

y(r) is never negative, but vanishes when r=0, A and oo. It is a continuous 
function of r with two ‘maximum’ values, denoted by p, in the range 0<r<A 
and p, in the range \<r< o. p itself is the greater of p, and p,. It is impossible 
to find p, and p, directly, but analysis shows that: 

(i) p, behaves like (3—24/2)A{1+2RA(./2—1)} for small R, and like 
A{1 —2e—**] for large R; 

(ii) p, is less than A for all finite R; 

(iii) p, behaves like (1/2R) In (1/2RA) for small R, and like 0-14/R for large R. 
We thus arrive at the partly qualitative graphs of p, and p, as functions of R 
shown in Fig. 5, and hence also of p, in Fig. 4. 
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The Second- and Third-order Energy Corrections in § 3.3 
If «V is the perturbation to the Hamiltonian (here V= —8(x—R)), and 
F(x) is a physically acceptable solution of 
or Fi dF d 
dx ‘dx dx 
then Dalgarno et al. showed that the second- and third-order energy corrections 
are 


(Inp)=V—E,, 


E,=2(<b|VF |b) — Ey CplF ly), 
E,=4((p|V Pl) — Ey Chl F?l) — Ea lF >). 


Solving the differential equation for F(x) and applying the necessary finiteness 
conditions to, #F at x= + 0, it is found that 


P(x) = (C,—x) F2when —-o<x<0; 


F(x)= (cte- 5 =) gp when 0<x*<R, 


and F(x) = (Cy+x) Ft when R<x<g om, 


For continuity at x=0 and x=R the constants C,, C, and C; must satisfy the 
relations 
1 en 
C,=C,-— <= and Cen Geman 
hence just one of the constants is arbitrary. The integrals required for HZ, and E, 
are elementary, and the arbitrary constant cancels out when the results are 
combined. 
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Abstract. ‘This paper is concerned with the derivation of the radial equations for 
positron—hydrogen atom collisions from the continuous state Hartree-Fock 
equations. ‘The angular coefficients are expressed in terms of vector addition 
coefficients and Racah coefficients for any angular momentum state of the atomic 
systems: positronium and atomic hydrogen. 

The boundary conditions are written in terms of the S-matrix and expressions 
are obtained for total and differential cross sections. 


§ 1. INTRODUCTION 


HE scattering of slow positrons by atomic hydrogen is of interest in con- 

| nection with the development of approximate methods for the treatment of 

collision problems. Furthermore, the recent developments of experimental 

technique associated with the study of positronium formation (Marder et al. 
1956) focuses additional interest on the fate of a stream of positrons in a gas. 

The variational calculations of Moussa (1959) and Spruch and Rosenberg 
(1960) show that at energies below 5ev virtual positronium formation has an 
important effect on the elastic scattering cross section. In particular, Spruch 
and Rosenberg (1960) found that the positrons are attracted to the atom, in 
contradiction to those calculations which neglect positronium formation (Smith 
and Burke 1961). 

The purpose of this paper is to present a concise formulation of the positron— 
hydrogen atom collision problem from the eigenfunction expansion point of view. 
Numerical calculations based on this approach would involve the exact solution of 
the radial equations. These equations are derived from the continuous state 
Hartree-Fock equations. Calculations, which included positronium formation, 
should resolve the discrepancy noted above. 

When positronium formation is taken into account, the positron problem is 
more complicated than the electron problem (Percival and Seaton 1957). ‘This 
is due to the positron—hydrogen atom problem being a two-centre problem. 

The effect of electron—positron annihilation to form y-rays has been neglected. 

The radial equations are derived in §2 and the potentials and kernels are 
analysed in § 3 and §4, respectively. ‘The formulae for the cross sections are given 
in §5. 


§ 2. DERIVATION OF THE RADIAL EQUATIONS 


The Schrédinger equation for the positron—hydrogen atom problem cannot be 
solved exactly. Kohn (1948) has shown that the elements of the S-matrix, from 
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which the cross sections are calculated, can be computed to second order in the 
error in the wave function if the approximate wave function satisfies 


| [e*qz—2y¥ dr, ary=0. tattle (2.1) 


Since spin-dependent forces will be neglected, the total orbital angular 
momentum L and the total spin S of the system are separately conserved; similarly 
for their z-components. ‘Thus, a convenient representation to describe the 
collision process will be one which is diagonalin LM,SMg,. Let this representa- 
tion be denoted by 

Dewi Sie. + 1 ee (2.2) 
where « represents all the other quantum numbers required to specify the system : 
wave numbers and principal atomic quantum number. However, the various 
types of cross sections are more conveniently discussed in terms of a second repre- 
sentation. 

yaait Lmslisigne SiF le Lay Lit Marna (2.3) 
The two representations are related by a unitary transformation, labelled (y|I). 
The approximate functions considered here are 


W(1,2)~ Yor(rasy Ps) EX) we) e > $a(05, R) ZA cut), pie (2.4) 


where A is a representation of the ine e is the internal coordinate of 
positronium, while R is the relative coordinate of positronium and proton. 
The continuous state Hartree-Fock equations 


| | b*(H— E)Y dr,d@j=0 9 ae (2.5) 
[[ee@r-mwdedi-0 ae, (2.6) 

are obtained by substituting Eqn (2.4) into Eqn (2.1), with 
’ by Wi a (PL) Y on, (Pg) ek (Sp mh?) CG, a eee (2.7) 
41 $5= Gig a0) Veg (RIS; My) ee ee (2.8) 


yw, and ¢, are related to #, and ¢y, respectively, by the unitary transformations, 
which are given explicitly by Percival and Seaton (1957). Putting v=nl,/, and 
p= Mp,p»o, Eqns (2.5) and (2.6) reduce to the radial equations 


fog thy BOE] R= SVM lea) + |” Kuyt RVG AR) AR 


and 


ae (2.10) 


byt Se (B-E,) and gh (E—Eg)e  oeee, (2.11) 
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§ 3. THe Direct INTERACTIONS V 


The function V,,, is just that which arises in the electron—hydrogen atom. 
problem, but opposite in sign, and has been evaluated by Percival and Seaton. 
(1957). 

The direct interaction of positronium with the proton vanishes if only the 
S-states of positronium are taken into account. In general 


8 , / 
Vw = F a 2; odaSi(PiP2 Pr Ps > L) ¥(Pnpy Pimp,’ 3 2R), SIE) SEE (3.1) 


where f, and y, are defined by Percival and Seaton (1957). For even values of / 
the direct interaction vanishes. 


§ 4. THe KerNneLs K 
According to Eqns (2.5)—(2.10), the kernels are defined by 


° 2 See a 
fog R) = 20m | | be : We pate ee ) dot $,R dR dP, 
1 2 


™m Yr Yr. 


h2 
tpl rs: (4.1) 
where V2= EE f an 
Be Naas ye 
and 
32m R h? e oe 
K,,(R,1s)= a | I(- Fo Ve+E,—E+ © — “) ba dt dy dR 
ise Ae (4.2) 
where V2= @ _ bfly+ 2] 
2a dr? eae 


The terms involving the Laplacian will be called the “kinetic energy’ terms. 
and are analysed in §4.2; the remaining terms will be called the ‘potential 
terms’. 

4.1. The Potential Terms 

In order to perform the angular integrations the representations will have to be 
written out explicitly, using Eqns (2.7) and (2.8), and the surface harmonic: 
components of the bound state wave functions will have to be expanded using a 
theorem given by Moshinsky (1959): 

Given roexteyns 2b o's” Oe eee ceo e (4.3) 
then i 

R (2L +1)! 4a 
Yau) =3| apap ei)| aay 
x (pL —pqM —q| LM) y((®) Vp VP"? w (4.4) 
The relation for L=2 has been used extensively by Bransden et al. (1958) in 
nucleon—deuteron scattering with tensor forces. 

The angular dependence of the radial atomic functions can be extracted by 

defining the kernels 


: to? pe 
Fa wos (To, R) = za), dy Oni (72) Qnn(5 )2 P(n) aa. (4.5) 
where Q= Rijr', and Ris the radial function defined by Pauling and Wilson (1935) ; 
n= f,.R, and 
r= (4R?+722—4Rrn)'?,  p=2(R?+r?— ZG Be ee es ok uoi0 5 (4.6) 


SS OT een Ne en ae oe re (4:7) 
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After performing the angular integrations in aod, (4.1) the potential contri- 
butions to the kernels are 


Ky'(12, R) = [( — Key? + Vane (rR) - ates (Toy R) | Scene (4.8) 
er) a 
where a, is the Bohr radius of the H-atom, and 
Yn, mop,» R) = 4[(2h Pa eee sh, (21, + 1)(2l, + 1)(2p1 + 1)(2p2+ 1)” 
x (—1)etP: Rr, 2° rh tr > x [(2u) ! (2v) ! (2p, —2u) ! (21, —2v) 1]? 


v=0u=0 


R ut 
x (=) 2 Reg np, (Tas R\ COREL SD Da 0.2). 1) = eens (49) 
2 

and 


C(L, hl, Pips, uv, £) 
=(2£+1) 2 (lah —v00 | f0)(p, —u-#00 | f0)(p,v00 | f’/0)(fu00 |f’0) 


x W(f'ufp,—u; 2p) W(opefps; f/L)W (Lull, —0; fly). «2.0. (4.10) 
For Eqn (4.2) the potential contributions are 


be cae Oc ry) ae 4 ( a: Bae are ad ) Booths, R) — 2 Ga (To, n) | 
T5Qo ao 


4.2. Kinetic Energy Terms 
The first term in Eqn (4.1) can be written as 


Ke(r,, R) = —4 | i Rr, dR dP (y |P)(5 | A)¥6,,(2)¥p,o,(R) Year (2) 


* (Vit), 2 (RY bang (Br Viin 6) (5) "Yue, 


‘The solid harmonics, with arguments f, and @ are then expanded using theorem 
(4.4), and the angular integrations are performed to give 


KES AR) cto ls Ae Re ee (4.12) 
where 
ole touet talPaaa) 
Getn h)= Es 2 aye (hog (es R). es eeee (4.13) 


The angular integrations in the kinetic energy term of Eqn (4.2) can be 
performed to give 
KER) S=Aa ne Goett) | Re e ae oes eae (4.14) 
where 
d? _ Ie(ly+1) 
Vu 5(ra, R)= = dr i ere 
In conclusion it is seen that the kernels for Eqns (2.9) and (2.10) are given by 
the sum of Eqns (4.8) and (4.12) and the sum of Eqns (4.11) and (4.14) respectively. 
It should be pointed out that spin does not enter into the problem at all, since 
there is no mechanism present to cause spin flip (which is effected by particle 
exchange in the corresponding electron problem). 


CaCI Bee (4.15) 


§ 5. Cross SECTIONS 


The formulae for the cross sections for any collision process in which two 
particles collide and two particles emerge have been given by Blatt and Biedenharn 
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(1952) and corrected in the phase factors by Huby (1954). The method of 
Blatt and Biedenharn will be used here to derive the total, and differential, cross 
sections for transitions from level ml, to level n’'l,' of atomic hydrogen and from 
level nl, of atomic hydrogen to level m'p,’ of positronium. 
In the asymptotic region the most general wave function (see Eqn (2.4)) with 
total quantum numbers L and M, in channel « will have the form 
b ae a (F, PLR (1 KALME exp te i(k, 5 317) ] 
='B exp (Rr. —4ha) yt, ws cee (5.1) 
with the S-matrix defined by 
BEE Sa SE AME in FO We Wastes (5.2) 
and the real derivative matrix, #, defined by 
Sela ys S12) OO ies (5.3) 


The analysis proceeds analogously to that of Blatt and Biedenharn to give the 
differential cross section for excitation of the H atom 


BG port oa (Pa) (—1)-4 it 
rh Ns SS iP OB (ale sate), ean on : 
WG 4A ee OBA my: nae 
where 
Bywly,nly)= > > Thani, Ta, 4 nlyt, Zlgbte# 5 lv) Z (ly Lt,’ ; ,'v) 
Lgle’ Ltsts’ ? , 4 
Jans (5:5) 


and the T-matrix and Z-coefficients (without the 7-factor (Huby 1954)) are 
defined by Blatt and Biedenharn. 

The total cross section is obtained by integrating Eqn (5.4) over all solid 
angles to give 

1 L phe 
On't,',nt, = E7QL41) > 1 es Sige CNT A ee dec (5.6) 

The total and differential cross sections for positronium formation, into the 
state m'py’, dony’, nt, (R) and Omp,’,n19 tespectively, are identical to Eqns 
(5.4)—(5.6) with n’/,'l,' replaced by m'p,’p,’. 
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Abstract. The univalent ions Fe!+, Co!*+ and Ni!+ have been produced by 
ultra-violet or x-irradiation of impure MgO crystals. The electron spin resonance 
spectra of these ions are compared with those of the isoelectronic ions Co?*, Ni?* 
and Cu?+ which they resemble closely. The spectra of Fe!+, Co!+ and Ni?> 
show line-width effects which may be interpreted as being due to the presence 
of small distortions in the cubic crystal lattice. A detailed report of the 3d® 
configuration in a cubic field is given. There is a transition at low temperature 
from an isotropic to an anisotropic spectrum, presumably due to the ‘freezing in’ 
of Jahn-Teller distortions. Observation of hyperfine structure from ®'Ni has 
made it possible to estimate the nuclear moment by comparison with the observed 
hyperfine structure from Co!+. The ease of formation and stability of these 
univalent ions is shown to be related to the concentration of positive ion vacancies 
and to the concentration of trapped hole centres. 


§ 1. INTRODUCTION 


LECTRON spin resonance has proved to be a valuable technique for 
BE investigating iron-group impurity ions in single crystals of magnesium 
oxide (Wertz and Auzins 1957, Low 1957b, c, 1958a, b,c). With the 
exception of titanium and copper, all the iron-group elements have been studied 
in one or more valence states, and the majority of the results indicate crystalline 
electric fields having very nearly perfect cubic symmetry. The only ions so far 
found in non-cubic surroundings are trivalent chromium (Wertz and Auzins 
1957, Griffiths and Orton 1959) and iron (Orton, unpublished). Some of these 
ions are associated with defects (probably positive ion vacancies) in nearest- 
neighbour or next-nearest-neighbour positive ion sites. There is evidence, 
however, that some of the ‘cubic’ ions show very small departures from exactly 
cubic symmetry (Low 1960a). 

There have also been some studies of the effects of irradiation with neutrons. 
(Wertz et al. 1957) and with x-rays or ultra-violet light (Wertz et al. 1958, 1959) 
which may aid in the interpretation of optical absorption, photoconductivity and 
luminescence data. It is apparent that any acceptable theory of the behaviour 
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of MgO under irradiation must take into account the part played by impurity 
ions. ‘These are important centres for the production and trapping of electrons, 
and it has not yet proved possible to obtain crystals so pure that impurity effects 
may be neglected. 

The purpose of this paper is threefold: to report the observation of some 
new resonance spectra in MgO; to present further evidence concerning small 
departures from exactly cubic surroundings, and to consider some features of 
the role played by impurity ions in electron transfers due to ultra-violet or 
X-irradiation. 


§ 2. EXPERIMENTAL 


The magnesium oxide crystals used in these experiments were obtained from 
the Norton Company (Canada), the General Electric Company (U.S.A.) and 
the Infrared Development Company (England). Attempts to diffuse impurities 
into single crystals of MgO at temperatures up to 1500°c have not led to uniform 
distribution. In general, only a thin surface layer was obtained, and prolonged 
heating did little to improve the distribution. The samples containing cobalt 
were doped in the melt (General Electric Company) and were rose-coloured. 
For the other impurities it was possible to find crystals which had appropriate 
concentrations as received, and these crystals were nearly colourless. Some 
samples used in the Cu2+ studies were made from doped powders. Powdered 
MgO (Fisher, electronic grade) was added to concentrated solutions of CuCl, 
and subsequently dried and heated to the maximum temperature attainable with 
an oxygen-—gas flame. 

The electron spin resonance measurements were nearly all made at 9-2 Ge/s; 
a few were carried out at 6-8 Gc/s and at 23 Gc/s. In some of the work the 
spectrometer employed bolometer detection in a balanced circuit of the type 
described by Feher (1957); most of the rest was carried out with transmission 
cavities with 200 kc/s modulation and crystal detection. The g-values were 
usually determined with a proton resonance probe, measuring both radio- 
frequency and microwave frequencies with a Hewlett-Packard 524D counter 
and its accessories. Samples were irradiated with a low-pressure mercury 
vapour lamp emitting most of its energy at 4-9 ev (2537A) or with x-rays from 
tubes operated at 50 to 100kv. 


§ 3. THE ELECTRON SPIN RESONANCE SPECTRA 


After x- or ultra-violet irradiation of MgO crystals containing iron, cobalt 
and nickel in divalent form we have detected electron spin resonance spectra which 
may be attributed to the corresponding univalent ions Fe!+, Co'+ and Ni’*. The 
relevant parameters describing these spectra are collected in the Table together 
with the corresponding values for the isoelectronic ions, Co?+, Ni?+ and Cu®+ 
in the same lattice. The g-values and hyperfine constants A are in all cases 
isotropic. 

The spectra attributed to Fe!+ and Ni!* consist of single isotropic lines having 
widths of order 1 gauss. Co!*+ shows the expected eight-line hyperfine structure 
from °°Co (I=7/2), the line-width in this case being approximately 20 gauss. 
At large microwave powers sharp (AH ~ 1 gauss) lines appear, superposed on the 


2N2 


556 JF. W. Orton, P. Auzins, J. H. E. Griffiths and }. E. Wertz 


Configuration Ion Temp. (°x) g A (cm-! x 104) Reference 
3d’ Cat 20 4-278 + 0-001 97-8+0:2 Low (1958 c) 
Rem 20 4-15, +0:01 — This paper 
3d® Ni?+ 77 42-2145 + 0-0005 8-3+0-4 This paper 
Cott 77 2:1728 + 0-0005 54:0+0-2 This paper 
3d° Cu?+ 77 2:190 +0-002 19+1 Hayes 
(unpubl.) and 
this paper 
Nit+ 77 2:1693 + 0-0005 — This paper 


+ Low (1958 b) found g=2:227+0-002 at 77°k, but we believe this value to be more 
accurate (see text). 


centre of each Co!* hyperfine component. These may be attributed to double 
quantum transitions by comparison with the Ni?+ spectrum which shows a 
similar behaviour (Orton, Auzins and Wertz 1960 a), and provide fairly conclusive 
evidence of the correct assignment of this spectrum to Co!+. It may be mentioned 
here that the presence of the sharp double-quantum lines enables one to measure 
the g-values of Co!*+ and Ni?+ with considerable accuracy. On this account we 
feel justified in preferring our g-value for Ni?+ to that measured previously by 
Low (1958b). We may also feel confident of the correct interpretation of the 
Ni** line on account of the low temperature transition discussed in §5.1 and 
the fact that this spectrum occurs only in crystals showing resonance from Ni?+ 
prior to irradiation. 

The assignment of the g= 4-15 line to Fe'+ depends on the similarity of g-value 
and spin-lattice relaxation time to those of Co?+. In one crystal containing Co?+ 
both spectra were examined together. On increasing the temperature slowly 
from 20°K the widths of both lines increased rapidly until it was no longer possible 
to detect resonance. In fact, the new line disappeared first, indicating a slightly 
shorter 7, than for Co?* but the difference was very small. The ions most likely 
to exhibit this behaviour are Fe*+ and Ni®+ (V, Cr, Mn, Co and Cu all being 
ruled out by the absence of hyperfine structure), and the latter may fairly be 
excluded by the observation of this line in crystals showing no resonance from 
Ni’* prior to irradiation. It has been detected (with various intensities) in nearly 
all crystals examined, a fact consistent with the occurrence of iron as an impurity 
in all crystals available to us. 

Further evidence in favour of these interpretations is provided by the results 
of Bleaney and Hayes (1957), Hayes (1958) and Hayes and Jones (1958) who 
found the ions Fe!*, Co!* and Ni!* after irradiation of NaF crystals containing 
the corresponding divalent ions. It may be argued that univalent ions would 
be more stable in NaF than in MgO; however, the question of charge 
compensation and stabilization will be taken up later. 


3.1. Covalent Bonding “ 
For the ions Co?* and Ni?+ in MgO, Low (1958 c, b) has shown that there is 
appreciable covalent bonding between them and the neighbouring oxygen ions. 
Using the observed g-values of the Table, it is tempting to try to compare the 
extent of covalency for the univalent ions with their divalent analogues. The 
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g-values of the three configurations in octahedral crystal field are given by 
15A 


3d? g= 3-33 +ak — 28 Hee (1a) 
3d8 gn2- 9 arts (1b) 
349 gn2- 0, ee (1c) 


where « takes account of the small admixture of *P states into the *F ground state 
of 3d’, & is the orbital reduction factor (Stevens 1953), A is the spin-orbit coupling 
constant for the ion in the crystal and A measures the splitting of the orbital 
levels by the crystal field. The effects of covalency appear in k and A (Low 1960b). 

In order to calculate k or A from the measured g-value, it is obviously necessary 
to know A. It appears probable that A may vary appreciably between two 
isoelectronic ions having different nuclear charges (cf. the cubic field splitting 
constants of Mn2+ and Fe#+ in MgO, Low 1957a) and there is too much 
uncertainty involved in trying to estimate it. Reliable values may only be obtained 
from measurements of the appropriate optical spectra and this is also true of «. 
We have not yet attempted such measurements on the univalent ions as these are 
present in small concentration (~10-*) and their spectra may be confused by 
much stronger bands from other impurity ions. 

Rough calculations using reasonable values of A and « seem to indicate that 
the amount of covalency for each univalent ion is probably about the same as 
for the corresponding divalent one. 


§ 4. SYMMETRY OF THE CRYSTAL FIELD 

The isotropic nature of the spectra and the absence of fine structure indicates 
that the ions Fe!+, Co!+ and Ni!* are situated in surroundings having cubic 
symmetry. The same has been found for several other iron-group ions in MgO, 
in particular, the corresponding divalent ions from which they are derived 
(Low 1960a, Low 1958b, c). However, the observed line-widths suggest that 
in several cases there are very small departures from exactly cubic symmetry. 
We shall discuss the evidence for this provided by the spectra of Ni?* and Fe’*. 

In both cases the line-width is found to be dependent on the orientation of 
the external magnetic field H relative to the crystal axes. For Fe'* the widths 
with H along the directions [111], [110] and [100] are in the ratios 1:3:6, and 
for Ni?+ the corresponding ratios are 1:1-1:1:5. The precise widths vary 
from crystal to crystal. With H along the [111] direction, the Fet+ width ranges 
from 0-8 to 3 gauss at X band and the corresponding Ni?* variation is between 
approximately 30 and 40 gauss. At K band (v=23 Gc/s) the Fe'* widths are 
approximately 2:5 times greater, suggesting a direct proportionality between AH 
and v, but in all cases the ratios 1:3: 6 for the principal directions are maintained. 
There is no detectable variation of the Ni?* width with frequency. 


4.1. Interpretation of Line-widths for Fe\* and Ni?* 

We shall consider three possible causes of these line-width variations: 
aggregation of impurity ions, Jahn-Teller distortions of the [MO,] complex 
(Jahn and Teller 1937) and distortion of the crystal lattice due to dislocations 
or other faults. 


558 J. W. Orton, P. Auzins, }. H. E. Griffiths and J. E. Wertz 


The first possibility, attributing the widths to dipole-dipole interaction, 
may be disposed of at once on the grounds that it is impossible, in this way, to 
explain the frequency dependence of AH in the Fe!+ spectrum. It is also 
inconsistent with the very small width of the Ni?+ double quantum line. The 
other two possibilities both depend essentially on a distortion of the O?— 
octahedron surrounding the magnetic centre and may be treated together. 


(a) Fe'*. 

Consider the simple case of an Fe!* ion in approximately cubic surroundings 
but with one of its neighbours displaced very slightly so as to produce a small 
tetragonal component of crystal field. Abragam and Pryce (1951) showed that 
the g-value of the ground-state doublet will be anisotropic with g, and g, lying 
on either side of gy (the value in cubic field) and g, —g)~2(g)—g,). Using this 
result and taking into account the three ions in unit cell (corresponding to the 
tetragonal axis being along any one of the cubic axes), we may represent the 
spectrum along each of the principal directions as shown in Fig. 1. The height 


Cn oe 
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Fig. 1. Reconstruction of the Fe!* line-width along principal directions. The solid lines 
represent absorption from ions with tetragonal crystal field components of one sign, 
dotted lines from those of opposite sign. 


of a line represents the intensity of absorption, the solid lines arising from 
tetragonal field of one sign and the dotted ones from opposite sign. It is necessary 
to include tetragonal components of both signs to account for the observed 
symmetry of the line shape. 

We now postulate a large number of distortions distributed according to a 
function f(Ag) having a maximum value for Ag=0 and falling to zero with a 
half-power width of order 10-%g) (corresponding to AH~ 10 gauss at X band). 
It may be seen from Fig. 1 that the observed variations of line-width (i.e. the 
ratios 1:3:6) are reproduced approximately. In particular, the variation of 
line-width with operating frequency is accounted for since 

H hAg 
SEA No ee 
So 80 B @) 
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(b) Ni?*. 

The occurrence of a small tetragonal component of crystal field will produce 
small zero-field splittings AE between the S,=0 and S,= +1 levels of the Ni** 
ground state. By assuming a spread of these values, this situation will give rise 
to a line-width AH~ AE/g8 for AM= +1 transitions, while affecting the double 
quantum transition (AM=+2) only by an amount ~(AH)?/H). Taking 
AH ~50 gauss, this term is less than 1 gauss at X band; this contribution is less 
than the commonly observed dipolar width for 3d group ions in MgO and is 
consistent with the observed double quantum line-width of the order of 1 gauss. 
That the width of the broad Ni?+ line does result from zero-field splittings is 
supported by two pieces of evidence. 

We observe a resonance line at approximately half the field of the main one, 
having an unusual shape. There is a sharp cut-off at the high field side and 
much more gradual tailing off to low field. A similar line was observed by Low 
(1960a) in the spectrum of Fe?+ in MgO and, as he shows, the shape may be 
explained satisfactorily on the assumption that there is a spread of ground-state 
splittings. The transition probability for this line is zero in exactly cubic field 
which accounts for the sharp cut-off on the high field side. 

Further evidence is provided by the intensity of absorption in the ‘two 
frequency’ double quantum experiment we have already described (Orton, 
Auzins and Wertz 1960a). In a three-level system such as this, a double 
quantum absorption may only be observed if the level separations are in 
approximately the same ratio as the two frequencies absorbed. Thus, absorption 
of two quanta at the same frequency requires equally spaced levels and will occur 
for ions in cubic crystal field. If the frequencies differ, the level spacings must be 
unequal, which implies the existence of a ground state splitting, and the intensity 
of absorption obviously depends on the number of ions having the appropriate 
splitting. 

In a series of measurements with the two frequencies v, and v, differing 
by increasing amounts we have compared the intensity of absorption J of quanta 
h(v, + vg) with that of 2hv, and 2hvz (I,). The ratios of J/J, are represented by 
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Fig. 2. Results of the ‘two frequency’ double quantum experiment for three values of 
|va—vpl]. The experimental points show the relative intensity of absorption of 
quanta hv,+hvg and the solid curve represents the observed shape of the broad 
Ni?+ line. 
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the experimental points in Fig. 2 where the solid line indicates the shape of the 
broad Ni?+ line. The close agreement between the relative intensity of absorption 
of v, +vy and the broad line shape provides good evidence for interpreting the 
latter as arising from a spread of splittings. 


(c) Tetragonal distortions. 


A simple model of tetragonal distortions along the crystal cubic axes would 
require the line-width along [110] and [111] directions to be much smaller than 
that observed. The experimental values may be taken as evidence either of the 
actual symmetry being rhombic, or the axes of distortion not coinciding exactly 
with [100] type directions (or, possibly, both). 

It is not possible to decide with certainty between the Jahn-Teller effect and 
crystal imperfections as the origin of the proposed distortions, but the weight 
of evidence is probably in favour of the latter. As the ground-state doublet 
contains orbital wave-functions, the 3d’ configuration might be expected to show 
a Jahn—Teller distortion but the considerable variation of AH from one crystal 
to another provides fairly strong evidence against its existence in Fel*. It may 
also be noted that we have not observed any corresponding line-width variation 
in the spectrum of Co?+, as might be expected if its origin lay in the Jahn—Teller 
effect. Finally, one does not expect there to be any appreciable Jahn-Teller 
distortion for the 3d® configuration, whereas both Ni?+ and Co!* spectra show 
evidence of departure from exactly cubic symmetry. 

Perhaps the greatest difficulty with the crystal imperfection theory is that of 
explaining the occurrence of distortions close to [100] type directions, whereas 
this could be done in a straightforward fashion in terms of the Jahn—Teller effect. 
A detailed investigation of specific models may yield a plausible explanation in 
terms of imperfections but we shall not attempt it heref. 


§ 5. JAHN-TELLER EFFECT IN Cu?+ anp Nit 


The theory of the 3d° configuration is complicated by the fact that, in cubic 
(and trigonal) crystal fields, the ground state is orbitally degenerate. When the 
spin (S=4) is included, two Kramers doublets are formed and these are 
separated only by a tetragonal component of the crystal field. The g-values of 
these doublets are given by (Abragam and Pryce 1950) 


(2) i-2— 2) gee Fy 8) H% Bl=2— 5, cee (3) 
where A is the spin-orbit coupling constant for the ion in the crystal and A is the 
separation between the ground-state doublet I’, and the next higher level (the 
triplet [;). The measured g-value depends, of course, on which of the Kramers 
doublets is lower, i.e. on the sign of the tetragonal field. For ions in cubic (or 
trigonal) surroundings one expects to find a Jahn—Teller distortion resulting in 
separation of the doublets (Van Vleck 1939). 


5.1. Low Temperature Transitions 


Bleaney, Bowers and Trenam (1955) examined a number of cupric salts in 
which the Cu?+ ion is in approximately octahedral surroundings but with a small 
trigonal distortion. They found that, below a certain temperature (which varied 


+ The referee of this paper makes the suggestion: ‘‘ A complex imperfection such as 
Fe!+O?-Mg?+O?-Fe’+ would appear quite plausible.” 
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for different salts), the spectrum showed tetragonal symmetry. There were 
three ions in the unit cell, corresponding to three mutually perpendicular 
directions of the tetragonal axis. The observed g-values were g, ~ 2-45, g, ~ 2-10, 
indicating that the doublet (a) is lowest. Opik and Pryce (1957) have shown 
that this is to be expected in most cases. At these low temperatures it is assumed 
that the Jahn—Teller distortions are ‘frozen in’. Ludwig and Woodbury (1959) 
have observed a similar effect in the electron spin resonance spectrum of nickel 
as an impurity in germanium. 

Above the transition temperature they found the g-value to be very nearly 
isotropic. Abragam and Pryce (1950) explained this as due to a rapid oscillation 
between the three distorted configurations (each having equal energy), resulting 
in an average g-value of 2—4A/A. This interpretation is expected to apply to 

_Ni!+ and Cu?+ in cubic field and leads one to look for a transition temperature 
below which the Jahn—Teller distortions are ‘frozen in’ as found by Bleaney et al. 

Both spectra were found to be isotropic at temperatures down to 4°k, but at 
1-2°K these were no longer detectable and had been replaced by anisotropic 
spectra as expected. However, the ‘low temperature’ spectra are not, at the 
moment, understood. The anticipated model would assume tetragonal distor- 
tions occurring along [100] type directions but it does not seem possible to fit this 
to the experimental results. Further work is planned to analyse these results. 


5.2. Line-width of Cu?+ 


Further evidence for the existence of an oscillating Jahn—Teller effect at 
temperatures above 4°K is provided by the line-widths of the Cu*+ spectrum. 
The widths of the four hyperfine lines decrease as one goes to higher field (see 
Fig. 3) and the amplitudes correspondingly increase. A reasonably good fit to 
the observed spectrum at 77°K was obtained by using a reconstruction of four 
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Fig. 3. Derivative of the Cu2+ spectrum, showing decrease in width, and consequent 
increase in amplitude, of the hyperfine components towards higher magnetic field. 
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Lorentzian lines having equal intensities but differing line-widths (in the ratio 
1:1-26:1-57:1-91). The small discrepancies indicate a line shape which is 
slightly more Gaussian than the pure Lorentz shape chosen. The widths of the 
components are approximately equal to their separations (~20 gauss) so they 
are not completely resolved from one another. 

Very similar observations have been reported for Cu®+ ions in solution 
(McGarvey 1956) and an explanation has been proposed by McConnell (1956). 
He takes as a model a [Cu.6H,O] complex which may be regarded as completely 
rigid but which undergoes a rapid tumbling motion in the liquid. He assumes 
the complex to possess an axis of symmetry and shows that the spin Hamiltonian 
may be written: 


ia Hy) lee eee (4) 
where 
ave tued ahs) ARNE SO RS  Engace (5) 
with 
&=43(g,+2g,) and a=}(A+2B) 
and 
H ,= (AgBH + bI,)(cos? 6—4)S,+ 4(AgBH + b1,) sin 6 cos 0(S,e-* + Se*)+..., 


with b=A—Band Ag=g,—g,. The angles 0 and ¢ serve to define the direction 
of the complex axis relative to axes fixed in the laboratory. In consequence of 
the tumbling motion, @ and ¢ are functions of time. Assuming AgBH>), 
McConnell considers the first two terms in (6) and shows that Eqn (6) leads to 
values of spin-lattice (7,) and transverse (7,') relaxation times given by 


1 8a 2 Te 
Seto eT SNe i 
T & ) eee et ees Zire i) (7) 
1 _, 32a 2 =i 27¢ 
= Se cal doacss 8 
TA ~ 75 (Ag BH +61,)° 7 ? tan (3), (8) 


where 7, is the correlation time for the em motion and v is the operating 
frequency of the spectrometer. The depeadone of relaxation times on J, 
implies a change of line-width as J, varies from — 3 to + 3. 

The important feature of this theory, from ihe point of view of the present 
work, is that it depends on the fact that the angle between H and the [Cu.6H,O] 
axis is constantly changing. Assuming the existence of oscillating Jahn—Teller 
distortions of the [CuO,] complex in MgO, the situation is similar except that, 
instead of all angles being possible, the ‘tumbling’ motion now occurs between 
a number of specific directions. As may be seen from the work of Bloembergen, 
Purcell and Pound (1948) (on which much of McConnell’s theory is based), 
this will result in changes of relaxation time only through the correlation time 7¢ 
and will not alter the dependence on AgBH +5/,. 

It is of interest to consider the variation of T, and T,' with ze, as given,in 
Eqns (7) and (8). In order to perform some order-of-magnitude calculations 
we shall neglect b with respect to AgBH, take Ag~0-3, and v~9x 10% c/s. On 
this basis we arrive at the results shown graphically in Fig. 4. Except for values 
of z- of order 10-" sec or less, 1/7,’ is considerably greater than 1/T, and, for 
tc >10-* sec 1/T,/ is almost constant. Thus, for large values of 7t¢, Eqns (7) 
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and (8) predict that the line-widths will be determined by 7,’ and should remain 
constant, independent of temperature. This is in accordance with observation 
for temperatures between 77°K and 20°xk. Between 20°K and 4°xK there are 
indications of some variation which may be associated with the transition to the 
‘low temperature’ spectrum below 4°x. At 1-2°x when the anisotropic spectrum 
has replaced the isotropic one, there is no sign of a variation of line-width with J., 
which is consistent with the Jahn-Teller distortions having been ‘frozen-in’. 


10° 


- ve 


1/T (T insec) 
is; 


ee Silt peas 
10m jo-® io-8 lo-® 
Te (Sec) 


Fig. 4. Variation of 1/T, and 1/T,' with correlation time 7, as predicted by McConnell’s 
theory. 


These conclusions should, of course, be accepted only with reserve, as we 
have neglected the other contributions to 7, which may tend to reduce it 
considerably and the approximation AgBH>b is of doubtful validity. Also, it 
should be noted that the value 3 x 10® sec! for 1/T,/ corresponds to a line-width 
an order of magnitude larger than that observed. However, spin-lattice 
relaxation appears to determine the line-width only at temperatures about 77°K, 
so the above arguments may be correct in principle if not in detail. From the 
observed line-width at 1:2°k we may estimate t->10~‘* sec, so values in the 
range 10-8, 10-® sec do not seem unreasonable for the higher temperature range. 

Further evidence supporting the variation of 1/7,’ with a term of the type 
AgBH+61, is provided by measurements at a microwave frequency of 6-8 Gc/s. 
As AgBH is proportional to v, we expect the line-width AH to be a function of v 
also and this is confirmed experimentally. 

We may write the ratio of the widths of first and fourth hyperfine lines as 


where x is proportional to v. If we take the amplitude D of the line derivative 
to be proportional to 1/(AH)?, we have 

Dy eos 

D7 = R’. 
At 9-2 Ge/s, R,=1-91, giving «/c=3-20. At 6-8 Gc/s this leads to x/c= 2-36 and, 
hence, to R,=2-47. Thus R,/R, = 1-29 and, therefore, R,’/Ry’ = 1/(1-29)? =0-60, 
which agrees surprisingly well with our experimental value R,’/R,’=0-68 + 0-10. 
In fact, it is not strictly correct to take Doc1/(AH)? on account of the hyperfine 


564 J. W. Orton, P. Auzins, }. H. E. Griffiths and }. E. Wertz 


lines being only partially resolved from one another. Allowing for this increases 
the theoretical ratio R,’/R,’ slightly, making the agreement even better. This 
quantitative success may be somewhat fortuitous but the variation of line-width 
with microwave frequency appears to be established fairly satisfactorily. 

The width of the single Ni!+ line below 77°K is approximately 2 gauss, which 
is the usual spin-spin width observed for many other ions in MgO. Why there 
should be this difference between Ni'* and Cu?* is not clear. 


§ 6. NuCLEAR MoMeENnrT oF ® NI 


The sharpness and intensity of the double quantum line in the Ni*?* spectrum 
(at microwave powers of 100 mw and greater) have enabled us to detect for the 
first time, in an unenriched sample of nickel, hyperfine structure from the Ni 
isotope (Orton, Auzins and Wertz 1960b). The nuclear spin of ‘Ni was found 
by Woodbury and Ludwig (1958) to be 3/2, so we expect four hyperfine lines 
from ®!Ni nuclei. Each of these should have an intensity 0-31°% of that of the 
main line from °8Ni and Ni (®Ni having a natural abundance of 1:25% 

Careful investigation of the Ni?+ spectrum at high microwave power levels 
shows the presence of two weak, isotropic lines in the wings of the double quantum 
line and symmetrically disposed about it. They have the same width as the central 
line and show a similar dependence of intensity on microwave power, i.e. it 
varies as the square of the power rather than linearly. We assume that these 
are the outermost components of the hyperfine quartet, the inner pair being lost 
under the main line. Confirmation is provided by measurement of the weak 
line intensity with respect to the main one, the ratio being (0-38+0-10)% in 
satisfactory agreement with the anticipated value of 0-31%. 

As described in §3, the Co!* spectrum consists of eight hyperfine components 
of width of the order of 20 gauss spaced approximately 55 gauss apart. At large 
microwave powers a sharp double quantum line appears at the centre of each 
broad one. 

The spin Hamiltonian for this system in cubic field may be written: 


=g8H.S+Al.S with S=1 and [=7/2, 


where g and A are both isotropic. ‘The corresponding energy eigenvalues of # 
are given by: 


Wam=MgpBH + MmA+ ine {LS(S+1)—-M(M—1)] [1+ 1)—m(m+1)] 


—[S(S+1)—M(M+1)][fd4+1)—m(m—1)}}, «© «0.58 (9) 
where M=1, 0 or —1 and m=7/2, 5/2... —7/2. From (9) we may obtain an 
expression for the positions of the ea double quantum lines, as follows: 

Aa 
a  2¢? BA, 
where H, =hv/gB. ~ 


Using this expression and the measured values of *H,,, we can evaluate g and 4. 
The positions of the AM=1, Am=0 transitions are given by 
A “Ae 


"Hy = Hy— m= — aespmeg (E+ 1) — mem). on. (10) 


2H =Hy—m [[(1+1)—m?] 
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This shows they are expected to lie on either side of the double quantum lines 
and separated from them by + A?m/2g?6?H, gauss, which amounts to 3-3 gauss 
for m= +7/2 (i.e. at the ends of the hyperfine pattern) and decreasing toward 
the centre. In our case, the separation is much less than the line-width of the 
AM =1 transitions and is not observable. 

One important feature of the discovery of Co'* is that it enables us to calculate 
a fairly reliable value for the nuclear moment of ®'Ni by comparison between the 
two hyperfine splitting constants A(*®Co) and A(*Ni), making use of the relation 
A=yBBy(I/r’). The result of this calculation gives °! = 0:31Rn.m., where R is 


the ratio 
(L)eo| (fo 


(Orton, Auzins and Wertz 1960b). ‘To gain some idea of the probable size of R, 
we calculated it for the parallel case of V2+ and Cr?+ in MgO and found R~0-98. 
This led us to suggest a value of 5t=0-30 + 0-02. 


Fig. 5. Hyperfine structure from *’Fe in the spectrum of Fe**. The lines shown result 
from the M= — 4 = transition. 


A further check on R may be obtained by comparing the hyperfine doublet 
from 57Fe in the spectrum of Fe®+ in MgO with that from *°Mn in the spectrum 
of Mn?+. The nuclear spin of *’Fe is } (Ludwig, Woodbury and Carlson 1958) 
and the natural abundance 2-25°%, so the hyperfine pattern associated with each 
fine structure line is expected to consist of two weak lines with intensity about 1% 
of that of the main one. This structure is clearly seen in Fig. 5 which shows a 
trace of the central (M=—}-+4) transition of the Fe?* spectrum. The value 
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of A” is found to be (11:-4+0-1)x10-4cm™ and, comparing this with 
A*®>=81:0x 10-4 cm-, we find u*7=0-092 Rn.m. A determination of pu” by 
Ludwig and Woodbury (1960) from electron—nuclear double resonance of neutral 
iron atoms in silicon gave the value 0-0903 + 0-0007 n.m. from which we again 
find R~ 0-98, confirming the values used previously. 


§ 7. PRopUCTION AND Decay OF UNIVALENT IONS 


A proper understanding of the production and decay of these univalent ions 
can only be obtained within the context of a complete study of all electronic 
changes taking place during different treatments. We have previously published 
an account of several of these (Wertz et al. 1958, 1959) and reference should be 
made to these papers for further details. Only one or two points will be touched 
on here. 

On x-irradiation of MgO crystals, it is usually found that the intensity of the 
Fe®+ spectrum increases, indicating the liberation of electrons from Fe?* ions. 
Another source of electrons in many cases is the production of hole centres at 
O?- ions. These two processes may be represented by the equations: 


Bett Pett fey 7 ee ae (11) 
OPS SOR ek me Mey es ernie (12) 


The electrons may be trapped by other impurity ions such as (in this case) Fe?*, 
Ni®?* and Co?* to form the corresponding univalent ions or by Cr?+ to give Cr?*. 

The annealing behaviours of Fe!+, Ni‘+ and Co!+ are very similar. They 
are all fairly stable at room temperature in the dark but decay in a matter of a 
few days on exposure to daylight. Fet+ and Co!+ decay very rapidly at 100°c 
(within } hour) though Ni'* decays surprisingly slowly at the same temperature. 
This behaviour is also very similar to that shown by the positive hole centre O- 
and should be contrasted with the much greater stability of Fe®*. It seems 
reasonable to infer from these observations that electrons released by the decay 
of Fel", etc., are captured by O~ and this is probably the main reaction occurring, 
though some may be trapped by Fe*+, reversing Eqn (11). 

More detailed investigation of the stability of the univalent ions shows that it 
is dependent on the previous treatment given to the MgO crystals and suggests 
that the number of positive ion vacancies present in the crystal is of great 
importance. In the presence of such vacancies, which represent an effective 
negative charge, the stability of an M!* ion will be less than in their absence, 
on account of the greater electrostatic potential energy. This suggestion is borne 
out by the following experiment. 

Two MgO samples, containing iron, were cleaved from the same parent crystal 
and one of them, A, was heated in vacuo at 1200°c to reduce the number of positive 
ion vacancies present, while B was heated in oxygen to induce the opposite effect. 
They were then given identical doses of x-rays and examined at 20°x. A showed 
a much stronger Fe!+ spectrum than B and it proved to be considerably more 
stable. On exposure to daylight, the intensity in B was reduced by twenty timés 
in two days, while that in A was reduced by only a factor of four after a week. 
Further evidence is provided by the fact that a sample which had been additively 
coloured, by heating in magnesium vapour, still showed an Fe!* line some three 
years later, a remarkable increase in stability over untreated crystals. 
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The only impurity ions which have been detected in non-cubic crystal fields 
are Fe®+ and Cr3+ (Wertz and Auzins 1957, Griffiths and Orton 1959, Orton, 
unpublished) and these spectra have been interpreted as arising from ions 
associated with positive ion vacancies. Conversely, it is expected that univalent 
ions will be situated as far as possible from positive ion vacancies and this suggests 
that they will be likely always to occur in cubic field. This appears to be the case, 
experimentally. 

Several papers (Weber 1951, Clarke 1957, Day 1953, Soshea, Dekker and 
Sturtz 1958, Peria 1958, Haxby 1957) have been published on studies of optical 
absorption, photoconductivity, and thermo-luminescence spectra of MgO crystals. 
The results have been interpreted in terms of a system of energy levels between 
the valency and conduction bands. Peria (1958) has criticized the interpretations 
suggested by earlier workers, finding that both positive and negative charge- 
carriers are involved. The recent work has been concentrated on interpreting 
the spectra in terms of iron-group impurity ions and points to the importance 
of iron. In particular, Peria postulated the existence of Fe'* following 
x-irradiation. 

The magnetic resonance results support these general conclusions and allow 
us to locate the different impurity levels in the MgO energy gap with rather more 
certainty. We have proposed an approximate order for several of them in an 
earlier paper (Wertz et al. 1958). It is of importance to try to put these results 
on a quantitative footing and we have made preliminary measurements on the 
univalent ions Fe!+, Co!+ and Ni!+. They decay under the influence of light 
from a tungsten filament lamp which appears to locate them all within 4ev of 
the conduction band. By the use of suitable optical filters, we estimate the 
appropriate energies for Fe!+, Co'+ and Ni'* to be in the approximate region 
2-3-5ev. This is in agreement with the value for Fe! suggested by Peria from 
his photoconductivity results. 


§ 8. CONCLUSIONS 


(i) The ions Fe!*+, Co!+ and Ni!+ have been studied in irradiated MgO 
crystals containing the corresponding divalent ions. The stability of these centres 
is dependent on the concentration of positive ion vacancies in the crystal. 

(ii) The electron spin resonance spectra of the univalent ions are very similar 
to their isoelectronic divalent analogues, Co?+, Ni?+ and Cu?t. 

(iii) Evidence is presented that, in some cases, the crystal field shows small 
departures from exactly cubic symmetry. 

(iv) The spectra of Cu®+ and Ni!* indicate the existence of Jahn—Teller 
distortions which may be ‘frozen-in’ at low temperatures. 

(v) The nuclear moment of ®Ni is estimated as 0-30 nuclear magneton. 


ACKNOWLEDGMENTS 


It is a pleasure to acknowledge helpful comments made by Dr. John Owen 
(Oxford). Dr. Richard Hansler of the General Electric Company, Cleveland, 
Ohio, and Dr. G. K. Finlay of the Norton Company, Chippawa, Ontario, have 
kindly supplied some of the magnesium oxide crystals used. We are particularly 
indebted to Mr. R. Pontinen who performed the measurements in the liquid 
helium range. 


568 J. W. Orton, P. Auzins, F. H. E. Griffiths and 7. E. Wertz 


REFERENCES 


AsraGaM, A., and Pryce, M. H. L., 1950, Proc. Phys. Soc. A, 63, 409. 

1951, Saat Roy. Soc. A, 206, ny S3 

Bueaney, B., Bowers, K. D., and Trenam, R. S., 1955, Proc. Roy. Soc. A, 228, 157. 

BLEeaney, B., and Hayes, W., 1957, Proc. Phys. con B, 70, 626. 

BLOEMBERGEN, N., PURCELL, E. M., and Pounp, R. v 1948, Phys. Rev., 73, 679. 

CxarkE, F. P., 1957, Phil. Mag., 2, 607. 

Day, H. R., 1953, Phys. Rev., 91, 822. 

Feuer, G., 1957, Bell Syst. Tech. F., 36, 449. 

GrirFitus, J. H. E., and Orton, J. W., 1959, Proc. Phys. Soc., 73, 948. 

Haxsy, B. V., 1957, Ph.D. Thesis, University of Minnesota. 

Hayes, W., 1958, Disc. Faraday Soc., 26, 58. 

Hayes, W., and Jones, D. A., 1958, Proc. Phys. Soc., 71, 503. 

Jaun, H. A., and Teter, E., 1937, Proc. Roy. Soc. A, 161, 220. 

Low, W., 1957 a, Phys. Rev., 105, 792. 

— 1957 b, Phys. Rev., 105, 793. 

— 1957 c, Phys. Rev., 105, 801. 

— 1958 a, Ann. N.Y. Acad. Sci., 72, 69. 

— 1958 b, Phys. Rev., 109, 247. 

—— 1958 c, Phys. Rev., 109, 256. 

—— 1960 a, Phys. Rev., 118, 1130. 

—— 1960 b, Paramagnetic Resonance in Solids, Solid State Physics, Suppl. 2 (New York: 
Academic Press), p. 101. 

Lupwic, G. W., and Woopsury, H. H., 1959, Phys. Rev., 113, 1014. 

1960, Phys. Rev., 117, 1286. 

Lupwic, G. W., Woopsury, H. H., and Carson, R. O., 1958, Phys. Rev. Letters, 1, 295. 

McConne LL, H. M., 1956, 7. Chem. Phys., 25, 709. 

McGarvey, B. W., 1956, 7. Phys. Chem., 60, 71. 

Opik, U., and Pryce, M. H. L., 1957, Proc. Roy. Soc. A, 238, 425. 

Orton, J. W., Auzins, P., and Wertz, J. E., 1960 a, Phys. Rev. Letters, 4, 128. 

1960 b, Phys. Rev., 119, 1691. 

Peria, W. T., 1958, Phys. Rev., 112, 423. 

SosHea, R. W., DEKKER, A. J., and Strurtz, J. P., 1958, 7. Phys. Chem. Solids, 5, 23. 

Stevens, K. W. H., 1953, Proc. Roy. Soc. A, 219, 542. 

VaN VLECK, J. H., 1939, 7. Chem. Phys., 7, 72. 

Weser, H., 1951, Z. Phys. 130, 392. 

Wenrvz, J. E., and Auzins, P., 1957, Phys. Rev., 106, 484. 

WERTz, J. E. JAGziNG, PS GRIFFITHS, J. He Es aie Orton, J. W., 1958, Disc. Faraday Soc., 

26, 66. 

1959, Disc. Faraday Soc., 28, 136. 

Wertz, J. E., Auzins, P., Weeks, R. A., and Sixssee, R. H., 1957, Phys. Rev., 107, 1535. 

Woopsury, H. H., and Lupwiec, G. W., 1958, Phys. Rev. Letters, 1, 16. 


. 


569 


Electrical Breakdown of Gases: Ionization Growth in Air at High 
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Abstract. ‘The experimental conditions which have to be satisfied in order to 
measure ionization coefficients accurately at high values of the parameter pd 
(pressure x gap distance) are assessed. In an apparatus designed to fulfil these 
conditions, precision measurements were carried out for uniform electric fields 
Fin air at values of the parameter pd up to 2300 mm Hg cm, which corresponds toa 
sparking potential of about 80 kv, thus extending the range so far investigated by 
Llewellyn Jones and Parker in 1950 and 1952. The results show that pre- 
breakdown ionization growth in air is due to the action of primary («) and 
secondary (w) ionization processes modified by the process of attachment a, and 
that significant space charge effects were absent. Ata value of pd of 2300 mm Hg cm 
the sparking potential calculated (81 +1-5kv) from the criterion (expressed in 
terms of the ionization and attachment coefficients) which gives the static sparking 
potential was in agreement, within the experimental error, with that (79 + 0-7 kv) 
observed. It was also shown that the state of the cathode surface had a marked 
influence on the secondary ionization even at these higher values of pd. 

For 35<E/p<40vcm—!(mm Hg) and pressures between 400 and 
1000 mm Hg, the apparent secondary ionization coefficient w/(«—a) was found 
to be a function of #/p alone, whereas the apparent primary ionization coefhicient 
(«—a)/p showed a small, just detectable decrease with increasing pressure at a 
given value of E/p. 


§ 1. INTRODUCTION 


HE use of increasingly higher voltages for the transmission of electrical 

| power and in nuclear particle accelerators has stimulated considerable 
interest in recent years in the subject of the electrical breakdown of gases at 
pressures of an atmosphere and greater; the electrical properties of air are of 
particular interest because of its wide-spread use as an insulator. An under- 
standing of the initiation, control or suppression of an electric spark can be achieved 
by a consideration of the basic physical processes leading to breakdown, and 
investigations of these fundamental processes are therefore of technological as well 
as of intrinsic interest. It is the purpose of this paper to describe and discuss 
accurate measurements of ionization coefficients in air for values of pd 
(pressure x electrode separation) up to those corresponding to breakdown in a 
3cm gap at atmospheric pressure for which the static sparking potential Vs is 
about 80kv. This extends the range by a factor of about 3 above that previously 
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investigated in this Department (Llewellyn Jones and Parker 1950, 1952; both 
to be referred to as I). 
It has been shown in the earlier investigations that, provided the parameter E/p 
(E the electric field and p the gas pressure) is maintained constant to at least 0-1%, 
the spatial growth of a pre-breakdown externally maintained ionization current 
for values of pd up to 760 mm Hg cm in a uniform field in air is in accord with the 
well-known equation 
Iye%4 


BS gS 1 
T—(ojay(e*—1) (1) 


In this equation J, is a small (~ 10-18 a) externally maintained initial current from 
the cathode, « is the Townsend primary ionization coefficient and w/« is a 
generalized secondary ionization coefficient which can be expressed as the linear 
sum of coefficients representing the action of many possible secondary ionization 
processes (Llewellyn Jones 1957, Chap. 4). 

Equation (1) leads to the ‘Townsend breakdown criterion expressed by equating 
the denominator of the right-hand side of (1) to zero. Using values of the 
coefficients « and w valid over the whole range of current at the particular value of 
E/p, values of V, calculated from this criterion for air have been found to agree 
with those experimentally observed, in that electrical breakdown could be 
produced for values of the applied potential exceeding Vs, but not when V< Vg 
within the limits of experimental measurement. 

Air having been considered, investigations were extended to other gases, 
nitrogen, (Dutton, Haydon and Llewellyn Jones 1952) and hydrogen (Crompton, 
Dutton and Haydon 1956, Davies, Dutton and Llewellyn Jones 1958), in which 
the detailed contribution of the various possible secondary ionization processes 
could be more readily assessed. In the course of these investigations the 
measuring techniques had been continuously improved, and in the present investi- 
gation these improved techniques were used both to repeat some of the early 
measurements (in order to obtain more accurate values of the ionization 
coefficients), as well as to extend measurements to higher gas pressures and 
sparking potentials. 

As the value of the spark parameter pds (and therefore of Vg) increases, the 
value of the parameter £/p at sparking = (E/p), decreases, so that the mean energy 
of the electrons also decreases (Llewellyn Jones 1957, Chap. 2). As a result of 
this decrease, the process of attachment of electrons to gas molecules can become 
important relative to the process of ionization of gas molecules by electron impact, 
and Eqn (1) is modified as shown by Penning (1938) and Geballe and Reeves 
(1953). If, as is likely to be the case in air, attachment occurs by one of the low 
energy processes such as three-bodied, collision stabilized or dissociative attach- 
ment (Massey 1950), the equation for ionization growth may be written 


eye E Sanayi =| / [i 2 (exp (a'd)- 3} ie, (2) 


In this equation ais the coefficient of attachment defined, in exact analogy with the 
ionization coefficient «, such that the number of electrons attaching to neutral gas 
molecules when n electrons move a distance dx in the direction of the field is 
nadx; «' =a%—a is the apparent primary ionization coefficient and w/«’ is the 
apparent secondary ionization coefficient. It can be seen that this equation is 
analytically similar to Eqn (1), the only significant difference being the additive 
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constant —a/«’ in the numerator which gives rise to a downward curvature of the 
(log (Z/I)), @) graph at small values of d; moreover, the breakdown criterion, 
which becomes 


1— = [exp Lee ah bea) ik agai te ilar be 8 (3) 


is analytically identical with the criterion valid in the absence of attachment, the 
apparent primary and secondary ionization coefficients «’ and w/a’ replacing the 
coefficients « and w/« in the Townsend criterion. The results of the present 
investigation are analysed in § 4 in terms of Eqns (2) and (3). 


§ 2. CONSIDERATIONS UNDERLYING THE EXPERIMENTAL INVESTIGATION 
2.1. Physical Significance of the (log (I/Ip), 4) Curves 
Measurements of the spatial growth of pre-breakdown ionization currents 
are conveniently expressed as graphs of (log (I/J,), d), and the shape of such curves 
when determined accurately gives information concerning the mechanism by 
which ionization develops to set the criterion for determining the static breakdown 


potential. 


T/Tp (log scale) 


A 


Fig. 1. The growth of ionization current represented by Eqn (2) when a<a 
and w<«a, 


When the growth is due to the action in a uniform electric field of both primary 
and secondary ionization processes modified by attachment, the corresponding 
coefficients «’, w/«’ and a are determined from the relation (2) which gives the form 
of the growth. When the coefficients a and w are small compared with «’, the 
main portion of the graph is nearly linear and the form of Eqn (2) is as given in 
Fig.1. (The part BCD cannot, of course, be exactly linear when the coefficients a 
and ware finite.) At values of d<d,, (w/«’)[exp («’d)—1]<1, and the term a/a’ 
becomes significant compared with (a/«’) exp(«’d); the graph here shows a 
downward departure from linearity as indicated by AB. At large values of d, 
where (w/«’)[exp («’d)—1] increases to approach unity, the current increases 
more rapidly with distance and the graph curves up as shown by DE. The form 
of this increase gives a critical value ds of d thus giving the static sparking potential 
V;=Eds; the values of dg, «’ and w then all satisfy the breakdown criterion (2) 


at the particular value of E/p. 
202 
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On the other hand, if the criterion for the static sparking potential were set by a 
kanal or ‘streamer’ mechanism (Loeb and Meek 1941, Raether 1939, 1959) the 
form of the (log (I/I)), d) graph would then be different at the larger values of d 
from that considered above. The criterion would be set by the sudden (in 
distance) attainment of a critical space charge field which would so enhance photo- 
ionization in the gas as to produce an extremely sharp increase of current. ‘The 
(log (I/Io), 2) graph experimentally obtained should then be linear for gap distances 
d almost up to the critical sparking distance ds, at which there would be almost a 
discontinuity, as J becomes larger extremely quickly. 

As the gas pressure increases, in the usual experimental arrangements (see I), 
the ionization density increases due to a decrease in diffusion, so that any 
mechanism based on space charge distortion is more likely to be operative at high 
values of the gas pressure than at low values. It is clearly of interest, therefore, 
to extend measurements of (log (I/J), d) curves to still higher values of the 
parameter pd in order to investigate when and how any change occurs in the 
nature of the (log (J/J,), d) curve up to the attainment of the sparking potential ; 
such measurements would disclose any change in the basic mechanism by which 
the criterion giving the sparking potential is set as the parameter pd is increased. 


2.2. Choice of Experimental Conditions for Air 


In order to obtain information concerning attachment and secondary ionization 
processes in a particular case it is clearly necessary to choose the experimental 
conditions so that the regions of curvature AB and DE of the (log (I/Ip), d) curve 
can be fully investigated. For air at the values of the parameter pdg under 
consideration in the present work, the value of (E/p)s is about 
35vem+(mm Hg)-. Some published experimental data on _ ionization 
coefficients for this value of E/p are: a/p~5x10-% (Harrison and Geballe 
1953); «’/p~6-0 x 10-3 (Masch 1932, Sanders 1932), w/a’~10-° (1); values of 
«’ and a of the same order were published by Prasad (1959). Insertion of these 
values in Eqn (3) gives a value of pd, of 2000mmHgcm corresponding to 
E;/p =35 Vcm~1(mm Hg)~?. On the assumption that ionization currents could be 
measured to within 5°%, Eqn (2) shows that experimental detection and measure- 
ment of w/x’ is possible only for values of pd > 1500 mm Hg cm, and measurement 
of a only when pd<350mmHgem. If information concerning the secondary 
ionization is required, it is clear, therefore, that measurements have to be made 
within the range 1500 <pd<2000mmHgem since 2000 is the upper limiting 
value of pd corresponding to spark breakdown. ‘This range is indicated by the 
region d., to dgin Fig. 1. 

In the apparatus used in the present work the maximum gap distance d was 
3 cm, so that a gas pressure of about 700 mm Hg cm was necessary to obtain values 
of pd up to 2000mm Hgcm. Since a was only measurable when pd was less than 
350mm Hgcm, the detection and measurement of a was limited at a pressure of 
700 mm Hg to gap distances less than 0:-5cm. However, no precise measurements. 
could be made at distances below 0-3 cm because the error in setting these small 
distances in the large apparatus used would give a possible error in E/p larger than 
0-1°%, which was considered to be the largest permissible error in this parameter if 
accurate results were to be obtained. Hence, at the high gas pressures 
(700 mm Hg) which are essential to obtain the values of pd necessary for the 
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determination of w/«’, only an extremely small section (0-3<d<0-5cm) of the 
measured curve was available for the detection and measurement of a, and 
reliable evidence concerning this coefficient could not be obtained from such 
measurementsalone. For these reasons, then, one single curve giving (log (I/J)), @) 
from small values right up to d= 4d, is not itself sufficient to obtain accurate values 
of «a, w and a. On the other hand, when the gas pressure is low, it is possible 
to choose the pressure so that the initial curved section AB of the (log (1/J)), @) 
graph together with a sufficient part BC of the linear section can be explored 
with the required accuracy as the gap distance d is increased up to 2 or 3cm. 

It was necessary in the present work, therefore, to study the current growths in 
two sets of conditions: first, at high pressures (400 mm Hg to 1000 mm Hg) to 
obtain the apparent primary ionization coefficient «’ and the apparent secondary 
ionization coefficient w/«’, and then at low pressures (100 mm Hg to 300 mm Hg) 
at the same value of E/p to obtain the attachment coefficient a. Preliminary 
determinations of the coefficient a at low pressures have already been published 
(Dutton, Llewellyn Jones and Palmer 1959); work on the determination of the 
attachment coefficients in air and other gases is still in progress and will form the 
subject of a future paper. The present paper gives the detailed results of the 
determination of the apparent ionization coefficients ’ and w/«’ carried out at high 
pressures. 


2.3. Method of Analysis 


It is perhaps advisable to point out here that the accurate experimental 
determination of coefficients such as «’, w and a depends not only on the use of 
cathode surfaces and samples of gas which have constant properties throughout 
the experiments and the employment of a sufficiently accurate technique of 
experimental measurement, but also on the soundness of the method of analysis 
used to deduce the coefficients from the experimental curves for (log (J/J)), 2) 
obtained. The method of analysis used in the present investigation will therefore 
now be considered. 

At values of d>d,, when a/a’ <(a/«’) exp («’d), Eqn (2) reduces to 


Tek (=) ore (ah / [1 — £ fexp (v'd)- 13. eer (4) 


In theory it is possible to obtain the constants «’ and w/«’ of this equation for any 
value of E/p from measurements of gas-amplified ionization currents at three 
suitable gap separations, provided J, remains constant throughout the measure- 
ments. As stated previously (Crompton, Dutton and Haydon 1956), the short- 
term stability of the ultra-violet light source used by them to produce the initial 
current J, was good (fluctuations < 1%) over a period of minutes, but the long- 
term stability over a period of hours was not better than 10%. To take advantage 
of the accuracy now possible in the measurement of the ionization current (error 
~1%), it was therefore necessary to measure, in the present work, the initial 
externally maintained current as well as the gas-amplified current to which it gave 
rise, within a few minutes of one another. In practice it was found that in air, asin 
hydrogen, the (I, V) curve at a constant value of d did not attain a saturation value 
to give a constant value of Jj. It was therefore necessary to obtain a measure ofl, 
by measuring the current I, flowing at a low value of E/p=(E/p),. At this low 
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value of (£/p), no amplification took place in the gas and because of back scattering 
the magnitude of the current J, was some fraction c of J). From measurements of 
the ratio J/J, at three different electrode separations it is possible by means of a 
method of successive approximations to calculate accurate values of the coefficients 
a’ and w/a’. 


§ 3. APPARATUS AND EXPERIMENTAL PROCEDURE 


Much of the apparatus used was the same as that used in previous investigations 
of current growth carried out in this Department; the voltage measuring system 
was, for example, that described in I, while the power supplies and current 
measuring system were those used by Crompton, Dutton and Haydon (1956). 
However, since the range of pressure investigated was increased to values somewhat 
above atmospheric, changes in the design of the ionization chamber and vacuum 
system were necessary and these will now be outlined. 


3.1. Ionization Chamber and Vacuum System 


The ionization chamber, which is shown diagrammatically in Fig. 2, was of the 
same general design as that describedin I. ‘The main differences from the earlier 
chamber were that the seals between the borosilicate glass chamber E and the 
anode support and base plate were such as to enable investigations to be made at 


Fig. 2. Diagram of the ionization chamber for use at gas pressures greater than 
atmospheric. 


gas pressures somewhat larger than atmospheric without leakage of the air from 
the chamber to the atmosphere. These seals were maintained by pulling the 
glass on to the metal, which was coated with Apiezon M grease, by means of steel 
flanges F, and F,. The electrodes used were also different from those of I and 
were machined and polished to a profile suggested by Bruce (1947) to ensure that 
the field would be uniform and a maximum over the central section of the electrodes. 
The purpose of the metal strips L, and L, on the borosilicate glass chamber is 
discussed in §3.2. 

‘The vacuum system was similar to that used previously, and asin 1; the usual 
care was taken to avoid contamination due to mercury and other condensable 
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vapours by placing a cold trap adjacent to the ionization chamber. This trap was 
always maintained at liquid air temperature when the ionization chamber was 
connected to the rest of the system. The main modification to the vacuum 
system was the use of special spring-loaded glass taps in all those parts of the 
system which were subjected to internal pressures greater than atmospheric. 

The air, which was supplied by the British Oxygen Company as free from 
CO, (<1-0 volumes per million), water vapour (<0-00056 gm~*) and SO, (nil), 
was admitted to the chamber very slowly, passing over P,O; and through two 
cold traps maintained at the temperature of liquid air. The pressure was 
measured by a mercury manometer connected to the rest of the system through 
two cold traps maintained at liquid air temperatures. As a further precaution, 
the gauge was evacuated only through its own system and no flow of gas from 
gauge to ionization chamber took place. 


3.2. Experimental Procedure 


The ionization chamber was evacuated by an oil diffusion pump for several 
hours through cold traps maintained at the temperature of liquid air. The 
room temperature was stabilized with thermostats and electric heaters in order 
to specify accurately the density of the gas sample admitted. 

The high resistances (10% to 1014 Q) in the current measuring system were 
calibrated to within 1%. 

The electrode separation was set at a predetermined value and the ratio J/I, was 
measured in the following way. A voltage, chosen to make the value of 
E/p=(E/p)., was applied across the electrodes from a stable (fluctuations about 1 
in 10°) 6kv supply, and the current J, then measured. ‘The actual values of Jp 
which were obtained in the experiments are given in Fig. 4 in terms of J,; the 
ratio I,/I, lay between about 1-6 and 4 depending on the value of (E/p),. The 
area of cathode irradiated was about 0-25 cm2, so that the initial current densities 
J, were about 10J,acm~*. I, was of the order of 10“ a. The effects of the very 
small residual fluctuations in the voltage supply were eliminated by means of a 
circuit similar to that previously described (Dutton, Haydon and Llewellyn Jones 
1952). It was found necessary to maintain the metallic strip guard rings L, and 
L, on the outside of the chamber at earth potential during this measurement, 
otherwise movement of charge over the surface due to the application of a potential 
to the anode gave rise to induced currents in the measuring system. After 
measuring J,, the voltage applied to the electrodes was then changed to give the 
required value of E/p, and the gas-amplified current J was then measured within 
about two minutes of the measurement of J,. Since J (10-¥ to 10-* a) was larger 
than J, it was possible to use a 100kv supply (Crompton, Dutton and Haydon 
1956) with a slightly lower stability (fluctuations 1 in 10*) for this measurement. 
At these higher voltages it was not practicable to earth the metal strips L, and L, 
because of their proximity to the high tension terminal, but then any induced 
currents due to the movement of charge on the glass walls were negligible compated 
with the comparatively large gas-amplified current. After the measurements of 
the gas-amplified currents the strips L, and L, were again earthed and the whole 
procedure repeated. An experimental check was always made to make sure that 
the application of the high voltage required for the measurement of the gas- 
amplified current J did not affect the subsequent measurement of the much 
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smaller J,. It was usually found that it was necessary to wait for a period of about 
ten minutes after earthing L, and L, until induced currents became negligible 
compared with J,. Having obtained several values for //I, at a particular gap 
separation, the gap distance d was then changed and the above procedure repeated. 

It was considered that the employment of the above experimental technique 
was necessary and sufficient in order to obtain accurate and reproducible data. 


§ 4. RESULTS AND DiscussION 
4.1. Preliminary Results 
In order to ascertain whether the apparatus was working satisfactorily a 
preliminary set of measurements was carried out using a value of E/p of 
45 ycm~! (mm Hg) for a gas pressure of 200-3 mm Hg (all pressures are corrected 
to 20°c throughout this paper), and using an aluminium cathode. The curve 
obtained is shown in Fig. 3 where it is compared with the results given in I. 


3xio* 
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Fig. 3. Experimental and theoretical (log (I/Jp), d) curves for air at E/p =45 v cm (mm Hg) 
and = 200 mm Hg using Ag and Nicathodes. DJP, present work with Al cathode; 
JP, Llewellyn Jones and Parker (1952) with Ni cathode; A, a«'/p=3-53x10-, 
w/o’ =160x 10-8; B, a’ /p=3-45 x 107%, w/a’ = 84 x 10-°. 


It can be seen that the growth was well represented by Eqn (4) with values of 
a’ /p and w/a’ of 3-53 x 10-2 and 1-6 x 10-* respectively. The value of «’ is thus in 
agreement (within 24°) with that obtained in I, viz. 3-45 x 10-*, but the value of 
w/a’ is nearly double that (0-84 x 10-*) obtained in I using a nickel cathode. 
The secondary ionization coefficient clearly depends on the nature of the cathode 
surface, and this indicates that secondary ionization processes acting at the cathode 
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play an important role in breakdown at these values of pd (~250mm Hg cm), a 
fact which was later confirmed at even higher values of pd (see § 4.3). 

Although it was possible to make a significant analysis of the curve shown in 
Fig. 3, a certain effect was noted at the larger distances which was similar to that 
observed in the previous experiments in air (I) and nitrogen (Dutton, Haydon and 
Llewellyn Jones 1952); this effect was the gradual increase of the gas-amplified 
current with the time (some minutes) during which it was allowed to flow. In the 
present experiments with E/p =45 vcm—! (mm Hg) * the effect, however, was very 
small, but in further experiments at E/p=40 v cm! (mm Hg)~* and p=400 mm Hg 
it was found that a gas-amplified current of 2x 10-®a increased by as much as 
40% if allowed to flow for one minute. Measurement of the initial current 
before and after the passage of the gas-amplified current showed that the externally 
maintained current had increased by about 15%. The previous investigations 
in this laboratory of such effects had shown them to be due to the presence of oxide 
layers on the cathode surface, and in nitrogen it had been found possible to remove 
the effect altogether by a glow discharge treatment of the electrode in that gas. 
Clearly, in the present experiments in air, glow discharge treatment in the same 
gas would only thicken the oxide layer. Glow discharge treatment in another 
gas, e.g. Hy which could remove the oxide layer, was also thought to be undesirable 
because of the adsorption of that gas on surfaces and its subsequent desorption 
as an impurity into the air being investigated. 

Accordingly, the aluminium cathode was changed for one of silver on which 
any oxide layer so formed is much less tenacious. Experiment showed that this 
silver cathode was completely satisfactory, confirming the above view of the cause 
of the effect, and no increase of ionization current with time was observed even at 
currents of the order of 10-7a. The apparatus was then considered to be in a 
state where reliable information about the ionization coefficients and mechanism of 
breakdown could be obtained. 


4.2. Detailed Results 


Measurements were made, using the silver cathode, for 35 <E/p <40vcm-! 
(mm Hg)~ for pressures between about 400 and 1000 mm Hg and values of pd 
up to 2300mmHgem. About fifty (log (J/J,),d) curves were obtained and a 
selection of typical curves covering the range of values of pressure and E/p used is 
given in Fig. 4(a)-(d). The form of all these curves is in agreement with Eqn (4), 
and this is consistent with the view that the growth was in all cases due to the 
action of primary and secondary ionization processes in the absence of any signi- 
ficant space charge effects. Accordingly, values of the appropriate coefficients 
a’ /p and w/a’ can be found from the curves; these values are given in Fig. 4 for 
the respective graphs. 

Numerical analysis of the experimental results on the growth of currents was 
carried out for the data obtained for a single sample of gas at a given pressure and 
also for the data for different samples at the various pressures. ‘Typical results 
are given in Table 1. From this table it can be seen that the various values of 
a’ /p relating to a given gas sample all agreed to within + 2% but that the agreement 
between the values of «’ /p from different samples was only to within + 12°. These 
samples of gas were not all at the same pressure so that some of this variation may 
well be due to a pressure effect probably involving a (see $4.3), but at a given pres- 
sure the variation is attributable to slight differences in the composition of the 
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Fig. 4. Typical (log (J/J,), d) curves in air using an Ag cathode: the points represent 
experimental values and the full line curve is calculated from Eqn (4) with the values 
of a'/p and w/a’ given below. 

(a) E/p=40 v cm (mm Hg), p=402 mm Hg, a’/p=19 x 10-3, 
@/o =33'< 10) pw Sela; 
(b) E/p=38 v cm (mm Hg), p=700 mm Hg, «’/p =12-6 x 10-, 
w/a’ = 30 x 10-§, I.~3 x 10-*% a. 
(c) E/p=36 v cm (mm Hg)-1, p=700 mm Hg, a’/p=7°-6 x 10-, 
w/a’ = 26 x 10-8, Ip ~5x10-# a. 
(d) E/p=35 v cm (mm Hg)+, p=1008 mm Hg, a’/p=5-1 x 10-3, 
w/oa’ =65 x 10-8, Ip~2 x 10-# a. 
J,~102, a cm. (The cathode in (d) had been affected by the passage of a high 
voltage spark.) 


samples, which are shown up in this work. In former investigations on air 
(Paavola 1929, Masch 1932, Sanders 1932, Hochberg and Sandberg 1942, 
Llewellyn Jones and Parker 1950, 1952, Harrison and Geballe 1953, Prasad 1959) 
the error in determining «’ was probably about 5 to 10% so that the degree of 
variation disclosed in the present work would not have been readily detectable 
in the previous work. However, it is interesting to note that the mean values of 
«'/p obtained from sample to sample in the present investigation are in general 
agreement with previous results, as is shown in Fig. 5 which gives all published 
results for comparison. 

In order to make a significant comparison between the values of the secondary 
ionization coefficient w/«’ obtained at various values of E/p and at various gas 
pressures, it is clearly necessary not only to measure «’/p to a sufficient order of 


Ionization Growth in Air at High Pressures 579 


Table 1. Experimental Values of «’/p 


Elp=35 E|p =36 E|p =38 E|p=40 
p a’ /p x 10° y) a’ /p x 108 p a /px108 pb x /px10* 
oop «850 100271 
4-6 
995 A 995 12-4 
1008 5-1 1003 7-4 
1008 = «5-0 74 
1007 4-9 poe HA 
100847 
5-6 12:5 
704 ee 704 trgia 
700) 5-4 WOO 7 77 700 126 700 19-0 
701 7-6 701 12-0 
702 49 700-76 704 11-9 
wz § 50 708 76 706 11-5 
408 «55 705 12-0 
WO 85-4 703 44-7 
mop 5-5 702 11:2 
5-4 
708 5-5 
135 
703 5-2 
104 = 5-2 
24 7s 402 13-4 402 19-0 
4017-9 403 126 403 19-0 


pinmm Hg; a’/p in cm“! (mm Hg)"}; E/p in v cm™ (mm Hg). 
In this Table the values of «'/p apply to the same gas sample only for those cases when the 
pressure is the same; for all other cases the gas sample is different for each determina- 
tion of a’/p. 
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Fig. 5. Comparison of present experimental results in air for the apparent primary ioni- 
zation coefficient with those obtained by other workers. DJP, present work, mean 
values; P, Paavola 1929; M, Masch 1932; S, Sanders 1932; HS, Hochberg and 
Sandberg 1942; JP, Llewellyn Jones and Parker 1952; HG, Harrison and Geballe 
1953; Pr, Prasad 1959, mean values from Table 1). 
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accuracy to allow the determination of w/«’ to within the required limits of say 
20°%, but also to consider samples of gas for which the primary coefficient is as 
nearly as possible the same. A suitable set of results for this purpose is given in 
Table 2 which will now be discussed. 


Table 2. Experimental Values of «’/p and w/a’ together with Calculated Values 
of pds for Air with a Silver Cathode 


E/p p (a’/p) x 108 (w/a) x 108 (pds)eaic. sequence 
40 402 19-0 33 544 2 
700 19-0 27. 552 7 
38 402 13°1 21 862 5 
700 12-6 30 820 6 
995 12-2 30 859 5 
36 401 7:9 22 1349 4 
700 7-6 26 1398 1 
1006 7:4 21 1464 9 
35 708 5-6 ip. 2022 8 
1008 5-1 65 1896 10 


E inv cm~, p in mm Hg, «’ in cm~, d, in cm. 


(Note: a spark occurred between run 9 and run 10—see text.) 


4.3. Ionization Coefficients and Gas Pressure 


It can be seen from Tables 1 and 2 that although the gas pressure was changed 
by more than a factor of 2 from 400mm Hg to 1000mm Hg there were only 
small changes in the values of either «’/p or w/«’ at a given value of E/p. 

Thus at E/p =35 vcm~ (mm Hg) the mean value for the determinations of 
a’ /p at pressures of about 700mm Hg was 5-3 x 10-3, while the mean for deter- 
minations at pressures of about 1000 mm Hg was 4-8 x 10-3 (see Table 1). Again 
at E/p =36 vcm~1 (mm Hg)! the mean value of «’/p from measurements at about 
700 mm Hg is 7-6 x 10-3, while that from measurements at about 1000 mm Hg is 
7-2x 10-%. ‘These results are consistent with the view that there is a small, just 
detectable variation of «'/p with pressure, but that this variation is very nearly 
within the limits of the experimental error when different samples of gas are 
involved. Thus a dependence of a/p on pressure can not be eliminated, and as 
such a dependence is significant when considering the type of attachment process 
occurring in these conditions this effect will be considered in fuller detail elsewhere. 

Considering now the secondary ionization coefficient, it can be seen from 
Table 2 that there is no significant variation of w/a’ with pressure. This result 
is in marked contrast to the case of hydrogen, in which gas it has been shown 
(Davies, Dutton and Llewellyn Jones 1958) that w/« is strongly dependent on gas. 
pressure as well as on E/p. The observed reduction of w/« with increasing 
pressure in hydrogen has been shown to be due to the decrease in photoelectric 
emission as a result of the greater destruction of excited molecules in collision 
with neutral gas molecules at higher gas pressures. Since no such marked 
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dependence of w/«’ on gas pressures occurs in air, it is concluded that either photo- 
electric effects in air at high values of pd are negligible, or that the cross section for 
the destruction of excited molecules in collisions of the second kind is very small. 

These are some indications, however, from other investigations (Dutton, 
Haydon, Llewellyn Jones and Davidson 1953) that the photoelectric effect at the 
cathode plays an important role in ionization growth in air at pressures of about 
one atmosphere, so that it is reasonable to conclude that the cross section for 
collisions of the second kind in air is small. 


4.4. Secondary Ionization and the State of the Cathode Surface 


It has been shown in §4.1 that the nature of the cathode surface plays an 
important role in the growth of ionization in air at pds~250mmHgem. Since 
it has been established (Dutton, Haydon and Llewellyn Jones 1952, Davies, 
Dutton and Llewellyn Jones 1958) that the occurrence of a spark can have pro- 
found local effects in changing the properties of the cathode surface, care was taken 
in this work to try to avoid the production of a spark throughout the course of the 
investigation of current growth. On one occasion (at the end of run 9, ‘Table 2), 
however, an inadvertent reduction of pressure established the conditions for 
sparking, and a short discharge occurred which, however, was quickly quenched 
by the voltage drop in the 5 MQ limiting resistor. Use was made of this event to 
investigate the effects of the resulting change in the cathode at the highest values of 
pd, used in this work. 

It can be seen at once from Table 2 that there is a significant difference 
between the value of w/«’ obtained at the two different gas pressures at 
E/p=35 vcm-! (mm Hg)-, although there is no evidence from the other results 
of a dependence of w/a’ on gas pressure. It seemed likely, therefore, that this 
change in w/a’ was due to a change in the state of the cathode surface due to the 
spark between run 9 andrun 10. That this was in fact the case was confirmed 
by two further experiments. First, using the cathode which had been sparked in 
air, measurements were carried out at E/p=35 vcm~!(mm Hg) at a pressure 
of 703-8 mm Hg; the results showed a high value of w/a’ (58 x 10~*) characteristic 
of the sparked surface. ‘The cathode was then removed and cleaned and another 
set of results obtained using the cleaned cathode at a pressure of 701:6mm Hg; 
in this case the value of «’/p was found to be 4-9 x 10-8 and of w/a’ was 12 x 10~, 
i.e. the low value characteristic of the polished surface before sparking. 

It has previously been pointed out (I) that investigation of ionization dis- 
charges in air involves complications due to the oxidation of the electrode in the 
process. This causes difficulty even in measuring extremely small pre-breakdown 
currents, as the electrical properties of the cathode are greatly influenced by the 
presence of thin oxide films (Llewellyn Jones and Morgan 1953). In the original 
work in air (I) two effects of the oxidation of the cathode were found. One 
was the change of secondary emission attributed to the presence of positive ions 
on an oxide layer, and the other effect (important in growth experiments) was due 
to the reduction of the photoelectric efficiency of the cathode and the consequent 
reduction of the magnitude of the current J, maintained by the external radiation. 
Even when care was taken to maintain and monitor the intensity of the radiation 
from the stabilized arc, the emission J, was considerably reduced during the course 
of the experiments by oxidation of the cathode surface; indeed, cases have been 
previously reported (I) in which the photoelectric effect had been practically 
eliminated. These effects were considerable at pressures less than atmospheric 
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but on account of the occurrence of higher current densities at the higher pres- 
sures, the effects are likely to be greatly enhanced at the high gas pressures used 
in the present work. For these reasons, as has been previously mentioned, care 
was taken to avoid the production of an electric spark, and therefore the experi- 
mental determination of the sparking potential was not undertaken until the 
other work was completed, in order to preserve the consistency of the electrode 
properties during the growth experiments. On completion of the final 
(log (I/I,), d) curve mentioned in §4.4, the gap distance was gradually increased 
(adjusting the voltage to keep the ratio E/p constant at 35 vcm~+ (mm Hg)-*) until 
a spark occurred, as observed visually and also by the anode voltage collapse. 
The current, however, was not allowed to rise beyond a few ja and was quickly 
quenched by the presence of a 5 MQ resistor in the anode circuit. ‘The sparking 
potential obtained experimentally in this way was 79+0-7kv. This value agreed 
well with the value of 81 + 1-5 kv at a pds =2300 mm Hg cm calculated by inserting 
the measured values of the ionization coefficients in Eqn (3). A subsequent 
determination would have served little purpose in these circumstances because 
w/a’ would have changed significantly as shown in Table 2. Thus it can be seen 
that, even at the highest value of the parameter pds so far investigated, the growth 
of pre-breakdown ionization, and the subsequent setting of the criterion for the 
static sparking potential of air in uniform fields, is a consequence of the action of 
primary and secondary ionization processes, modified by the process of attach- 
ment, in accordance with the ’ownsend-type equations (3) and (4). 


$5. CONCLUSIONS 


Measurements of pre-breakdown ionization currents show that the spatial 
growth of pre-breakdown ionization at values of pds up to 2300 mm Hg cm isa con- 
sequence of the action of primary, «, and secondary ionization, w, processes in the 
absence of significant space change, but modified by the process of attachment a. 
This extends the upper limit of the value of pds previously investigated in this way. 
Using the values of «’ (=«x—a) and w/a’ deduced from the observed growth of 
pre-breakdown ionization currents at a value of E/p=35 vcm~ (mm Hg)~* in the 
theoretical sparking criterion (Eqn (3)), the sparking potential (E/p)pds was 
calculated for uniform fields and was found to be equal to that measured within the 
limits of the experimental error. This is consistent with the view that the criterion 
which sets the static sparking potential is the consequence of the same ionization 
and attachment processes which led to the spatial growth, and there is no evidence 
from these results of the introduction of any new process (1.e. one not conforming 
to Eqn (4)) for setting the sparking potential in air within the full range of pds up 
to 2300 mm Hg cm. 

It is also shown that while both the ionization coefficients «’/p and w/a’ 
are almost solely dependent on the parameter E/p alone in the range 
400 <p< 1000 mm Hg cm (in that within this range any pressure dependence 
is small), there appears to be a small decrease of «’/p with increasing pressure 
which is just greater than the experimental error. The dependence of w/«’ on 
E/p alone indicates that the destruction of excited molecules in collisions “of 
the second kind does not appear to be an important process in ionization growth 
in air as it is in hydrogen. 

Even at these high values of pds in air, the state and nature of the cathode surface 
have considerable influence on the apparent secondary ionization coefficient. ‘This 
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indicates that the production of secondary electrons at the cathode can play an 
important role in the mechanism setting the criterion for breakdown even at 
voltages up to about 80 kv. 
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On Resonant Charge Transfer in Ionized Dense Gases 
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Abstract. When a feebly ionized gas is compressed until the mean distance 
between atoms decreases down to approximately less than ten times an atomic 
radius, the positive charge is not carried by the ion in motion but rather jumps 
resonantly from atom to atom. This statement is arrived at by comparing the 
mean time of flight of the positive ion between two collisions with the resonant 
transfer time of the electron from the atom to the next positive ion. 


resonant charge transfer in the kinetics of positive ions through parent 

gases, seems to be sufficiently tested}. The relations derived from the 
corresponding model of ions moving in ‘relays’ generally hold true only for 
relatively small densities NV of gas atoms, when the mean distance N~"? is much 
larger than the radius of the effective collision region (O/7)"?, QO being the 
transfer cross section. 

The present paper briefly analyses the case N-'3~(Q/7)"?; accordingly, 
a qualitatively different picture concerning the motion of positive charge in 
gases will occur. 

Suppose a relatively small number of singly ionized atoms in the parent 
gas to be scattered. The positive charge will jump resonantly from one atom 
to the other with a frequency so high that the configuration of the atoms ought 
to be practically considered as frozen. If we use the simple model of the 
hydrogen molecule ion (Pauling and Wilson 1935) for the system consisting 
of two neighbouring ions and the electron interchanging between them, the 
corresponding lapse of time of the jump will be 


eh ABD Oo! <P ae) ee (1) 
AE being the energy difference between the symmetric and antisymmetric 


combination of the wave functions localized on each ion; now, for our purpose, 
it will be sufficient to use the asymptotic expression (R> ap) 


T= simple hypothesis (Sena 1946) concerning the special role of the 


_ 4 /1372\8 yn yy RP (1372 x 20\!2 R 
AE= 3 (Fr) oO (21) zee (=) =| scene ON 


where R is the distance between the two ionic centres, J the first ionization 


+ For further literature about this problem see Badareu and Popescu (1959), Dalgarno 
(1958), Kagan (1958), Kushnir, Paliuh and Sena (1959), and Badareu, Popescu and Iova 
(1960). 
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energy, a the radius of the first Bohr orbit, c the velocity of light in vacuum, 
m the rest mass of the electron, and « a correction factor of the hydrogen-like 
wave function, used in this computation, which is consistent with the different 
experimental data of the transfer cross section (Popescu and Ionescu 1960). 

The relations (1) and (2) lead to a practically exponential dependence of + 
on R, such that the transition of the positive charge occurs with the greatest 
probability at the nearest atom. Once the starting point has been selected, the 
charge will travel a well-determined path, the mean distance between atoms 
being minimal and equal to BN"? all along the path. The empirical value of B, 
determined by means of models, in the three-dimensional case is approximately 
0-56. A typical spatial model used consists of 400 ‘atoms’ (plasticine balls a 
few millimetres in diameter, suspended by threads at a distance z from the x, y 
plane), arranged randomly in a volume of 90 x 90 x 90 cm; the coordinates x, 
y, 2 were extracted from an urn containing 90 numbers. In the two-dimensional 
case the minimal mean distance between atoms is approximately 0-75 N—!? and 
in the one-dimensional case obviously it is N—1. 

Without entering into further details, we shall in the following approximate 
the real situation replacing R by 0-56N—¥3, 

In order to estimate the limit beyond which the movement of the positive 
charge in gases is better described by the model above than by that generally 
used (according to which the positive charge is accompanied all along by the 
atomic rest) we shall compare 7 with the mean time 


SEO 5 a oe (3) 


the latter being the time of flight of the positive ion between two successive 
collisions, where the transfer cross section decreases slowly with the increase 
of the relative ion—atom velocity v (Popescu and Ionescu 1960). Hence, an 
orientative quantitative picture is given in the Table, in which, for a series of 
gases at 300°K and vapours, are given the distances R,, Ro, R59 and the corre- 
sponding pressures ~,, P19, P59, for which 7;/7 has the values 1, 10, 50 respectively 
(R is given in units of the corresponding atomic radius a; this is defined as the 
radius of the sphere which contains 75% of the external electron cloud and is 
computed with the help of the hydrogen-like wave function corrected consistently 
by means of experimental charge transfer cross section data, as shown by Popescu 
and Ionescu (1960); the correcting factor «, used in the computation of both 7 
and a, is given in the third column of the Table). 

The result is that, as a general feature, for a given 7;/7>1, R/a has almost 
the same value for all the gases and vapours shown in the Table. At the same 
time, R/a may be compared with the corresponding radius of the transfer cross 
section (Q/7a7)"?. Should the condition 7427 hold, then the quantitative 
description of the movement of the positive charge is hampered by its travelling 
along the path, partially carried by the ion and partially jumping; for 7; > 107, 
however, the conduction of the positive charge is in many ways similar to that 
which seems to occur on semiconductor impurities at low temperatures. 

Thus, for pressures of p > p,) approximately, the diffusion coefficient D = R?/3r 
and the mobility, using Einstein’s relation, increases practically exponentially 
with decrease of R: 


w= 0-1e/kT N27, ee 4) 
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The mobility 4; which the positive ion might have under these conditions is. 
negligibly small : 
Me=ClpR Ey MON, 9 Pe eteee (5) 


where M is the ion mass, k Boltzmann’s constant and T the absolute temperature 
(Badareu and Popescu 1959). 

Finally one may say that the customary treatment of the movement of 
positive ions in parent gases can no longer be applied to concentrations of 
gas atoms greater than approximately (0-56/R,))*. The crude model outlined 
above may, under these conditions, be considered as a first approximation. 
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Abstract. ‘The measured rotational intensity distribution of N,* First Negative 
bands excited by 1 Mev protons indicates that the rotation of the molecules is not 
greatly affected by the collisions. Measured rotational temperatures compare 
favourably with laboratory temperatures. Similar observations on N,* bands 
excited by 1 to 3 kev Lit ions show that these collisions appear to cause a marked 
departure from Boltzmann distribution of rotational energies. Energy levels of 
high and of low quantum numbers are enhanced in population. 


§ 1. INTRODUCTION 


HE rotational energy distribution of molecules in a gas is determined by 
| the environment to which they are subjected. In principle it is possible 
to learn something of the environment, and of the collision processes 
taking place in the gas, by measuring the rotational energy distribution of the 
molecules. One convenient means of doing this is through the measurement, 
in emission or absorption, of the intensity distribution in rotational lines in band 
spectra of the molecules concerned. 
It is well known (Herzberg 1950) that if thermal equilibrium exists, and if 
there is no significant amount of self-absorption in the gas, that the intensity 
Tiger Of the K’K" line of an emission band is given by 


ba hcB,,K'(K' +1) (1) 
AT 2 |e 


and thus that a plot of log I-x/Sx against K’(K’+1) will be linear and of 
slope —hAcBy,/RTyot from which the rotational temperature T.., may be found. 
Trot may also be inferred from the value of K’ at the line of maximum intensity 
of the band (Johnson 1952). Should the plot be non-linear its shape will 
nevertheless be determined by the collision processes which cause a departure 
from the Boltzmann distribution. 

Such simple ideas have been used extensively to study excitation processes 
in the aurora from intensity distributions in bands of N,* (Vegard 1956, Vegard, 
Tonsberg and Kvifte 1951, Petrie 1953, Sheppard and Hunten 1955, Vallance- 
Jones and Harrison 1955, Vallance-Jones and Hunten 1960). A number of 
laboratory experiments have also been performed in recent years in which 
spectroscopic observations have been made upon 30 to 150 kev ion and electron 
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t+ Now at Harvard College Observatory, Cambridge, Massachusetts. 
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beams in various gases (Vegard 1924, Branscomb, Shalek and Bonner 1954, 
Fan 1956, Carleton 1957, Roesler, Fan and Chamberlain 1958) in order to 
understand more of the collision processes which give rise to luminosity in the 
beams and in the aurora. In many of these experiments, temperatures have 
been inferred from the intensity distribution of rotational levels of N,* bands. 

In the present paper, intensity measurements upon N,* bands excited by 
low energy (1-3 kev) lithium ions and high energy (0-5-1-5 Mev) protons and 
other hydrogenic ions (H,*+, H3*) are discussed. 


§ 2, EXPERIMENTAL 


Qe HoH oH lon. Beams 


Measurements of rotational temperatures of N+ produced by the passage 
of ion beams of 0:5 to 1:-5mev through N, were made in collaboration with 
Dr. D. A. Bromley using the facilities of the 3 mev Van de Graaff accelerator 
at Atomic Energy of Canada Ltd., Chalk River. The ion beam was collimated 
by a series of 1/16in. apertures which also acted as baffles in a differential 
pumping system. The experimental arrangements have been described elsewhere 
(Reeves, Nicholls and Bromley 1960). ‘The nitrogen gas target pressure in the 
collision chamber was maintained at 58,Hg as previous work had shown that 
intensities of N,+ features varied linearly with pressure up to this pressure. 

The luminous beam was focused upon the slit of a Bausch and Lomb 1-5m 
grating spectrograph and the (0, 0) 43914 A band of the N,* First Negative system 
photographed on Kodak 103aF film at a reciprocal dispersion of 154mm. 
The emulsion response in 15A region of the band head was determined using 
the internal calibration available from the 2-1 intensity alternation between 
adjacent lines of the R branch. 


2.2. Lit Ion Beams 


Lithium ion beams of 1-3 kev were produced thermionically in an accelerator 
which has been described in greater detail elsewhere (Pleiter 1956, Nicholls and 
Pleiter 1956, Reeves 1960). Luminous beams in N, were focused upon the 
slit of an £/3-5 Applied Research Laboratories Raman 3 prism spectrograph, 
and the 44278 (0,1) N,*+ First Negative band photographed in each case on 
Kodak 103aF film at a reciprocal dispersion of 12Amm in about 10 hours. 
The response of the emulsion was determined with the aid of a density wedge. 
Earlier experiments had shown that band intensities increased linearly with 
pressure up to the pressure of 25 Hg at which the collision chamber was 
maintained. 


§ 3. RESULTS 
3.1. 0-5 to 1:5 MeV Beams of H+ and H,* in N; 


A typical log] ,-,/K’ against K’(K’+1) plot for R-branch lines of the 
(0, 0) N,* First Negative band excited by 1-0 Mev protons in N, is shown in 
Fig. 1. Compensation has been made for intensity alternation between adjacent 
spectrum lines so as to obtain a single plot for the whole R branch rather than 
two parallel plots for even and odd K’ respectively. The linearity of the plot 
in Fig. 1 suggests the existence of a Boltzmann distribution in the rotational 
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energy levels of the upper (B’Xy+) state of the transition. The rotational 
temperature 276 + 10°K derived from the slope agrees well with the laboratory 
temperature of 291°k. 


ROTATIONAL TEMPERATURE = 276 +10°K 


Iyuryn 
log —KK 
Se 


330 
K'(K' +1) 
Fig. 1. Variation of log Ig-g+ /K’ with K’ (K’+ 1) for lines of the (0, 0) N+ First Negative 
band (A 3914 A) excited by a beam of 1 mev protons in N, at a pressure of 50 wHg. 


Temperatures of 301+80°K were also inferred from the K’ value of the 
line of maximum intensity, of the same band, excited by 0-5 mev protons and 
1-5 mev H,* ions. The uncertainty of +80°K was due to an uncertainty of +1 
Inks 

The linearity of Fig. 1 together with the good agreement between laboratory 
and rotational temperatures indicate that hydrogenic ion excitation of N,* at 
energies of about 1 Mev has little apparent effect upon the rotational energy 
distribution of the target molecules. ‘ 

This does not necessarily appear to hold in less energetic ionization collisions 
by heavier ions as pointed out below. 


3.2. 1-3 keV Beams of Lit in N, 


A microdensitometer trace of the rotational structure of the N,* First Negative 
(0, 1) 44278 band excited in a 2kev Lit beam in N, is shown in Fig. 2. It is 
typical of results obtained in the 1-3 kev energy range. ‘The first two rotational 
lines of the R branch are obscured by the Lit line at 42723 A. Marked differences 
in profile are observed between traces such as F ig. 2 and those of bands excited 
by protons. The R branch rises steeply to a maximum at R(6) and falls to zero 
at R(16) for proton excitation. It is greatly extended in lithium ion excitation 
and overlaps the (1, 2) band at 4236-5 A. (A similar effect in unresolved bands 
has been discussed by Smyth and Arnot (1930) in their comparison between 
electron and canal-ray excitation of N,+.) The perturbation at K’=39 (Childs 
1939) caused by the a?II state of N,*+ is also seen in Fig. 2 by the displacement 
of the P(38) line near R(14). 
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Measurements of Rotational Energy Distributions in Ionic Collisions 
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Comparative plots are shown in Fig. 3 of log /K’ against K’(K’ +1) for the 
(0,1) First Negative band excited by 3-2kev and 2-Okev lithium ions. The 
curves have been arbitrarily set at a point of common tangency at K’ = 7, through 
which point a straight line is also drawn whose slope is consistent with laboratory 
temperature. Such a linear plot would be expected if the lithium ion excitation 
collisions were comparable in all respects with those involving protons and 
other hydrogenic ions. The departure from thermal equilibrium in a manner 
which emphasizes high and low quantum numbers is evident in Fig. 3 and the 
effect appears to be more pronounced for 3-2 kev ions than for 2-0 kev ions. 


(0) X 3:2 kev Lit 
(b) @ 2:0 kev Lit 


(c) 297 °K STRAIGHT LINE 
-0:3 


a4 
logs 


40 80 120 160 200 240 


K'(K'+1) 

Fig. 3. Variation of log L rg/K' with K'(K’+ 1) for lines of the (0, 1) N,.* First Negative 
band (A 4278 4) excited by beams of (a) 3-2 kev lithium ions and (4) 2 kev lithium 
ions, in N, ata pressure of 24 “Hg. (c) is a straight line equivalent to the laboratory 
temperature of 297°K, 


§ 4. Discussion 


A comparison of Figs 1 and 3 indicates that in the ionization and excitation of 
N, by ionic collision there is a marked difference in the degree of interaction with 
rotational motion of the target molecules between 1 Mev protons and 2 kev lithium 
ions. The linearity of Fig. 1 implies that the protons interact solely with the 
electron charge cloud of the target molecule. This results in the formation of 
N,* (B°Xy+) by ionization, and radiation of the First Negative bands. The 
thermal energy distribution of rotational levels appears to be unaffected in such 
collisions. Thus the ionization and excitation of N+ by mev protons is quite 
similar (as might be expected) to excitation by electrons of a few hundred electron 
volts energy which have about the same velocity. 

On the other hand, the departure from linearity of the plots of Fig. 3 indicates 
that in the less energetic collisions between the target molecules and Lit ions, 
a severe change in the rotational motion and the molecule results in addition 
to the ionization and excitation of the electron charge cloud. The effect appears 
to become more pronounced with increase in energy of the ion beam, and the 
high (K’~10) and the low (K’~1) rotational levels appear to become more 
highly populated than would be required for a thermal distribution at laboratory 
temperature. 
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Similar qualitative observations of Smyth and Arnot (1930) in canal-ray 
excitation of N,* bands have been referred to above. Oldenberg (1934) 
specifically cites excitation by ions as one case in which the internal motion of 
a target molecule may be significantly changed by collisions. He also points 
out (Oldenberg 1957) that in eccentric atomic collisions, the collision duration 
may be significantly longer than that predicted by elementary considerations 
as a result of the effect of the molecular rotation on molecular potentials. ‘The 
collision duration may in fact be as long as one rotational period of the diatomic 
molecule temporarily formed during the atomic collision. Extension of his 
arguments to the case of ion (or atom)-diatomic molecule collisions makes 
plausible the hypothesis that the duration of the Lit—N, collisions may also 
extend to one rotational period of N,. In these circumstances, the severe 
perturbation of rotational motion would not be unexpected. This effect would 
also probably be enhanced when the mass of the ion beam projectile (Li=6, 
H=1) is comparable with that of the reduced mass (N,=7) of the molecular 
target. The enhancement of the relative populations of high and low rotational 
energies and the apparent dependence of the magnitude of the effect upon energy 
of the ion beam still awaits a satisfactory detailed theoretical explanation. Further 
experiments are in progress. 
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On the Extra Reflections in Electron Diffraction Patterns 
from Thin Evaporated Films of Some of the 
Face-centred Cubic Metals 


By KANWAR BAHADUR anp P. V. SASTRY 
National Physical Laboratory of India, New Delhi 


Communicated by D. W. Pashley; MS. received 13th February 1961 


Abstract. Polycrystalline thin films of a number of face-centred cubic metals 
have been prepared by evaporation on to rock-salt, followed by annealing. 
In a number of cases, transmission electron diffraction patterns show, in addition 
to the normal face-centred cubic rings, some extra rings which fit well with those 
which would be expected from a hexagonal close-packed form of the metals. 
No hexagonal close-packed rings are observed with aluminium films, and this 
is correlated with the absence of stacking faults on transmission electron 
microscope images of aluminium films. 


the transmission diffraction patterns from thin films of some face-centred 

cubic metals like gold and silver. The earliest observation of these 
extra reflections in polycrystalline films was made by Finch, Quarrell and 
Wilman (1935), see also Quarrell (1937). They explained these rings on the 
hypothesis of ‘basal plane pseudomorphism’. Recent electron diffraction 
studies have proved beyond doubt that the ‘basal plane pseudomorphism’ 
hypothesis is not valid (Pashley 1956). Many of the abnormal streaks and spots 
observed in the diffraction patterns obtained from single crystalline films of these 
metals have been attributed to twinning of the lattice and these results have 
been confirmed by a number of workers (Lassen 1934, Kirchner and Lassen 
1935, Bruck 1936, Goche and Wilman 1939, Ogawa, Watanabe and Fujita 1955). 
However, some spots in these patterns also still remain unidentified (Ogawa, 
Watanabe and Fujita 1955). 

We have examined in detail the transmission diffraction patterns from 
polycrystalline films of some of the face-centred cubic metals and alloys. The 
films, about 250A in thickness, were obtained by evaporating the pure metals 
(Au, Ag, Cu and Al of 99-99% and Cd of 99-95°% purity) in a vacuum of 
approximately 10-*mm on freshly cleaved rock-salt substrates maintained 
at temperatures between 150-250°c. These films on rock-salt substrates were 
subsequently heat treated at the same temperature for one to two hours, without 
breaking the vacuum. The transmission diffraction patterns in all cases were 
recorded at room temperature. A typical transmission diffraction pattern from 
a gold film is shown in the Plate (Fig. 1 (a)). All the extra lines in this pattern 
fit perfectly into the scheme of closest packed hexagonal structure with its lattice 
spacing value a= a*/4/2 (where a* is the normal lattice spacing of the face-centred 


Mi: workers have reported the presence of extra rings and spots in 
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cubic structure) and c/a=1-63. The d values of these extra reflections are listed 
in the Table given below. These results are in agreement with the results of 
Hirsch, Kelly and Menter (1955) obtained from experiments on beaten gold foil. 


Extra Diffraction Rings due to Hexagonal Close-packed Lattice 
in Thin Evaporated Films of Gold 


hkil d (obs.) (A) d (calc.) (A) 
1010 2°50 2:52 
1012 1-70 72, 
1013 132 133 
2022 1:02 1-10 


We have obtained similar results in the case of thin films of silver, copper, 
«-solid solution of silver-cadmium and the complete solid solution of silver-gold. 

It is well known that stacking faults and dislocations can occur in metals of 
face-centred cubic structure by a slip occurring in the (111) family of planes. 
These dislocations can be split up into two partials separated by a faulted region 
which can be regarded as a thin sheet of lattice of closest-packed hexagonal type 
(Heidenreich and Shockley 1948). Such stacking faults have been observed 
in electron microscope examination of thin films of gold (Pashley 1959)e5 iy 
view of the above evidence we attribute the extra reflections observed in our 
diffraction patterns to reflections from those faulted regions having the closest- 
packed hexagonal structure. We have failed to observe these extra lines in 
transmission diffraction patterns from polycrystalline films of pure aluminium 
(Plate, Fig. 1(6)). This is againin conformity with the electron microscope 
evidence of the failure to observe the above type of stacking faults in thin films 
of aluminium (Whelan, Hirsch, Horne and Bollman 1957, Pashley 1959). 
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The Michelson Stellar Interferometer 2 
A Phase Sensitive Variation of the Optical Instrument 


By R. C. JENNISON 
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Communicated by A. C. B. Lovell; MS. received 10th Fune 1960, 
in revised form 7th April 1961 


Abstract, A short summary is given of a variation of the Michelson stellar 
interferometer. Thisisan adaptation of part of the principle of the radio-frequency 
phase-sensitive interferometer developed by the author in 1958 and it enables 
the phase component associated with the structure of the source to be determined. 
The technique may also be used to determine the correct relative amplitude of 
the visibility function of the star at two spacings even when phase and amplitude 
errors are present. 


TL 


§ 1. INTRODUCTION 


that the fringes should reverse in the second maximum of the visibility 

function from a typical symmetrical source. This reversal is not easy to 
observe in practice, especially when scintillations are present, and it is even 
more difficult to determine the smaller changes of phase associated with 
asymmetry in a stellar object. If both the phase and amplitude of the fringes 
can be measured in all position angles it is possible to obtain a unique solution 
for the distribution of brightness over the object and hence to determine its 
structure. ‘This has been achieved in a radio-frequency system where it was 
necessary to nullify the errors due to variations in attenuation and phase of the 
limbs of the interferometer (Jennison 1958). . The full realization of the radio- 
frequency technique in an optical instrument would require the incorporation 
of a phase switching device and an arrangement to continuously rotate the phase 
of the fringes. These refinements are omitted from the present design in which 
the main feature of the radio-frequency system, the use of three slit apertures, 
is applied to an optical telescope. 


I: an original paper on the stellar interferometer Michelson (1890) predicted 


§ 2. THE OptTicaL ARRANGEMENT 


The optical arrangement is shown in Fig. 1(a) and (4). The objective of 
the telescope is preceded by a slotted mask as shown in F ig. 1(a). For higher 
resolution it may be fitted with a beam and extending mirrors comprising three 
parallel slits, one in the centre of the system and the other two spaced equally 
to either side (Fig. 1(b)). The length of the slits is arranged so that the slits 
form three independent pairs as shown in the end elevation (Fig. 2(a)). The 
eyepiece of the instrument is a cylindrical lens whose axis is aligned with the 
length of the objective slits. 
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Fig. 1. (a) The ray paths along the axis Fig. 2. (a) The arrangement of the slits 
of the system. The spacing of the in the plane of the telescope objective. 
slits may be varied by rotating the slit (b) The arrangement of the slits in 
system about an axis through the echelon to compensate for the fore- 
central slit. (6) The extension of the shortening of the individual slits. 


system by mirrors to form an instru- 
ment of wider aperture. The circle 
on the right represents a cylindrical 
eyepiece. 


§ 3. PRINCIPLE OF OPERATION 


The visibility of the fringe system formed by any pair of slits is in general 
a complex function given by the component of the Fourier transform of the 
brightness distribution across the source at the spacing concerned. Thus, if 
the angular distribution of the source is F(@), the Fourier transform f(x) of 
the distribution may be expressed as 


f(x) = | « F(8) exp (2x0) dO, 


where f(«) is in general complex, having a modulus at any value of x corresponding 
to the visibility criterion given by Michelson, 


= Lis: =1 min 
@)|= 2 


max tL min 

and a phase angle é(«) corresponding to the rotation of f(x) in the complex plane 
as a result of the partial resolution of certain features of the source (Jennison 
1961). Thus a source consisting of two eccentric components, one of which 
is broad and the other small but bright, would result in a rotation of the phase 
angle (x) and a corresponding shift in the position of the fringes as x is extended. 
Viewed with a conventional Michelson stellar interferometer, the effect is to 
cause the fringe pattern to become centred on the small source at the value of 
where the larger source is resolved. The phase information may therefore be 
determined in principle by observing the position of the fringes relative to the 
source at all values of the slit spacing but this operation is neither easy nor 
accurate. The system of three slits described above enables the phase components 
to be determined without reference to the absolute position of the source. 
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Illumination by a point source produces three systems of fringes in the field 
of view. These systems of fringes are separated along the axis of the cylindrical 
lens. The fringes are parallel to this axis, and the upper and lower sets occur at 
twice the spacing and are so phased that their maxima are aligned with alternate 
maxima of the finer central fringes. This is shown in Fig. 3. 


Fig. 3. The appearance in the field of view of the fringe patterns from a point source. 


In the general case of an arbitrary distribution of brightness across the star 
the phase of the fringes will be such that they are not aligned and the phase 
difference may be determined at the larger spacing relative to the shorter spacings. 
The expression for the intensity distribution of the image along the w axis, 
perpendicular to the fringes, when monochromatic light passing through one 
slit interferes with that through another will be of the form 


I(x){1+|f(x)| cos [o(w)+é(e)+ AT} cease (1) 


where /(«) is the intensity in the diffraction pattern of the slits and is only slowly 
varying with x, w(x) is the spatial frequency of the fringe system, A is the resultant 
phase difference of phase errors associated with the two slits and | f(«)| and &(«) 
are, as before, the amplitude and phase components of the Fourier transform 
of the brightness distribution across the source. 

We shall refer to the expression within the square brackets as the argument 
of the fringe system. Thus, if the three slits A, B and C have associated phase 
errors 64, dy and 6, the argument of the fringes when light from slit A interferes. 
with that from slit B will be 


w(AB)+ésy4+8,—8p- 55 + > connie (2) 

The argument of the fringes when C interferes with B will be 
w(BC)+Esotdg—8o. hn eee (3) 

The argument of the fringes formed between A and C will be 
WAC)+Exotdy—8Q. sate (4) 


Adding expressions (2) and (3), the arguments of the fringe systems AB and BC, 
we obtain 


(AB) + (BC) + £45 + €got+8y —8o= (AC) + Exp thon t4—So. veeeee (5) 
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Comparing expressions (4) and (5) it will be seen that they represent the arguments 
of two fringe systems of identical frequency and relative phase 


pebsg—(Exev iso)! tae ees (6) 
and if AB= BC 


O=tyoo toupee 8) nena et (7) 


This result is independent of the phase errors 5,, 5, and dq. 
In the case of a simple symmetrical source distribution, if the spacings AB and 
BC both lie before the first zero of the Fourier transform, then 


Exan=fpo=0. 
In these circumstances $=, 9=0 if AC lies within the first maximum and 
6=£,c=7 if AC lies within the second maximum, 

In the general case of a complex source distribution the complete phase 
function may be mapped by varying the spacings of the apertures and recording 
the relative phases of the fringe systems. It should be noted that it is not necessary 
for the spacing AB to equal spacing BC in order to measure the phase, provided 
that, if ABBC, both the fringe systems AB and BC are displayed and this sum 
is recorded. 

The amplitude of the Fourier transform of the source distribution may be 
obtained in the usual way from the visibility of the fringes and it has been shown 
(Jennison 1958) that if errors exist in the amplitude function as a result of 
scintillation or other defects these may be removed in principle by a comparison 
of the visibilities of the three fringe systems and the simultaneous recording of 
the intensity from any one of the slits. 

The brightness distribution across the source may be reconstructed from the 
Fourier transform of the amplitude (visibility) function and the associated phase 
function derived in the manner indicated above. 

In a small laboratory instrument the spacing of the apertures is varied by 
rotating the objective mask about an axis through the central slit. The slits are 
arranged in echelon to reduce the foreshortening of the individual slits at very 
small angles of incidence, Fig. 2(b). ‘This arrangement enables the instrument 
to be used with very short projected slit spacings and hence large angular features 
may be examined. 

Provided that the fringes can be distinguished, the technique enables a unique 
solution of the source structure to be computed subject only to the limitation 
of detail imposed by the restriction of maximum spacing. It also provides an 
analytical method for the removal of the effect of scintillation upon the computed 
visibility. 
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Extension of Series in the First Spectrum of Indium (In 1) 
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Abstract. The ultra-violet absorption spectrum of indium vapour has been 
photographed by means of a 3-metre grating spectrograph. Lines of the series 
5?Pyj2°-"Sij2 (n=9 to 27), n*Dzp (n=7 to 33), 5?P39°-n?Sij. (n=10 to 29), 
n° D2 (n=8 to 19), n?D5). (n=8 to 34), have been measured against good wave- 
length standards. A short sixth series is identified as 5*Pi°-2" Pi. Phe 
accepted value for the ionization potential has been confirmed. From a con- 
sideration of the character of the perturbations in the 72D series we conclude that 
the sp**D term lies above the ionization limit, instead of, as formerly supposed, 
below. 


§ 1. INTRODUCTION 
ie earlier paper by one of us (Garton 1954) has dealt with the absorption 


spectrum of indium vapour, observed by means of 1 metre vacuum- 

grating and medium-quartz spectrographs, combined with a small 
carbon-tube furnace as absorption vessel. That paper was concerned mainly 
with the portion of the absorption spectrum, in the Schumann ultra-violet, due 
to transitions from the ground doublet 5s25p2P° to levels of configurations sp?, 
spn/, and with the effects of autoionization. In addition, the paper reported 
measurements, made at the modest resolution of the medium-quartz spectro- 
graph, on a total of thirty-two lines of the series 5? Pion? Si. (n=13 to 24) and 
5?P4/.°-n* Da (n= 11 to 30). 

Since 1954 the instrumental equipment available for studies of ultra-violet 
absorption spectra has been considerably supplemented in this laboratory, in 
particular by a very good 3 metre normal incidence vacuum spectrograph and a 
large King furnace. Aside from extension of such studies to other elements 
(cf. Garton and Codling 1960, Codling 1961), it has proved profitable to make 
fresh observations on some of the spectra previously examined at low dispersion, 
and the present paper concerns one such case. The new photographs show 
good development of the five strong series 5?P3j2°—1" Sj, 2 Dojo, 5*Psjn°—2? Sys, 
*Dsjo, 5/2 and traces of a sixth—presumably 5?P4j9°-n? P,.°—series. 'Though the 
two series, which locate the n?S,/., n?Dz). levels, reported on previously have been 
extended by only a few further members, the new measurements have been made 
against better wavelength standards at higher dispersion, and are much more 
reliable. Also, it has been possible to resolve the "Dei, 5 terms up to n= 33, as 
compared with the previous limitation to m=15. The series measurements 
confirm the accepted value for the ionization potential of Int (Paschen 1938). 
It is believed that the unidentified sp22D term lies above the series limit, instead 
of below as hitherto supposed, and gives a curious course to the photo-ionization 
cross section of the atom. 
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§ 2, EXPERIMENTAL 


The main experimental details are to be found in other papers (Garton and 
Codling 1960, Codling 1961). In the present case the King furnace was held at 
a succession of temperatures between 950 and 1300°c, and the absorption spectra 
were photographed on the background continuum provided by a flash-tube 
(Garton 1953). Wavelength standards were obtained by means of a copper 
hollow cathode placed in line with furnace and flash-tube. Though the spectral 
region of interest lay entirely above 2000 A, the 3-metre spectrograph was never- 
theless evacuated, with the advantages of avoidance of air tremor and of the need 
for reduction of air wavelengths to vacuum wavenumbers. Measurements of 
lines on several plates were made on a Zeiss Abbe comparator and our wave- 
lengths are believed good to 0-004 A. 


§ 3. RESULTS AND INTERPRETATION 


The results of the measurements on the sharp and diffuse series of Int are 
listed in Tables 1 to 5. The term values T have been calculated on Paschen’s 
(1938) limit, 46669-93cm~1, quoted by Moore (1958), and originally derived 
from the 52D-72F° series. The Figure shows quantum defect plotted against 7. 

The n?S,). series is very regular, and practically Rydbergian from n= 9 onward ; 
this provides additional support for the value of Paschen’s limit. The members 
of this term series below 2 =9 not shown in the Figure, exhibit a progressive drop 
in the Rydberg denominator to the value 2:2185 for n=5. 

A check on the accuracy of the measurements is provided by the notably 
good agreement in Tables 1 and 2 between the two values of n7.S}/., and of n?D s/o 
in Tables 3 and 4, based respectively on combinations with 5P,).°,5°P3.°. Our 
estimate of measurement error is thus confirmed, viz. 0-004 A, or about 0-1cm™. 


Table 1. 5s?5p?P1/.°—5s’ns"Sjj2 Series 


n Avacl(A) Vn (cmt) T (cm—) n* 

9 2340-916 42718-32 3951-61 5-270 
10 2278-900 43880-82 2789-11 6:273 
11 2242-360 44595-87 2074-06 7:274 
2: 2218-899 45067:40 1602-53 8-275 
13 2202-916 45394-38 1275-55 9-275 
14 2191-512 45630-60 1039-33 10-275 
15 2183-071 45807-03 862-90 11-276 
16 2176-671 45941-72 728-21 12-276 
17 2171-686 46047:17 622-76 13-274 
18 2167-718 46131-46 538-47 14-276 
19 2164-523 46199-56 470:37 15-274 
20 2161-898 4625565 414-28 16-275 
xt 2159-723 46302:13 367-70 17-275 
22 2157-900 46341°35 328-58 18-275 
2g 2156-351 46374:-64 295-29 19:277 
24 2155-035 46402-96 266:97 20-274 
25 2153-897 46427-48 242-45 21-275 
26 2152-911 46448°74 221-19 22:274 
27 2152-048 46467-36 202:57 23-275 
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Table 2. 


Avae (A) 
2399-905 
2359-417 
2333-456 
2315-786 
2303-185 
2293-872 
2286-801 
2281-299 
2276-927 
2273-394 
2270-502 
2268-103 
2266-099 
2264-389 
2262-933 
2361-679 
2260-590 
2259-642 
2258-808 
2258-070 


Table 3. 


Avac (A) 
2390-284 
2307-581 
2260-683 
2231-396 
2211-830 
2198-083 
2188-077 
2180-754 
2174-754 
2170-198 
2166-549 
2163-585 
2161-139 
2159-096 
2157-378 
2155-916 
2154-666 
2153-585 
2152-636 
2151-811 
2151-086 
2150-442 
2149-868 
2149-359 
2148-902 
2148-489 
2148-118 


5s*5p*P3/.°—-5s2ns?S,/. Series 


Y» (cm) 
41668:32 
42383°-35 
42854-89 
43181-88 
43418-14 
43594-41 
43729-21 
43834-67 
43918-84 
43987-09 
44043:12 
44089-71 
44128-70 
44162-03 
44190-44 
44214-94 
44236:24 
44254-80 
44271:14 
44285:61 


5s*5p?P/.°-5s?ud?D4j. Series 


Ym (em~) 
41836-03 
43335-42 
44234-42 
44814-99 
45211-43 
45494-19 
45702-23 


45860-01 


45982-21 
46078-74 
46156-35 
46219-58 
46271-90 
46315-98 
4635256 
46384-00 
46410-91 
46434-20 
46454-67 
46472:48 
46488-14 
46502-07 
46514-49 
46525-49 
46535-39 
46544-34 
46552-38 


T (cm) 
2789-05 
2074-02 
1602-48 
1275-49 
1039-23 
862-96 
728-16 
622-70 
538-53 
470-28 
414-25 
367-66 
328-67 
295-35 
266-93 
242-43 
221-13 
202-57 
186-23 
171-76 


T (cm): 
4833-90 
3334-51 
2435-51 
1854-94. 
1458-50 
1175-74 
967-70 
809-92 
687-72 
591-19 
513°55 
450-35 
398-03 
35425 
S1737 
285-93 
259-02 
235°73 
215-26 
197-45 
181-79 
167-86 
155-44 
144-44 
134-54 
125-59 
117-55 


n*® 

6-273 

7-274 

8-275 

9-276 
10-276 
11-276 
12-276 
13°275 
14-275 
15:275. 
16-276 
17-276. 
18-273 
19-276. 
20-276 
2127S: 
22-276 
23:275 
24-275 
25-276 


n* 
4-765 
RRA 
6-712 
7-692. 
8-674 
9-661 

10-649: 

11-640 

12-632 

13-624 

14-617 

15-610 

16-605. 

17-600 

18-595. 

197597 

20-583 

21:576. 

22:579 

232545) 

24-569 

25:°568 

26:570: 

27-563 

28-560 

29-560 

30-554- 
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Table 4. 5s?5p?P./.°-5s?2d#D3). Series 


n Avac (A) Vy (cm7) T (cm-) n* 

8 2431-734 41122-92 3334-45 5-737 

9 2379-710 42021:93 2435-44 6-713 
10 — — 
11 2325-639 42998-93 1458-44 8-674 
12 2310-452 43281-57 1175-80 9-661 
13 2299-396 43489-68 967-69 10-649 
14 2291-090 43647-35 810-02 11-639 
15 2284-689 43769-63 687-74 12766 2 
16 2279-657 43866:25 591-12 13-625 
Wh 2275-635 43943-78 513-59 14-617 
18 2272-365 44007-02 450-35 15-608 
19 2269-662 44059-42 397-95 16-606. 


52P,/2°-5s5p? *D3)2~ 2026 A 
5s5p? *Dgj2 : vn ~ 49360 cm™ 


Table 5. 5s?5p?P5/.°—5s’ud?D;). Series 


n Avae (A) Vy (cm) T (cm-) n* 

8 2430-606 41142-00 3315-37 5:753 

9 2378867 42036:82 2420:55 6°733 
10 2346-629 42614-32 1843-05 T7117 
11 2325-124 43008-46 1448-91 8-703 
2 2310-048 43289-14 1168-23 9-692 
is 2299-081 43495-64 961-73 10-682 
14 2290-836 43652:19 805-18 11:674 
15 2284-488 43773-48 683-89 12:667 
16 2279-503 43869-21 588-16 13-659 
117 2275-497 43946-44 510-93 14-655 
18 2272-250 44009-24 448-13 15-648. 
19 2269-573 44061-15 396-22 16°642 
20 2267-352 44104-41 352:96 17-633 
21 2265-464 44141-07 316-30 18-626. 
22 2263:861 44172:32 285-05 19-621 
23 2262-492 44199-05 258-32 20-611 
24 2261-296 44222-43 234-94 21-612: 
25 2260-268 44242:54 214-83 22-601 
26 2259-359 44260-34 197-03 23-600: 
27 2258-564 44275-92 181-45 24-592 
28 2257:°856 44289-80 167:57 25°591 
29 2257-228 44302-13 155-24 26-586 
30 2256:669 44313-10 144-27 27:580 
31 2256-168 4432292 134-45 28-569 
32 2255-714 44331-86 125-51 29-569 
aie 2255-306 44339-88 117-49 30-561 
34 2254:934 44347-20 110-17 31-560 


2Q2 
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Indium sharp and diffuse series: quantum defect plot. 


The course of the quantum defect plots for the diffuse series, in the Figure, 
is interesting. ‘The rapid fall for higher members of the 2D). and 2D,/. series 
strongly suggests the presence of a perturbing term beyond the series limit 
(Shenstone and Russell 1932). Of the terms of the 5s5p? configuration, +P lies 
deep (Paschen 1938, Sawyer and Lang 1929, Lansing 1929) 2S and ?P lie well 
above the ionization limit (Garton 1954); the remaining term 2D, has hitherto 
been presumed to be deep, but has not been certainly identified. Paschen 
(1938) argued that the term accepted as 4*F° was actually 5s5p22D, as follows. 
In Inu and Al1I, it is well established that p?4D, has been absorbed into the low 
members of the smd series, either of the first two members of which can 
indifferently be thus assigned. By analogy, and because of a large splitting 
anomaly in the ?D terms between m= 5 and n=7, it might be thought that 5s5p?2D 
lay deep amongst 5s*nd, except that the quantum defects of the latter series would 
then acquire unlikely values. Paschen therefore looked elsewhere for 5s5p?2D, 
and suggested that previous identification of an emission line pair AA 2518, 2666, 
as 5°P 4/9 3/9-4°F° was incorrect, and rewrote 4°F° as 5s5p?2D. This placing has, 
however, been questioned by Edlén (Moore 1958), who has stated that the original 
identification of 4°F° was correct. Confirmation that Paschen indeed wrongly 
identified 5s5p??D is found in the fact that the line pair mentioned is not obtain- 
able in absorption, even at high vapour densities in the furnace. Moreover, a 
quantum defect plot of the whole ?D series, i.e. an extension of the curves of the 
Figure to the right (to =5), shows no large perturbation in term position amongst 
the low series members, though the strong splitting anomaly exists amongst the 
first few members (n=5, 6, 7). 

The following seems a likely answer to these difficulties. From the course 
of the n*D plots of the Figure we place 5s5p??D above the ionization potential, 
but lying closer to it than do 5s5p??S, 2P. Support for this is to be found in 
the rather curious intensity distribution. of the photoionization continuum 
5?P,/.°-E(s, d) which we have photographed in the region between the series limit 
and the very diffuse group 5?P°-5s5p?2S, 2P. This absorption continuum can be 
seen on two of the spectra in the plate accompanying the earlier paper (Gatton 
1954). What is perhaps not so clear on that plate is the fact that the absorption 
continuum does not set in strongly at or close to the series limit, but increases in 
strength from there towards shorter wavelengths, to a flat maximum at about 
2026 A, that is, some 2700cm~ beyond the limit. It seems probable that we 
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have here a case of local enhancement of the photoionization cross section, 
similar to cases observed in Ca, Sr, Ba (cf. Garton and Codling 1960, Garton, 
Pery-Thorne and Codling 1960), arising from presence of an extremely diffuse 
term, in the present instance, 5s5p?*D. 

We have yet, however, to explain the splitting anomaly in the diffuse series, 
already mentioned. The details of this are: A52D=23-3cm", A62D = 49°89, 
A72D = 25-34. Apparently either A5D is smaller or A6*D larger than it would 
be in absence of a perturbation. It is tempting to try to explain this anomaly in 
the following way. 

In the theory of configuration mixing we distinguish electrostatic and magnetic 
(spin-orbit) interaction affecting levels of similar parity and identical J-value 
(Condon and Shortley 1951). For magnetic interaction to occur it is necessary 
that at least one electron in the two configurations concerned shall have the same 
value of m, in which case a perturbation can take place between widely separated 
terms (Shortley 1932)}. On this basis 5s5p?2D can interact magnetically with 
5s25d2D, but not with 6d, 7d?D etc., it being remembered that the closed subshell 
5s?, with ;=0, has no magnetic moment. 

We may be thus inclined to interpret the splitting anomaly in Int in the sense 
that it is A52D that is reduced, as a result of magnetic interaction with 5s5p??D, 
below the value it would have in the unperturbed series. The general fall in the 
quantum defect plots of the Figure, for higher members of the diffuse series is, 
on the other hand, to be ascribed to electrostatic interaction with 5s5p?D. 

Similar splitting anomalies to that discussed exist in the Ali and Gal spectra, 
and may be similarly explicable. However, the above qualitative argument 
concerning spin-orbit configuration interaction is revealed as too naive when we 
proceed to T11, in which 6*D shows no fine-structure anomaly, although 6s6p?”D 
has been located as a very diffuse term at 12740cm™* above the series limit 
(Beutler and Demeter 1934). Another distinction between Tli and the earlier 
spectra of the same group concerns the relative position of sp?4P. In Al, Ga 
and In this term lies deep, and close to the first diffuse term. In Tl1, 6s6p? has 
4P,/. below and the other two quartet levels slightly above the ionization limit,, 
whereas the term value of 62D is about 13000cm~t. Another, possibly relevant, 
peculiarity is that in Pb11 67D is inverted, for no obvious reason. It is possible 
that our qualitative argument concerning magnetic interaction of the sp” and s*d 
configurations has some validity, but should be given proper expression in a more 
complex form which would involve the sp* 4P term. On balance, the evidence 
seems to point to sp?”D in Int having a position above the series limit, though 
we are then left with the necessity for proper explanation of the course of the 
sd 2D intervals. 

Other perturbations, of less striking nature, for which we cannot offer explana- 
tion, are noticeable in the intensities of the 52P0_72D absorption lines. As 
shown in Table 4, the 52P%/—10?Dsj. line is missing altogether. Also, in the 
series 52P,/.°-n?D5/. the members n=8 and 9 are considerably weaker than the 
members n= 10, 11. 

The sole remaining feature of the absorption spectra needing explanation is 
the presence of the short sixth series (Table 6), which we have observed at high 


+ An example of this sort of disturbance is supposed found in the inversion of many of 
the doublet terms of the alkali arc spectra (Phillips 1933). 
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Table 6. 5s"5p?P,/.°—5s?up?P,/.° ? Series 


n Avae (A) Vy (em) IM (Co saig') n* 

14 2179-67 45878-5 791°5 11-78 
15 2173-99 45998-3 671-6 12-78 
16 2169-57 46092-1 577-9 13-78 
17 2166-01 46167-9 502-1 14-78 
18 2163-10 46230-0 440-1 13-79 
19 2160-72 46280-9 389-1 16:79 
20 2158-70 46342-2 345-8 17-82 
21 2157-03 46360-0 310-0 18-82 
22 2155-61 46390-5 279-4 19-82 
23 2154-38 46417°1 252:°8 20-83 


vapour densities. The lines of this series appear as, slightly diffuse, satellites to 
the short wavelength side of members of 5?P,/.°-n®Dy/»; starting as quite weak 
absorption lines in the low members, they increase rapidly in strength and 
eventually merge with, and supplement the intensities of, the higher members of 
the*Ds,. series. The values of the Rydberg denominator in Table 6 suggest that the 
lines belong to the forbidden series 5®P,/.°-n?P,.°. We can tentatively attribute 
the presence of such lines to the occurrence of forced dipole transitions, at the 
high vapour densities used. Under the same conditions we have seen traces of 
higher members of yet a seventh series, consisting of lines too feeble for measure- 
ment, but having the correct locations for 52P,/.°-n?P,/,°. 
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Van der Waals Forces for Hydrogen and the Inert Gases 
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Abstract. Experimental data and theoretical calculations on neon and argon are 
analysed to yield consistent sets of electric dipole oscillator strengths. The 
derived oscillator strengths are used with known values for hydrogen and helium 
to calculate the van der Waals energies between all pairs of atoms selected from 
hydrogen, helium, neon and argon. The results are summarized in the Table. 
The probable error is less than 10%. 


§ 1. INTRODUCTION 


HE magnitudes of the long range forces between pairs of atoms are 

| important parameters in such diverse fields as low energy elastic scat- 

tering, transport phenomena, the structure of crystals, the formation of 
radicals at low temperatures and the collision broadening of spectral lines. 


§ 2. "THEORY 


The leading term in the series representation of the long range interaction 
energy for a pair of atoms A and B separated by a distance R has the form — Cap/R® 
provided the atoms are in states of zero orbital angular momentum. Ife,” denotes 
the binding energy of atom A in the mth excited state and e,» the binding energy 
of atom B in the nth excited state, measured in atomic units, the coefficient Cap 
appropriate to A and B in the ground states may be written 


2S: De ae ES 9 Ce eee pets (1) 
2 m CP (€0? — Em") (Eo” — En” )(€o® + €9° — En® — En”) 


where f,,* is the oscillator strength of the electric dipole transition from the ground 
state of A to the mth excited state and f,” is the oscillator strength of the electric 
dipole transition from the ground state of B to the mth excited state (cf. Margenau 
1989); 

The problem of evaluating Cap therefore reduces to the determination of the 
oscillator strengths of the individual atoms. Experimental data on oscillator 
strengths are scarce and in general theoretical calculations yield values of 
uncertain accuracy. However, oscillator strengths satisfy various sum rules of 
the form 


S(R)=S(= 4)" SL ss. (2) 


(Dalgarno and Lynn 1957) and it is often possible to determine S(k) accurately 
by theoretical calculation or by analysis of experimental data. In particular, 
Dalgarno and Kingston (1960) have analysed the measurements of refractive 
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indices and of Verdet constants of neon and argon incidentally obtaining S(k) 
for negative even values of k and they also estimate S(—1) Further S(0) is 
known for it is equal to the total number of atomic electrons. These sum rules 
are similar in form to (1) and our procedure consists of selecting oscillator 
strengths which satisfy the known values of S(k) and substituting them into (1) 
(cf. Dalgarno and Kingston 1959). Although the accuracy of the oscillator 
strengths of any individual transition is not high, the control exerted by S(h) 
prevents serious error entering into the evaluation of (1). 

The possible error can be more closely limited in the cases of neon and argon 
because there exist experimental values of the oscillator strengths of transitions 
into the continua (Lee and Weissler 1953, 1955, Ditchburn 1960) and theoretical 
Hartree-Fock calculations of the oscillator strengths of the resonance transitions 
(Knox 1958, Gold and Knox 1959). 


§ 3. RESULTS AND Discussion 


We have computed Cy» for all pairs selected from hydrogen, helium, neon and 
argon, using for hydrogen the exact theoretical oscillator strengths and for helium 
the values derived by Dalgarno and Stewart (1960). The results are shown in 
the Table. The value for H-H was derived earlier by Pauling and Beach (1935) 
and the value for He-He supersedes the estimate of Dalgarno and Lynn (1957). 


Values of Cap in Atomic Unitst 


H He Ne A 
H 6:50 2-82 5:67 20:15 
He 2:82 1-46 3-07 9-88 
Ne 5-67 3-07 6°63 20-63 
A 20:15 9-88 20-63 68-08 
2 
t The leading term in the interaction energy between A and B is Cab Ss 
(R/ao)® ao 


We believe that the absolute error in Cap is certainly less than 10% and may 
be much smaller. The limits claimed are consistent with the available experi- 
mental data. For example, Guggenheim and McGlashan (1960) are able to 
reproduce a wide range of data for two argon atoms by adopting the value of Cap 
equal to 67-7 recommended by Margenau (1939), which differs from our com- 
puted value of 68-08 by less than 0:5%. This close agreement is partly fortuitous 
since the experimental data do not lead to a unique value of Cap, the derived 
value depending to some extent on the form adopted for the complete interaction. 

We shall not present the detailed oscillator strengths that we have derived, 
but it is worth noting that our analysis provides no evidence for attaching large 
oscillator strengths to transitions into the auto-ionizing levels which lie between 
the neon and argon ?P,), and ?P). series limits., A previous discussion of refractive 
index data for argon (Koch 1949, Garton 1957) had suggested anomalously 
large oscillator strengths, but it appears that it did not take proper account of the 
contribution from transitions into the continuum. This is in harmony with the 
conclusions of Garton, Pery and Codling (1960) but there remains the problem 
of explaining the apparently large intensities of lines terminating at auto-ionizing 
levels that have been observed in absorption studies of the inert gases (Beutler 
(1935): . 


Van der Waals Forces for Hydrogen and the Inert Gases 609: 


ACKNOWLEDGMENT 


This work has been partially supported by the United Kingdom Atomic 
Energy Research Establishment. 


REFERENCES 


Brut ier, H., 1935, Z. Phys., 93, 177. 

Datcarno, A., and Kincston, A. E., 1959, Proc. Phys. Soc., 73, 455. 

— 1960, Proc. Roy. Soc. A, 259, 424. 

Datcarno, A., and Lynn, N., 1957, Proc. Phys. Soc. A, 70, 802. 

Datcarno, A., and Stewart, A. L., 1960, Proc. Phys. Soc., 76, 49. 

Ditcupurn, R. W., 1960, Proc. Phys. Soc., 75, 461. 

Garton, W. R. S., 1957, Threshold of Space, Ed. by M. Zelikoff (London: Pergamon Press). 

Garton, W. R. S., Pery, A., and CopLine, K., 1960, Ionization Phenomena in Gases, Vol. 1, 
Ed. by N. R. Nilsson (Amsterdam: North-Holland). 

Gotp, A., and Knox, R. S., 1959, Phys. Rev., 113, 834. 

GuGGENHEIM, E. A., and McGtasuan, M. L., 1960, Proc. Roy. Soc. A, 255, 456. 

Knox, R. S., 1958, Phys. Rev., 110, 375. 

Kocu, J., 1949, K. Fysiogr. Sdllsk. Lund Férh., 19, 173. 

Lee, P., and Weisster, G. L., 1953, Proc. Roy. Soc. A, 220, 71. 

—— 1955, Phys. Rev., 99, 540. 

Marcenat, H., 1939, Rev. Mod. Phys., 11, 1. 

Pauuine, L., and Bracu, J. Y., 1935, Phys. Rev., 47, 686. 


610 


The Absorption Spectrum of the BiF Molecule in the Ultra-violet Region 
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Abstract. One system of bands comprising thirty-two bands of the BiF molecule 
has been obtained in absorption in the region \A2400-2180. Three of these 
bands were previously observed in emission by Rochester. The bands have 
been analysed and can be represented by the following formula: 
Vay =44222-0 + 615-0(v' + 4) —2-50(v’ + 4)? 
—512-0(v" + 4) +2-25(0" + 4)? 

A discussion regarding the electronic states involved in the transition shows 
that the ground state is a triplet state, whereas the upper one a single state and 
not otherwise as suggested by Rochester. 


§ 1. INTRODUCTION 


HE spectrum of bismuth fluoride has been the subject of numerous investi- 

| gations. Howell and Rochester (1934) were the first to observe the 

spectrum of BiF and BiBr in a high-frequency electric discharge. Later, 

Howell (1936) made a detailed study and analysed about forty bands occurring 

in the region AA5100-4200. He ascribed the two electronic states involved in 

the production of these bands to a and x states having the following constants 
(in cm~): 


Ve We WeXe WeVe 
A 22959-7 381-0 3-00 0-10 
m 0 510-0 2:05 _ 


Morgan (1936), using a long column of BiF; vapour heated to 1200°c in an 
electric furnace and using a 500 watt incandescent lamp as the source of con- 
tinuum, obtained the same system in absorption. He confirmed the analysis of 
Howell and identified the x state as the ground state of the molecule. In addition, 
he also mentioned the occurrence of bands in the near ultra-violet region. 

Rochester (1937) made further investigations on the spectrum of BiF in 
emission and obtained in addition to the known a—x system, fifteen bands, 
degraded to violet, in the region \A3250-2250. He classified them into three 
systems arising from an upper triplet electronic state to the ground state of the 
molecule. Due to insufficient data and the low dispersion of the instrument 
used by him, he could mention only the order for the vibrational frequency of the 
upper state. 

No study has, however, been made for this molecule in absorption in the 
ultra-violet region, though other bismuth halides are known to possess several 
bands in this region. It was with the object of obtaining more complete infor- 
mation regarding this molecule that the present investigation was undertaken. 
‘The spectrum was studied in absorption and thirty-two bands degraded to violet 
were observed in the region )A2400-2180. The bands have been analysed into 
one system and the vibrational constants determined. 


+ Now at Air Force Cambridge Research Laboratories, Bedford, Massachusetts. 
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§ 2. EXPERIMENTAL 


Pure bismuth fluoride was put inside the graphite tube of the vacuum graphite 
furnace. The furnace tube was 18 cm long and had an internal diameter of 1 cm. 
In order to prevent the rapid effusion of the vapours from the tube ends, the 
furnace chamber was filled with nitrogen gas at a pressure of about 35cm Hg. 
A hydrogen discharge lamp manufactured by Thermal Syndicate Ltd., England, 
was used as the source of ultra-violet continuum. Observations were taken at 
temperatures ranging from 800°c to 1800°c. 


§ 3. RESULTS 


Well-defined bands developed at about 1600°c. A few strong bands of Bi, 
along with a couple of atomic lines of bismuth also appeared on the spectrum 
plate. The spectrum was photographed with a medium quartz spectrograph of 
Messrs. Carl Zeiss, having an average reciprocal dispersion of about 64 mm 
in the region AA2392-2193. Ilford N.40 thin plates were used to record the 
spectrum. A copper arc was employed for the comparison spectrum. 


Table 1. Band Head Data for the c—x, System of the BiF Molecule 


Yvae (cm™) Analysis 
Aair (A) Intensity obs. calc. vv" 
2392-6 i 41782 41781 0,5 
2385-4 1 41909 41906 1,6 
2378-3 1 42034 42030 Pd 
2371:2 1 42160 42154 3,8 
2365-0 Dy 42270 42270 0,4 
2358-2 Pe 42390 42391 1S 
2351:5 2 42513 42511 2,6 
2344-8 2 42634 42630 Ser 
2337-75; 4 42763 42764 0,3 
23akrs 4 42885 42880 1,4 
2325-0 3 42997 42996 2,5 
2318-7 2 43114 43111 3,6 
2310-7} 5 43263 43263 0,2 
2304°8 5 43374 43374 153 
2298:°8 4 43488 43485 2,4 
2293-0 2 43598 43596 5 
2287°5 2 43702 43706 4,6 
2284-1} 6 43767 43766 0,1 
2278-6 4 43873 43873 1,2 
2273-0 1 43981 43979 2,3 
2267-6 1 44085 44085 3,4 
2262-4 1 44187 44191 4,5 
2258-0f 6 44274 44273 0,0 
2252°8 3 44376 44376 1,1 
2247-6 6 44478 44478 Dapp 
2242°5 6 44579 44579 oi) 
2237°5 2 44678 44680 4,4 
2227-2 4 44885 44883 1,0 
2222:5 2 44980 44981 Zl 
2217°8 4 45076 45078 3,2 
2197:6 2 45489 45488 2,0 
2193°3 2 45580 45581 341 


+ Also observed in emission by Rochester. 
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Table 2. Deslandres Arrangement for the c-x, System of the BiF Molecule 


aN 0 1 2 3 4 5 6 5 8 
0 44274+ 43767+ 43263+ 42763+ 42270 41782 

1 44885 44376 43873 43374 42885 42390 41909 

2 45489 44980 44478 43981 43488 42997 42513 42034 

3 45580 45076 44579 44085 43598 43114 42634 42160 
4 44687 44178 43702 


+ Also observed in emission by Rochester. 


Table 3. Condon Distribution of the Band Intensity for the c-x, System 


of BiF 
nv O) Clg host a.) Agia! yas tk Dims aon Vg 
0 6 Fab a eS ee 
1 i, GO I EE a ae Nts oh bs 
2 JER GIS TS Aas Sew he UIE 
3 Pe Sle Oe ren | ae oe 
4 ; home ee 


The wavelengths, the relative visual intensities of the bands, and the respective 
wave-numbers are given in Table 1. The last column of the table gives the 
vibrational analysis and the preceding one the wave-numbers of the band heads 
calculated on the basis of the proposed formula: 


Vpry =44222-0 + 615-0(v’ + 4) —2-50(v" + 4)? 
—512-0(0" + 4) +.2:25(0" + 4)2. 


In Table 2 all the bands observed have been arranged according to the Deslandres 
scheme. ‘Table 3 shows the Condon distribution of the intensity of the bands. 
In Fig. 1 (Plate) the spectrogram showing the bands has been given. 


§ 4. Discussion 

Altogether thirty-two bands have been observed in this investigation. These 
include four of the bands obtained in emission by Rochester (1937). The fifteen 
bands obtained by Rochester have been clasified by him into a triplet system, 
with wide multiplet separations (4780cm-! and 7330cm-1). He attributes 
these bands as due to transitions between an upper triplet electronic state com- 
prising three components, C,, C, and cs and a lower singlet ground state x. The 
three bands mentioned above, according to him, are due to the transition c,-x 
(Fig. 2 (a)). 

In the present investigation all the thirty-two bands fit in a single Deslandres 
scheme, showing that all of them belong to the same system. None of the bands 
of the c,-x and cs-x component systems of Rochester have been observed in 
absorption, though they are expected to be present. The absence of these two 
component systems in absorption shows that the ground state is not involvedsin 
the transitions. Thus there appears to be some doubt about the nature of the 
electronic states involved in the above transitions. This doubt may be removed 
if it is assumed that the ground state is a triplet state, x,x, and X3, and the upper 
state a single level c, as represented in Fig. 2(b). The ground state of BiF is 
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(a) ¢, OC (6) 


36960 cm-! 


44274 cm"! 


2000 3000 4000 A 2000 3000 4000 A 


Fig. 2. Energy level diagram of the BiF molecule giving the (0,0) bands of different 
systems: (a) observed by Rochester, (b) present investigation. 


expected to be a multiplet state, as Bi(*S)+F(?P) cannot give rise to a singlet 
state. If we take the values 4780cm— and 7330cm~! as the multiplet separ- 
ations of the three components of the ground state, the experimental facts can be 
accounted for. The absence of the other two component systems in absorption 
is due to the fact that the states x, and x, are much too high up and the possibility 
of transition from them, by absorption of energy, is very small at the temperature 
of the experiment. 

Now the system a-x is known both in emission and absorption with the 0, 0 
band at 22894cm-. If the ground state x is assumed to be a triplet state, 
transition between the upper two component levels x, and x, and the level a may 
also occur in emission though not in absorption. In the case of A—Xg, the 0, 0 
band would lie at 15564cm— (A 6423-3) and for a—xs, the 0, 0 band would lie at 
10784cm-! (A9027-0). Investigations of the emission spectra in these regions 
under high dispersion are likely to throw more light regarding the electronic 
states of the molecule. 
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A Note on the Band Spectra of BiF and SbF 


The discovery by Joshi (1961) that only one component of the c_x system of 
BiF is found in absorption indicates, as he suggests, that it is the ground state which 
has the wide multiplet separation and not the upper state as assumed earlier from 
a study of the same system in emission. Whilst the scheme suggested by Joshi is 
the simplest one, it is not necessarily unique for it has still to be proved that the 
state C has no inherent multiplet structure. As Joshi points out, a test of his 
scheme will be to find the same multiplet separation in the a—x system by looking 
for the Ax, and a-x; component systems. Here again this simple test will fail 
unless state A has little structure. 

It is of interest to examine whether the same scheme can be applied to the 
related molecule SbF, the data for which are in some respects more complete than 
BiF. 

‘Two groups of triplet systems, one occurring in the visible region and another 
in the ultra-violet, have been observed in emission (Rochester 1937, Howell and 
Rochester 1939). These band systems occur in the same regions of the spectrum as 
the systems a—x and cx of BiF and the SbF bands degrade in the same directions 
as the BiF bands in the corresponding systems. Moreover, the vibrational 
constants are such as might be expected for a related molecule like SbF. The 
following assumptions are therefore made: 

(i) The observed SbF systems correspond to the a—x and c_x systems of BiF. 

(ii) ‘The lowest observed state of SbF, common to all the systems, is the ground 
state, and, by analogy with BiF, is a triplet. 

(iii) The multiplet structure of state c is small. 

With these assumptions it appears that the spectrum of SbF can be explained if 
state A is also atriplet. Details are as follows: 


Ground State x,-x, =6820cm-1 
Xo-X, = 1244cm-1 
where x, is the lowest level. 
State a Ag—A, =3471 cm 
Ag—A, = 2675 cm7!, 
The overall separation of the ground state of SbF, that is, 6820cm—, may be 
compared with the corresponding value for BiF, which is approximately 
12100cm~. The analysis shows that the relative spacings of the multiplet 
levels of the ground states of BiF and SbF are very different. It also shows 
that if state a in SbF has been correctly identified, state a in BiF will bea multiplet. 


Physics Department, G. D. RocHEsTER. 
The Durham Colleges in the University of Durham, 
Durham. 
28th June 1961. 7 
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The Optical Absorption Edge of Gallium Arsenide 


The optical absorption edge of semi-insulating gallium arsenide (Gooch, 
Hilsum and Holeman 1961, to be published) has been investigated at 290, 77 
and 20°x. At the lower temperatures the absorption shows a distinct peak 
followed by a region of slowly increasing absorption. ‘The peak is interpreted 
as absorption due to direct transitions to bound exciton states at the centre of 
the Brillouin zone and the slowly increasing absorption as that due to unbound 
electron-hole pairs. In this respect the absorption is very similar to that of 
germanium (Macfarlane et al. 1958). 
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By fitting the theoretical absorption curve of Elliott (1957) to the experimental 
data the band gap and exciton binding energy have been obtained. The band 
gap is found to be 1-430 (+0:002) ev at 290°x, 1-510 (+0-001) ev at 77°K and 
1-517 (+ 0-001) ev at 20°x. 

The measured exciton binding energy is 0-0025 (+0-0005)ev at 290°x, 
0-0027 (+0-0003) ev at 77°, and 0-0033 (+0-0002)ev at 20°x. These values 
are to be compared with the theoretical exciton binding energy m*e1/2h<?, where 
m* is the reduced mass and ¢ is the dielectric constant. Using a reduced mass of 
0-055m (Moss and Walton 1959) and dielectric constant of 12-5 (Hambleton, 
Hilsum and Holeman 1961), this gives an exciton binding energy of 0-0039 ev. 
Due to the slight non-uniformity of thickness of this specimen (~ 6 thick) the 
absolute value of the absorption coefficient at the band edge could only be esti- 
mated to be of the order of 9000 cm7?. 

During the experiment the specimen, prepared by hand grinding and polishing, 
was freely suspended in an optical cryostat, helium gas being used to ensure 
thermal equilibrium with the refrigerant. Due to the low transmission with this 
specimen slits 0-003 ev wide were used. Using slits less than 0-001 ev wide, a 
slightly more pronounced peak at 77°K was observed but with the same exciton 
binding energy. 

A measurement has also been made on a specimen 4-7 p thick glued to a glass 
backing. The temperature was 53°K and the resolution 2:5 x 10~*ev. The 
exciton binding energy is 0-0027 (+0-0002)ev, the mean band gap 1-524 
(+0-001)ev, and the exciton line is split into two main components 0-0040: 
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( +0-0002) ev apart. ‘The compressive strain in the specimen is calculated from 
the relative expansion coefficients to be approximately 0-6 x 10-%. Inserting the 
data in the formulae of Kleiner and Roth (1959) we find |Dy’'|~4ev and 
Da? — Da = — 10 ev, the latter in fair agreement with the value —7ev deduced 
from the variation of band gap with hydrostatic pressure (Edwards, Slykhouse 
and Drickamer 1959, Ehrenreich 1960). Here 2D,’ is the splitting of the valence 
band edge due to unit shear in the [111] direction, and Dq° and Dj’ are the shifts 
in the band edges due to unit dilatation. 

The absorption coefficient at the band edge in this specimen is 8000 
(+500)cm~!. From Elliott’s formulae we can calculate the oscillator strength 
for the transition to be F= —13h?/2m. This agrees well with the observed value 
for m/m* in the conduction band of 13-8 at 300°K (Moss and Walton 1959). 

Measurements at higher resolution over a wide range of temperature and 
absorption coefficient are continuing. 

We would like to thank Dr. C. Hilsum of S.E.R.L., Baldock, for the specimen 
material, Dr. T. P. McLean and Dr. D. H. Parkinson for advice, and Mrs. C. A. 
Smith for help with the measurements. 
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Scattering by the Screened Coulomb Potential 


The purpose of this Letter is to investigate the accuracy of the second Born 
approximation to the cross sections for the scattering of particles by a central 
potential. 

We consider the case of the screened Coulomb potential given by 


V(r) = — Ar exp (—Ar) 


with A = 2-365 and A= 1, treated in a previous paper by Gerjuoy and Saxon (1954). 
‘The values of the partial cross sections Q, and the total cross section Q for incident 
particles with wave number k= 1-816 obtained by exact numerical integration, by 
the first Born approximation and by the second Born approximation, are displayed 
in Table 1. 
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In the investigation of Gerjuoy and Saxon all terms of the second Born 
scattering amplitude were retained in calculating Q. This is an inconsistent 
procedure (Dalitz 1951, Kingston, Moiseiwitsch and Skinner 1960); only terms 
up to the third order in A should be retained. 

In the particular case under consideration we see that though the first Born 
approximation gives the zero-order partial cross section Oy quite accurately, the 
second Born approximation seriously overestimates it, indicating that the Born 
expansion is here unsatisfactory. For the higher order partial cross sections, 
however, the Born expansion converges rapidly towards the correct value. 


Table 1. Elastic Scattering of Particles with Wave Number k=1-816 by the 
Screened Coulomb Potential 


1 First Secondt Exact 
Partial Cross Section Q, (in 7a”) 
0 0-905 1-244 0-848 
1 0-429 0-522 0-511 
2 0-158 0-178 0-179 
3 0-0555 0:0596 0-0597 
4 0-0192 0-0200 — 
5 0-0066 0-0067 — 
Total Cross Section Q (in 7a)”) 
1-577 2-033 1-627 


First = first Born approximation; Second=second Born approximation; Exact= exact 
numerical integration. 
+ Only terms up to the third order in A have been retained. 


Table 2. Elastic Scattering of Particles with Wave Number k=1-816 by the 
Screened Coulomb Potential 


6 First Secondt Exact 
Differential Cross Section J(@) (in ao?) 

0 5:59 6°53 5-30 
a/2 0-097 0-145 0-127 

T 0:028 0-044 0-048 

Real Part of Scattering Amplitude f(@) (in ao) 

0 2°36 2:56 2:18 
a/2 0:31 0-39 0-078 

7 0-17 0-21 — 0-053 


6=scattering angle (rad); First= first Born approximation; Second=second Born approxi- 
mation; Exact=exact numerical integration. 
+ Only terms up to the third order in A have been retained. 


By chance the first Born approximation gives a value 1-5777a, for the total 
cross section which is only 3% less than the exact value 1-6277a,”, whereas the 
second Born approximation overestimates the total cross section Q by 25%. 
However, if the relevant Born zero-order partial cross section is replaced by the 
exact value, the first Born approximation yields 1-5207ra,? for O which is in error by 
about 7%, whereas the second Born approximation yields 1-6377a,? for Q which 
is in error by less than 1%. 


PROC. PHYS. SOC. LXXVIII, 4 2R 
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It would appear from Table 2 that the second Born approximation gives rise 
to a fairly satisfactory set of values for the differential cross section J(9). This is 
accidental as can be readily seen by comparing the.exact values of the real part of 
the scattering amplitude f(@) with those given by the second Born approximation 
also displayed in Table 2. Considerable cancellation occurs between the contri- 
butions arising from the various partial waves for large angles of scattering 6. 
Consequently, unless the exact values of the contributions to f(@) from the partial 
waves with / small are used, it is not possible to obtain reliable values for I(@). 

We conclude, therefore, that a satisfactory method for obtaining cross sections 
is to carry out an exact numerical integration for the partial waves associated with 
small values of / and to use the second Born approximation for the remaining 
partial waves. At sufficiently high impact energies it is, of course, permissible 
to use the second Born approximation for all the partial waves. 

This work has been supported by the United Kingdom Atomic Energy 
Research Establishment, to whom thanks are due for permission to publish. 
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Queen’s University, 
Belfast, N. Ireland. 
24th May 1961. 


Datitz, R. H., 1951, Proc. Roy. Soc. A, 206, 509. 
Grrjuoy, E., and Saxon, D. S., 1954, Phys. Rev., 94, 478. 


Kinoston, A. E., Motserwitscu, B. L., and Skinner, B. G., 1960, Proc. Roy. Soc. A, 258, 
237. 


Plasma Drift Velocity Across a Confining Magnetic Field 


The steady drift velocity of fully ionized plasma across a confining magnetic 
field is usually given as 


v=— 7 Vp PAX (1) 


where 7 is the electrical resistivity and B a steady magnetic field normal to the 
plasma pressure gradient Vp (Spitzer 1956). 

The above equation is derived from the equation of plasma motion by neglec- 
ting the inertia term (v.V)v. It is shown, in this note, that the (v.V)v term 
cannot be neglected if the plasma is bounded by a material wall. However, this 
does not imply that a plasma cannot be confined by a magnetic field as Slepian 
(1960) has suggested. 

Consider a plasma in a steady state which drifts normal to a magnetic field 
directed along the z axis of rectangular coordinates. Ifa plane surface (0, y, 2) is 
drawn in the plasma sufficiently close to and parallel to the material wall on which 
the charges are recombining, the flow can be considered as one dimensional and 
the rate of charge generation between this surface and the wall neglected in 
comparison with the flux of entering charges. The plasma is assumed uniform 


in the y direction and drifts across the magnetic field with a velocity v in the x 
direction. 
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The equations of motion of the plasma fluid are 


GO) é 

myn =f,p— a ate (2) 
iia US © <i ae ee. aime mone (3) 

te /oper 
E+—(—- Oi Pata! cy pean 4 
at ne ( Ox 2) ; @) 

and 

POU SOOM, Gee (5) 


where 7 is the electrical resistivity, p the plasma pressure, pe the electron partial 
pressure, j,, the current density in the y direction, Z,, the electric field in the x 
direction and mvp the flux of electrons or of ions passing through the surface 
towards the wall. The electron and ion temperatures T. and 7; are assumed 
constant. 

It is easily shown from the above equations that 


dv 
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2 2 
m5 (1-2) -2 nd = 4x. Fiat: (7) 
Vo v Uo 


The presence of aj,, current implies that the B, field has a gradient in the w direc- 
tion. This gradient can be neglected provided pigcx/n<1. When this condition 
is violated Eqn (7) takes a different form but the conclusions are unchanged. 
For simplicity the gradient of B, is neglected. 

The curve v? as a function « is sketched in Fig. 1 and it is seen that x has a 
maximum value when v=c. 


Fig. 1. The plasma velocity v as a Fig. 2. The electric field Z,, as a 
function of x. function of w. 
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The distribution of £,, is given by 


where c?=RT;/m;. E., as a function of v? is shown in Fig. 2. Now E,— © as 
vc since dv?/dx-> co as u-+c. The appearance of the infinities is due to the 
assumption that 7j=1e. If the electrostatic force e(nj — ne)E,, is taken into account 
the infinities are removed. It has been shown by Tonks and Langmuir (1929) 
that the plane at which £ = oo, following the assumption 7. =7;, marks the forma- 
tion of a space charge sheath at the plasma boundary. If the sheath thickness is 
small compared to the plasma dimensions, as is usually the case, the plasma may be 
assumed to terminate when v=c at the boundary wall. 

It is concluded that the velocity of plasma drift transverse to a magnetic field 
is correctly given by Eqn (1) for an unbounded plasma provided v?<c? whereas 
for a bounded plasma the upper limit to the drift velocity is close to [k(Te + Ti)mi]!? 
independent of the magnetic field strength. Therefore the (v.V)v term should 
be taken into account when the drift of a bounded plasma across a confining 
magnetic field is under consideration. 


Two of the authors (S, M. and S. I.) wish to acknowledge their gratitude to 
Professor Yamamoto for his interest and help in this investigation. 
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Sub-lattice Magnetic Moments in Manganese Ferrite 


Hastings and Corliss (1956) found that the ionic distribution in manganese 
ferrite MnFe,O, was Mn,Fe,_, [Mn,_,Fe,,,]O, with x~ 0-8, where the brackets 
enclose the ions on octahedral (B) sites in the spinel lattice. Whatever the 
distribution, with Mn** and Fe*+ ions only (both 3d°), ferrimagnetic theory 
(Néel 1948) predicts a net magnetic moment per molecule of 5 Bohr magnetons 
(8). Yet the experimental moment was 4-6, in agreement with earlier results 
(e.g. Guillaud 1951). Gorter (1957) showed that this result would be expected 
for x =0-8 if all the manganese on B sites were Mn*+ ions with an equal numberof 
Fe?* ions for electrostatic balance, but that this did not explain the fact that both B 
(octahedral) and A (tetrahedral) sub-lattice moments had to be reduced (to 9-2 
and 4-68 respectively) to satisfy the neutron diffraction intensities. At the 
same time the suggestion was made (Osmond 1957) that these reductions might 
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be caused by the turning of oxygen p orbitals away from the cube diagonals 
towards the Mn°+ ions in order to make square d?sp bonds with these 3d* cations, 
as suggested by Goodenough and Loeb (1955). This interpretation is unsatis- 
factory since it involves the virtual annulment of some moments of both B and A 
ions. The existence of some canted spins in both sub-lattices now seems to be a 
more likely cause of the reduced moments. This note suggests a mechanism by 
which such canted spins could arise. 

A more comprehensive explanation than the square bond theory for the 
distorting effect of the Mn+ ion is given by ligand field theory (Dunitz and Orgel 
1957). The four oxygens at the extremities of the axes of the empty col Saas 
cation orbital are drawn closer to this cation than are the two oxygens at the ends of 
the half-filled d,, orbital. This gives a tetragonal distortion (c/a>1) to this 
octahedron of surrounding oxygens from which arises the tetragonal spinel 
structure observed when 60°%, or more of the B sites are occupied by Mn** ions 
(Wickham and Croft 1958, Irani, Sinha and Biswas 1960). ‘Thus for an isolated 
Mn?+ B ion in MnFe,O, the empty d,._,. orbital is directed at four of the six 
nearest oxygen neighbours, and each lobe of this orbital can temporarily receive a p 
electron from its own oxygen neighbour if one orbital of the latter is directed at 
the cation. This orbital is then turned away from the cube diagonal along which, 
in other circumstances, it might be expected to lie in order to overlap the empty 
hybrid sp* orbital of the A ion. Then in the new arrangement there is less 
screening by oxygen electrons between the Mn?* ion and two of its nearest B 
neighbours, so that direct B—B interactions are more possible between each of these 
neighbours and the Mn ion, as proposed by Wickham and Goodenough (1959). 
The mechanism suggested is the overlapping of the half-filled d,,, cation orbitals. 
Since the acceptance by such an orbital of an electron from the other cation must 
entail opposite spins for the two cations there is an impulsion for the Mn?* spin to 
be reversed relative to that of each of these two B neighbours. Moreover, the 
second half of each turned p orbital will overlap a half-filled d,. or d,,. orbital 
of the A ion (as pointed out by Wollan 1960). Thus if one p electron goes into the 
empty d,._,, orbital of the Mn** ion, with the same spin as that of this ion, the 
other, with opposite spin, can only go into the half-filled orbital of the A ion if the 
latter has the opposite spin to that of the electron, i.e. the same spin as the Mn?+ 
ion. This possibility provides a further impulsion for the Mn** ion to reverse 
its spin relative to that of the B sub-lattice as a whole (considered to be opposite 
to that of the A sub-lattice). Alternatively it provides an impulsion for the A ion 
to reverse its spin. These impulsions may lead to canted spins rather than actual 
reversals. 

With x=0-8 the B sub-lattice should consist of Mny..?+Fep.5’+Fe,.°* with a 
Néel moment per molecule of 9-68. The observed reduction of 0-4 could arise 
from 0:05 Mn+ ion with reversed spin offset by 0:05 Mn?+ ion with normal spin. 
These values are together well within the maximum possible concentration of 
isolated B ions of one type which is four per unit cell or 0-5 per molecule. How- 
ever, it is quite possible that there are no reversed spins, but that for a higher 
proportion of the Mn*+ ions the combination of usual antiparallel A—B interactions 
with opposed B-B interactions and some reversed A-B interactions leads to 
canted spins among the Mn?+ ions and some or all of their nearest B neighbours. 
As an extreme case, if all Mn®*+ ions, supposed isolated, together with all six 
nearest B neighbours per ion (2/3 of the total Fe?* and Fe** content) have such 
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canted spins the net reduction of the moment of these 1-4 ions per molecule is from 
6°67 to 6-27. 'The average angle made by each canted spin with the general spin 
direction of the B sub-lattice is then cos~! 0-94~ 20°. Other spin arrangements, 
leading to a larger average angle, are of course possible. 

Since the A sub-lattice consists of 0-8 Mn2+ + 0-2 Fe3+ the Néel moment per 
molecule is 58. Here the observed reduction of 0-4 is equivalent to the presence 
of 0-1 Mn?* ion in the low spin state with one unpaired electron, giving a moment 
of 18 perion. However, although theoretical reasons and experimental evidence 
have been given (Sinha 1958, Sinha and Sinha 1957) for the occurrence of such 
an A ion in Mn,Q,, it is unlikely that any would be present with the scattered 
distribution of Mn*+ B ions expected in MnFe,O,. More probably, the presence 
of some parallel instead of antiparallel A—B interactions, aided by canted B spins, 
leads to local groups of canted A spins. In the very special case that all four A 
neighbours of each Mn** ion linked to it by the oxygens at the ends of its dossys 
orbital have canted spins, and that all these sets of four A ions are independent 
of each other, the observed reduction in the moment of this total of 0-8 ion per 
molecule is from 4-0 to 3-6. The average angle made by each canted spin with the 
general spin direction of the A sub-lattice is then cos 0-90~ 26°. Other, less 
ordered canted spin arrangements are of course possible. 


Mullard Research Laboratories, W. P. Osmonp. 
Salfords, 
Surrey 


24th July 1961 
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The Low Temperature Specific Heat of Scandium and Yttrium 


The electronic structures of scandium, yttrium and lanthanum are of special 
interest, as each metal is the first member of its respective transition series. 
Hitherto specific heat measurements below 4°x have been made only on lantha- 
num (Berman, Zemansky and Boorse 1958), and the purpose of this note isto 
report similar measurements on the other two metals. 

The specimens were obtained from Messrs. Johnson Matthey, in the form of 
cast cylinders 2-3 cm diameter by 3 cm long. Spectroscopic analysis of the 
scandium indicated that the chief impurities were about 100 parts per million by 
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weight of Cu, 70 of Fe, 50 of Pb, and 100 of lanthanides. On metallographic 
examination the scandium showed a grain size of about 2 mm: there were very 
few inclusions, although a light precipitate was to be seen at the grain boundaries. 
However, the yttrium specimen was found to be considerably less pure and 
according to spectrographic analysis the chief impurity was about 1000 parts 
per million of Ta. Metallographic examination revealed a grain size of 2-4 mm 
and there were considerable areas of inclusions of four different types. With an 
electron probe micro-analyser the major inclusion was shown to be yttrium 
oxide and the tantalum was found to be associated with one of the minor in- 
clusions. 

Specific heat measurements were made between 1-7 and 4-2°K in a calorimeter 
which will be described in detail elsewhere. The specimen was cooled by a 
mechanical heat switch similar to that used by Rayne (1956) and exchange gas 
was used only for the thermometer calibration at the end of the run. The 
measurements on the scandium were repeated using a different heater and 


carbon thermometer, and at all temperatures the two determinations agreed to 
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The figure shows the experimental data for the two specimens, the curves 
being displaced to avoid confusion. Scandium has a relatively small cubic 
term, and measurements at hydrogen temperatures would be needed to obtain a 
precise value for the Debye temperature. Both metals show large linear 
components in their specific heats, which rules out the possibility of either being 
superconductive above 1:7°K. The question arises as to whether these linear 
terms are a property of the pure elements, or whether they are merely due to 
impurities. Magnetic impurities such as manganese and iron frequently cause 
a specific heat curve to turn upwards at the lowest temperatures, but concentra- 
tions of the order of 0-5°%, are required before they can produce a linear specific 
heat in copper (Zimmerman and Hoare 1960). The present results show no 
tendency to turn up at low temperatures, and it will be assumed that the linear 
term is at least predominantly the electronic specific heat of the pure metal. 
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Values of the electronic coefficients y and the Debye temperatures are tabulated 
below, together with overall estimates of random and systematic error. The data 
for lanthanum derive from the paper by Berman, Zemansky and Boorse (1958). 


Element —y (millijoules mole-!°x-2) O(°K) 
Se 11:30 470 + 80 
Y 4 102408 300 +10 
La 10-1+0-2 142+ 3 


The variation of @ between the elements is typical of transition metal groups 
(Parkinson 1958), and is due partly to the variation of atomic mass, and partly 
to the fact that in the earlier members of a group the ionic repulsions are stiffer 
and hence give rise to higher elastic constants. It is interesting to note that the 
Debye temperatures of all these metals are much higher than those of the 
neighbouring elements Ca, Sr, Ba (Parkinson 1958); this is connected with the 
fact that the latter group of metals have larger atomic volumes than the scandium 
group. ‘Thus, even a small number of d electrons has a considerable effect upon 
the atomic binding forces. 

The high values of » bear out a very marked regularity among the early 
members of each transition series: elements with an odd number of electrons 
have a high density of states, and elements with an even number have a low 
density of states. No band structure calculations have been made specifically 
upon the scandium group, but one can extrapolate to some extent from calcula- 
tions on calcium. According to Manning and Krutter (1937) the bottom of the 
3d band in calcium lies below the 4p band and has a steeply rising n(e) curve: 
this ensures that any electrons which spill out of the 4s band enter the 3d band 
and not the 4p. (If this calculation is correct calcium should strictly be regarded 
as a transition metal, and it is significant that in the alkaline earths n(e)f is four 
or five times higher than in Group 2b metals such as Zn and Cd (Parkinson 
1958).) Now it is unlikely that scandium has fewer 4s electrons than calcium, 
so that one would expect that the number of 3d electrons in scandium is of the 
order of unity: this would mean that the 3d band has a high peak in n(e) in the 
region of 1 electron per atom, and that n(e) falls to a comparatively low value in 
the neighbourhood of 2d electrons per atom, corresponding to the case of 
titanium. The experimental evidence suggests that similar conclusions hold 
for the 4d and 5d bands. 

This general picture predicts that scandium and its analogues should have a 
high magnetic susceptibility with a negative temperature dependence. The 
susceptibilities of these metals have been measured by Bommer (1939), whose 
data on lanthanum have been well confirmed by Lock (1957). In the case of 
scandium and yttrium the room temperature susceptibility is considerably 
higher than the Pauli value calculated from the electronic specific heat, as is 
usually the case in transition metals: in the lanthanum, however, the observed 
susceptibility is slightly lower than the specific heat value, a fact which is difficult 
to explain at present. In all three metals the susceptibility has a marked 
negative temperature dependence, and the susceptibility of scandium falls by 
20°%, between 90°K and 300°x. However, this temperature dependence is much 
larger than that commonly found among transition metals (Kreissman 1953), 
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and it is possible that it arises not from band curvature but from other causes 
such as an antiferromagnetic transition at low temperatures. Measurements 
are being planned on the magnetic properties of the present samples of scandium 
and yttrium in order to study this problem further. 


Many thanks are due to Mr. A. D. Le Claire and Dr. W. E. Gardner for very 
useful discussions. 


Solid State Physics Division, H. MonTcoMeEryY. 
Atomic Energy Research Establishment, Caen PEEns. 
Harwell, Didcot, Berks. 
8th August 1961. 
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The Skeletal Modes of Long-chain Molecules 


The torsional oscillations of long-chain paraffin molecules have recently been 
investigated theoretically by Szigeti (1961). In an infinitely long hydrocarbon 
chain, torsional waves have a dispersion curve of the form shown in Fig. 1, in 
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ig. 1. ‘The variation of frequency w (maximum __ Fig. 2. Spectral transmission through a sample 
value wm) with wave-number o for torsional of (C,,H»3)sCO approximately 0-1 mm thick. 
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chain. 
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which the frequency reaches a maximum value wm near the centre of the zone. 
The application of the correct boundary conditions for a finite molecule leads to 
the conclusion that each of the (L—3) torsional modes of a paraffin molecule 
containing L carbon atoms is a combination of two sinusoidal waves having the 
same frequency, one having a wave-number greater than that corresponding to 
®m in Fig. 1, and the other with a wave-number smaller than that at Wm. The 
corresponding frequencies thus range up to a maximum value close to wm. A 
torsional mode is made up of rotational displacements around each carbon-carbon 
bond and the characteristic frequencies are, for this reason, directly proportional 
to the torsional constant, k, of a C-C bond. No entirely satisfactory theoretical 
account of the resistance to rotation about such a bond is known. _ If use is made 
of the value for k determined experimentally for the C-C bond in ethane, ie. 
k=4-1 x 10°c.g.s., the value for wm is about 5 x 10!2¢/s. 

These torsional oscillations of a paraffin molecule are not infra-red active, but 
Dr. Szigeti pointed out to us that the substitution of a C=O group for a CH, group, 
to form the related ketone molecule, would leave the C=O dipole to librate as 
part of the skeletal torsional modes. Associated spectra would then be expected 
in the range of wavelengths which can be studied using our techniques for the 
extreme infra-red (Bloor et al. 1961) because the value above for the maximum 
frequency wm corresponds to 167 cm—. 

The purpose of this note is to report the observation of absorption spectra, 
with several solid ketones, which are in accord with the general predictions of 
Szigeti. Fig. 2 shows the extreme infra-red spectrum of C,,H,,..CO.C,,Hos, 
obtained at 100°k where the lines are more clearly revealed than at room temper- 
ature. ‘This is a symmetrical ketone and the central C=O dipole can reveal only 
the symmetrical modes. Corresponding frequencies for a paraffin molecule 
have been evaluated by Szigeti and his results, increased by a factor 1-2, are 
recorded in the table together with the observed frequencies for the ketone. 


The frequencies, in cm~1, evaluated for CH;(CHy,);CH; from the computations 
of Szigeti (using k=4-9 x 103 c.g.s.) and the frequencies of the absorption 
lines in the range so far studied (from 100 cm— to 20 cmt) 


Computed 37 60 83 115 
Observed 37, 28 58 73 115 


Additional computed frequencies are at 7-2, 136, 161, 178, 192 and 198 cm—. 


The multiplication by 1-2 amounts to the use of k=4-9 x 108 c.g.s. rather than 
the ethane value 4-1 x 10°c.g.s., and is made in order to bring the highest line- 
frequency which we have so far observed (at 115 cm-) into coincidence with the 
closest computed frequency. Three other lines are then predicted in the range 
at present studied, and three are found. The observed frequencies are in rea- 
sonable agreement with the computations, bearing in mind the corrections which 
may be necessary to allow for the loading of the paraffin chain by the oxygen atom, 
as discussed by Szigeti. The doublet splitting at 37cm-! in Fig. 2 might be 
produced by the dipolar interaction between neighbouring molecules which 
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Szigeti estimates should lie between 1 and 10cm~!. Similar spectra have been 
obtained with several other ketones, kindly lent to us by Dr. V. Daniel. 

A systematic study of a wide series of ketones is now being made, and the 
range covered is being extended to reach the maximum frequency expected at 
about 200cm-!. Such observations will give a measure of the long-chain 
torsional constant, of the extent of torsional and rotational motion in the solids 
and of intermolecular dipole interactions. 


Queen Mary College, S. B. Frevp. 
(University of London), D. H. Martin. 
Mile End Road, 
London, E.1. 


2nd August 1961. 


Bioor, D., Dean, T. J., Jones, G. O., Martin, D. H., Mawer, P. A., and Perry, C. H., 
1961, Proc. Roy. Soc. A, 260, 510. 
SziceT1, B., 1961, Proc. Roy. Soc. A, 264, in the press. 
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REVIEWS OF BOOKS 


Plasma Physics, a course given by S. CHANDRESEKHAR at the University of Chicago. 
Notes compiled by S. K. TreHan. Pp. 217. (Chicago: University 
Press; London: Cambridge University Press, 1960.) 14s. 


There is serious need for a comprehensive monograph describing recent 
developments in the study of plasma dynamics, which are scattered throughout 
the scientific literature, or more often buried in laboratory or conference reports. 
Professor Chandrasekhar’s lecture notes, while not quite that, do contain a full 
account of one of the most interesting of these developments. This is the quasi 
hydrodynamic treatment of a diffuse plasma in a strong magnetic field, which 
shows how such a plasma may exhibit cohesive hydrodynamic-like behaviour 
even though the mean free path be extremely large, the localizing feature being 
the small Larmor radius of particle orbits. In the first few chapters the perturba- 
tion theory of particle orbits in slowly varying fields is developed, particular 
attention being paid to the extremely useful adiabatic invariants of the motion. 
This theory is then applied to the study of the equilibrium and stability of plasmas 
confined by magnetic fields, problems in which fields and orbits must be made 
consistent. ‘The stability of the pinch, a cylinder of plasma confined by a surface 
current, merits an entire chapter, in which in addition to magneto-hydrodynamic 
instabilities those produced by anisotropy in the pressure tensor are described. 
A section on plasma oscillations gives much space to dispersion relations for a 
non-magnetic plasma and a rather cursory glance at the effect of a magnetic field. 
A final chapter considers the effect of collisions and the origin of transport 
processes; of particular interest is the rather spectacular effect on transport 
processes produced by consideration of a small admixture of neutral gas. 

Within a single course of lectures one cannot expect to cover the subject 
completely, but it is unfortunate that in spite of the space devoted to pinch 
stability the work of Suydam and Rosenbluth which exposed the artificiality of a 
stabilized pinch is not mentioned. More serious is the absence of any reference 
to experiment with which the theory here presented is not always in complete 
agreement; the flute instabilities which are described and were predicted as 
diseases of the magnetic mirror have not appeared, although those arising from 
anisotropy in the pressure tensor have been demonstrated. On the other hand 
some configurations, especially the ‘ hard-core ’ pinch, predicted to be stable have 
failed to beso. In spite of these limitations, this is the most complete study of the 
diffuse magnetized plasma yet to have appeared and as such demands the study of 
all those seriously interested in the field. W. B. THOMPSON. 


Relativity : The General Theory, by J. L. S¥Ncr. Pp. xv+505. (Amsterdam: 
North Holland, 1960.) 110s. 


This is a beautiful book. Wherever one turns in it one finds some subject 
treated in a novel, clear and lucid way, surveyed in a detached and cool fashion. 
The stress of the whole approach is on the geometrical aspect of general relativity, 
as might be expected. What is surprising, however, is the success Professor Syngé 
has had in helping one to visualize highly abstruse geometrical concepts, and 
part of the joy of reading the book lies in this. 

A novel method is employed in dealing with Riemannian geometry, the 
‘world function ’ first introduced by Ruse. This is of great help in getting an 
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intuitive feeling for the theory, because this function is essentially simply the 
square of the distance between two events. The geometrical aspects of general 
relativity are firmly in control, guiding, shaping and illustrating the book, but 
there are also clear and precise references to the observational tests of the theory, 
right up to the present. 

No book of such beauty could possibly have been written had Professor Synge 
not adopted a well-defined point of view, putting in the forefront the clear and 
precise notions of geometry, of which he is such an unrivalled master. This 
has necessarily ruled out detailed attention to the various links between the theory 
and the rest of physics. It is hard to find beauty (though easy to see fascination) 
in that odd mixture of compelling argument, half-baked suspicion and wide-open 
mystery that is characteristic of many of these connections. 

The book ranges far and wide. Chapters like those on integral conservation 
laws and on gravitational waves take one deep into active fields of research. 
The bibliography of 60 pages forms an extremely valuable part. 

The book can be heartily recommended to all who are interested in general 
relativity. However, the knowledgeable reader will find much that is new to 
him. For the novice his taste must decide whether this should be his first book 
on general relativity or whether he prefers to start with the physics, in which 
case this is an ideal second book for him. 

The book is beautifully produced and is a pleasure to own. H, BONDI. 


Solid State Physics, Vol. 11, Advances in Research and Applications, Supplement 2; 
Paramagnetic Resonance in Solids, by W. Low. Edited by F. Serrz and 
D. TurNnBULL. Pp. viii+212. (New York: Academic Press; London: 
Academic Books, 1960.) 60s. 


As its title and membership of the excellent ‘ Solid State Physics’ series 
might suggest, this book sets out to point the importance of paramagnetic 
resonance techniques in the armoury of the solid state physicist. It cannot 
be claimed that there is great originality of presentation or context. However, 
the book is to be welcomed as it synthesizes many ideas scattered in the 
literature in such a way that the basic features of paramagnetic resonance in 
solids may be understood. The theory of the crystalline field is first developed 
and followed by a detailed exposition of its application to the iron, rare-earth 
and uranium groups. A section on relaxation times and line width leads to a 
short discussion of solid state devices. ‘There are also brief notes on para- 
magnetic resonance studies of colour centres and defects in crystals. The short 
final section is concerned with the experimental side of paramagnetic resonance 
spectrometry. ‘Throughout the whole text many useful references to original 
articles are given as footnotes. R. STREET. 


Quantum Theory of Atomic Structure, Vol. 1, by J. C. SLATER. Pp. xli+502. 
(New York, Toronto, London: McGraw-Hill, 1960.) 85s. 6d. 


This is the first of a two-volume text on atomic structure, which is itself 
the first of a series that the author hopes to write on the application of quantum 
mechanics to the structure of atoms, molecules, solids and the physical and 
chemical properties of matter. 

The approach is very elementary. The book starts with a fifty-page 
historical introduction to quantum theory, leading in a purely heuristic way 
to the Schrédinger equation, for a single particle in a potential. Rules of thumb 
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are then given for writing down the Schrédinger equation in more general 
circumstances. Matrices are introduced as expectation values in the Schrodinger 
representation. 

The book then gets down to the restricted field implied by the title including 
a discussion of the hydrogen atom, the Hartree self-consistent field, the 
determinantal method and the theory of multiplet structure. Angular momentum 
including spin is treated rather superficially. 

Professor Slater has built up for himself a great reputation as a pedagogue, 
and, as one would expect, everything in this book is explained with his usual 
clarity. The latter half of the book which starts to deal with atomic structure 
is excellent, but the first half is disappointing and rather old fashioned. It is 
perhaps significant that Dirac is not mentioned along with Heisenberg and 
Schrodinger among the great pioneers of the subject. 

The two-volume text will no doubt become a standard work for those 
primarily interested in atomic structure, but this first volume by itself is not, 
as the author hopes, suitable as an introductory text in quantum mechanics 
for those with wider interests in quantum physics, or a desire to gain in physical 
terms an understanding of the general structure of quantum theory as we now 
understand it. P. T. MATTHEWS. 


Progress in Nuclear Physics, Vol. 8, edited by O. R. Friscu. Pp. vii+ 304. 
(Oxford: Pergamon Press, 1960.) 90s. 


The articles in the eighth volume of this well-known series, with one excep- 
tion, have a strong inclination towards high energy physics. The exception is 
the chapter ‘ Collective motion in nuclei’ by D. M. Brink, which provides 
firstly a brief review of the whole subject and then a more detailed treatment of 
recent work on pairing correlations and coupling schemes. The collective 
model is clearly becoming more intelligible theoretically, although it has hardly 
gained in simplicity. 

The volume opens with an interesting account of ‘ The composition of the 
primary cosmic radiation’ by C. J. Waddington. This is a subject of perpetual 
interest because the energies involved reach out beyond the applicability of 
present theories. The article is primarily experimental and deals in detail with 
the charge spectrum of the heavy incoming particles. One of the techniques 
which, like the nuclear emulsion method, has found a place both in cosmic 
ray studies and in high energy physics in the laboratory is Cherenkov counting. 
In a stimulating and informative article on ‘ Cherenkov detectors’ G. W. 
Hutchinson continues from existing reviews of the subject into the design and 
application of new forms of counter, many of which have interesting possibilities 
so far largely unexploited. Instrumentation for cosmic ray research in satellites 
will clearly be much aided by these devices. 

Laboratory studies in medium and high energy nuclear physics receive 
attention in the articles by E. J. Squires on ‘ The interaction of polarized 
nucleons with nuclei’ and by E. H. Bellamy on ‘ The photoproduction of 
pions’. The former is a valuable account of a subject in which interest 
rapidly increasing following the development of polarized ion sources and 
targets. A full account of the available experimental material and a clear 
presentation of the relevant theory are given. The latter article is a readable 
account of the main experimental techniques and results in photo-pion physics, 
with emphasis on high energy photon interactions with nucleons. The theoretical 
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treatment of these results is outlined and the reader cannot fail to notice 
the frequency with which reference is made to calculations of excitation functions 
and angular distributions based on dispersion relations. It is therefore fortunate 
that this volume provides what is perhaps the first attempt to describe the present 
status of this subject to a general audience, in the chapter ‘ Dispersion relations 
for elementary particles’ by J. Hamilton. The relation between absorption 
and scattering processes is a very general one and embraces many physical 
phenomena; in the present article the somewhat complicated field-theoretic 
results are approached via several interesting and immediately tangible classical 
examples. 

The volume under review makes perhaps more demands of the reader 
than some of its predecessors because of its high theoretical content, but this 
is inevitable if the subjects presented are to be treated adequately. ‘The material 
discussed is that which was available at about the middle of 1959, and most of 
the references are dated within the decade 1950-60. The standard of production 
is high, although rather more misprints and errors in spelling than usual have 
crept through the proof-reading. W. E. BURCHAM. 


Studies in Theoretical Physics :| The Proceedings of the Summer School of 
Theoretical Physics held at Mussoorie, India on 22nd May-18th June 1959, 
Part 3. Pp. 341+535. (New Delhi: Government of India Ministry of 
Scientific Research and Cultural Affairs, 1959.) Rs. 5. 


The papers contained in this part of the Proceedings are listed in three sections: 
Chemical physics, Astrophysics and magneto-hydrodynamics, and Selected 
topics, which include papers on the exact solution of the equations of charged 
particles in a plane electromagnetic radiation field and the Compton scattering, 
the theory of distributions and its applications to field physics, fundamentals 
of function algebra, relativistic cosmology and Einstein’s field equations. 


Proceedings of the 1960 Annual International Conference on High Energy Physics 
at Rochester, edited by E. C. G. Suparsuan, J. H. Trntot and A. C. 
Metissinos. Pp. xxv+890. (Rochester, N.Y.: The University of 
Rochester; New York: Interscience, 1960.) $13.50. 


The Conference consisted of sessions of three different types—four main 
sessions on Strong interactions of pions and nucleons (experimental), Strong 
interactions of pions and nucleons (theoretical), Strong interactions of strange 
particles, and Weak interactions, at which invited papers were presented; 
four sessions on the same group of subjects, in which summarized reports of 
associated work were given; and three sessions devoted to subjects of general 
interest, Structure of elementary particles, New results at superhigh energies, 
and Theories of elementary particles. 


Annual Review of Nuclear Science, Vol. 10, edited by E. Secrk, G. FRIEDLANDER 
and W. E. Meyeruor. Pp. viit+617. (California: Annual Reviews Inc., 
1960.) $7.50. 


This volume, the tenth of a series of Annual Reviews of Nuclear Science, 
contains chapters on the following subjects: Neutrino interactions, Nuclear 
interactions of heavy ions, Cosmic ray showers, Bubble chambers, Optics of 
high-energy beams, Nuclear structure effects in internal conversion, Recoil 
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techniques in nuclear reaction and fission studies, Labelling of organic 
compounds by recoil methods, Nucleon-nucleon scattering experiments and 
their phenomenological analysis, Theoretical interpretation of the energy levels 
of light nuclei, Nuclear methods for sub-surface prospecting, Experiments on 
cosmic rays and related subjects during the International Geophysical Year, 
and Cellular and vertebrate radiobiology. 


Some Lonospheric Results obtained during the International Geophysical Year, 
Proceedings of a Symposium organized by the URSI/AGI Committee, 
Brussels, 1959, edited by W. J. G. Beynon. Pp. xi+399. (London, 
Amsterdam, New York, Princeton: Elsevier, 1960.) 72s. 


During the International Geophysical Year scientific observation was 
coordinated throughout many countries and outstanding advances resulted in 
many fields. 

One of the fields in which the most intensive research was carried out was 
that of the ionosphere. The results of this research were discussed at a 
symposium organized by the International Scientific Radio Union, more 
usually known as U.R.S.I. 

During the course of the International Geophysical Year many millions of 
radio observations were made. These have been scrutinized for interpretation 
but more information will no doubt be obtained in future scrutinies of the same 
material. As the Editor and Chairman of the International Geophysical Year 
Special Commission say in their Preface to the volume, a comment of the late 
Lord Rutherford is relevant, “This is a grand subject because there is so much 
in it we do not know”. 

A large number of articles on various aspects of the ionosphere will encourage 
workers to seek further explanation of the material available. The book is 
divided into eight sections: F2 layer phenomena, High altitude studies, 
Disturbance phenomena, Ionospheric irregularities, N(A) profiles, Absorption, 
Drifts, Noise: whistlers, rockets, satellites. 


Elektronenbeugung, by Ernst Bauer. Pp. 233. (Munich: Verlag Moderne 
Industrie, 1960.) DM. 32. 


There are few books on the subject of electron diffraction. The principal 
texts are still those of Thomson and Cochrane (1939), von Laue (1944) and 
Pinsker (1949). Since the publication of these books there has been a massive 
growth of the subject of electron microscopy. The application of the methods 
of this new technology has transformed the subject of electron diffraction, and 
the appearance of a book which takes account of these developments is therefore 
timely. 

About a quarter of the present book is devoted to the basic theory of the 
subject. The presentation of this is competent but not outstanding. Much 
more satisfactory is the section of 84 pages dealing with the constructional 
details and theoretical limitations of electron diffraction apparatus and the 
preparation of specimens. A general description of some half dozen commercial 
instruments from different countries serves to illustrate the discussion of the 
desirable electron optical and mechanical features of the diffraction camera. 
The author has given a good general description of the methods available for 
the preparation of specimens, and the numerous references to published papers 
enable the reader to obtain readily any further details he may need, 
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A section on the interpretation of electron diffraction patterns leads naturally 
to a discussion of the applications of electron diffraction in the metallurgical, 
chemical and optical industries. The. only fault I have to find with an 
admirably comprehensive treatment is that no indication is given of the difficulty 
of some of the techniques, so that a reader without prior knowledge of the 
subject can hardly judge which details of the structure of a specimen are 
immediately evident in an electron diffraction pattern, and which are brought 
to light only after prolonged study. 

A few pages near the end deal briefly with the diffraction of low energy 
electrons, and the combination of electron diffraction with electron microscopy. 
The book concludes with a valuable bibliography of 589 references and—an 
unusual feature—the addresses of a number of firms in eight countries which 
manufacture complete instruments or component parts. 

The text is marred by numerous errors in references to figures and page 
numbers; it is to be hoped that these blemishes in an otherwise admirable 
book will be remedied in later editions. T. B. RYMER. 


Theoretical Physics in the Twentieth Century : A Memorial Volume to Wolfgang 
Pauli, edited by M. Fierz and W. F. Weisskopr, Pp. x+328. (New 
York: Interscience, 1960.) 72s. 


This volume of articles was originally intended to celebrate the sixtieth 
birthday of Pauli. His death converted it into a memorial volume instead. 
As the editors say themselves, no collection of articles could do justice to the 
memory of Pauli’s work and his impact on modern physics, for only further 
progress in physics carried out in his spirit can ever serve as a true memorial. 
Nevertheless, this volume is a fitting tribute that leads the reader again and again 
to marvel at the influence that Pauli had throughout his active life. One tends 
to think of Pauli as the conscience of theoretical physics, expressing in un- 
mistakable terms his profound abhorrence of any argument not founded upon 
the strictest mathematical rigour. Indeed he was that; but he was also a 
physicist of deep intuitive insight who could see through the complexities of atomic 
spectra to the need for the exclusion principle long before his restless demand for 
rigour eventually enabled him to set it upon an adequate mathematical frame- 
work, and who predicted the existence of the neutrino long before that most 
elusive of particles was prepared to vindicate him. 

There are two different kinds of article in this memorial volume. The first 
kind concentrates on the exciting days of the discovery of quantum mechanics, 
filling in the background without which it would be impossible to understand 
Pauli’s own contributions at that time. The other kind traces the development 
of subjects up to the present day in which Pauli had at some stage a special 
interest. Quite apart from its other many virtues, this is one of the best accounts 
I have ever read of the early days of quantum mechanics, giving a vivid 
description of the many profound difficulties which arose and the part that 
each of the great physicists of those days played in their eventual resolution. 
It would have been so easy, and so understandable, to overdo the part of Pauli 
in all this; but then the result would have been a lesser, not a greater, tribute 
to one to whom exactness and simplicity of expression were always paramount. 

B. H. FLOWERS. 
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An Introduction to Astro-Dynamics, by R. M. L. Baker Jr. and M. W. Maxeson. 
Pp. xiv+358. (New York: Academic Press, 1960.) $7.50. 


The advent of space science has demanded a greatly increased activity in 
those branches of theoretical astronomy that are concerned with the motions of 
planets, satellites and interplanetary particles, whether these be artificial or 
natural. The celestial mechanical principles on which such theory is based 
are well known, having been developed since the time of Newton. However, 
methods of applying them to the extensive high speed requirements of space 
science are now being devised and improved. To cope with these advances 
special study courses are needed supported by suitable textbooks. This new 
science of celestial mechanics applied to contemporary problems of space 
vehicles is called ‘ Astro-dynamics ’. 

The book under review provides a very effective introduction to this subject. 
Its essential aim is to provide the mathematical basis for the practical calculations 
of space motion. The text is therefore designed for engineers and space scientists 
rather than astronomers. The reader does not require a knowledge of classical 
celestial mechanics but will use calculus, vectors and rectangular coordinates. 
Hamiltonian mechanics is avoided, and spherical and polar coordinates are 
used only to a restricted extent. The mathematical developments are rather 
concise. The Table XV is very useful in providing a summary of the combina- 
tions of observational data that are likely to be available and indicating those 
theoretical sections developed elsewhere in the book that should be applied 
in the various cases. Much attention is given to the application of orbital 
perturbations to terrestrial and atmospheric problems. 

Although the main part of the book is devoted to mathematical utility, there 
is much that will be useful to the general reader. The early chapters give 
readable discussions on relevant background subjects such as coordinate 
systems, general laws, minor planets, comets, and their relations to space 
science. ‘The value of the book as a reference handbook is enhanced by intro- 
ducing a chapter in which astrodynamic quantitative concepts are clearly 
described and the latest numerical values given. There is a very extensive 
glossary of both terms and symbols. 

The book is well printed and has clear efficient notations. It deserves a 
wide distribution among all who are connected with or interested in space 
science. C. W. ALLEN. 


Principles of Optics, by M. Born and E. Wor. Pp. xvi+803. (London, New 
York, Paris, Los Angeles: Pergamon Press, 1959.) £6. 


The preface to this book explains that it is restricted to ‘‘ those optical 
phenomena which may be treated in terms of Maxwell’s phenomenological 
theory’. Material media are regarded as continua for which quantities like 
the dielectric constant are given and the classical molecular optics which occupied 
about half the space of Born’s Optik is excluded. Applications of relativity 
and quantum theory to optics are omitted. This involves the omission of the 
experiments on moving media, the theory of radiation detectors (including the 
eye) and the application of information theory to optics. The topics treated 
include the detailed theory of interference, with special reference to coherence, 
the theory of diffraction (with an extended treatment of diffraction by ultrasonic 
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waves) and the theory of optical instruments discussed both in terms of 
geometrical optics and of wave theory. There is an interesting historical intro- 
duction. 

One can see that difficult decisions were needed to prevent this book extend- 
ing to well over 1000 pages and that it was not possible to be strictly logical 
in deciding what to omit. I wish that moving media had been included and I 
feel that, since photo-elasticity was included, the electro-optical and magneto- 
optical effects might also have been treated. The treatment of the diffraction 
theory of optical instruments is inevitably a little unsatisfactory because discussion 
of the properties of the receptor and of the ultimate limits of measurement set 
by noise is excluded. It is thus impossible to show that a loss of transmission 
in higher spatial frequencies, due to aberration, results in an irretrievable loss 
of information. 

A very large part of this book is concerned with a systematic account of the 
wave theory of light, including the most recent developments. The treatment is 
logical and authoritative. ‘To those who are prepared to give concentrated 
attention to a subject which is not always simple, it is clear and straightforward. 
All who are concered with optical theory—and in view of the many applications 
of wave theory this means all theoretical physicists—are indebted to the authors. 
The account of optical instruments and of experimental methods is uneven in 
coverage and in quality. Many topics of interest, such as the sheared-wave 
interferometer, are very adequately treated. On the other hand, the account 
of experiments on the velocity of light is inadequate and completely out of date. 
The choice of material in this part is not very satisfactory; the Lummer— 
Gehrcke Plate (now mainly of historical interest) is treated at length (6 pages), 
while there is very little discussion of interference spectroscopy or of optical 
standards of length. 

Let us accept the excellence of the main part of this book and consider the 
general question of the function of a book of this type in the dissemination of 
scientific information. If any considerable scientific topic is to be fully discussed 
in a book, the treatment may become nearly as lengthy as the original papers 
from which it is derived. Unless the presentation is an advance on the original 
papers in clarity of exposition, so that the reader obtains a deeper insight, then 
most people will prefer to have a general introduction together with references 
to the papers. At a certain point the book must give way to the Handbuch 
or the Progress Report containing a series of articles by people who are most 
expert in restricted fields. 

The treatment of coherence in this book is very lengthy, yet I feel that the 
length is justified because the subject can be seen as a unity (apart from the 
quantum theory aspects). An endeavour has been made to obtain some of the 
advantages of the Handbuch by calling in a panel of consultant experts (to whom 
acknowledgment is made in the preface) while retaining the unity which is 
available when there are one or two authors. Although I would have preferred 
from these authors a book which omitted much of the experimental and 
instrumental side and gave a little less space to some theoretical topics which 
seem to me unimportant, I hope and believe that this book will be very successful. 
I also hope that its success will not encourage other authors to write at equal 
length. Every rule may have an exception. Let us regard this as an exception 
to the rule that a good book should not be too heavy to hold in one’s hand. 

R. W. DITCHBURN. 
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Kybernetik, Band 1, Heft. 1—Journal dealing with the transmission and 
processing of information and with control processes in organisms and 
automata. Pp. 56. (Berlin, Géttingen, Heidelberg: Springer-Verlag, 
1961.) DM. 12.80. 


This new journal intends to become a forum on the subjects of information 
theory, theory of automata, theory of control systems, mathematical foundations 
of communication theory, sensory processes and micro- and macrophysiology 
of the central nervous system in relation to information handling, information 
handling by organisms (including man) and task-oriented groups, and mathe- 
matical models for communication and control processes in organisms. This 
covers to an appreciable degree the scope of the Journal of Electronics and Control 
and the journal Information and Control. Judging from the first number we 
can expect that it will complement them in a happy way because it shows a strong 
bias towards neurophysiology and biology. Kiipfmiiller and Jenik contribute 
a clear and simple article on information processing by neurons. Reichardt 
sums up his well-known, remarkable investigations on the fungus Phycomyces, 
probably the best explored organism from the point of view of sensory dynamics. 
Trincker, Sieber and Bartual describe their investigations of eye movements. 
Vossius gives a mathematical analysis of the efferent—afferent sensory-muscular 
control circuit. Wenzel gives a most interesting numerical analysis of the reaction 
times of piano players who read their music. Steinbuch contributes a remarkable 
article on the learning matrix, with an electro-chemical model. Carson’s article 
on ‘ Letter constraints within words in printed English’ is a further elaboration 
of one of the classical fields of information theory.. Ivo Kohler comes back to 
Pavlov’s equally classical dog. 

As always with a new journal, one wonders whether it will be possible to 
maintain this high level, but this is fairly guaranteed by the distinguished 
international list of editors. From now on the new journal will have to be 
followed with attention by everybody working in the various fields which have 
branched out from information theory. D. GABOR. 


Selected Scientific Papers, by B. vAN DER Pot, edited by H. BREMMER and 
C. J. Bouwkamp. Vol. I, pp. xiii+ 660. Vol. II, pp. 661-1339. (Amsterdam: 
North-Holland, 1960.) £6 13s. per volume. 


We hear frequently these days about scientific radio, but radio has not 
always been very scientific, and this aspect of physical science has been almost 
more than any beset by empiricism. Few men have done more than Van der Pol 
to put radio on a sound scientific basis. Together with his life-long friend 
Sir Edward Appleton he did much to found and foster the Union Radio 
Scientifique Internationale. an der Pol was essentially a theoretician but 
with a very practical turn of mind. His interests were wide and he made 
notable contributions to the theory of radio wave propagation, theory of 
oscillations and the development and applications of operational calculus, to 
quote only a few of the more important fields in which his researches lay. 
He was a man of great industry and insight and wrote a great deal that is 
important in his long and busy life, working right up to the end. The two 
substantial volumes under review represent only a fraction of his work. We 
have here, however, a representative selection covering most of the fields in 
which he made notable contributions and including his most famous papeérs. 
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The papers are scattered over a large number of journals and the present 
collection will make reference much easier for many of those who will, un- 
doubtedly, consult them for a long time to come. 

The individual reader may feel that the two volumes are somewhat costly 
but those who came to know Van der Pol and his work will surely wish to have 
them as a fitting memorial to one who did so much to give dignity to his subject. 
Libraries associated in any way with radio research should, of course, have a copy. 

The volumes are beautifully produced and the editors, Dr. H. Bremmer 
and Dr. C. J. Bouwkamp, both of whom were closely associated in his work 
with Van der Pol, are to be congratulated on the clear presentation and 
arrangement of the papers. ‘These are introduced by a fitting biographical 
note by Dr. H. B. G. Casimir. R. A. SMITH. 


The Rotation of the Earth, Cambridge Monograph on Mechanics and Applied 
Mathematics, by W. H. Munk and G. J. F. MacDonatp, edited by G. K. 
BATCHELOR and S. GoLpsTEIN. Pp. xix+323. (Cambridge: University 
Press, 1960.) 70s. 


This is a delightful book. When one opens a book on an imposing subject, 
full of uncertainties requiring a tremendous amount of detailed discussion of 
theories as well as of observations, one expects to find that the authors have 
undertaken this formidable task in a spirit of duty or as a penance for having 
added to the confusion of the subject. This expectation is often fulfilled and 
leads one to anticipate that such a monograph might make heavy reading, but 
Munk and MacDondald are writers of an entirely different class. They not 
only love their subject, they positively enjoy writing about it. They convey 
their pleasure and interest so vividly and in such expressive language that few 
readers, however little interest the subject may have possessed for them, will 
be able to resist its fascination. 

Phrases like ‘“‘ problems becoming unsolved” and “ excursions into the 
jungle of theory ” deserve to become part of the scientific vocabulary. 

The range of subjects covered by the authors is tremendous and their 
mastery is complete at every point. It is most refreshing to find such a degree 
of healthy scepticism and thorough appreciation of both observational and 
theoretical difficulties amongst people so deeply immersed in their subject. 
The full discussion of the various aspects, such as the wobble of the earth’s 
axis and the variations in the length of day, naturally lead the authors deeply 
into the subject of the evaluation of the observations of the earth’s rotation 
for theories of the structure of the planet. Thus, to use a phrase of theirs, 
they ‘“‘ make a geophysical asset out of an astronomical nuisance”’. The treat- 
ment is everywhere clear and intelligible to anybody willing to make the effort, 
and with such fascinating guidance it would require considerable power of will 
not to make the effort. 

The diagrams are particularly intriguing and greatly aid the understanding. 
Though in some places three-dimensional models might have been more helpful, 
one can understand the aversion of the publisher to these. My only complaint, 
if complaint it be, is that glancing through the pages one becomes so attracted 
by some of the diagrams that, on finding the legend insufficiently informative, 
one turns to the text to discover just what they refer to, but making a reader 
read is not really a crime on the part of an author. To anybody interested in 
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the subject, one of the limited number of possible approaches to a theory of the 
constitution of the earth, this is an essential book. Few authors, whose work 
brings them in contact with related disciplines, such as rigid body dynamics, 
elasticity, plasticity or astronomy, will not benefit from a study of the book and, 
in addition, will enjoy reading it. The book has been beautifully produced by 
Cambridge University Press. H. BONDI. 


Complex Variables and the Laplace Transforms for Engineers, by W. R. Lz Paces. 
Pp. xvii+475. (London: McGraw-Hill, 1961.) 97s. 


Books on the Laplace transform generally fall into two groups: (i) those 
intended for mathematicians where mathematical concepts and rigour are the 
matters of primary interest, and (ii) those intended for engineers which are in 
the main concerned with applications to technical problems, and where only 
sufficient mathematical analysis is presented to give a reasonable understanding. 
However, in the more advanced applications a thorough knowledge of the 
complex variable becomes necessary, and some authors have been content to 
refer to standard texts. This approach can be wasteful and it is one of the 
claims of this book that the complex variable theory is presented with applications 
to engineering problems in mind. 

The first seven chapters deal with the development of the appropriate 
complex variable theory, the subjects including the following: system analysis, 
analytic functions, conformal mapping, complex integration, Cauchy’s integral 
theorems, infinite series, singularities, residues multivalued functions and a 
collection of useful theorems. 

In Chapter 8 the author presents the theory of convergence of real integrals. 
Then follows a short chapter on the Fourier integral where its properties are 
presented. The next four chapters present the definitions, properties and 
applications of the Laplace transform, one chapter being on the convolution 
integral and its implications. Here again strict attention is paid to the question 
of convergence. The next chapter presents in detail the impulse function and 
the amount of space is justified on the grounds that engineers find it difficult 
to believe in this function. The last two chapters are concerned with periodic 
functions and the Z-transform and its application to sampled data. 

All sixteen chapters are followed with a selection of problems designed to 
augment the text (no answers). 

The book has been written by an engineer for engineers and has been developed 
out of a series of lectures, and the level is set at the final year and first year 
postgraduate stage. C. C. RITCHIE. 


Proceedings of the International Conference on Nuclear Structure, edited by 
D. A. Bromtey and E. W. Vocr. Pp. 990. (Toronto: University Press; 
Amsterdam: North-Holland, 1960.) 125s. 


This book is an account of the International Conference on Nuclear Structure 
held at Kingston, Ontario, from August 29th to September 3rd, 1960. To all 
research workers in this field the value of the publication has been greatly 
enhanced by the exemplary speed with which the editors managed to get this 
enormous mass of material into print and circulation, there being an interval 
of only several weeks between the close of the conference and the availability 
of the Proceedings. The material is presented with great clarity and in a form 
which makes it easy to use for reference. 
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The rapporteur system was used at the conference and in the Proceedings 
the main talks are reproduced in full. The topics discussed were the physical 
foundations of nuclear models, the gross properties of nuclear matter, nuclear 
reaction mechanisms, the properties of individual levels, statistics of nuclear 
levels, giant dipole resonances and finally fission phenomena as related to 
nuclear structure. There were also two stimulating talks given by R. E. Peierls 
and D. H. Wilkinson on open problems in nuclear structure. 

In addition to the talks given by the main speakers and the resulting 
discussions a number of selected research contributions are also printed and 
abstracts of all other contributed papers are presented as an Appendix. 

The editors have been successful in achieving in this volume a balance 
between the large quantity of experimental data of impressive precision and the 
astonishingly good theoretical description of these data in terms of nuclear 
models. As Professor Weisskopf points out in his conference summary, which 
is a gem of elegant simplicity, that this description is so good is an indication 
of how little we know about the nucleus. J. E. BOWCOCK. 


Physique Nucléaire, par M. Bayer. Pp. 404. (Paris: Masson, 1960.) 65n fr. 


This French undergraduate textbook of nuclear physics follows the traditional 
syllabus at a fairly elementary level. The first hundred pages are devoted to the 
ideas of wave mechanics, classical and quantum statistics, scattering theory, 
spin, and relativity. Next comes a brief survey of elementary particles and the 
characteristics of stable nuclei, enough being said about nuclear forces to 
provide a framework on which to attach the various models of nuclear structure. 
The treatment of natural radioactivity which follows makes room for some 
relatively modern developments (such as the regularities in the lifetimes of 
M4 gamma transitions) but is notably out of date in failing to make any reference 
to parity non-conservation. There is a long section on the interaction of nuclear 
particles with matter, leading up to a brief description of particle detectors. 
The book ends with a short account of neutron physics and of fission and fusion 
processes. 

The book is much less ambitious in scope than the textbooks of R. D. Evans, 
D. Halliday, and I. Kaplan, on which it is avowedly based. This pruning down 
to essentials might well prove an advantage to some students, and the writer 
would certainly recommend it to those who can surmount the language barrier 
but are appalled at the acres of reading often expected of them by all but the 
most tolerant of lecturers. H. R, ALLAN, 


Physics of the Atom, by M. RusseLL Wenr and James A. Ricuarps Jr. 
Pp. xi+420. (Reading, Massachusetts; London: Addison-Wesley, 1960.) 
Zs. 


This textbook is written at about the level of a first-year university course 
in this country. It begins with chapters on the atomic view of matter, of 
electricity, and of radiation; it ends with chapters on nuclear energy, cosmic 
rays and the fundamental particles. Between these extremes, and making up 
about two-thirds of the book, is an admirably clear account of elementary atomic 
structure, relativity, x-rays, matter waves, the solid state, radioactivity, and 
nuclear physics. 

With such a vast syllabus, the treatment is inevitably brief. But it is not 
scrappy. Some formulae are derived, others simply quoted, but their significance 
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is always made clear and there are plenty of numerical problems to drive 
home what has been learned. Each chapter ends with a list of useful references 
for further reading. : 

As an indication of the degree of detail attempted we observe that the simple 
Bohr theory of the hydrogen atom is developed fully, whereas electron spin is 
mentioned only briefly as a cause of fine structure. The exclusion principle is 
applied to illustrate the building up of the chemical elements, but we are not 
taken beyond the first two short periods of the Periodic Table. 

Special relativity is given a comparatively full treatment: the Lorentz 
transformation and mass-energy equivalence are both derived and illustrated 
numerically. Matter waves are discussed without the use of Schrodinger’s 
equation. Solid state physics, too, has an almost wholly qualitative treatment, 
directed towards an understanding of transistors. The section on nuclear 
physics, on-the other hand, begins with radioactivity and the equations of 
radioactive growth and decay; and in the survey of nuclear transmutations 
there is a detailed presentation of Chadwick’s evidence for the existence of the 
neutron. There is no discussion at all of nuclear models, but reactor physics 
is dealt with at length. 

All in all, a very reasonable balance has been struck between rigour with the 
fundamentals and concessions to the student’s interests with qualitative treat- 
ments of practical applications and the more glamorous recent discoveries. 
This is a very good textbook indeed. H. R. ALLAN. 


Frozen Free Radicals, by G. J. Minxorr. Pp. ix+148. (New York and 
London: Interscience Publishers, 1960.) 36s. 


There are few branches of physics and chemistry whose ‘ early history’ can 
be stated to have ended a mere five years before the present. The rapidly 
growing field of the stabilization of free radicals at low temperatures is one of 
these. Admittedly, as is the case for many other low temperature phenomena, 
Dewar’s work in the 1890’s provides the first examples, but a systematic study 
and use of frozen free radicals is less than a decade old. 

Such a rapidly growing field, which relies on a careful blending of a variety of 
techniques, demands a book which can serve both as a guide to the newcomer, 
and as a quick reference book for the specialist- Dr. Minkoff has aimed high 
but the result is disappointing. It is true that the table of contents makes 
impressive reading: experimental methods for the production and trapping of 
radicals, cryogenic techniques, theoretical work on trapping, and finally, the 
properties of active atoms and of a large variety of free radicals, are all included. 
But alas, the treatment is patchy, uneven, and there are some misleading, or 
trivial, or naive or useless statements, especially in the chapter on experimental 
methods. Thus for instance, one wonders whether in describing a method for 
delivering a gas at a predetermined rate (p. 32), the author refers to the ‘ recent ’ 
discovery of Charles’ law, or Poiseuille’s law, or of the temperature dependence 
of viscosity, or of the thermal expansion of solids. Again, to give another 
example, a sentence on p. 53 might well convey to the uninitiated the idea that 
the numerical value of the ratio Boltzmann constant/Bohr magneton was not 
established until 1957. The most charitable explanation for passages like these 
is that they are the result of hasty and careless composition. One can only hope 
that the novelty of a subject and the urge to publish a book quickly will not be 
allowed to become an excuse for such regrettable practices. N. KURTI. 
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Fig. 1. Twinned crystal of indium sulphide between crossed polaroids, showing regions 
in which extinction occurs: (a) specimen axis parallel to vertical crosswire, (4) axis 
at 30° to vertical crosswire and (c) axis at 60° to vertical crosswire. 


PLaTE I 


PROC. PHYS. SOC. VOL. 78, PT. 4 (J. GOODYEAR AND G. A, STEIGMANN) 


c axis rotation photograph of indium sulphide. 


Fig. 2. 
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Fig. 1. (a) Transmission diffraction pattern of gold film. The arrows indicate the position 
of the extra rings; (b) transmission diffraction pattern of aluminium film. 
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Spectrogram of BiF molecule. 


Fig, 1. 
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Direct Interaction with Strong Coupling in Nuclear Collisions II. 
E2 Excitations 


By C. B. O. MOHR 
Physics Department, University of Melbourne 


MS. received 14th April 1961 


Abstract. 'Yhe work of a previous paper on the effect of coupling between 
elastically and inelastically scattered waves for the case of EO excitations of the 
nucleus throughout its volume has been extended to E2 excitations. ‘The 
inclusion of coupling causes inelastic cross sections to deviate even more from 
the distorted wave values for E2 excitations than for E0 excitations. he effect 
is greater for a volume interaction than for a surface interaction of equivalent 


strength. 


§ 1. InrRoDUCTION 


the higher energies of impact, many calculations of total cross sections 

and angular distributions have been carried out with the distorted wave 
approximation. Unfortunately, various complicating effects such as exchange 
and spin-orbit forces can cause as much change in calculated angular 
distributions as permissible adjustments in the nuclear potential, and have 
therefore to be taken into account. 

The further complication of coupling between elastically and inelastically 
scattered waves also seems to be of importance whenever the inelastic cross 
section is comparable with the geometric cross section. Solution of the coupled 
equations for light nuclei has been carried out for a surface interaction (Yoshida 
1956), also for a volume interaction by using a perturbation approximation to a 
standing wave solution (Yoshida 1958). 

In this paper the coupled equations are solved for a light nucleus, for a volume 
interaction with a simplified model neglecting spin, in an attempt to gain physical 
insight into the problem, the work of a previous paper on EO excitations (Mohr 
1959, to be referred to as I) being extended to E2 excitations. The extent of the 
difference in the value of partial cross sections obtained with and without strong 
coupling is systematically followed as the coupling is increased to give the 
maximum cross section. ‘The results are compared with those for the simpler 
case of a surface interaction. 


S INCE direct interaction is the main mechanism in nuclear collisions at 


§ 2. THEORY 


We shall adopt and extend the notation of I. The ingoing and elastically 
scattered particles have wave number k/27, energy E=k?}2/872M, wave function 
F,(r), and move in a potential — Voo(r). For the inelastically scattered particles 
the corresponding quantities are k,/27, E,=k2)2/872M, F,(r) and —V,,(7). 
Then, putting y=87°M/h?, the coupled equations take the form 

(V2+yE+yVoo)Fo(r) = —yVorlh )Filr), weeeee (1a) 
(V2+yE,+yVu)Filt)=—yViolt) Fol"), vee (16) 
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where —V,,(r) is the transition potential, or potential energy of the direct 
interaction between the incident particle and the nuclear particle excited in the 
collision averaged over the transition density of the nuclear particle. If this 
interaction is taken to be of short range, V,(r) has approximately the form of 
ho* (ry, (rr). 

We consider the frequently occurring case of the nucleus being raised from 
a 0+ ground state to a 2+ excited state by the collision, in which case o(r) is 
spherically symmetrical and ;/,(r) depends on angle as Yo »(9,¢). We may then 


write 
Voil)=Vorlr) Vo (8%), sn ee (2) 
Taking the z axis along the incident beam, and putting 
Halt ese SP oKe) Feghear! 9 ile See (3 a) 
Fe SI OY all Ge Gaeal <a lb eee (3b) 


the coupled equations (1) become 
2 


d ae 
2 (5 t+ yE+yVo9—Ul+ yr) FY 1,0 =2y Vor) Fy! vee uXr,m 
Sperry (4a) 


a’ ; 
> (F +yE, +yVy,—U(l+ ir) Fi Yin =2yVoulr) Fo! Y, au Yr,o0 


Since the equations hold for all ¢, we have m=—M=m'. On the right-hand 
side of (4a) we expand Y, ,,Y;,_,, as a series of Y, ,’s with different values 
of L, and for (46) likewise we have a series of Y;, 8 with particular M (Rose 
1957). From the properties of the Clebsch-Gordan coefficients occurring in 
the expansion, there are only three terms in the series, with Lal 22 lt 2 
Equating coefficients of corresponding Y’s we obtain 


2 
(Fa tyB+yVoo— Hl tyr) Fy 


= Wot) (Qs. litt + Galiano GF ae) sedagis (5a) 
2 
(Fs + yEy + yVy — 1+ lr ) Fy! 
= —yVoult) Orgs, Pot? +B, Flt Oyo yFy2)y sevens (55) 


the a’s and b’s denoting numerical coefficients. We have to solve the complete 
set of equations for a particular value of M and different values of /, noting that 
all the even order waves are coupled together, similarly all the odd order waves. 

At a given energy E the waves F,!(r) and F,!(r) have appreciable values inside 
the nuclear radius for only a limited number of orders J, so that the set of 
equations (5) is limited in number. Suppose there are 2n equations in the even 
(or odd) set, n of type (5a) and n of type (5b). A single differential equation 
for a given F,' or F,’ may be obtained by eliminating all the other F’s, this 
equation having 2n regular solutions which may be denoted by Fo) or hye 
With p= ll eee 77 

The most general set of solutions of (5) consists of linear combinations of the 
Fy, or F,,,’, and may be written 


2n 2n 
Fi= » CF o, ie Ine > Gol, ie see aee (6) 
v=1 v=1 
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the c’s being arbitrary (complex) coefficients. They must join smoothly on to 
the exterior solutions, which for neutrons have the form 
oh = (214 1)¥2(4cr) He! (Rrj (Rr) + tog, kr (Rr), «sees (7 a) 
Fe= (21+ 1)¥?(4or) 48) apkarhO(Ryr), eee (7b) 
where j, is a spherical Bessel function and hj a spherical Hankel function of the 
first kind. For charged particles the corresponding Coulomb wave functions 
are of course used. The c’s, «’s and f’s form a set of 4n undetermined quantities, 
which may be found by fitting the 2n interior solutions on to the corresponding 
exterior solutions so that both the functions and their derivatives are continuous 
across the boundary. The «’s and ’s are thus obtained for a particular value 
of M, and the whole process is repeated for all of the M values 0, +1, +2. 
|, yl? and |f, ,,|? are the probability of elastic and inelastic scattering respectively 
for particles with a given / and M and, after averaging over all M values, have 
the maximum values of 1 and k,/4k given by the conservation theorem. 
The differential cross sections for elastic and inelastic scattering are given by 


oa(@)= (n/5yi-* > N3QL+ 1), VOR ve (8) 
omn(O)=(40/5)ek? > [D(2+1)"6, Vi (@ OP. (8) 

and the corresponding total Basa saraes by 
ar (4n/5)k-* > SCL lal eee (9a) 
ain = (Ar/5)Ryh* 3 SONG eee (95) 


The factor 1/5 comes from averaging over the five values of M, i.e. from averaging 
over all orientations of the quadrupole moment in V»,(r). 

The effect of coupling in El excitations may in principle be considered in a 
similar way, but odd and even order waves are now all coupled together, so that 
at a given energy the labour of the calculation is greatly increased. 


§ 3. CALCULATIONS 


For simplicity a square well was taken for Vop=Vy, with depth 47 Mev 
and radius R=2:-9 fermi, as in I, corresponding to a carbon nucleus for which 
the principal energy loss of 4-4Mev corresponds to an E2 excitation from the 
0+ ground state. The incident neutron energy was taken to be 18Mev, for 
which energy the J=4 and higher order waves are small inside the nuclear 
radius. Then there are only two equations of type (5a) and two of type (5 b) 
for the even order waves, similarly for the odd order waves. The energy loss 
in the collision was neglected in comparison with the incident energy, so that 
k,=k, an approximation which greatly reduces the work without affecting the 
general conclusions. 


3.1. Solution of the Coupled Equations 
For M=O0 each bin (5 6) is equal to the corresponding ain (5 a)—a considerable 
simplification. Then, taking £,+ Vj; to be equal to E+ Vo, Eqns (5) clearly 


have two types of solution, viz. 
F,, aes + Fo, ne eeceee (10) 
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Then the equations to be solved for Fy, ,! are of the form 


Fy) t (Bar he =e Pil es, Fiske, *) nee (11a) 
Fo °C BP Lr) Fe Pit (ak so gpdetoy he See (114) 


for the odd order waves, all upper signs being taken together or all lower signs. 
The modifications in the equations for the even order waves Fy,,° and F, ,? are 
obvious. K is 27 times the interior wave number. The p’s and q’s contain 
the factor Vo,(r) and so are functions of r. 

The equations (11) may be rewritten in the form 


Fy Fp eA La Pe Pi) ot ahokathas (12 a) 
a tat Cue) ere (125) 


Big. 1. Graphs of the wave functions F),!(v=1, 2, 3, 4) for ingoing and elastically 
scattered neutron waves of order / which are solutions of the coupled equations (11). 
The distance r isinfermis. ‘The neutrons have energy E=18 MeV, and are scattered 
by a square well of radius R=2-9 fermi and depth Vy)=47 Mev. The transition 
potential /,(r)=0-2 (E+ Vo) Yo, o (0, ¢) forr<.R;0forr>R. The broken curves 
have the form Krj(Kr) for r<R, with J=3 and 1 for the top and bottom curves 
respectively, where K?=87?M(E + Vq)/h?. 


Fig, 2. As for Fig. 1, but with the transition potential 7), concentrated at the nuclear 


8r2MV (4 
surface, ee =v8(r—R) V2, o(9, 6) with v=0-2K. 
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Eliminating one of the quantities Fy ,1 and Fy ,° gives for the other quantity a 
fourth-order differential equation which has two regular solutions. Since p and q 
may be both positive or both negative, we obtain four regular solutions for Fo);7 
and four corresponding regular solutions for Fy, ,°, i.e. v takes the values U2 04: 

There are two extreme forms for Vy, for easiest solution of the coupled 
equations: (a) a square well of radius R, (b) a Dirac 5-function at r=R, 
corresponding to (a) a simple form of volume interaction, and (b) a surface 
interaction. Form (6) is often used for the great simplicity it introduces in 
solving the coupled equations. Form (a) is our main concern, but the results 
given by form (b) are also presented for comparison. 

(a) Square well for Vo,. ‘This makes s,, ss, p and q constant forr<R. Then 
the fourth-order differential equation obtained by eliminating F), ,! or Fo, ,? from 
(12) may readily be solved by expanding the solution in a power series inr. The 
indicial equation has roots differing by an integer, and therefore the regular 
solution for Fy,,1 and for Fy,,° starting with the higher positive power of r 
contains an additional power series multiplied by Inr. This series is laborious 
to calculate to many terms, so the solution is calculated in this way for small r 
only, and extended to r=R by numerical solution of the coupled equations. 
The power series for the other solution may be used atr = R without much labour. 
Pairs of solutions for F,2 and Fy! are found in exactly the same way. The 
numerical relation between the magnitudes of corresponding pairs of solutions 
F,,! and F,, /* is found from one of the two coupled equations. 

While the solutions are required only near r= R, for fitting on to the exterior 
solutions (7), the form of the interior solutions is of interest, and we now refer 
to Fig. 1. Fo,3' and F,,' correspond to the upper and lower sign respectively 
in (10) and (11), and as V,, tends to zero they merge together into the form 
Krj,(Kr). The amplitudes of the corresponding functions Fy 33 and Fo, 4° 
approach exact proportionality to Vy, as Vo, tends to zero, and so get smaller 
and smaller (in comparison with Fy; and Fo, ,*). Vice versa, Fy, ,3 and Fo, .° 
merge together into the form K7j;(Kr) as Voy tends to zero, while Fy ,1 and 
F,9! get smaller in comparison. For r> R, Voo and Vo, are zero, and the form 
of the curves is that of a linear combination of hrj,(kr) and krn,(kr). 

Similar principles apply for M= +1, +2, but the corresponding a’s and b’s 
in (5) are no longer equal, and detailed calculations are more complicated. 

(b) Dirac 8-function for Vy,. We take 


Pey=nGeR wie) te Aa) oaks (13) 


The p’s and q’s in (11) are also of form 3(r—R), so that the right-hand sides of 
(11a) and (118) are zero for r<R. It follows, from the form of the solutions 
for case (a), that for 7 <R, Fo,3' and Fg, ,' are of form Krj,(Kr); Fo,33 and Fo, 2° 
are of form Krj3(Kr); Fo,3°, Fo,4°, Fo,1' and Fo,9' are zero. 

At r=R, the right-hand sides of (11a) and (116) suddenly rise and fall, 
hence the F’s suddenly change slope by an amount proportional to v. For 
r>R, the same remarks apply as for case (a), but the amplitudes of Fo 11, Fo,2's 
F,,33 and Fo, ,? are now exactly proportional to V9). 

The curves in Fig. 2 may usefully be compared with the corresponding curves 
in Fig. 1. In Fig. 1 the difference between two curves corresponding to different 
signs in (11) gradually increases from r=0 to r=R, whereas in Fig. 2 the 
difference occurs suddenly at r=R. The four Fy ,> curves for r> R are similar 
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for the two forms of potential (the similarity would have been still closer for a 
more carefully chosen value of v); but the four Fy ,1 curves are less similar for 
the two forms of potential, for with potential (a) they start rising at smaller 
values of y than the Fo, ,° curves. 

The modification required for M¥#0 is fairly easily carried out, but to explain 
it in detail here would take a disproportionate amount of space. 

(c) General form for Vy, Vg and V,,. More realistic forms for these potentials 
should be adopted than (a) or (6). The solution of the coupled equations would 
then be started off at small ry by assuming the V’’s to be constant, and then extended 
to larger y by numerical integration. If there are co-operative effects from 
equivalent particles in the nucleus, the magnitude of V,, will be increased 
accordingly. 


3.2. Determination of o,) and B; o 


The neatest way of ‘fitting together the complete interior solutions (6) and 
the exterior solutions (7), and the way least liable to numerical error, is to proceed 
as follows. The phase shifts at infinity ,! of each of the component waves Fyat 
are determined by fitting each at r=R to a linear combination of kRj,(kR) and 
kRn,kR), so that we may write 


Ho ea re din Pg ty ee OY Bane (14a) 
Pe Fy SM = Bir ty) ee kk a (145) 


the four Fy ,1 being normalized to unit amplitude at large r, and the amplitudes 
of the corresponding four Fo, ,> determined through (11a) and denoted by f,,. 
The four arbitrary constants to be taken with the four pairs Pos arou e 
introduced in taking linear combinations of the F’s as in (6), these constants 
being denoted by c,, cy, cs and cy. 

The asymptotic forms of the exterior F,/ and F,! as given by (7) are well 
known, and involve the functions sin (kr—4lr) and cos (kr—4lm). We now 
equate the two asymptotic forms for F!, F!, Fy? and F,%, and for their derivatives, 
obtaining eight simultaneous algebraic equations containing the eight unknowns 
Cys Coy Cay Cay My apy Br, yr %3, ¢ AN By y. The «’s and f’s are then given by the 
quotients of pairs of 8x8 determinants. The rows of each determinant are 
added and subtracted in pairs to eliminate the quantity kr, and the determinants 
are then readily reduced to give 


2ie,o=[1—{D’Afeexp [—#(m13 + 72%) ] cos (ng — 41) 

+1($)"D'f exp [—4(m1° + 79") ] sin (q2'—n4')}] 

> {Afeexpil sagy? saya agg? + iy), oh ok ete (ete (15 a) 
—2B10= {2 Arfoexp [—i(n,? + 72°)] sin (93! — 1) 

— (3)? > frexp [—a(qs3 +73")] sin (ng! — 94)} 

dihdoexp Latin ie bebe eis vlad Bakleet oe (15d) 
where } denotes the sum of four terms in which the lowered suffixes 1, 2, 3 and 4 
are changed in cyclic order, while >’ denotes a similar expression with the second 
and fourth terms subtracted from the sum of the first and third terms. The 
expressions for 2ix3 9 and —28, are obtained from (15) by interchanging the 


raised suffixes 1 and 3, and replacing the quantities f,, f,, fs, f, and (4)! by their 
reciprocals. The expressions for 2ix9 » and —28,) 9 are obtained from (15) by 
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replacing the raised suffixes 1 and 3 by 0 and 2 respectively, and replacing the 
factor (%)"2 by 5% (remembering that the f’s now have different numerical 
values). The expressions for Zia, y and — 2, 9 are then obtained by interchanging 
the raised suffixes 0 and 2, and replacing the f’s and the quantity 51? by their 
reciprocals. 

The expressions for the case of M0 are necessarily more complicated. 


3.3. a, and B, for EO Excitations 
It makes a useful comparison to apply the method of § 3.2 to the much simpler 
case of EO excitations. With the simplification of k, =k and V,, = V9 previously 
adopted, we have 


Eee arg aths 8p Ln sae .4 (16a) 
PPS eed os |e isin (16d) 

with 
(bernie glare ve lO yes <2 Oa ICE (17) 

and 
Bo osm (kr Slr+ yy); tees (18 a) 
Diet SUE RIOT cee ya We sok 5 aiaaisins (18 5) 


where 7,! and 7! are the /th-order phase shifts produced by square wells of 
radius R and depths Voy+ Vo, and Vog—Vo, respectively. It is not difficult to 
show, by equating the asymptotic forms of the exterior solutions (7) with M=0 
and the asymptotic forms (18) of the interior solutions (16), (17), that 


4ia,=exp (2iny')+ exp (2in’)—2, sees (19 a) 


4iB,=exp (2in,')—exp (Zins), tees (195) 
As V>, tends to zero, Fo,,! and Fy, 4! inside the nuclear radius merge into the 
form Krj,(Kr), while y,! and 7! merge into the phase shift 4! produced by a 
potential well of depth Vo). Then 


Dee ee OHEY EL, iy sind, WAtukae ip Seles (20 a) 


Rea le ae re (20 b) 
where (20a) is the result of the usual partial wave analysis for elastic collisions, 
and 7,!—ns! in (20) reduces to the value given by the distorted wave method 
for inelastic collisions. 


§ 4. ResuLTs AND DiIscussION 
4.1. EO Excitations 


For Vo,=0, 7=7'=n,!. As Vo, increases, 7,’ increases and 7,' decreases, 
so that 7,/—7,! increases through the value 7/2 (except for sufficiently large /). 
Hence, from (19), |f;|? rises to a maximum value of } and falls again. Including 
an imaginary component in V),—and hence in »,/ and 7/—to allow for absorption, 
reduces the value of exp (én,’) and exp (7y,!), and hence reduces \B,\?. ‘These 
general results were exhibited in curves given in I for the variation of |8,|? with V9). 


4.2. E2 Excitations 
The above simple feature of each |f;,o[? rising regularly to the same maximum 
value is no longer to be expected for E2 excitations, since (155) is much more 
complicated than (195); and the curves shown in Figs 3 and 4 confirm this. 
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‘The maximum values reached are usually less than 4, possibly much less, and 
in one curve an unexpected twist occurs. ‘The same general features are to be 
excepted for the p’s with M0. 


03 


Ol 


0 04 02 0d 

Yo,\o+E) 

Fig. 3. [f; o[®, the probability of inelastic scattering of /th order neutron waves, is plotted 
as a function of the transition potential V,, which is taken to be constant for r<R 
and to have angular dependence Yo, (6,4). The other parameters have the same 


numerical values as for Fig. 1. ‘The broken curves are for the distorted wave 
approximation. 


0 02 0-4 0-6 08 
uf 
; : OTM, r 
Fig. 4. As for Fig. 3, but witha Nt) =vd(r—R) V2.0 (0, 6). Kis 27 times the 


interior wave number. 


This irregular behaviour of the curves is more marked for the volume 
interaction (Fig. 3) than for the surface interaction (Fig. 4). Furthermore the 
curves for /=1 and 3 in Fig. 3 were found to be particularly sensitive to the 
values of the nuclear parameters for the larger values of V,,, and were terminated 
because of insufficient accuracy in the calculations. ~ 

The increased sensitivity in the case of E2 excitations may readily be understood. 
If we regard the right-hand side of (11a) as a perturbation of a wave originally 
distorted only by the potential Voo, then for EO excitations we have only the 
perturbation term p,F), ,1, and its magnitude rises and falls in step with the wave 
F,,,' itself. But for E2 excitations the extra perturbation pF) ,° is involved, 
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and this may be large at places where F’y, ,1 is small, causing a particularly marked 
effect on F,,,1 at larger 7. We can likewise expect considerable sensitivity to the 
values of Vo) and R. 

A remark is necessary about the maximum possible value of [B;,ol? in (15 8). 
At first sight it would appear possible to obtain large values by adjusting the 
terms in the denominator so that they nearly cancel out, but the f’s and 1’s are 
not independent quantities. Fig. 3 shows values of |B5, |? exceeding 3, but this 
does not contradict the conservation theorem, which requires only that the value 
of |, |? averaged over all M values may not exceed k,/4k. Allowing for 
absorption by taking Vy) complex, would be expected to reduce the magnitude 
of the f’s, though this point has not been checked on account of the much greater 
amount of work involved. 

For values of V,, large enough to produce inelastic cross sections comparable 
with the geometric cross section, the relative contributions of the different 
partial cross sections to the differential cross section will clearly be quite different 
in strong coupling and in the distorted wave approximation. ‘Thus, in the present 
calculation, the contribution from the /=3 wave will be reduced below the distorted 
wave value by a far greater amount than the contribution from the other waves. 
A further difference arises because the ratio of the real and imaginary parts of 
each 8 depends markedly on Vo, in strong coupling, whereas the ratio is 
independent of V>, in the distorted wave approximation. 

Since these differences are in general greater for E2 than for EO excitations, 
the differences in calculated angular distributions will also be greater; and the 
differences obtained in I for E0 excitations were already notable in some instances. 

To calculate angular distributions for a more realistic form for Vo, than those 
used here, and to include other complicating effects of importance, particularly 
spin-orbit forces, would seem a formidable undertaking, especially if one has to 
consider more than two channels. In addition, to vary nuclear parameters in 
an effort to obtain close—and unique—fits with experimental angular distributions 
would seem almost a hopeless task. On the other hand, efforts to obtain close fits 
using the distorted wave approximation seem of doubtful value, for the agreement 
may be completely spoilt by the effect of strong coupling. 
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Abstract. Knock-on electrons and direct electron pair creation by cosmic-ray 
muons in thin lead plates were investigated with a multiplate cloud chamber. The 
muons traversing the cloud chamber were classified into two energy intervals, viz. 
450 to 1700 Mev and higher than 1700 Mev. By comparing the experimental 
results with theoretical predictions which were derived for the knock-on process, 
an effective range-energy relationship was found for electrons in lead with energies 
up to about 200 Mev. The experimental distributions of the knock-on production 
as a function of the energy transfer compare well with theoretical distributions 
calculated from Bhabha’s formula for muons in both of these energy ranges. The 
comparison between the theoretical and experimental results is also satisfactory 
for the energy distribution for direct pair production by muons with energy above 
1700 Mev. ‘The theoretical distribution was calculated from a formula deduced 
anew from the differential cross section given by Murota, Ueda and Tunaka. 
The experimental results favour a value between 1 and 2 for the indefinite con- 
stant « of the theory. 


§ 1. INTRODUCTION 
} {‘ NY experiments have been performed with nuclear emulsions and Wilson 


cloud chambers to investigate the knock-on secondaries produced by 

fast electrons and muons. The experimental results are in accordance 
with theory (cf. Fowler and Wolfendale 1958). Much work has also been done to 
investigate the process of direct electron pair production by fast electrons in emul- 
sions, the so-called trident process (cf. Roe and Ozaki (1959) for references). The 
direct electron pair production by muons has received much less attention. 
Goldsack and Kannangara (1953) analysed 11 pairs produced in nuclear emulsions 
exposed underground to muons and classified them into the various cases covered 
by Bhabha’s theory. Walker (1953) found two electron pairs in 13 000 traversals 
by cosmic-ray muons with energy above 1500 Mev of a 1 inch carbon plate, against 
3-5 pairs predicted by Bhabha’s theory. Avan and Avan (1957) have exposed 
nuclear emulsions at several depths underground and examined the direct pair 
production by muons in the emulsion. Good agreement with theoretical pre- 
dictions was obtained for the meson groups with mean energies of 60 and 120 cev. 
In cloud chamber experiments Roe and Ozaki (1959) and Gaebler, Hazen and 
Hendel (1961) recently investigated the pair production by energetic muons in 
lead plates having thicknesses of 0-6cm and 0-32cm respectively. They both 
found an electron pair cross section of a factor about 2 less than the value predicted 


t+ Bursar of the South African Atomic Energy Board. 


Knock-on Electrons and Direct Pair Production by Muons 651 


by the calculations of Murota, Ueda and Tunaka (1956), taking the indefinite 
constant «=2. 

The present experiment was set up to investigate the process of direct pair 
production by cosmic-ray muons as a function of the energy transfer. An analysis 
of the knock-on electrons produced will provide information on the method and 
reliability of the experimental procedure, and on the absorption of the electrons 
in the lead plates. 

The theory for the direct pair production is based on quantum electrodynamics 
and assumes point interaction of the muon with the Coulomb field of the nucleus. 
A discrepancy may therefore be expected between theory and experiment for large 
energy transfer in the centre-of-mass system. The same would be true for the 
collision process between a muon and an electron. Because of the relatively small 
mass of the electron, the energy transferred in the centre-of-mass system by a 
relativistic muon to an electron at rest will always be much less than the energy 
transferred in the laboratory system. The validity of the electrodynamical 
theory describing muon-electron collisions may therefore be assumed up to high 
energy transfers in the laboratory system. 


§ 2. THe EXPERIMENTAL SET-UP 


In order to reduce the amount of absorption of the secondary electrons, thin 
lead plates were exposed to the cosmic-ray muons. The four upper lead plates in 
the cloud chamber were 1-5 mm thick, the next four were 3:3 mm, while the bottom 
plate was 13-3mm. Thus the observed rate of production of secondary electrons 
in the two sets of thin plates may be compared, and the energy of an electron may be 
estimated roughly from its range or from the shower initiated by it. The thick 
bottom plate facilitates energy estimations, since it allows an electron shower to 


develop. 


100mm 
Hay 


SIDE VIEW 
Fig. 1. The experimental set-up. 


‘Scale 


The cloud chamber was triggered by a triple coincidence between the counter 
layers CI, CII and CII. The layer of counters CIV and the group of side 
counters A were both hodoscoped in coincidence with the triple coincidence pulse. 
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The hodoscope glowlamps NeCIV and NeA, for the respective groups of 
counters, were photographed together with the cloud chamber. Using Stern- 
heimer’s calculations (Sternheimer 1959) for the range of muons in lead, the first 
layer of lead (377 g em-*) determined a minimum energy of 450 Mev for the trigger- 
ing of the cloud chamber. If all the lead (1354 g¢cm~*) was traversed, the hodo- 
scope lamp NeCIV lit up, indicating a minimum energy of 1700Mey. All 
photographs in which the lamp NeA glowed were rejected. 

The illuminated region of the cloud chamber was 400 mm x 400 mm x 200 mm. 
The nine lead plates were covered with bright aluminium plates, 0-5 mm thick, to 
prevent sagging of the thin lead plates, and to improve the illumination of the region 
between the plates. The effect of these aluminium coverings was taken into 
account when the absorption and the production of knock-on electrons were 
considered (knock-on probability is proportional to Z/A). It was not taken into 
account for direct pair production, because of the Z*/A proportionality of this 
process. 

The cloud tracks were photographed stereoscopically by means of a front 
silvered mirror placed at right angles to the front window of the cloud chamber. 
Both the direct view and the mirror view were recorded on a single frame of 35 mm 
Ferrania microfilm by a camera with a slightly tilted f/2-8lens. The chamber was 
illuminated by the discharge of 800 uF condensers at 2000 v through two Mullard 
LSD 18 linear quartz flash tubes. In the chamber argon and a water—alcohol 
mixture were used. The size and front windows were kept fog free by thin heating 
wires across the windows. ‘To prevent the heated gas from drying the upper part 
of the chamber, a tray with water was placed on top of the chamber, thus cooling 
the top by evaporation of the water to a fraction of a degree below room tempera- 
ture. ‘This assured uniform condensation along the tracks of the charged particles. 


§ 3. SELECTION OF THE PHOTOGRAPHS 


Only those photographs were selected for analysis in which (i) one muon 
traversed the chamber in a direction determined by the counter layers CI and CIII 
(as proved by stereoscopic reconstruction), and (ii) the muon track was clearly 
visible between all the plates in both the direct and the mirror views. Further- 
more, the diffuseness of the droplets along the track had to be consistent with the 
delay time of the flash light trigger. Secondaries to the muon were accepted only 
when (i) the same secondary was visible on both the views, (ii) the points of origin 
of the secondary corresponded on both views to the same position in the lead plate 
in line with the muon track, and (iii) the diffuseness of the droplets corresponded to 
the age of the droplets of the muon track. 


§ 4. THE ABSORPTION OF KNocK-oN ELECTRONS IN LEAD 


The probability that a muon with energy E will produce a knock-on electron 
with energy between « and e+ de on traversing dx gcm~ of material is given by the 
Rutherford formula when only Coulomb interaction is considered, and by the 
Bhabha formula when additional terms due to spin-orbit and spin-spin interactions 
are taken into account (Rossi 1952). In order to calculate the probability that a 
knock-on electron produced in the lead will emerge from the plate, the absorption 
of the electrons in the lead plate must be taken into consideration when Bhabha’s 
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formula is integrated. No empirical results are available for the effective range of 
energetic electrons in lead. For aluminium the simple Feather rule 


R=530e«—106mgem™ ttn (1) 
holds for electrons of energy ¢ ranging from 2:5 to about 20 mev (Katz and 


Penfold 1952). From the absorption curves of Husain and Putman (1957) it 
appears that the maximum range in mg cm for 2P beta-particles is more or less 
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Fig. 2. The mean number of knock-on electrons emerging from a lead plate on the traversal 
of an energetic muon is represented as a function of the lead thickness. The solid 
curves were deduced from theory, taking into account absorption in the plate. The 
results of experiments with working conditions comparable with those of the present 
experiment are also represented: H, Hopkins, Nielsen and Nordheim (1939); N, 
Nassar and Hazen (1946); B, Brown, McKay and Palmatier (1949); L, Lovati et al. 
(1954 b); LW, Lloyd and Wolfendale (1959); S, present work. ‘The lower crosses 
represent our results for all muons with energy above 450 mev, and the upper crosses 
the results for all muons with energy above 1700 Mev. 


independent of the material investigated, ranging from beryllium to gold. Let it 
be assumed that the Feather rule holds good for the mean range of low energy 
electronsinlead. By integrating Rutherford’s formula and assuming a low energy 
limit determined by the Feather rule, the number of knock-on electrons that will 
emerge from lead plates of different thicknesses when energetic cosmic-ray 
muons traverse the plates, can be obtained. Curves A and B in Fig. 2 represent 
the results of these calculations for a minimum energy of } and 1 Mev, respectively, 
at emergence from the lead plate. The angle between the muon direction and 
that of the knock-on electron at production was also taken into account, but the 
scattering of the electron off its direction was neglected. Curves A and B will 
therefore underestimate the number of electrons. 

Our present results for knock-on production by muons with energy above 
450 Mev and above 1700 Mev are also represented in the Figure. ‘These results 
were corrected for absorption and production of knock-on electrons in the 
aluminium covering plates. Although the cloud chamber contains only 0-15 and 
0-33 cm lead plates, the mean number of knock-on electrons from thicker plates 
can be deduced by considering the number traversing one or more of the plates. 
Curve C in Fig. 2 was made to fit the experimental results for muons of energy 
higher than 1700Mev. It is obvious from Fig. 2 that energetic electrons are 
absorbed much more strongly than given by the Feather rule, Eqn (1). For thin 
lead plates our results are not inconsistent with the absorption relationship (1) if 
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the effective minimum energy at emergence from the lead platesis 1 Mev. ‘Taking 
the energy loss of 0-5 Mev in the aluminium covering plate into account, this figure 
is reasonable as a low energy limit. 
In order to arrive at an absorption relationship from which the experimental 
results can be deduced let us rewrite the Feather rule, Eqn (1): 
R(cm) 


iets A CZOIMICY sos ire ye ae ea (2) 


From Eqn (1), K would be equal to 0-048 cm Mev for lead. By considering K as 
a parameter, it is possible to arrive at an effective range-energy relationship. 
‘Taking 
; K (1) =0-0455 (1—0-58/)exp(—0:58J), aa. (3) 
we arrived at the curve C in Fig. 2, integrating the Rutherford formula. Curve D 
was traced to fit the experimental points for muons of energy above 450 Mev, but 


was not found by calculation. In this case it would be necessary to integrate the 
Bhabha formula. 


Mean Range in cm Lead 
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Fig. 3. The range of electrons in lead plotted against the energy in Mey. Curve B is 
taken from Bethe and Heitler (1934), C and D are from Wilson’s Monte Carlo cal- 
culations (Wilson 1951) while E represents Eqn (2) with K defined by (3). Curve 
A is the Feather rule, Eqn (2), with K=0-048 cm mev—. 


The curve E in Fig. 3 represents the range-energy Eqn (2) with K substituted 
from Eqn (3). Curves C and D give the average range of the electrons for lead as 
calculated by Wilson (1951) using the Monte Carlo method. For curve C 
multiple scattering was not considered, while for curve D it was assumed that the 
electrons will proceed in the original direction until a critical energy (7-25 Mev for 
lead) is reached, whereafter the electrons will diffuse in a random manner. When 
comparing curves D and E the scattering correction used by Wilson is presumably 
too strong. 


§ 5. Discussion OF THE RESULTS OF OTHER EXPERIMENTS ON KNOCK-ON 
ELECTRONS oh 
The value given by Lloyd and Wolfendale (1959) for the number of knock-on 
electrons produced from a 1 cm lead plate by cosmic-ray muons with energy above 
500 Mev, is consistent with our results as represented by curve D (Fig.2).geriite 
result obtained by Nasser and Hazen (1946) for electrons of 1 Mev and higher 
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energy, produced in 0-7 cm lead, is also consistent with the curve, and so is the 
value obtained by Lovati, Mura and Succi (1954a) at 55m water equivalent 
underground. The values of Hopkins, Nielsen and Nordheim (1939) are too 
high. If their iron filter for the cosmic radiation had been beneath the cloud 
chamber, it would have defined a minimum traversal energy of 450 Mev for muons 
traversing the chamber. Presumably the iron was on top of the chamber, and 
their large production values may be due to secondary rays from the iron. ‘The 
value found by Brown, McKay and Palmatier (1949) is also too large. ‘Their 
experimental set-up defined a minimum energy of 270 Mey for the muons traversing 
the cloud chamber. The results of other experiments (Hazen 1943, Lovati, 
Mura and Succi 1954b, Naranan et al. 1957, Seren 1942, Starr 1938, Tiffany and 
Hazen 1950, Trumpy 1938, Walker et al. 1951, Wilson 1938) are not considered, 
because the conditions set for these experiments differ from the conditions of the 
present experiment. 


§ 6. Tur ENERGY SPECTRUM FOR KNOCK-ON ELECTRONS 


In order to arrive at an energy spectrum for the knock-on electrons, an average 
energy was ascribed from the empirical range curve E (Fig. 3) to each knock-on 
electron which traversed the lead plates without multiplication. It was estimated 
that the effective points of production and absorption of a knock-on electron are 
about one third of the thickness of a lead plate from the surface where the electron 
leaves the plate in which it is produced, or where it enters the plate in which it is 
absorbed. ‘The energy of electrons which initiated cascade showers in the lead 
plates, was estimated from those transition curves of Wilson (1952) that include 
multiple Coulomb scattering (cf. also Roe and Ozaki 1959). 


Table 1 


Theoretical and experimental numbers of knock-on electrons produced in 
different energy ranges in the two sets of lead plates by (a) 1849 cosmic-ray 
muons in the energy ranges 450 to 1700Mev and (4) 2344 muons with 
energy above 1700 Mev. 


(1) 1-20 20-60 60-150 150-350 350-1000 
(2) (a) 482 9-6 0:88 0-033 0 
(b) 513 19-5 4:8 eS 0:50 
(3) (a) Theor. 609 42:1 1-1 0:03 0 
Exp. 269 8 B il 0 
(b) Theor. 824 31:3 en 2:4 0-81 
Exp. 348 13 7 7 3 
(4) (a) Theor. 1004 20:0 1:8 0-048 0 
Exp. 237 20 3 0 0 
(6) Theor. 1357 51:7 12:7 4-0 1:3 
Exp. 313 36 11 5 1 


(1) Knock-on energy range (mev); (2) mean number per muon xX 104 (cm? g—4); (3) total 
number of knock-on electrons in four 0-15 cm Pb plates (1-4); (4) total number of knock- 
on electrons in three 0:33 cm Pb plates (5—7). 


The number of knock-on electrons found and the number expected from 
theoretical calculations are given in Table 1. The secondary production in the 
eighth plate was not considered, since energy determination for electrons from this 
plate was difficult. The experimental numbers of single electrons emerging 
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from the lead plates were corrected for the number of knock-on electrons produced 
in the aluminium coverings on both surfaces of the lead plates, as was calculated 
from Bhabha’s formula by integration, using the Feather rule, Eqn (1). Only 
single electrons emerging from the plates were considered, since a rough estimate 
showed that the number of knock-on electrons appearing as pairs or multiples 
below a plate is more or less compensated by the number of directly produced 
electron pairs appearing as single electrons. The number of pairs due to double 
knock-on production was calculated from the experimental number of single 
emerging electrons and was found to be equal, within statistical limits, to the 
observed number of pairs for a total energy less than 20 Mev. Hence most of the 
directly produced electron pairs with total energy less than 20 Mev must have 
appeared as single electrons. ‘The mean numbers of knock-on electrons for the 
energy ranges considered are also represented in Table 1 for cosmic-ray muons 
in the two energy ranges. For calculating the mean values, Rossi’s differential 
intensity spectrum (Rossi 1948) of the cosmic-ray muons in the energy range of 
450 to 1700 Mev was approximated by (—0-0011 £+3-5) dE, and by the power 
law E-* dE (Allkofer 1960) for energies higher than 1700 ev. 

In Fig. 4 the theoretical spectra for the knock-on electrons produced by the 
muons in the two energy ranges are represented as histograms together with the 
experimental results for the seven lead plates as summarized in Table 1. ‘The 
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Fig. 4. The theoretical and experimental spectra for knock-on electrons produced in lead 
by cosmic-ray muons in the energy ranges: a, 450 to 1700 mev, b above 1700 mev. 


statistical limits of the experimental points were calculated from the number of 
events found in each of the energy intervals and do not include variations due to 
fluctuations in range and in shower production of electrons (cf. Heitler 1934, 
Wilson 1952). 

The number of low energy electrons found experimentally is much less than 
that predicted by the theory due to absorption of the lead plates. For the other 
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energy ranges the agreement between the theoretical and experimental results is 
satisfactory. The larger number of electrons found for the high energy ranges 
may be attributed to fluctuations in range and shower production of the electrons. 


§ 7. THE ENERGY SPECTRUM FOR DIRECT PAIR PRODUCTION 


For energy transfer of more than 20 Mev the probability for pair production by a 
muon in the lead plates of the cloud chamber is much larger than the probability 
for two knock-on electrons to be produced in the same lead plate, and the number 
of pairs observed may easily be corrected for double knock-on production. ‘The 
probability of a pair produced by a gamma ray from a muon in the lead plates can 
be neglected. No heavy materials were directly above the cloud chamber. ‘The 
chamber itself was constructed of aluminium. 

The theoretical and experimental results are compared in Fig. 5 and in Table 2. 
The theoretical distributions were calculated from the formula (Stoker and 
Haarhoff 1960) 


_ 4N fabs ae us : 1 
b= FG (Za')*re Eso. 1| | @+3R )In (1+ zs) 


x # 1 de iF 
3+ om |a+OS cm? g-t, ence) 
where rene i 
= Ee 100 = 
#8 2mc2 E ee 


«’ and re are, respectively, the fine structure constant and the classical radius of the 
electron. « is an undetermined parameter of the order of unity (Murota, Ueda 
and Tunaka 1956) and J (1+C)=P is the energy partition factor (Stoker and 
Haarhoff 1960). To arrive at the mean distribution function for pairs produced 
by muons with energy above 1700 Mev, as represented in Table 2 and Fig. 5, 
extreme values of 1-3 and 1-0 were accepted for the energy partition factor in 


Table 2 


Predicted and observed number of electron pairs produced in the two sets of lead 
plates by 2344 cosmic-ray muons with energy above 1700 Mev. The true 
theoretical number must be between the extreme values for the energy 
partition factor P=J(1+C). 


(1) 20-45 45-200 200-1000 Sum P 4 

(2) 1-4 WES 0:39 118) 1 
1-04 0-96 0:30 1-0 1 

(3) 22, 2:0 0:63 4:8 1e3 1 
1-7 1:5 0-48 shg 1:0 1 
3-4 2-6 0-78 6:8 #3 2 
2-6 2:0 0-60 5:2 1:0 2 
2 2 2 ' 6 Obs. 

(4) 3-6 3-3 1-03 ae) i 1 
2:8 PP) 0-79 6-1 1-0 1 
3-6 43 1-28 a2 IES 2 
4:3 3°53 0:97 8-6 1-0 2 
5 2 6 11 Obs. 


(1) Energy transfer (mev); (2) mean number per muon x 104 (em? g-); (3) total number 
of pairs in four 0-15 cm lead plates (1-4); (4) total number of pairs in three 0-33 cm lead 
plates (5-7). 
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order to facilitate the integration of the function ¢ with respect to the energy 
spectrum of the cosmic-ray muons. It was not possible to approximate the 
cosmic-ray muon spectrum for muon energy above 1700 Mev by a simple power 
law, because muons with energy well above 10 ev still contribute appreciably to 
the pair production rate in spite of reduced intensity. Because of the strong 
dependence on the muon spectrum, the function ¢ was integrated numerically for 
the muon intensity spectrum recorded by Ashton et al. (1960), and is represented. 
as the histogram 6 in Fig. 5. ‘The experimental points for the two sets of lead 
plates are represented separately. 


10" T re | T sae a Ue 
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10 100 1000: 
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Fig. 5. The theoretical and experimental spectra for electron pairs produced in the lead 
plates by cosmic-ray muons. Histograms } represent the expected distributions for 
muons in the energy range above 1700 mev and energy partition factors P=1-:3 and 
1-0, and histogram a the energy range 450 to 1700 mev, both fora=1. The broken, 
line points are the experimental results for the four 0-15 cm lead plates and the 
solid line points the results for the three 0-33 cm lead plates. 


The histogram a represents the expected distribution for the lower muon 
energy range. ‘This histogram was calculated, in fact, from the figures of Stoker 
and Haarhoff (1960) for the spectral distribution for 1500 Mev muons, because 
this distribution lies between the mean distributions for the extreme values of 1-0: 
and 1-3 for the energy partition factor P, for muons in the 450 to 1700 Mev range. 

The 1849 muons traversing the cloud chamber in this energy range should have 
produced in the first 7 lead plates 0-5 pairs of energy ranging from 20 to 100 Mev. 
Six pairs, however, with an estimated energy between 20 and 100 Mev were found. 
It is possible that the energy ascribed to most of these pairs is too high due to. 
fluctuation phenomena. 

The experimental results represented in Table 2 and Fig. 5 were corrected for 
double knock-on production but not for absorption of one or both components. 
of a pair. This is believed to be small for high energy transfer in the thin lead 
plates, notwithstanding the preferentially asymmetric energy partition between 
the pair electrons when the energy transfer is large. This asymmetric energy 
partition is obvious in the experimental results and is also brought out by the 
calculations of Stoker and Haarhoff (1960). 
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§ 8. DiIscUSSION OF THE RESULTS AND CONCLUSION 


The experimental distributions for knock-on electrons agree within statistical 
limits with the theoretical distributions for the energy ranges considered. ‘The 
results for the pair production agree with the theory with «= 1 for the lower energy 
ranges, but then too many events were observed in the highest electron energy 
ranges for both the muon energy ranges. Fluctuations in range and shower 
production of electrons should tend to flatten the spectral distribution, an effect 
also observed for the knock-on electron distributions. Gaebler, Hazen and 
Hendel (1961) also found an increase in the number of pairs observed with the 
energy transfer with respect to the expected distribution. According to R. F. 
Deery (quoted by Gaebler et al. (1961)) knock-on and pair production cross. 
sections might be larger for interactions at small distances. Better statistics and 
theoretical evaluations are required to settle this point. Both Roe and Ozaki 
(1959) and Gaebler et al. (1961) found the electron pair cross section a factor 2 less 
than predicted by the calculations of Murota, Ueda and Tunaka (1956), taking 
a=2. The formula (4) for the pair production cross section, which we have 
used, led to cross sections at least a factor 2 less than given by the formula of 
Murota et al. (Stoker and Haarhoff 1960). 

The total number of pairs that we have observed with energy above 20 Mev and 
produced by muons with energy above 1700 Mev, agrees with theory ifa=2. Our 
results seem to favour a value for « between 1 and 2. 
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A Schematic Model for the Impact Excitation of Atoms 
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Abstract. ‘The third-order approximation is used to derive simple analytical 
expressions for the partial cross sections corresponding to the scattering of 
high-energy charged particles by a schematic model atom involving matrix 
elements having a r~? radial dependence. 


§ 1. INTRODUCTION 


Skinner (1961) have calculated the cross sections for the 1s—2s excitation 

of hydrogen atoms by electron and proton impact and for the elastic 
scattering of electrons by hydrogen atoms, respectively, using an approximate 
expression for the cross section which includes terms up to the third order in 
the interaction potential between the incident particle and the hydrogen atom 
and neglects all terms of higher order. In the case of the 1s—2s excitation by 
proton impact, by neglecting coupling to all states other than the initial and final 
states, they obtained good agreement with the calculations of Bates (1959) who 
employed an impact parameter treatment together with the distortion 
approximation. 

In the present paper the third-order approximation is used to investigate 
the scattering of charged particles by atoms by employing a schematic model, 
first introduced by Seaton (1955), which involves matrix elements having a 
radial dependence of the form r~. 


Rise Kingston, Moiseiwitsch and Skinner (1960) and Kingston and 


§ 2. WEAK COUPLING APPROXIMATIONS 


The theory of the scattering of particles by hydrogen atoms involves the 
solution of an infinite set of coupled equations which have the form (Massey 
1956) 

[V8+k,2]F,(r)=SUnm(t)Fm(f) ee (1) 
where i, 


Urgn(P 4) se cl [estes V(r, r:)bm("2) dry eietehelais (2) 
and 


2 
t= 2 (E-«)). ay 
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M is the reduced mass and E is the total energy of the system, ¢, is the 
eigenfunction and ¢, is the eigenenergy of the nth state of a hydrogen atom, 
and V’(r,,r,) is the interaction potential betweén the incident particle and the 
atom. 

If we denote the initial and final states of the atom by 1 and 2 respectively 
and if the coupling to all other states is neglected, the infinite set of equations (1) 
reduces to the pair of coupled equations 


Vee Onl) rye Ua (riretr) “satin. (4) 
[VA ee Oa (r) PAP G(r) FP, (reat SVE. ee (5) 
where F, and F, have the asymptotic forms for large r 
F,(r) ~ exp (thing. r)+r—texp (tRyr)f,(9,¢) wu eee (6) 
Fryer sexier lives eelatiiey us sae (7) 


n, being a unit vector in the direction of the incident beam of particles. 

Consider the weak coupling approximation known as the method of distorted 
waves which assumes that the back coupling term U,,F, on the right-hand side 
of Eqn (4) can be neglected. Then the pair of coupled equations (4) and (5) 
reduce to 


[Vath OL (Feat) =U), = ee (8) 
[V? + ke? — Ups(r)|Fo(r)=Un(r)Fi(r) ss (9) 
and so 
] > , , , , ! 
1(0,9)=~ g [Faltive-O Wal RW )ae.o..n. (10) 
where the function ¥,(r) satisfies the equation 
[V2+o'— Usa(r)|7a(ry=0 > | Sie (11) 
with the asymptotic form for large r 
F o(r) ~ exp (ikygng.r) +r—texp (thr )f,(8,6) ss (12) 
and 
cos ’ = cos @cos 6’ + sin @sin @’ cos($—¢’). ss... (13) 
Expanding F, and F, in the forms 
ee 
En) av (21+ 1) exp (ty, 1)¢1, (7) P)(cos0) ~ ...... (14) 
ieee , 
7 (r= 5 2, i'(21+ 1) exp (ins, 1)¢2, (7) P(cos9), ...... (15) 


nm, being chosen in the direction of the polar axis, and assuming that U,,, Uy, 
and Uj, are spherically symmetrical, as for s states, we obtain 


I} bui=0 8 (=1,2) 21.2 (16) 


on 
where ¢,,; has the asymptotic form for large r 


@¢,,, 1 ee —% 
ENE ate {i U;,(7) 


Pn, U1) a = sin (Ry Gea lr alo, 1): see eee (17) 
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Then 


fo(8,4)=— S Q1+1)P(co88) exp (ln, 12.9} 


x | i Dee leayde IRR a Tossues (18) 


and so, to the distorted waves approximation, the cross section for the excitation 
of the state 2 from the state 1 of the target atomic system is given by 


Q(1+2)= an ie fea ie amomeastel Ohya) (aie Pee. (19) 
mtn S (2l+1) | Ae de Ukr) ark isees- (20) 
17=0 0 


It may be shown that the distorted waves method, which neglects the back 
coupling term U,,F, in Eqn (4), gives rise to an error of the order of (U,,)* in 
the scattering amplitude f, and thus an error of the order of (U,,)* in the cross 
section O(1-2). 

If only terms up to the third order in the interaction potential are retained 
in the expression (20) for the cross section we obtain the third-order approximation. 
Now the solution of Eqn (16) with asymptotic form (17) can be written in the 
integral equation form 


$n,1(7) =a cos Hy, 1(R,) ala bat | jin <M (Rnrrs ) oi n (7 )by (rr dy’ ee Aye (21) 
where 
sin in. Vien oe ky | Rn’ )bn, A) Oy (7’) dr’, as lg (22) 
0 
j, and n, being spherical Bessel and Neumann functions respectively and r_, ry 


being the lesser and greater of r, r’. Hence to the first order in the interaction 
energy we have 


$n, U7) ="Rnt) + Rnd | 5 bent <)Ri(ben > ) hs Ui Fito? ae oe exe (23) 
and so the third-order approximation to the cross section is given by 


O(1-+2)=4nF2 S 21+ 1){1+2e,1+200) 


. [ | r Un (rior a oreo (24) 


where 


kf | Vox (1 Jj Rint iu Rnt < )n(Rnr> Ji(Rn®’) (rrr? dr dr’ 
0 0 


a WOO) 2 en BE ee eee 
An, 1 


| . Ei, (riba) (Rat eae |< eno (25) 


with n=1, m=2 or n=2, m=1. 
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If we reject the third-order terms and retain only the second-order terms, 
expression (24) reduces to the first Born approximation formula 


1/=0 


Q(1->2)=40 82 > (2141) [ | i Us, (r)in(at Ji yr)? al. eee (26) 


To obtain the second Born approximation to the cross section we expand f, 
to the second order in the interaction potential. This gives 


fs(8,4)=— ¥ (21+ 1)P,(cos ){1 + 04,4 a9, +i, 1+ Bs, )} 


x | Unlike ibardr (27) 
where 


Pare 5, k,, ( U,, nl?’ (Rar fer’? dr’, at s)/= iellege (28) 


so that to the second Born approximation 


O(I>2) dart S (214 1 (1 + a+ 9e,)®+ (B+ Pad 
1 


t=0 
x 7 | . Uss(r)i Ror )i(Rar yr? al. Wie (29) 


Thus some terms of the fourth order in the interaction potential have been 
retained in deriving this approximation to the excitation cross section. Referring 
to Eqns (18) and (27) we see that the term (Bi,.+ Bo,1)? in (29) arises from the 
expansion of the phase factor exp {t(71,1+ He, :)} to the first order in the interaction 
potential and is exactly cancelled if the expansion is carried out to a higher order. 
It should therefore be rejected from the second Born approximation. Other 
terms of the fourth order in the interaction potential have also been neglected 
in deriving the second Born approximation expression (29) and so the most 
consistent procedure is to employ the third-order approximation (24) which 
includes all terms up to the third order in the interaction potential and neglects 
all higher order terms. The Schwinger variational method for the scattering 
amplitude with plane wave trial functions also neglects some terms of the fourth 
order and so the same criticisms may be applied to it as have been applied above 
to the second Born approximation. 


§ 3. Scuematic Mopet 


In the case of the scattering of particles by hydrogen atoms in the ground 
Is state a useful approximation is to include coupling to all the states of principal 
quantum number 7 <2, viz. 1s, 2s, 2Po. 2p41, 2p_, and to neglect the coupling 
to all states with » > 2 and the continuum states. Then the infinite set of coupled 
equations (1) reduces to the set of five coupled equations ~ 


[V?+k,?— U,,, 1s(7) ]F,,(r7) = U;,, os(1)Fo,(17) + _~, O15, 2pm (8) F op _ () 
eieeceel( 30) 
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[V2 + Ro? — Upp, op4(")Faps(") = Uap, 1s") Fis") + Uap, 2a") Fos") 
oe Utne a0 Fao) 


PV ke? Us, span?) Pop") 
i Ue (")F',,(") a War sas ol) Poath) ae Ue op, ("Pop (") 


13 Usp ay Bey Boo ag) weeds: = i= (33) 


where, for electron impact, the matrix elements U,,,,(r) have the asymptotic 
forms for large 7 


Deli 
U;,,, (7) = a ane (—2r/ag), | 


Dak 
UPA Neots ator (—1/4), 


21 24 
Uap, 2.(") ~ a aro (—1r]a9)+ = P,(cos 9), 


21 a2 


a, 
Usp 41: Ay Aad ae exp (—71/a@) — = 2 P,(cos 4), 


Us, alr)~ YG (3) resp (~ 312240) 


reve CAC sv2(3) ~ P,(cos 8), ge sat (34) 


U. 84/2 2\°1 1 Pt §)exi# 

Py AU V/. 3 Ad (cos #)e=", 
6 

Us,, ap, (") he pe P, (cos 8), 


6 i f 
Opes LA g Cate AV P- (tos ?)e=", 


124, 01 
Using) = ae v2 P,}(cos 0)e=*, 


6a 
Usp, pet) ~ a P,2(cos O)e*2*, 


the polar axis of the coordinate system being chosen in the direction of the 
incident beam of particles. 

In the present investigation we are concerned with the use of a schematic 
model to examine the effects of distortion and polarization on the scattering of 
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particles by atoms. The schematic model replaces the matrix elements (34) by 


A, 


U,.13(") = — aa 
U5, 28(7) = — = , 

Up 2p,(") =— 2 a = P,(cos @), 

LEE, opa4(")= _ = _ = P,(cos @), 

Tiga 

Us, =» (r) = eat P,(cos 6), ~ (35) 

Ue i(r\e ane 3 P,2(cos 8)e*%, 
pes Aas P,(cos 6), 


‘ A 1 : 
Up,, Boag) =e 5 ar meT 3 P,*(cos @)e+*, 


wg; 


1S jek o 
2D 2pa4(") = re J/2 P,}(cos Gere, 


U. 


if 

cra1 2.a(")= 22 P,2(cos 8)e2%*, | 
‘These matrix elements have the same dependence on the angular coordinates 0, ¢ 
and the same signs as the matrix elements (34) for large r if all the coefficients A 
and B are chosen to be positive constants for incident particles of negative charge, 
e.g. electrons, and negative constants for incident particles of positive charge, 
€.g. positrons, protons, and «-particles. 

In order to obtain simple analytical expressions for the third-order approxima- 
‘tion to the partial cross section we also put k, =k, =k. 


3.1. Method of Distorted Waves 


In this section we neglect coupling to all states except the initial and final 
‘states and, in addition, neglect back coupling. 

We first consider the elastic scattering of particles by the ground 1s state of 
the model atom. Then we require the solution of the equation 


[Madchen allwnl ose koe (36) 


where F’,, has the asymptotic form (6) for large B 
Expanding F,, in the form (14) we obtain 


E "ae A = 0. hn (37) 
Hence 
RAGA er ye Abate silk swine iat (38) 
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-~where 
URS oe CEs) eo. ee i Cr (39) 
i.e. 

L,=$[-14+{(2/+ 1)?@—4A A], ne wees (40) 


In order that r—1¢, (7) should be finite at the origin we require that 1,>0. This 
is always satisfied if A,<0 ie. for positively charged particles. However, if 
A,>0 then J, >0 only if A,<J(/+1). A difficulty occurs in the latter case when 
J=0 for then 1, <0. Nevertheless, provided that 4, < 1, i.e. 1, > — 4, an expression 
for the cross section can still be obtained even though the solution is unbounded 
at the origin (Mott and Massey 1949). 


Now 

Wy peeme Gg) Newnes (41) 

and so it follows from (40) that 

4A, 2? 
=f od oe 1 
m= am(2l+ nf {1 ait | ach: (42) 
Since 
pe ; , ; 

fis(9) = i D> (27+ 1) exp (im,,)siny1,,P(cos#) «++ (43) 


we see that the /th order partial cross section for elastic scattering is given by 
O{is>1s)= 7 DreTisnta ene hae el (44) 


Hence the third-order distortion approximation to the elastic partial cross section 
is 


a AS 2A 
yh ee lee Sh 45 
Oi(1s>18) al nf ari} (*) 
‘To the second order in A this reduces to the first Born approximation expression 
7 A, 
Se weil HA NN) full 1 Bete 46 
O,(1s+1s) R221+1 ( ) 


Because the partial cross sections fall off as /~* for large / the sum of the series 
of partial cross sections diverges for the schematic model. We shall therefore 
confine our investigations to the individual partial cross sections only. 

We now consider the 1s—2s excitation case for which we require the solution 
of the pair of equations 


iieet sd cee ON 1H ak! Re aC eRe (47) 
[V2 + k2— Ugg, 25(7) Fos(4) = Use, ts(Ge aaa. Muses (48) 


where F,,, has the asymptotic form (7) for large r. 
Referring to §2 we see that f,,(9) is given by (18) where 


bo, (1) = rhi.(Rr) Sele ee (49) 


Lekp Told 4A ee (50) 


aie r(2t+t)f 1—{1- ais | es (51) 


with 


and 
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Hence 


Fog(8) = — Aga, 1s 2 (21+ 1)Pi(cos 8) exp @(n,1 + 72,1)} | _ ARM er ae 
=0 


giving for the 1s—2s excitation /th order partial cross section 


io) 2 
Q,(1s+2s) = 47(21+1)(A,, | { Ja, (A1 i (A7) ar | sgh Rate (53) 
0 
Since (Watson 1944) 


2 : in (J, —1,) 4m 
hr), (kr) dr = —S2(4—4)am ak © tot 
ie TAC Mig r) r k(L,—6)(4,+1,+1) (4 ar > ) 
eae (54) 
it follows that, to the distorted waves approximation, 
Q,(1s->2s) = 47(2/+ 1)(A,, 4)? 
1 are 4A 12 4A SENS 
ae ee (= ee) i Se F 
‘Lqazayin re ti (dee parts) axl arix) |] 
ae (55) 


The third-order distortion approximation is obtained by expanding to the third 
order in A and is given by 


2 2(A, +A.) 
1 ER is dd SEO ee ee ee 56 
Q,(1s>2s) R2(21+ 1) (Ags, 18) { ets (21+1)2 } (56) 
while the first Born approximation has the form 
em ‘ui (Ap,, 14)" 5 
O,(1s+2s) = il, ii a ee (57) 


We now turn our attention to the 1s—2py excitation case which involves the 
solution of the pair of equations 


[Vee On sr) P(t) ee eae (58) 


iW? +h? — Uo, op, (") | Pop,(r) ar Voy, (r)F,,(r) Bie 0.0 (59) 


where F,,, has the asymptotic form for large r given by (7). From Eqn (10) it 
follows that 


1 Tr , , , , 1 , 
fap) = — 7 Aaya | F s(r',7—0)F, (YP (cos 6") de". 


AES: (60) 
In the first instance let us neglect the term involving P,(cos @) in O on, ont eet 
it can be readily shown that 
Tap,(9) = -7A5, 1, 2 (72,1) P,(cos 8) 


| 4 1)exp Gia) [Bale Mbuseal ged 
—Fexp Cn) | “bara ar]. e+e. (61) 
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Using the integral (54) we find that to the third order in A 


Oy(1s>2po) = a (Aspa{l+Ay—As} tte (62) 
and 
O,(1s+2py) =9 isle hs FP Ee e233 (63) 
Similarly for the case of the 1s—2p_., excitation we obtain 
foya(0:8) =#Aay. ag €XP (na) Gy PiN(CO8 OE 
=1 V2 


« [exp Cnn) | Pada eal) a 
texp (nia) Pail bnia a® | 


if the term involving P,(cos 6) in U. 


wee ye neglected. To the third order 


in A this gives 


QOo(1s>2p SS. ae a eee (65) 
and 
; ee sect L A,—A, 
O1s>2p +1) B (Agp, 18) sey | a T+1) (140). 


These partial cross sections reduce to the first Born approximation expressions 
if only terms up to the second order in A are retained. They are in agreement 
with the formula for the first Born partial cross section >in~0, +10,(1s>2pn) 
derived by Seaton (1955) in the limit of large &. 

For the 1s—2p, excitation the partial cross section vanishes to the third order 
in A for all positive integral values of / while in the case of the 1s—2p.,, excitation 
the partial cross section vanishes for 1=0, attains a maximum value for i= 15 
and then decreases with increasing /. 


3.2. Distortion-polarization Approximation 


We now turn our attention to the effect of polarization resulting from coupling 
to states which are neither the initial nor the final state, and to the effect of the 
terms involving P,(cos@) in U,,, 5),(r) and oy 44,2041"): The analysis is of 
an elementary nature involving integrations of products of spherical Bessel 
and Neumann functions all of which can be evaluated in closed form (Watson 
1944). However, the analysis is too lengthy to reproduce here so we shall only 
quote the final results. When coupling to all the states 1s, 2s, 2po, 2P 4.1. ZP-1 
is taken into account to the third order in A and B, we obtain the third-order 
distortion-polarization approximation (Kingston, Moiseiwitsch and Skinner 
1960). To this approximation the /th order partial cross sections are given by 


am A,’ 1 BAR 2 (Aosta) tal 0 (Agp, 18)” Sur |, 


Beals Tia IGE) Aa Au Clea aa 
an (67) 
= a (Agz, 1a)" 2(A, iy A,) Asp, osAop, 1s 5 | 
Ol e228) a Sart aly aE ee ee 


670 B. L. Moiseiwitsch 


QOo(1s+2py)) = a (Asp, 15)" [1 Ape ee Asp, 2sAos, 18 4) 


2p, 1s 
ie (69) 
Ols>2p,)=0 (40) 9 ee (70) 
Ofte 2p 2) See ee ean (71) 
_@ , 21+1 
Q,(1s>2p,.,) = R2 (App, 1s) 2U(i+ 1) 
A,—A, A A 1 1-48 
|| 2 S ye 2p, 2442s, 1s uBR 1 0). 
PL eRe ES Re ear | Fo: 
45.208 (72) 


The quantities involving the coefficient B in expressions (69) and (72) arise 
from two sources. The (2B/r*)P,(cos 0) term of Usy,,9p,(") introduces the 
quantity —}B while the coupling to the 2p, and 2p_, states introduces — 4B. 
Together they give rise to the quantity —B within the square brackets of 
expression (69) thus resulting in a contribution to the partial cross section for 
the 1s—2py excitation having the same sign as that due to the — A,/r? term of 
Upp, 2p,.(")- f 4 

In the case of the 1s—2p ,, excitation the — (B/r*)P.(cos 6) term of Oop 49 2p44(") 
introduces within the square brackets of expression (72) the quantities — B/6, 
— B/30 and B/l(l+1) for 1=1,2 and I>3 respectively, while the coupling to 
the 2p) and 2p,, states introduces —4B/3, B/5 and 0 for 1=1,2 and I>3 
respectively. Together they give rise to B(1—48,)/I(1+1) which, for J>1, 


has the same sign as the contribution from the — A,/r? term of Oop «4.2744 (")- 


§ 4. Discussion 


In the special case of exact resonance for which k,=k, =k, Uy, = Ug. and 
U.=U,,, the pair of equations (4) and (5) can be rewritten in the uncoupled 
form (Massey 1956) 


[Virkt—(U,+ Uz, )FArys0er! ne eS (73) 
where 
PRP eesti eo! a eee (74), 
Putting Lg 
A A 
Uy,=- meth (75) and Up,= a4 et ie. (76). 
it can be readily shown, using the method of §3.1, that 
O,(1->2) = zB (27+ 1) sin? (yt—m-) oo ea. (77) 
where 
4( A+ Ayo)) 2 
+=} —<1- = iteniqebtesrecin 
nt = dn (21+1) [ {1 Ora } | (78) 


In order to assess the accuracy of the various approximations to the partial 
cross section we assign numerical values to A and Aj. A suitable choice of 
values is A= —2 and A,,= — 4 which corresponds to the scattering of positively 
charged particles. In the Figure a comparison is made between the exact values. 
of the collision strength ©, = (k?/7) Q, and the values of Q, obtained with the first 
and second Born approximations, the third-order approximation and the distorted 
waves approximation, Very good agreement is obtained between the distorted 
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waves approximation and the exact calculations for all 7 since A,,.=—+ gives. 
rise to weak coupling. The first Born approximation is decidedly inferior to the 
third-order approximation for />2 while for /=0, 1 both approximations are 
unsatisfactory since A/(2/+1)? is not sufficiently small for A =2 and tai The 
second Born approximation is unsatisfactory for all J as was predicted in § 2. 

In the absence of exact resonance it is no longer possible to obtain an exact 
analytical expression for the partial cross section. However, the type of effect 
to be expected from distortion and polarization can still be determined by 
examining the third-order approximation expressions (67) to (72) for the partial 
cross sections. 

If we again consider the case of the scattering of positively charged particles 
all the coefficients A and B will be negative in sign. Then it can be readily 
verified from expression (67) that the effect of distortion on the elastic scattering 
partial cross section is to reduce it below that given by the first Born approximation. 
This is in accord with the calculations of Kingston and Skinner (1961) on the 
elastic scattering of positrons by hydrogen atoms. Referring to the asymptotic 
expressions (34) we see that the range of the actual potential U,, ,, is less than 
that of the actual potentials U,, 2, Usp, op, ANd Usp ,.,2p4,, Hence in the case 
of excitation we are justified in omitting the effect of the distortion due to the 
1s state by putting A,=0. It follows from (68) that the effect of distortion on. 
the 1s-2s excitation partial cross section is to reduce it below the value given 
by the first Born approximation in agreement with the calculations of Smith. 
(1960) and of Kingston, Moiseiwitsch and Skinner (1960). 

To the third-order approximation all the partial cross sections for the 1s—2py 
excitation of the schematic model atom vanish except for the zero-order partial: 
wave. From (69) it can be seen that the effect of distortion on Qo(1s~2pp) is 
to increase it above the first Born approximation. Bates (1961) finds that alk 
the partial cross sections for the proton impact 1s-2p, excitation of atomic 
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hydrogen are non-vanishing but there exists agreement between his calculations 
and those based on the schematic model in so far as he obtains an increase in the 
Is—2py excitation cross section at high energies. Referring to (72) we see that 
distortion decreases the partial cross sections for the 1s—2p., excitation below 
the first Born approximation for />3. For /<2 the effect of the — A,/7? term 
of Us, ,,,2p., 18 opposite in sign to that arising from the — (B/r?)P.(cos 0) term. 
Bates (1961) obtains a decrease in the total cross section for the proton impact 
1s-2p,, excitation of atomic hydrogen and since large values of J provide the 
dominant contribution to the total cross section this is in accord with the schematic 
model result. In addition Bates finds that Q,(1s+2p..,) vanishes for /=0, passes 
through a maximum and then decreases with increasing /. This is in qualitative 
agreement with the behaviour of O,(1s>2p,,) which was found using the 
schematic model (cf. § 3.1). 

The polarization arising from coupling to the 2s state results in a decrease 
in the elastic scattering partial cross section below the first Born approximation 
in agreement with the calculations of Kingston and Skinner (1961). From (69) 
and (72) we see, also, that Q(1s>2p,) is decreased and O,(1s+2p..,) is increased 
by the coupling to the 2s state. 

Only the zero-order partial cross sections for elastic scattering, the 1s—2s 
excitation and the 1s—2p, excitation, and the /=1, 2 partial cross sections for 
the 1s—2p ,, excitation are affected by coupling to the 2p states. From expressions 
(67) to (72) we see that Q,(1s—1s), Q,(1s-+2s) and Q,(1s+2p_,) are decreased 
below the first Born approximation and Qo(1s>2p,) and O,(1s+2p.,) are 
increased above the first Born approximation by the polarization due to the 
2p states. However, since the partial cross sections for large values of / determine 
the behaviour of the total cross section it is unlikely that these trends will be 
reflected in the total cross sections. Thus, although Kingston and Skinner 
(1961) find that coupling to the 2p states decreases the total cross section for the 
elastic scattering of positrons by hydrogen atoms, Kingston, Moiseiwitsch and 
Skinner (1960) obtain an increase in the total cross section for the 1s—2s 
excitation of hydrogen atoms by proton impact. 
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Abstract. An electron density map calculated by Rollett from an accurate 
function of James and Coolidge has been used to obtain the coherent x-ray scat- 
tering from molecular hydrogen. The results given by the Coulson self- 
consistent field function are also presented, and it is shown that there is excellent 
agreement with the James—Coolidge results and with earlier calculations of Carter, 
March and Vincent. 

In addition a more careful study of the incoherent scattering has been made 
than has previously been attempted. By considering two correlated wave func- 
tions, that of Eckart and Hylleraas for helium and that of Gurnee and Magee for 
hydrogen, previous approximations are shown to lead to somewhat high estimates 
of the total scattered intensity. For hydrogen, a maximum reduction of about 4% 
brings theoretical results to within 1°% of the experimental values of Wollan. 

The momentum distribution and the corresponding shapes of the Compton 
lines have also been considered for hydrogen and helium. It is suggested from 
the results obtained for molecular hydrogen that more accurate measurements of 
the Compton profile might afford a useful method of studying bonding electrons. 


§ 1. INTRODUCTION 


molecular hydrogen was carried out by Carter, March and Vincent (1958, 

to be referred to as CMV). These workers used a number of approximate 
wave functions, the most accurate of which was that due to Gurnee and Magee 
(1950, see also Hurley 1954), which leads to a binding energy of 4-2ev. However, 
more recently the electron density in H, has been computed by Dr. J. 5. Rollett 
(private communication) using the very accurate 5-term wave function (binding 
energy 4-5 ev) due to James and Coolidge (1933). In view of this, and with access 
to an electronic computer, it now proves possible to examine how the approxi- 
mations made by CMV affect the charge distribution and the coherent x-ray 
scattering. As the calculation of the incoherent scattering requires the full wave 
function, not only the electron density, it becomes impractical to use the James 
- and Coolidge function to determine this incoherent component. However by use 
of the Gurnee and Magee function and appeal to the simpler two-electron problem, 
the helium atom, two checks are afforded of the approximations used by CMV in 
their calculation of the incoherent scattering. 

In addition to information on the electron density in direct space, we also felt 
it of interest to consider the momentum distribution in H, and the corresponding 
shape of the Compton line in x-ray scattering. Again a comparison with the He 
results proves somewhat illuminating. 


Rew a theoretical study of the x-ray scattering to be expected from 
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§ 2. CHARGE DISTRIBUTIONS AND X-RAY SCATTERING 


The expressions of Waller and Hartree (1929) for the total and coherent 
intensities may be written for gaseous hydrogen and helium, 


L sin Kry 

Fi =242 | | Were) dry eee (1) 
<7) =4 [fold olr) Bardeen, (2) 
Te KT 12 


where Je is the Thomson scattering intensity for a single electron, (ry, rg) is the 
spatial part of the wave function and p(r) the electron density, both normalized to 
unity and « = 47 (r,)/A) sin 30 where 0 is the angle of scattering. 

The expected form of f?(«) for H, has been calculated using electron densities 
derived from the James and Coolidge wave functions and also from the self- 
consistent field wave function of Coulson (1938, binding energy 3-6ev). Since 
p(r) is not spherically symmetric Eqn (2) was evaluated by the method developed 
by Banyard and March (1957) in which the electron density is first expanded in 
spherical harmonics. CMV showed that the s term alone largely determines the 
coherent scattering of H, over the range in which this is a significant part of the 
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Fig. 1. Radial electron distributions for helium and the hydrogen molecule (atomic units 
used). Hydrogen: 1, from Rollett’s map of the James—Coolidge electron density > 
2, from Coulson’s self-consistent field function; 3, from the Gurnee and Magee 
function. Helium; 4, from the self-consistent field function; 5, from the Eckart— 
Hylleraas function. 


total scattered radiation, The radial electron distributions} from the James and 
Coolidge electron density, the self-consistent field and the Gurnee and Magee 
functions are shown in Fig. 1. It is seen that to graphical accuracy the first 
two curves are almost identical. The two f%(«) curves corresponding to these 
functions are also almost identical, even when the d terms in the expansion of 


t The definition of radial electron distributions adopted here is r2 | [om sin 0 dédd. 
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o(r) are also included in the calculation. Whilst these two d terms differ to a 
greater extent than the corresponding s terms they are still very similar and also 
in good agreement with those obtained earlier by CMV for the Gurnee and Magee 
and the LCAo molecular orbital wave functionst. The d terms in fact make only 
a very small contribution to the scattering factor curves. 

The two sets of results for f2(x)/4 agree to within + 2 in the third decimal place 
and lie on or between the curves obtained by CMV from the Gurnee and Magee 
and the LCao molecular orbital functions. Since the James and Coolidge density 
is expected to give almost the exact form of f?(x) these results show that the calcu- 
lation of f2(«) by CMV is essentially correct. It follows that the discrepancy 
(about 5°% around «= 1-6 a.u. between the results of CMV and the experimental 
results of Wollan (1931) for the total scattering is not due to the calculation of the 
coherent component. 

Apart from the use of approximate wave functions CMV made a further 
approximation in their calculation of Jp, namely the one involved in the use of the 
formula (see, for example, Herzog 1931), 

Pediiem 2a) ) Seeger wash (3) 
for the calculation of the incoherent intensity. Only if the exact wave function 
for hydrogen had the form ¢(r,) 4(r,) would the difference between Eqns (1) and 
(2) reduce to the expression (3). Of course the self-consistent field, the Lcao 
molecular orbital and the ‘best’ spherical molecular orbital wave funtions have 
this simple form and if they are used in the calculation of Jy then Eqn (3) follows. 
Although CMV used the correlated wave function of Gurnee and Magee they 
also assumed the validity of Eqn (3). 

It was decided to test Eqn (3) by comparing results from this expression with 
the difference between Eqns (1) and (2) for some correlated wave functions. 
Inspection of (1) shows that the full wave function is required in the determination 
of Ip/Ie; on grounds of practical difficulty this ruled out the use of the James and 
Coolidge wave function. 

In the light of this difficulty a test of Eqn (3) has been made for hydrogen 
using the Gurnee and Magee function. Also, in order not to generalize from one 
instance, a similar test has been made in the case of helium using the correlated 
wave function of Eckart (1930) and Hylleraas (1929). In both cases Jy has been 
obtained directly from (1) and also from (2) in conjunction with (3)]. 

The Eckart—Hylleraas function is 

Wty, Fp) = N {exp (—ar,) exp (— bre) + exp (—br,) exp (—ars)} 
where N is a normalizing constant, a= 2-1832, b = 1-1886, these values being those 
obtained by Shull and Léwdin (1956). In this case, 


Sa Nese wd aE OT 
Te a+ (atb)*| Gate parrey | (a+rbprey] 
Toon 2 si She ee | a 
Te ra [4a *b 8 + (a+b)? 8b? (4a? + 7)? 
se Meg Pile es Caney | : (5) 
8a3(4b? + x?)? (a+b)[(a+b)? +7}? ote e eee 


+ The ordinates of Fig. 3 of CMV have been incorrectly labelled. They should be 
divided by 47. 

¢ The usual relativistic correction (see, for example, Pirenne 1946, p. 34) corresponding 
to a value of A of 1:34 a.u. has been applied to all curves shown in Fig. 2. 
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The expression (5) agrees with the result of Hurst, Miller and Matsen ( 1958), but 
to our knowledge (4) has not previously been recorded. 


x Observed by Wollan 


4qr sin 26/ A 

Fig. 2. Total intensities for X-ray scattering by helium and the hydrogen molecule (atomic 
units used). Hydrogen: 1, calculated from the Gurnee and Magee electron density 
using expression (3); 2, calculated from the Gurnee and Magee wave function using 
expression (1); 3, calculated from the self-consistent field function and the James— 
Coolidge electron densities using expression (3). Helium: 4, calculated from the 
Eckart—Hylleraas wave function using expression (1); 5, from the Eckart—Hylleraas 
electron density using expression (3). 


In the two instances (see Fig. 2) the values of Ip from Eqn (1) are lower than 
those obtained by use of the approximate expression (3). Comparison of the two 
sets of results for helium shows them to agree to within 15%. The use of the 
approximate expression leads to a slightly too high value for all x, with the maximum 
discrepancy occurring at «=2-4 a.u. but the two agree for high and low x. In 
the case of H, the use of (1) leads to values of Iy which are, in the region around 
k=1-:7A.U., some 3 to 4°%, lower than the results obtained by CMV. In fact, 
using the Gurnee and Magee function and making no further approximation 
almost resolves the discrepancy between theory and experiment noted by CMY. 
Whilst, in view of the approximate nature of the Gurnee and Magee function, some 
slight reservation must still be made it seems from the present results for He and 
H, that the use of correlated wave functions in (1) will lead to values of Ip some- 
what lower than those obtained from uncorrelated functions. In particular the 
eventual use of the James—Coolidge wave function is very likely to remove the 
discrepancies which have previously existed between the experimental results of 
Wollan and the theoretical scattering curves. 


§ 3. Momentum DistripuTion AND CoMPTON PROFILE 


The momentum distribution function J (p) is defined such that I(p)dp is the 
probability of finding an electron with momentum magnitude between p and 
p+dp. It is determined by a knowledge of the first order, spinless density 
matrix in direct space: j 


2: 8 ey) 
I(p)= Sil G(r, oil dear 55 (6). 


where 


G(r,r’)= | MGS GC ae ta. (7) 
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o represents the spin coordinate and x a space and spin coordinate. If w is 
normalized to unity so is [(p). 

It becomes practical to evaluate the integrals involved in (6) if G(r,r’) is a 
product or a sum of products of the form ¢(r) 4(r’), in which case the method of 
Banyard and March (1957) may be used. The necessary integrals have been 
evaluated for H, using the self-consistent field function to give an approximation 


=! 
0 0-5 1-0 15 2-0 25 3-0 


Fig. 3. Momentum distribution functions for helium and the hydrogen molecule (atomic 
units used). Hydrogen: 1, from Coulson’s self-consistent field wave function. 
Helium: 2, from the self-consistent field wave function; 3, from the Eckart— 
Hylleraas wave function. 


to G(r,r’) (see Fig. 3). The corresponding calculation using the James and 
Coolidge function is too lengthy to have been undertaken. For helium similar 
calculations have been completed, based on the self-consistent field function of 
Wilson and Lindsay (1935) and the Eckart-Hylleraas function (see Fig. 2). Use 
of the latter function leads to an analytic expression for [(p): 


Pp a 

12) Gita 0-74 (a+b) (weap 

‘ 16ab “1 b? } 

(a+b (a+ p(B p22 | a3(b+ ptf” 
These momentum distribution functions may be used to determine the shape of 
the Compton profiles to be expected in the incoherent x-ray scattering by gaseous 
hydrogen and helium (see, for example, Dumond 1933). The shape of this 
profile is most conveniently expressed in terms of the function J(q) (Duncanson 
and Coulson 1945) which is independent of the scattering angle and wavelength. 
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For a system of randomly oriented scatterers 


Taye i y “ap, oe (8) 


‘The line shapes corresponding to the J (p) functions discussed above are shown in 
Fig. 4. Again the Eckart-Hylleraas function leads to an analytic expression, 


20= err aT et 
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Fig. 4. Compton half-profiles for helium and the hydrogen molecule (atomic units used). 
Hydrogen: 1, from Coulson’s self-consistent field wave function. Helium: 2, from 
the self-consistent field wave function; 3, from the Eckart—Hylleraas wave function. 


Although the two I(p) curves obtained for He differ appreciably in comparison with 
the differences in the corresponding electron densities, the two J (q) curves do not 
differ to an extent which would be experimentally significant. The half-widths 
of the J(g) curvest corresponding to the Eckart—Hylleraas and self-consistent 
field functions are 1-52a.u. and 1-58 a.U. respectively. These results agree 
with the experimental ones of Dumond and Kirkpatrick (1937, half-width 1-5 ALT 
They also agree with the calculated results of Hicks (1937) who obtained a half- 
width of 1-50 a.u. and also found that his better wave functions gave smaller half- 
widths. 

The half-width obtained here for hydrogen is 1-09 a.u. This is to be com- 
pared with the experimental value of Hughes and Starr (193 8) of 1-3 au, 
obtained by electron scattering, the theoretical results of Hicks (1937) of 1-17 
a.U. and the half-width for atomic hydrogen 1-02 a.u. Here, in contrast to the 
above result, the better function of Hicks (binding energy 4ev) leads tora 
broader Compton profile than the self-consistent field function (binding energy 
3-6 ev). 

+ In the approximation used here the Compton profile is symmetric about q=0, for this 
reason only half-profiles are shown in Fig. 4. 
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This difference between atomic and molecular wave functions may be observed 
in other calculations. Duncanson and Coulson (1945) calculated the half-width 
of the J(g) curves for atomic helium and neon; in both cases these are greater than 
the experimental values (see Duncanson and Coulson 1945). Yet it seems to be 
generally true that experimental half-widths, where they exist, for solids and 
molecules are significantly greater than calculated values. As the J(g) curve 
weights the low momentum part of J(p), a.J(q) curve which is too narrow indicates 
the use of a wave function which over-estimates the probability of finding an 
electron with small momentum. 


§ 4. CONCLUSION 


The calculation, based on the James and Coolidge density map of Rollett, of 
the coherent x-ray scattering for hydrogen and its comparison with similar 
calculations based on other functions shows that the effect of correlations on this 
scattering issmall. From this it follows that if the use of Eqn (3) is allowed in the 
evaluation of the incoherent component then this also must be equally insensitive 
to correlation. However, use of two correlated functions, the Eckart—Hylleraas 
function for helium and the Gurnee and Magee function for hydrogen, in Eqn (1) 
shows that expression (3) leads to an over-estimate of the total intensity in these 
cases by up to 1-5 and 4% respectively. It thus seems quite possible that the use 
of the James and Coolidge function in (1) to determine Jy would resolve the 
discrepancy hitherto thought to exist between theory and Wollan’s experimental 
scattering curve. 

To provide additional information on the influence of electronic correlation, 
results for densities in momentum space have been considered for helium and 
hydrogen. There is some indication that correlations show up rather more here 
than in direct space ; in the case of helium the effects on x-ray scattering are quite 
small but for H, the influence seems rather more marked. Comparison of the 
half-width of the Compton profile of H, obtained here from the self-consistent 
field function with that of Hicks and the experimental result of Hughes and Starr 
_ suggests that correlation effects may lead to a profile some 10 per cent greater than 
ours. 

It was pointed out at the end of §3 that the shape of the central part of the 
Compton profile, in particular how rapidly it falls off, is fairly sensitive to the low 
momentum region of the J(p) curve. This suggests that an accurate measurement 
of the Compton profile might be a useful method of studying bonding electrons. 
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Abstract. Measurements are presented of the gamma radiation produced whem 
lithium, beryllium, boron, carbon and nitrogen are bombarded with 150 Mev 
protons, and the results are discussed with reference to the information they 
provide about the structure of the nuclei involved. The results include measure- 
ments of the residual states produced in (p, 2p) and (p, pn) reactions, which are, 
to a first approximation, measurements of the parentage of the ground state of 
the bombarded nucleus. These results are not consistent with a simple jj-coupling 
model of these nuclei and in one case where calculations are available, are consistent 
with an intermediate coupling model. It is shown that inelastic scattering cross. 
sections are determined by the same matrix element as radiative transitions so 
that inelastic scattering is a powerful tool for picking out strong radiative transitions. 
to nuclear ground states. 


§ 1. INTRODUCTION 


particles from nuclear reactions induced by protons of 100-200Mev. In 

particular, studies of (p, p’) (Strauch and Titus 1956a, b, Dickson and Salter 
1957, Tyrén and Maris 1957a, b, 1958) and (p, 2p) reactions (Tyrén, Hillman 
and Maris 1958, Gooding and Pugh 1960) cast much light on nuclear structure 
problems. In the work described in this paper measurements have been made 
of the yield of gamma radiation from excited states of residual nuclei produced 
in the bombardment of p-shell nuclei with 140mev protons. This work 
complements the charged particle results by providing what are, in effect, 
measurements with better energy resolution than is possible by observing charged 
particles alone. In particular, it is possible to make measurements of the fine 
structure of the pronounced peaks seen in the excitation spectra of residual 
nuclei in (p, 2p) reactions (Tyrén, Hillman and Maris 1958, Gooding and Pugh 
1960) and in the mirror (p, pm) reactions. 


ie recent years many measurements have been made on the outgoing charged. 


§ 2, EXPERIMENTAL METHODS 
A proton beam of energy 153 Mev from the Harwell synchrocyclotron is. 
focused by quadrupole magnets on to a target at approximately 17 metres from 
the cyclotron. The protons travel in vacuum up to a point about 50 cm in 


+ Now at Aeronautical Research Laboratories, Wright-Patterson Air Force Base, Ohio, 
U.S.A. 
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front of the target. A beam intensity (time average) of 1 to 3 x 10° protons/sec 
has been found adequate for this work (the duty ratio being approximately 2%). 

The beam is monitored by a thin ionization chamber placed 50 cm in front 
of the target; this monitor is calibrated by comparing measurements of the 
production of 'C (Crandall et al. 1956) and the elastic scattering of protons 
from #C at forward angles (Dickson and Salter 1957) with the known cross 
sections; these two normalizations agreed. 

The targets were usually about 20 or 40 Mev thick and were normally of natural 
isotopic abundance. We were fortunately also able to borrow targets of separated 
*Liand B+. These enabled us not only to make measurements on these isotopes 
but also to correct the results for natural lithium and natural boron to obtain 
the cross sections for 7Liand"B. Fora “@N target liquid nitrogen was contained, 
for different runs, in a ‘ Styrofoam’ box and in a vacuum-jacketed target. The 
small concentrations of C in carbon and 4N in nitrogen were ignored. 

The gamma-ray counter was a thallium-activated sodium iodide crystal, 
12-5cm in diameter and 15 cm long, viewed by an EMI photomultiplier type 
9530 run at 900 volts. The pulses produced were transmitted by a cathode 
follower through fifty yards of cable to the counting room where they were ampli- 
fied and displayed on a hundred-channel pulse-height analyser, which was gated 
to count only during the cyclotron beam pulse. With this system there was no 
evidence for any appreciable gain shift due to counting rate: this was checked 
both by observing the same gamma ray at different beam intensities, and also by 
‘comparing the 4-43 Mev gamma ray from the ™C(p, p’) reaction and a much lower 
counting rate from a polonium-beryllium source. Thus it was possible to use 
calibration sources (22Na, radiothorium, polonium—beryllium) in between runs to 
identify the observed gamma rays. In every case the energy corresponding to 
the experimental peak (determined with an accuracy ranging from +1% to+5% 
depending on how well the peak stands out from the background) agreed with 
the energy of a gamma ray that would be expected from the reaction under study. 

The gamma-ray counter was shielded by 10 cm of lead on all sides except 
towards the target and there was approximately 4m of concrete between the 
counter and the cyclotron. With this shielding, the background with no target 
was between one-quarter and one-tenth, depending on the pulse height, of the 
counting rate due to the target; this background was smooth with no indication 
of any peaks. The spectrum due to a target was made up of peaks due to gamma 
rays superimposed on a smooth background due presumably to neutrons produced 
in the target. The yield of a gamma ray was obtained by continuing the smooth 
background under the peak so that the residual gamma-ray spectrum had the 
proper shape, as determined by comparison with gamma rays from calibration 
sources. The counter efficiency was then obtained from calculated tables 
(Miller, Reynolds and Snow 1958) and the cross section for production of the 
gamma ray calculated. In the case of the ™B(p, p’) reaction where our cross 
section can be compared with those obtained by integrating proton angular 
distributions (adjusted to our energy by assuming the differential cross section 
to vary as a function of OE, EF being the kinetic energy of the incident proton) 
the agreement is excellent. 

+ The *°B was lent by Mr. B. Rose of the Atomic Energy Research Establishment, 


Harwell, and the sample containing Li was lent by Mr. P. A. White of the Atomic Weapons 
Research Establishment, Aldermaston. 
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One has to be careful that the peaks observed are due to gamma rays produced 
in the target and not due to neutrons interacting in the crystal or in surrounding 
material. This was checked by inserting lead between the target and the crystal. 
All peaks at 0-7 Mev and above were attenuated suitably and are thus ascribed 
to gamma rays produced in the target. Below that energy peaks at about 0-45 
and 0-63 Mev were produced by all targets and were found not to be attenuated 
by the inserted lead. Thus it is impossible to study gamma radiation of less than 
0-7 Mev in this work. 


§ 3. GamMa-RAY DaTa 


A list of gamma rays observed is given in Table 1 with assignments to 
nuclear transitions and observed cross sections (the information on nuclear energy 
levels is taken from Ajzenberg-Selove and Lauritsen 1959). Upper limits on 
the cross section for producing a few gamma rays of particular interest are quoted ; 
these gamma rays were not observed in this work and the upper limit quoted 
refers to an intensity which would have been evident. Pulse-height spectra 
corresponding to the gamma rays observed are shown in the figures listed in 
Table 1. In all cases measurements were made at both 90° and 135° with respect 
to the proton beam: no evidence was seen for any departure from isotropy of 
the order of magnitude of the errors quoted on the cross sections. The errors 
are largely due to the uncertainties in subtracting backgrounds. 

In the cases of gamma-ray transitions between states in 1B and “N both 
cascades and cross-over transitions are involved. The feeding of states to produce 
the observed gamma-ray intensities are given in Table 2 for B and Table 3 
for *N. For some entries no positive result is recorded: these cross sections 
-were taken to be zero in calculating the remainder. 

As will be seen from Figs 5 and 6, the gamma-ray spectra from bombardment 
of #2C are rather complicated in three energy regions. ‘The energy of the peak 
at 2mev is found to be 2:00+0-02Mev. This accuracy was obtained by using 
the 4:43 Mev gamma ray from inelastic scattering on the same run as a calibration ; 
in this way there could be no question of a gain shift between run and calibration. 
‘Thus the strongest gamma ray present in the 2 Mev region is the transition from 
the first excited state of “C at 1-99 mev. However the peak is asymmetric, the 
asymmetry being consistent with the presence of gamma rays of 2:13 Mev from 
the first excited state of “B and 2-15 mev from the state of that energy in ‘B. 
Using the spectrum shapes of known gamma rays we find the ratio of intensities 
of 2-13 plus 2:15 Mev to 1-99 Mev to be 0-40 + 0-05. Taking the cross section for 
the 2:15 Mev gamma ray to be 0-3 + 0-18 mbn (see Table 2) we find the cross 
section for production of the first excited state of “B to be 0-8 + 0-3 mbn and for 
production of the first excited state of 11C to be 2:8 + 0-4 mbn, a ratio of 0-29 +0-13. 

The spectrum corresponding to the 443 Mev gamma ray from inelastic 
scattering in 12C is very evident in Figs 5 and 6. However there is definite 
evidence for the presence of higher energy gamma rays around 4:85 Mev. That 
this higher energy tail is not due to pile-up or some similar experimental effect 
is seen by comparing the !2C spectrum with that due to a 4-43 Mev gamma ray 
produced in the bombardment of “N shown in Fig. 8, where the high energy 
side of the 4-43 Mev spectrum falls steeply and continuously to the background. 
These data were taken under the same conditions with the same counting rate. 
The intensity of the 4-43 Mev gamma ray from carbon has been estimated from 
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Table 1. Gamma Rays Observed, with Assignments and Cross Sections 


(1) (2) (3) (4) (5) (6) 
°Li 149 3-56 SLi 3-560. 0:7 +03 = 
"Li 138 3-56 ‘Li 3-56 +0 1-5+0:3 1 
*Be 138 0-98 ‘Li 0-98 +0 2440-4 = 
0B 148 0-72 “B 0-72 >0 1-8+0-9 2 
148 1-02 0B 1-74 > 0-72 1-0+0:3 2 
148 1-43 “B 2-15 +0-72 0:7 £03 2 
148 2-15 MB 21530 1-0+0-4 = 
uB 148 0-72 0B 0:72 +0 120+ 1-6 3 
148 1-02 WB 1-74 > 0-72 8-0+1-0 3 
148 1-43 MB 2-15 > 0-72 3540-9 3 
148 2-15 MB 215 >0 1-8+0-6 — 
148 2-86 MB 3-58 > 0-72 <1-0 — 
148 3-37 Be 3:37 > 0 3-0+0+6 = 
148 4-46 4B 4-46 0 3-8 40-6 — 
148 5-03 4B 5-03 +0 <0°5 — 
148 6:8 4B 6:76, 6:81 +0 1340-7 a 
12¢ 133 0-72 B 0-72 +0 45405 4 
133 1-02 B 1-74 + 0-72 1-8+0-2 4 
133 1-43 WB 2-15 > 1-74 0:6 40-2 4 
L UC 1-99 +0 
143 1-99 ee to ate 3-940-4 4,5 
143 2-86 WB 3-58 > 0°72 0-9 +0-4 5,6 
MC 4-43 +0 
143 4-43 UB 4-46 + 0 6641-0 5, 6 
UC 4.25 +0 
UC 4-75 +0 
143 4-85 ee eaten 2341-0 5,6 
NC 6:50, 6:77 +0 
143 esc URS RA oF 2140-7 6 
143 15-1 1015-11 =..0 <0-1 a. 
uN 120 0-72 B 0-72 -.0 3040-5 = 
120 1-02 “B 1-74, 0-72 1040-2 7 
120 1-6 MN 3-95 _, 2-31 0-4+40-1 7 
MC 1-99, 0) 
120 2-15 MR (2:13 0 2+1 7 
WB 215, af 
120 2:31 MN 2-31 +0 0-6 +0-2 7 
120 3-09 BC 3.09, 0 <055 8 
120 3-68 BONS -08'=, OUR <1-6 8 
120 4-43 BC 4-43 _, 0 20+5 8 


(1) Target nucleus; (2) mean proton energy (Mev); (3) gamma-ray energy (Mey);. 
(4) assignment; (5) cross section (mbn); (6) figure number. 


the height of the steep fall-off on the high energy side. On then subtracting the: 
spectrum due to this gamma ray the remainder was found to correspond to a. 
gamma ray or gamma rays of about 4-85 Mev; it, is ascribed to transitions from 
the 4-75 Mev state of 'C and the 5-03 Mev state of “B. The 4-43 mev spectrum 
presumably also contains counts due to a 4-25 Mev gamma ray in "C anda 4-46 Mev 
gamma ray in 'B; our cross section of 6-6+1-0 mbn for 4-4 Mev gamma rays 
is higher than those found by integrating angular distributions from the !2C(p, p’), 
reaction. Such cross sections, adjusted to our energy, are 5-0 mbn (Dickson. 
and Salter 1957) and 4-8 mbn (Garron et al. 1960). Experiments are in progress. 
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Fig. 1. Pulse-height spectra correspond- 


ing to y-rays of energy 3:56 Mev from 
proton bombardment of natural 
lithium. 
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Fig. 3. Pulse-height spectra correspond- 


ing to y-rays of energies 0-72 to 
1-43 mev from proton bombardment 
of natural boron. 
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Fig. 5. Pulse-height spectra corresponding 


to y-rays of energies 1-99 to 5-03 Mev from 
proton bombardment of natural carbon. 
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Fig. 2. Pulse-height spectra corresponding 
to y-rays of energies 0-72 to 1:43 mev 
from proton bombardment of 1°B. 
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y-rays of energies 0:72 to 2:13 Mev from 
proton bombardment of natural carbon. 
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Fig. 6. Pulse-height spectra corresponding 
to y-rays of energies 2-86 to 6:8 mev from 
proton bombardment of natural carbon. 
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proton bombardment of natural nitrogen. from proton bombardment of natural 


nitrogen. 


to measure the individual yields of these gamma rays by observing coincidences 
between low energy protons and gamma rays produced in both proton and 
neutron bombardment of carbon. The broad peak at 6:5 Mev is presumably due 
to transitions from states of UC at 6-50 and 6-77 Mev and from states of 4B at 
6:76 and 6-81 Mev. There may be a small contribution from 60 impurity in the 
target, as this produces a spectrum peaked at about 6-1 Mev with a cross section 
of about 30 mbn, due to the (p, pn) and (p, 2p) reactions (A. B. Clegg, P. S. Fisher, 
K. J. Foley, D, J. Rowe and G. 1. Salmon 1960, unpublished work); however 


Table 2. Cross Sections (mbn) for F eeding States in B in Various Reactions 
State in °B 


(Mey) MB+p UB+p LC+p MN +p 
3°58 = ACH 15 0°7 = 
215 2:1+0-65 73-5 1:040°55 == 
1-74 0-4+0-4 5:Oended 15220:3 1:0+0:2 
0-72 Wee 1 1-12:0 £5 250:55 2:0+0-55 
Table 3. Cross Section for F eeding States in “N(p, p’) Reaction 
State (mev) 2:31 i 3-95 
Cross section (mbn) 0-2+0-22 0-4+0-1 


the bulk of the peak in Fig. 6 is above this energy and is thus due to 2C. Our 
limit of 0-1 mbn for the production of a 15-1 mev gamma ray is consistent with 
the result of 0-06 mbn found at this energy by Waddell (1957) but inconsistent 
with the result of 1-8 mbn of Garron e¢ al. (1960). 

The inelastic scattering from the 4-46 Mev state of “B has been studied by 
Tyrén and Maris (1958). Integrating their angular distribution, and adjusting 
to our energy, we find 3-7 mbn in excellent agreement with our result of 
3-8 + 0-6 mbn. 

An excitation function of the 4-43 Mev gamma ray produced in the bombardment, 
of 4N has been measured, the proton energy being degraded by carbon absorbers 
placed approximately 30 cm in front of the target and well shielded from the 


gamma-ray counter by lead. The relative cross sections are given in Table 4, 
accurate to +10%. 
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Table 4. Relative Cross Sections for Production of 4-43 Mev Gamma Ray 
in *N +p Reaction 


Mean proton Relative 
energy (Mev) cross section 
85 13 
105 1:2 
125 i 
145 1-0 


§ 4. Activation Data 


Several activation cross sections have been measured as a complement to 
the gamma-ray work. The sample was irradiated for one to two half-lives in 
a known proton beam and then carried to the counting room where the resulting 
gamma rays (positron annihilation quanta in the cases of 'C and #N and gamma 
rays in !°B in the case of C) were counted with a thallium-activated sodium 
iodide crystal for several half-lives. 

The samples used were 

2C: natural carbon; 
4N: both liquid nitrogen and boron nitride (the latter for '¥N activation: 
only). 
The yields of the individual activities were then found by separating the decay 
curve by a least squares method into exponentials of known half-lives, using the 
Ferranti MERCURY computer of the Computer Laboratory, Oxford. ‘The results. 
are shown in Table 5. 


Table 5. Results of Activation Measurements 


Reaction p+¥C BN 

Mean proton energy (Mev) 143 145 

Activity EC BN aC 
Yield (mbn) 2ZO£1%3 14+1 7:0+1°5 


The only results with which these can be compared are those of Symonds, 
Warren and Young (1957) who used protons of 420-980mev. To make a 
comparison we assume that cross sections for (p, pn) reactions fall off in the same 
way as in the !C(p, pn) reaction: if this assumption is made the agreement 
between the “N(p, pn) result presented here and those of Symonds, Warren 
and Young is good. Symonds et al. find an approximately constant cross section 
as the proton energy varies for the production of °C from 2C+p. Our result 
suggests this constancy extends down to 140 Mev. Our cross section for the 
production of "C from “N +p is apparently about half of what it is at the higher 
energies. 

Symonds, Warren and Young (1957) suggest that the lower cross section 
for the 4N(p, pn) reaction compared with that for the !2C(p, pn) reaction, as. 
measured by activation methods, is because there is only one bound state in 18N 
while there are approximately eight in “C. This explanation obviously does not 
hold at our energy as the gamma-ray data show that most of the production of 
1C in the 12C(p, pn) reaction is direct production of the ground state, so that the 
cross section for production of the ground state of ™C is approximately 2-5 times. 
that for the production of the ground state of #N. This difference presumably 
reflects a difference in the structures of *C and “N. 
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§ 5. Discussion or Knockout REACTION RESULTS 


On the usual direct interaction model of the reactions A (p, 2p) or (p, pn) A—1 
we are measuring the parentage of nucleus A (Lane and Wilkinson 1955), when 
we measure the relative populations of states of nucleus A— 1 produced in these 
reactions. In measurements of the energies of the outgoing protons in (p, 2p) 
reactions in the p-shell it has been found (Tyrén, Hillman and Maris 1958, 
Gooding and Pugh 1960) that the excitation spectra in nuclei A—1 show 
pronounced peaks implying strong excitation of one or a few states in the residual 
nuclei. hese peaks have been interpreted using a simple jj-coupling shell model, 
which interpretation would seem to conflict with the intermediate coupling 
picture which has been based on a wide range of work at lower energies (czas 
Inglis 1953, Kurath 1956, Lane 1953, 1955). In the work described here some 
details of the excitation spectra have been investigated in somewhat more detail 
and show lack of support for the jj-coupling interpretation; in the one case where 
calculations are available there is agreement with the intermediate coupling 
picture. 

One has to be careful in applying the simple knockout model and not use it 
in cases where multiple collisions are important: for example, they are probably 
important in determining the polarization of neutrons produced in proton 
bombardment (Squires 1958a). However the main effect of a second collision 
would be to evict further nucleons so our observation of bound states in nucleus 
A—1 should select events where only a single collision has taken place; similarly 
the angular correlations of Gooding and Pugh (1960) should not be perturbed 
by multiple collisions as they restrict their attention to low excitation in "B. 
The main causes of disturbance should be inelastic scattering of the incident 
nucleon before the knockout collision exciting nucleus A to an excited state and 
the inelastic scattering of either of the outgoing nucleons after the knockout 
collision exciting nucleus A—1 to a bound excited state. One can argue 
qualitatively that such processes would only contribute a very small amount to 
the (p, 2p) and (p, pn) reactions, as typical cross sections for inelastic scattering 
leaving nuclei in bound excited states are about 6 mbn to be compared with 
typical total reaction cross sections of about 250 mbn (we ignore elastic scattering 
as this does not change the ratio of states produced), so we can hope that they will 
not change our main conclusions. However detailed calculation of these effects 
would be valuable. 

Now let us consider specific reactions, starting with !C for which most detail 
is available, both experimental and theoretical. The cross section for producing 
“C in its bound states is 44 mbn (Crandall et al. 1956) and of this the 2C(p, d) 
‘cross section is 4 mbn (Cooper and Wilson 1960) so the !2C(p, pn) cross section 
is 40 mbn; for both these reactions the ratio of population of states in "C should 
be the same. For production of bound excited states we find: 1-99 Mey, 3 mbn; 
4-3 Mev, 2mbn; 6-5 Mev, 2 mbn, leaving 37 mbn for the ground state. This 
agrees with the !*C(p,d) measurements where only a group to the ground 
State is seen; weak groups of the relative strength seen here would not have been 
noticed in the (p,d) measurements. So we find for the ratio of population of” 
first excited state (J = 1/2-) to ground state (J =3/2-) in "C a result 0-08 + 0-03, 
This agrees with neither the result for jj-coupling wave functions of zero nor 
the LS-coupling result of 0-5. Comparing with unpublished intermediate 
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coupling calculations by Kurath} we find this result implies an intermediate 
coupling parameter of a/K =6-4+1-0 (see Fig. 9), which is consistent with the 
values (a/K ~5-5) found in the lower energy work. Our result that most of the 
2C(p, pn) reaction feeds the ground state of /!C agrees with the result that the 
ground state of 1'B is the main state fed in the mirror (p, 2p) reaction (‘Tyrén, 
Hillman and Maris 1958, Gooding and Pugh 1960). 

Gooding and Pugh quote 16+4mbn for the total cross section for the 
2C(p,2p) reaction leaving “B in low states. ‘This is in agreement with the 
®C(n,2n)"C cross sections that have been measured as averages over neutron 
spectra peaked at various energies in this range (see for example results quoted 
by Rosenfeld, Swanson and Warshaw 1956). We have measured the ™C 
production in the #C(n,2n) reaction for a neutron spectrum with a peak at 
130Mev and a maximum energy of 155 Mev. If one assumes the (n, 2n) cross 
section to vary with energy in the same way as the (p, pn) cross section the results 
correspond to a #C(n,2n)"C cross section at 143Mev of 17+3_mbn. This 
agreement with the (p, 2p) result of Gooding and Pugh confirms their assumption 
that there is no major contribution to the cross section from angular regions they 
have neglected. This gives a ratio of o(p,2p)/[o(p, pn) +o(p, d)] =0-36 + 0-06 
in agreement with our result of 0-29 + 0-13 for the relative production of the first 
excited states of 4B and 1!C, thus lending support to the model discussed here. 
Finally we note that the ratio o(p,2p)/o(p, pn) =0-40+0-06 to be compared 
with a ratio of 0-56 for the corresponding free-nucleon cross sections (Hess 1958). 
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Fig. 9. Ratio of cross sections for producing first excited state and ground state in the 
12C(p, pn)"C reaction as a function of (a/k)/(a/k+5). 


One could argue that, as the relative feeding of the excited states is small, 
the main reaction is a simple feeding of the ground state, as predicted for 
jj-coupling wave functions, with weak excitation of excited states due to inelastic 
scattering before and after the knockout collision. In this case, inelastic scattering 
before knockout would produce the four states of the pgj"pyj. configuration, and 
on knocking out a ps. nucleon one gets ten states, so that each of them would be 
fed by across section of only a fraction of a millibarn (an estimate based on typical 
inelastic scattering cross sections). Inelastic scattering after knock-out should 
produce the same states as the !!B(p, p’) reaction and we see from the measure- 
ments presented here that the first excited state is fed weakly, if at all, compared 


+ We are indebted to Dr. Kurath for his permission to quote his unpublished results. 
PROC. PHYS. SOC, LXXVIII, 5 PANG 
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to the second excited state, in this reaction. Thus it seems unlikely that it would 
be possible to explain the observed feeding in this way, starting from jj-coupling 
wave functions. 

For the "B ground state in jj-coupling there are four parent states. Writing 
them as (J, T) the relative feeding of these states in B is: (3,0), 7/16; (1,0), 
3/16; (0,1), 1/16; (2,1), 5/16. As the 0-72 and the 2-15 mev states have J = il 
T=0, while the 1-74 Mev state has J =0, T'=1, we see that no jj-coupling assign- 
ment to these states will give agreement with cross sections found in this work. 
It would be interesting to be able to compare the experimental results with 
intermediate coupling calculations. 

In the other (p,2p) and (p, pn) reactions observed in this work there are no 
actual ratios of states to compare with predictions for jj-coupling wave functions. 
It is interesting however to compare the cross sections found with the total 
cross sections for the p-shell estimated from a simple model where the cross 
section for ejecting a psj. nucleon is taken to be the number of Ps Neutrons or 
protons present, multiplied by the corresponding free-nucleon cross section 
(Hess 1958) and a nuclear absorption factor taken to be exp (—kA1). The 
value of k is found by taking 44 mbn for the cross section for 2C(p, pn) and 
™C(p, d) and 16 mbn for the cross section for *C(p, 2p). (Such a model agrees 
quite well with the relative cross sections found by Tyrén, Hillman and Maris 
(1958) if we assume their results to be the same sample of the angular correlations 
in each case.) For such a model we find: 


*Li(p, pn)®Li otot~ 28 mbn, 
ratio 3-56 Mev state/total; experiment, 0-05; prediction of modelf, 
0:24 
*Be(p, 2p)8Li otot~9 mbn, 
ratio 0-98 Mey state/total; experiment, 0-27; prediction of modelf, 
assuming J=1+ (which is more likely), 0-10; assuming 
J=3+, 0:23 
MN (p,2p)8C  otot~ 15 mbn. 


Three states with J =1/2-, 3/2-, 5/2— should be formed with relative intensities 
1:2:3. The J=3/2- state should thus be formed with a cross section of 
5mbn. One would expect this state to be the 3/2 state at 3-68 mev for which 
the cross section is found to be less than or equal to 1-5 mbn. 

Thus in all of the three cases there are large discrepancies. Such a simple 
model cannot be accurate but one would be surprised if there were such large 
departures from it as would be needed to produce the ratios predicted for 
jj-coupling wave functions. Added to the direct evidence from the 12C(p,pa) 
and ™B(p, pn) reactions it does not seem that the simple jj-coupling interpretation 
is valid. One can speculate that the very localized excitation found in the residual 
nuclei in these reactions displays some particular property of the intermediate 


+ These have been calculated by taking the ground state of ®Li to be the sole parent of 
the corresponding states in ®Li and using the relation between particles and holes given by 
Lane (1960), his formula (71). A further factor of 1/3 for the T=1 states comes from the 
coupling of the isotopic spins. 

} In calculating the predicted ratios the fractional parentage coefficients of Edmonds 
and Flowers (1952) were used. In the case of °Be the relation between particles and holes 
(Lane 1960) was also needed. 
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coupling wave functions. A similar simplicity is seen in the inelastic scattering 
reactions at these energies as is discussed in § 6 where it is suggested that inelastic 
scattering picks out certain states with particular properties in intermediate 
coupling. Perhaps similarly some particular states are picked out in the (p, pn) 
and (p, 2p) reactions. 

The high yield of 4-43 Mev gamma rays from the bombardment of nitrogen 
is probably due to the N(p, pn) reaction producing an excited state or states 
of 8N which decay an appreciable part of the time by emitting a proton and 
leaving the first excited state of ?C. From the 44N(p, 2p) measurements (Tyrén, 
Hillman and Maris 1958), it is known that states around 7-5 Mev in 18C are produced 
strongly in this reaction, so presumably mirror states are produced at the same 
energy in 1°N in the “N(p, pn) reaction. Such states in *N can decay leaving 
®C in either its ground state or first excited state (the states in °C at this energy 
can decay only to the ground state of #C). Thus it is not surprising that these 
states apparently decay about half the time to leave C in its first excited state, 
thus producing the 4-43 Mev gamma ray seen in this work. The alternative is 
that it is just one of the states that is formed when two nucleons are ejected by the 
incident proton from “N; it would however seem surprising that there would 
be such a large cross section for producing one particular state in ¥C. The 
difficulty in the former hypothesis is that one would expect negative parity states 
to be produced in °C and ™N and there are no recorded states of negative parity 
at an excitation of about 7-5 Mev in these nuclei. However this is also a problem 
in understanding the results of Tyrén, Hillman and Maris, and we can only 
conclude that not all the states in this energy range in these nuclei are known. 
It would be interesting to search for these states ; it would seem that the 14N(p, d), 
(?He, «) or (t,«) reactions would be suitable if sufficient energy were available. 

One can make some remarks about other knockout reactions observed in this 
work. For reactions where two nucleons are ejected from the target nucleus, 
for example the production of !°B from #C, one would expect that one contributing 
process would be a (p, 2p) or (p, pn) process followed by one of the outgoing 
nucleons interacting with another nucleon and ejecting it. If this process was 
the only one responsible for the ejection of two nucleons one would expect that, 
as the ground states of 1B and 'C are produced approximately 0-81 of the time 
in the #C(p,2p) and 12C(p, pn) reactions, the relative feeding of states of B 
produced in the bombardment of #%C would be much the same as the relative 
feeding produced in bombardment of “B. From Table 2 one sees that this is 
definitely not so, implying that other processes must also contribute, for example 
the interaction of the incident proton with two-nucleon correlations in the nucleus. 


§ 6. Discussion OF INELASTIC SCATTERING REACTIONS 


This work also provides some inelastic scattering cross sections which would 
be hard to measure otherwise. It is easy to show that the matrix elements 
determining radiative transition rates of electric multipole transitions are 
approximately the same as the direct interaction inelastic scattering matrix 
elements for these transitions. For radiative transitions the decay rate is given by 


pa _oall+}) (GZ) aoe 
~ I[(2i+ 1) 1th he 2h! 
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while the differential cross section for inelastic scattering for small momentum 
transfer in the plane-wave approximation is 


do _ keane is 2 fEP oy y  KIMOUYE 
da ~ 5, Moh + Al] | aan | ys uae 


where (J;||M(J)||Ji) is the reduced matrix element for the transition from state 
of spin J; to state of spin I; corresponding to the interaction operator 


M(1, p)= p3 THEY (xs bx)» 


the summation being over protons for the radiative decay and over all nucleons 
for the inelastic scattering (one presumes this difference is unimportant in the 
Ip-shell). MM], M, are the matrix elements of the nucleon-nucleon interaction 
corresponding to no-spin-flip and spin-flip respectively and A is the ratio of 
the nuclear spin-flip and no-spin-flip matrix elements (Kerman, McManus 
and Thaler 1959). q=k;—kr is the momentum transfer in the inelastic scattering. 
One can attempt to relate these matrix elements quantitatively, as has been 
done by Squires (1958b) who showed that the matrix element for exciting the 
4-43 Mey state of C in the C(p, p’) reaction is the same as the radiative matrix 
element determined by Coulomb excitation (Morpurgo 1956) but to do this the 
amount of calculation is considerable. Here we attempt a simpler analysis taking 
ratios of inelastic scattering cross sections to equal the corresponding ratios of 
radiative decay rates. We can expect this might work if we choose pairs of 
transitions of the same multipolarity, where the angular distributions are closely 
similar, and in the same shell, where the change in cross section is going from 
the plane-wave approximation to the true distorted-wave theory should be much 
the same. We follow Wilkinson (1956) in quoting |MJ?, the ratio of the experi- 
mental decay rate to Weisskopf’s extreme single particle result. ‘Thus from the 
known mean life of the 4-43 Mev state of #C, corresponding to |M|? = 1-74 (all 
the gamma-ray data used here are taken from Ajzenberg-Selove and Lauritsen 
(1959) except where other references are given), and the inelastic scattering 
cross sections for exciting the 4-43 Mev state of 12C and the 4-46 Mev state of “B, 
we find for the electric quadrupole decay of the "B state: |M|?=4:5. To compare 
with this we find the rate of electric quadrupole decay of this state from the 
known rate of decay, which is largely magnetic dipole, and the E2/M1 ratio of 
the order of 0-05 determined from angular distributions in the *Li(a, y) reaction 
(Jones, Johnson and Wilkinson 1959), finding for the electric quadrupole 
radiative decay of the 4-46Mev state of ™B: |M[?}=6-7. This agreement is 
remarkable, particularly when one considers the uncertainty in extracting E2/M1 
ratios from angular distributions. A similar comparison of the measured lifetimes 
of the 4-43 Mev state of %C and the J=2+ state of 16O at 6-92 mev predicts an 
inelastic scattering cross section of 2:8 +0-85 mbn for the latter to be compared 
with the observed 1-5 mbn (Clegg et al. 1960, unpublished). Thus one sees 
that with this naive method one can apparently, from inelastic scattering cross 
sections, determine electric multipole radiative widths of states within an acuraccy 
of a factor or twot. A more refined analysis would be desirable taking into account 
{A similar relation between inelastic scattering cross sections and radiative transition 


rates has been noted in the inelastic scattering of 23 mev protons from medium-weight 
nuclei (Cohen and Rubin 1958). 
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the absorption of protons in the inelastic scattering, which must cause the inner 
parts of the nucleus to be weighted less in the inelastic scattering matrix elements 
than they are in the radiative matrix elements. 

We apply this procedure to the electric quadrupole transition from the 
2:15 Mev state of B to the ground state comparing its excitation with the 
4-43 Mev state of !2C, for which both the inelastic scattering cross section and 
the radiative lifetime are best determined, finding an estimate for the radiative 
decay of this state of |M[?=11 corresponding to a radiative width of 9-7 x 10~“ev. 
From the known branching ratios of transitions from this state one then finds 
radiative widths for the magnetic dipole transitions to the 0-72 and 1-:74Mev 
states, giving |M|?=0-66 for the transition to the 1-74Mev state and |M|?=0-02 
for the transition to the 0-72 Mev state, which are very respectable results for 
magnetic dipole transitions in the 1p-shell (Wilkinson 1956)t. From the known 
mean life of the radiative transition from the 0-72 Mev state of 7B we estimate 
a cross section of 0-3 mbn for the excitation of this state in inelastic scattering 
which does not disagree with our measurements. 

The excitation of the 3-95 Mev state of 14N is due to both the monopole and 
quadrupole matrix elements. The latter presumably contributes most strongly 
to the total inelastic scattering cross section, as the former will only contribute 
to the angular distribution at forward angles. Making this assumption the 
electric quadrupole radiative width of this state corresponds to |M|?=0-57. 

One sees that inelastic scattering apparently provides a method for picking 
out these states which make strong electric multipole radiative transitions to the 
ground state and one can ask what are the particular properties of the states so 
selected. It is found that these results fit well with a distorted nucleus model 
of the 1p-shell where states in the rotational band based on the ground state are 
strongly excited in inelastic scattering while rotational bands based on excited 
states are not. This model, which is presumably an approximation to the 
procedures of Kurath and Piéman (1959) and thus an aspect of the intermediate 
coupling shell model, is described fully elsewhere (Clegg 1961). 
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The Importance of Conservation Conditions in Distorted Wave 
Calculations 


By W. B. SOMERVILLE 


Department of Physics, University College, London 
Communicated by M. 7. Seaton; MS. received 29th May 1961 


Abstract. Some recent results of Vainstein, using the distorted wave approxi- 
mation for the 3s—3p transition in electron—sodium atom collisions are modified 
on the basis of a method introduced by Seaton in 1961 which ensures that the 
conservation condition is satisfied. The resulting cross sections lie much closer 
to those obtained by experiment. 


incident particle in terms of its partial wave components, the cross sections for 

the individual partial waves should satisfy the condition for conservation of 
flux; any formulation which gives large departures from the conservation con- 
dition cannot be expected to give reasonable agreement with experimental results. 
This matter has recently been discussed by Seaton (1961), and reference is made 
to his paper for fuller details of the analysis. 

For the transition in which an atom is excited from state « to state a’, the total 
cross section is 


[ a treatment of a collision process based on an analysis of the motion of the 


Oa) = as SE QL+ Mey aP LB ove (1) 


in units of 7a,2, where w is the statistical weight of state «, k is the initial wave 
number of the colliding particle and / and I’ its initial and final angular momentum 
quantum numbers, respectively, and L is the total angular momentum. T is an 
element of the transmission matrix T, and the conservation condition requires that 
DR ha C71 OR 4h) CS Ree eee wee eae (2) 
axa I 

For the special case of excitation from an S-state, »=1 and L=/, and the con- 
dition on the /th partial cross section becomes 


pawl 
DY Oehal< es (3) 


aA#a V 


summed over all energetically possible excitations. 

Percival (1960) and Seaton (1961) have described in detail two approxima- 
tions which satisfy the conservation condition, based on the use of the reactance 
matrix R. If the results of some approximate calculation, ‘ approximation I’, 
which do not necessarily satisfy (3) are given by 

Ty ZR ag Geen Bae aoe te (4) 
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we consider the alternative approximations 


—2iR 
Tyee yt a eee 5 
II {=R” ( ) 
Toate Seg ee ee (6) 


these yield cross sections which automatically obey (3). If the results O, already 
satisfy the conservation condition, the results Qy, and Qyyy are usually only slightly 
smaller. In cases where conservation is violated in approximation I, approxi- 
mations IT and III should afford better agreement with experiment. 

Recently, Vainstein (1960) has reported extensive calculations, using the Born 
and non-exchange distorted wave approximations for a variety of electron-induced 
transitions in several atoms and ions. In certain cases, Vainstein provides 
graphs of the first few partial wave cross sections, which may be examined from the 
point of view of conservation violation. For the 3s—3p transition in sodium in the 
distorted wave approximation (the total cross section is reproduced in the Figure), 
several of the partial wave cross sections do not satisfy the conservation condition ; 
most notably, the spurious maximum at k? = 0-21 is largely due to the /-+/'=0+1 
cross section, which has a value at this point of about 68 7”, whereas condition (3) 
requires that it should not be greater than 4-7677a,?. 

The results for the first seven partial waves have been modified by introducing 
approximation II. In this case, considering only coupling between the (3s, Z) 
and (3p, /+ 1) states, the reactance matrix is a 3 x 3 matrix and Eqns (4) and (5) 
give the new partial cross section 


y , k2 ae. 4 
Onl) =On(l-+)] 14 For (O11) +0141) earst 


ieee (7) 
where Q, is Vainstein’s result. ‘The new total cross section is obtained from the 
relation 5 

On=Or- > 21>?) — On(l> 1}. tenes (8) 


The results are presented in the Figure, which contains also Vainstein’s results 
(approximation I) for the total Born and total distorted wave cross sections and the 
experimental curve of Haft (1933) and Christoph (1935). A substantial improve- 
ment has been effected by the introduction of approximation II; there is fairly 
close agreement with experiment over most of the range and the maximum at 
k?=()-21 has disappeared. The other sharp maximum, just above threshold, 
persists and is therefore not entirely associated with conservation violation ; it is 
made up of the 1 +0 and 2-1 cross sections only. The presence of this maximum 
would appear to be in agreement with the measurements of Michels (1931), who 
reported sharp peaks at threshold for this and other transitions in sodium; how- 
ever, he obtained vanishing cross sections for energies between these threshold 
regions for successive excitations, and so his results are generally disregarded 
(cf. Bates, Fundaminsky, Leech and Massey 1950). A sharp maximum very 
close to threshold could be consistent with Haft’s measured points; more experi- 
mental work in the region of threshold is required before a definite conclusion 
can be reached. 

Approximation III, based on Eqn (6), gives in this case results which for all 
values of k are very close to those of approximation IT. 

From the work of Salmona and Seaton (1961) on the Bethe cross section for 
this transition in approximation IT, it appears probable that approximation IT 


The Importance of Conservation Conditions in Distorted Wave Calculations 697 


to the Born cross section will be very similar to that obtained using distorted 
waves, but apparently without the initial maximum. 


Cross sections for the Na(3s—3p) transition. By, and DW; are Vainstein’s results using the 
Born and distorted wave approximations respectively, DWy, is approximation II to 
the distorted wave cross section and E is the experimental curve. kis in atomic units, 
so that 13-6? is the incident energy in electron volts. 
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Observations on Lattice Rotations in Tabular Silver Bromide Grains 


By G. C. FARNELL, R. B. FLINT anp E. PITTS 


Research Laboratories, Kodak Limited, Wealdstone, Harrow, Middlesex 
MS. received 13th April 1961 


Abstract. In pure silver bromide emulsions containing tabular grains some are 
found in which one part appears to have been rotated with respect to the other 
about an axis perpendicular to the large (111) faces. To ascertain whether such 
grains were genuine, possible angles of rotation and their frequency relative to 
one another were deduced on a simple theoretical basis. Similarity in calculated 
and observed angles, and in the calculated and observed relative frequencies of 
occurrence, as well as the simple fact that the angles fall into well-defined groups, 
show without doubt that such grains are not artefacts but special forms of mis- 
orientation, It is shown that the distribution of photolytic silver is profoundly 
different in such grains from that observed in normal grains. 


§ 1. INTRODUCTION 


tabular grains, occasional instances have been observed where one half of a 

grain appeared to be rotated with respect to the other half about an axis per- 
pendicular to a large (111) face. A carbon replica electron micrograph of such 
a grain is shown in Fig. 1 (Plate I). Until recently there had been some tendency 
to dismiss such entities as being produced simply by the chance overlapping of 
one grain by another, perhaps occurring during specimen preparation, though it 
must be admitted that their reality was strongly suggested by the observation of 
Evans and Mitchell (1955) that the fraction of such grains could be deliberately 
increased by the use of turbulent conditions in dilution of saturated ammoniacal 
solutions of silver bromide. It became clear, however, that there was a con- 
siderable similarity in the angles of rotation between the two halves among many 
specimens encountered, and that the two parts were usually similar in size, as 
though they were not the result of chance but represented single grains. A 
systematic study of such entities was therefore made with the aim of confirming 
this point. 

The first step was to deduce by a simple theoretical analysis the possible 
angles of rotation, about an axis perpendicular to the (111) plane of silver bromide, 
which could represent metastable states. The ratio of the number of ions ines 
normal lattice positions following rotation to the total number of ions in the (111) 
plane was also deduced for the various possible angles. It was argued that this 
ratio should indicate the relative frequencies of occurrence of the various angles 
and in turn provide a further test of whether the observed entities were genuine 


I the course of photographic studies involving silver bromide emulsions with 
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single grains. Micrographs of a number of such grains were then made from 
which the apparent angles of rotation could be determined. ‘These angles were 
then compared in value and frequency with those expected on theoretical grounds. 
In this way it was possible to conclude that all entities studied represented single 
grains in a metastable state. No attempt will be made here to relate the obser- 
vations to the much wider field of grain growth. 


§ 2. "THEORETICAL CONSIDERATIONS 


The normal arrangement of ions in adjacent (111) planes of Ag* and Br~ ions 
in silver bromide is shown in Fig. 2. Let it be assumed that other arrangements 
of the Ag* lattice on top of the Br~ lattice are such that some, at least, of the 
former ions occupy positions which are normal lattice sites with respect to the 


Fig. 2. Diagram showing the normal arrangement of the Ag* ion lattice with respect to 
the Br- ion lattice in adjacent (111) planes of silver bromide, and illustrating the 
simple theory whereby permissible angles of rotation may be deduced. 


Br- ions. Such an arrangement would be obtained if for example the plane of 
ions were rotated about O until the ion labelled A coincided with the site A’. 
This basic argument is identical with that proposed by Wilman (1951) in his 
discussion of rotational slip, while our method of calculation broadly resembles his. 
Since there are certain subtleties in the derivation of possible angles and the 
associated ratios of ions in normal lattice positions to the total number of ions in 
the plane of rotation, it was considered worth while to present our calculations 
and conclusions therefrom in some detail. 

All of the arrangements of the Ag* ion lattice on the Br- ion lattice may be 
derived systematically by choosing any site and performing a rotation until it 
again coincides exactly with a previous lattice position. If we use coordinates 
as shown in Fig. 2 and suppose that the coordinates of A are in general (x, y) 
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then the rotation is such that this site finally occupies the coordinate position (y, x), 
Elementary geometry shows that 


tan 0, = shes and tan @,= ee : 
2y +x 2x+y 
Hence the angle of rotation 4, i.e. @,—@, is given by the expression 


tan i) = Salt cis P 

Vy +4 yx + x? 

By dividing both the numerator and denominator of (1) by x, it is obvious 

that tan¢ depends on the ratio y/x, and hence rotations will only differ when y 

and » are relatively prime. 

There is a further reason which makes many of the rotations calculated from 

(1) essentially equivalent. Suppose in Fig. 2 that the y axis is rotated towards 

the x axis through an angle (corresponding to the rotation A to A’). An essen- 

tially equivalent rotation would be obtained by turning the x axis towards the 

y axis through an angle (60—¢4)°. It is clear that if the two rotations add to 

make 60°, they are equivalent. From (1) the value of tan (60—¢)° is readily 

obtained, and let it be supposed that this corresponds to the rotation of (x,, 41) 
to the position (y,, x,). This gives the equation 


Lay che Pi ee 
2y? + 2ey—s? 2+ 4ey, +02? 


from which 


Yr _ y+2x 
x yx 


This shows that the rotation corresponding to (y+ 2x«)/(y—«) is equivalent to a 
rotation corresponding to a given ratio y/x. In Table 1 the angles of rotation 
which are essentially different have been listed for values of x and y up to 12 and 11 
respectively. In all cases angles less than 30° have been tabulated, rather than 
the angle greater than 30° which is the complement with respect to 60°. 


Table 1. Calculated Permissible Angles of Rotation in the (111) Plane 


yt Tet ids 3 4 SR chin, ore 9 Tues s 12 
1 21° 47° 
2 13° 10’ 27° 48’ 
3 9° 26’ 16° 25° 26° 0’ 29° 25" 
4 7° 20’ 17° 54’ 25° 2’ 
: 6°0 11°0" 15°41’ 18° 44’ 24° 26’ 26° 45° 
ic 5° 5 19° 16’ 
7 4°24" 8°15’ 11°38” 14°37’ 17°14’ 
8 3° 54’ 10° 25’ 
9 3°29" 6°37 
10 3°. 9 
11 2° 53’ 


After any rotation some of the ions will be in normal lattice sites, while the 
remainder are displaced. It is reasonable to suppose that at large angles, at least. 
the ratio of ions in normal sites to the total number will provide some indication 
of the relative frequency of occurrence of various angles. Consideration of the 
threefold symmetry of the lattice shows that after a rotation such that A moves 
to A’, the ions at the vertices of a regular hexagon of which OA’ is one side will 
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be in correct positions, together with the ion at the centre of this hexagon. An 
ion at each vertex is shared between three such hexagons, and hence the total 
number of ions in their correct positions is 6(4)+1, i.e. 3 for each hexagon, 
The number of ions in the hexagon is found by dividing its area by the area 
associated with each ion, namely PQRS. In terms of the unit length PQ, this 
area is 1/3/2 and if OA is L units of PQ, the area of the large hexagon is 3L?1/3/2. 
There are thus 3Z2 ions in all, 3 of which are in their correct positions. In 
terms of these coordinates («, y) of A, the ratio 


ions in correct lattice positions 1 _ il (3) 
total number of ions 2 y+ay+e 


In using this result the equivalence of many rotations corresponding to 
apparently different choices of y and x must be remembered. Rotations differ 
only when y and x are relatively prime; if they possess a common factor this 
must be removed before (3) is used. Further, the rotation corresponding to 
y/x is equivalent to that corresponding to (y+2x)/(y—x). It may happen that 
although y and » are relatively prime, y+2x and y—wx have a common factor. 
For example, if y=7 and x =4, then the ratio (y+ 2x)/(y—x) is equivalent to the 
ratio5:1. The former values give 1/L?=1/93, while the latter gives 1/L?=1/31. 

In all such cases a little consideration will show that one must choose the 
smaller value of L? as the correct one. The larger value results from counting 
only one third of the ions which are situated at normal sites. Values of 1/L* 
with account taken of these rules are shown in Table 2, corresponding to the 
essentially different rotations in Table 1. 


Table 2. Ratio of Ions in Normal Sites to Total Number of Ions in (111) 
Plane for Lattice Rotations shown in Table 1 


Pot. 2 3 4 Seu Ge ieT 8 9 10. acti ome 
1 Meg) 

2 1:19 113 

3 137) vile 49 Ae 7On et st97, 

4 1: 61 1:31 12133 

5 1:91 1:109 1:43 1:151 L367 12229 
6 1:127 13223 

vi 12169) 121985 Deas Dees oan 
8 italy) 1:91 

9 1271 213/300 

10 17334 

11 1:397 


Taking the view that the frequency with which a rotation occurs decreases 
with decreasing ratio of ions in correct lattice positions to the total number of 
ions, we find that the angles most likely to be encountered in order of decreasing 
frequency will be 21°47’, 27°48’ and 13° 10’. 


§ 3. OBSERVATIONS AND Discussion 


The majority of observations were made using an electron microscope 
(Metropolitan Vickers EM-2). Specimens of the emulsion were first treated 
with enzyme (Gelatase ‘C’), to remove the gelatin, and then placed in a vacuum 
chamber. After gold-palladium alloy had been evaporated at an angle of 45° 
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on to the slide carrying the grains, carbon was evaporated normal to the surface 
of the specimen. Photomicrographs prepared in previous work were also 
studied for any occurrence of apparently rotated grains. Many thousands 
of grains from silver bromide emulsions of tabular grain shape were scanned in 
the electron microscope, and records made of any grain which appeared to 
represent a rotation of the two halves. 


Table 3. Summary of Measured Angles of Rotation 


All emulsions were of the neutral pure silver bromide type 


(1) (2) (3) (4) (5) 

1 ~255 At 3 23°20) 

2 ~1:2 Bt 3 27° 50’ 

3 ~1-0 c 3 22° 20/ 
D 3 21° 10’ 
E 3 21° 20’ 
F 3 23° 
G 3 27° 20° 
H 3 27° 50’ 
I 3 13° 40’ 
J 3 27° 40" 
Kt 3 15° 40’ 

4 ~2-0 ia 3 21° 
M 6 21° 15, 
N 3 21° 30° 
O 3 13° 
P 6 aha 
Q 3 21° 20° 
Rt 3 15° 20’ 

5 ~5-0 St 3 13° 30’ 
Tt 3 22° 
Ut 3 27° 30' 


t Photomicrographs. The remainder were on electron micrographs. 
(1) Emulsion number; (2) mean grain size (u*); (3) specimen; (4) number of angles 
measured; (5) average value of rotation. 


The first emulsion specifically examined (No. 4 in Table 3) had a mean grain 
projective area of the order of 2-0p2. Approximately one grain in 105 appeared 
to possess a rotation. When it did occur it took the form of two hexagons rotated 
with respect to one another with their centres on the same axis. Fig. 1 is an 
example of a rotation found in this emulsion. Certain other grains were found 
in this emulsion growing out of the rotated state to form grains of less distinctive 
shape. An example of this form is shown in F ig. 3 (Plate I), 

This growth out of the rotated state suggested that rotations might be found 
more frequently in an emulsion of smaller grain size. Examinations were there-“* 
fore made of a second emulsion (No. 3 in Table 3) having a mean grain projective 
area of 1-0u?. Here about one grain in 2x 104 was found to exhibit lattice 
rotations, but the effect differed in character to that observed in the previous 
emulsion. ‘The general form was of a triangle rotated with respect to a hexagon, 
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again the centres being on a common axis. An example of a grain from this 
emulsion exhibiting lattice rotation is shown in Fig. 4 (Plate IT). 

Angles of rotation were measured on all examples encountered of this effect, 
and are summarized in Table 3, the smaller of the two possible angles being 
measured. Individual angles were determined to within + 3° on electron micro- 
graphs but on light micrographs it was usually only possible to determine angles 
to within +1°. 

The mean value of angles around 22° (11 in all) is 21° 49’ which compares well 
with the theoretical value for (w=2, y=1) of 21°47’. The mean of those near 
28° (5 in all) is 27°38’, which is in good agreement with the theoretical value of 
27° 48’ for (x=5, y=2). From the information presented in Table 2 this would 
be expected to be the next most frequently occurring angle of rotation. On the 
basis of the simple theory the angle of third highest frequency should be that of 
13°10’ for (x=3, y=2) and indeed 3 values close to this, having a mean of 13°23’ 
were observed. This accounts for all but two angles having a mean value of 
15°30’. This is close to the theoretical value of 15°11’ for (x=8, y=5), but in 
view of the fact that the two experimental values were obtained from light micro- 
graphs another possibility is a correspondence to 16°25’ for (w=5, y=3). 
Uncertainties in experimental determination are considered to be responsible for 
the small deviations from theoretical values for the angles of rotation in the other 
comparisons based mainly on electron micrographs. From the close grouping 
of the angles of rotation, the agreement between calculated and observed values 
for rotation and the reasonable consistency between frequency of occurrence and 
that expected from the value of the ratio for ions in normal lattice positions to the 
total number of ions in the plane of rotation, there can be no doubt that the 
entities examined represent single grains. 

In the course of recent examinations of print-out silver distribution in emulsion 
grains of the type examined in this work, it has been found that in grains having 
a lattice rotation there is a marked difference in the manner in which photolytic 
silver is deposited. In the usual type of grain heavy print-out exposure produces 
a distribution of small specks on an internal (111) plane. In a grain possessing 
lattice rotations, however, far larger masses of silver are formed, and associated 
mounds of halide are extruded, while a system of etch pits due to halogen evo- 
lution appears around the mounds. An ordinary silver bromide grain and one 
possessing a lattice rotation which were given equal print-out exposures in the 
absence of bulk gelatin are compared in Figs 5 and 6 (Plate III). This difference 
in response to print-out exposure provides further evidence that the grains under 
consideration are not simply chance combinations of two ordinary tabular silver 
bromide grains. The significance of the protrusions of silver halide produced 
under these conditions of photolysis had been discussed recently by Hamilton 
and Brady (1960). 

§ 4. CONCLUSIONS 

(a) Grains in tabular silver bromide emulsions in which one half appears 
rotated with respect to the other half about an axis perpendicular to their (111) 
faces are single grains and not a consequence of overlapping of one grain by 
another. The proportion obviously possessing such rotations in the emulsions 
examined is quite small (1 in 10*-10°). 

(b) On the supposition that stable lattice arrangement other than the normal 
require some ions to be in their normal positions, it is possible to account for all 
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the observed angles with quite high precision. Moreover the relative frequency 
of occurrence of the various possible angles of rotation is substantially that expected 
from this concept. : 

(c) The inherent instability of grains possessing these lattice rotations is 
demonstrated by the observation of a number of grains in course of transition to 
other tabular forms. 

(d) The presence of a lattice rotation in a grain profoundly modifies the 
distribution of photolytic silver. 
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Time Resolved Absorption Studies in a Shock Tube: A New 
Band System of BaO 


By W. H. PARKINSON+ 
Department of Chemical Engineering, Imperial College, London 


Communicated by A. G. Gaydon; MS. received 24th April 1961 


Abstract. Time resolved absorption studies have been carried out through the 
hot gas behind reflected shock waves during their interaction with powdered 
barium compounds. A capillary-type flash tube with a short pulse duration and 
high brightness temperature was used as the background source. 

A new system of BaO, probably resulting from a B(?1I1)-x!2 transition, has 
been found in absorption, and vibrationally analysed. The constants derived 
for the upper state of the system were T,=32866-4cm~!, we=488cm~ and 
WeXe=3:°6cm—!. 

A band of zinc oxide possibly due to a polyatomic emitter has been recorded in 
emission from the luminosity produced during the shock excitation of powdered 
zinc compounds. 


§ 1. INTRODUCTION 
PECTROSCOPIC emission studies of the luminosity which results during 
the shock excitation of powdered solids have shown that the shock tube 
is particularly suitable as a laboratory source of high temperature atomic and 
molecular spectra (Nicholls and Parkinson 1957). In addition, absorption 
spectra similar to those observed in some cool stars have been recorded during the 
interaction of shock waves with astrophysically important metallic oxides 
(Parkinson and Nicholls 1959). A further investigation of the production of 
diatomic and polyatomic molecular spectra has been made in emission and in 
absorption. ‘Time resolved absorption spectra were taken through the gas behind 
reflected shock waves using the continuum from a high intensity, short duration, 
flash tube. The absorption experiments were carried out on a number of solid 
barium compounds and a new barium oxide system was found. Emission studies 
were also made on the luminosity resulting from shock excited hydroxide and 
oxide compounds of copper, magnesium, barium, iron, manganese and zinc. 
This paper reports the vibrational analysis of the new band system of barium 
oxide and discusses a band of zinc oxide which is due possibly to a polyatomic 
emitter resembling those found with the alkaline earths. 


§ 2. EXPERIMENTAL 

The shock waves were produced in a conventional shock tube consisting of a 
three-foot copper driving section separated by an aluminium diaphragm from a 
nine-foot copper low pressure section. The low pressure section or channel was 
closed at one end with a short section, 14 feet in length, which held two fused 
quartz windows through which the luminosity behind the reflected shock waves 
was observed transverse to the flow direction. 

+ Now at Harvard College Observatory, Cambridge, Massachusetts, 
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The aluminium diaphragm was broken by the excess pressure of the hydrogen 
driver gas. Argon was normally used as the carrier gas but a small percentage of 
oxygen or hydrogen was added to the argon in particular experiments. 

The powdered materials were positioned in the channel of the shock tube about 
12in. before the closed end. A small sample was placed either on a steel platform 
protruding across the diameter of the channel or on a } in. wide strip of ‘ Kleenex’ 
tissue clamped in the channel union near the window. The impurities in the 
spectra resulting from the ‘Kleenex’ consisted only of sodium and calcium 
resonance lines but the intensity of the important features in the spectrum was 
much higher than with the platform mounting. 

In addition to emission studies, absorption spectra were taken through the hot 
gas behind the reflected shock waves at various times. The background con- 
tinuum was produced from a high current density quartz-capillary flash tube 
filled with 10cm pressure of tank argon. ‘The flash tube was connected in series 
with two 1 uF condensers at 7kv and a hydrogen thyratron. It was fired by an 
amplified pulse arriving at the thyratron grid from an amplifier and variable 
delay circuit. The initiating pulse was produced from a platinum heat transfer 
gauge in the end of the shock tube. 

The light pulse from the flash tube falls to one half of its peak intensity in about 
5 sec whereas the light from the shock wave lasts for approximately 1500 psec. 
In order to obtain useful absorption spectra it was necessary to keep the light from 
the shock wave from masking the absorption. ‘This was accomplished by using 
a fuse-fired shutter similar to that described by Wurster (1957). The shutter, 
which consisted of a piece of black electrical tape over a blast channel, is opened 
(or closed) by the blast from an exploding 5 amp lead fuse strip. The fuse strip 
was in series with a hydrogen thyratron and a0-5 wFcondenserat5kv. Theshutter 
opened or closed in 35 + 5 psec. 

The pulse from the heat transfer gauge in the shock tube was divided and. 
delayed so that one pulse fired the flash tube while the other pulse fired the shutter. 
Absorption pictures could be taken from 0 to 200 usec after the reflection of the 
shock wave. An additional 0 to 50 usec delay was used with the main delay to 
allow for the opening or closing time of the shutter. 

The spectra from the shock tube were recorded by a medium quartz prism 
spectrograph or a2 metre concave grating spectrograph with a reciprocal dispersion. 
of about 54/mm. The arc spectra of barium and zinc were recorded by a 
2 metre Littrow-mounted plane grating with a reciprocal dispersion of 0-8 A/mm. 
inthesecondorder. Ilford Zenith and H.P.S. plates were used. 


§ 3. RESULTS 


3.1. Barium Oxide in Absorption 


Absorption spectra of shocked barium peroxide were taken through the gas 
behind the reflected shock wave at 100 psec intervals over a range of incident Mach 
numbers from 4 to 6 in argon at 40-60mm pressure. Plates I ato I f show spectra 
recorded at times 100, 200, 400, 800 and 1000 usec during the flow. From this 
plate it can be seen that for about the first 200 psec the spectra consisted of atomic 
lines of Bat, Bam and impurity lines of Ca1, Na1, Cui and Alr in absorption. 
After 200 usec the bands of the a!Z-x!X system of BaO (Mahanti 1934), the 
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polyatomic band of BaOH (4870, 5120 A) and Ba,O, (?) (4800, 5020, 5500 A) and a 
new band system in the 2900-38004 region appeared with the atomic lines. 
The molecular absorption increased until it reached maximum intensity at about 
1000 psec with the intensity of atomic lines then reduced. 

Plates Ig and 1i show absorption spectra obtained with BaCl, and BaO, 
respectively in the shock tube. The bands in the 2900-3800 A region and the 
alZ-x1¥ system were recorded only when both barium and oxygen were present. 

The new bands appeared weakly in emission in the shock tube and also were 
photographed after a 30 minute exposure using the outer ‘flame’ from barium 
peroxide or barium nitrate on the poles of a carbon arc (Plate I). 

The wave number data for the band heads are shown in the Deslandres table 
(Table 1). Table 2 lists the wavelength and eye-estimated intensities of the band 
heads. 


Table 1 
; v’ 0 1 2 3 4 5 6 7 8 9 10 11 
Uv 
0 — _— —_— —- 30112 29464 28819 28176 27537 26907 26274 25643 
1 — — 31855 31202 30542 29891 29244 28621 27972 
2 — —_ 32293 31640 30982 28410 27778 
3 34055 33390 32732 32078 
4 33808 33145 
5 34206 
Table 2 
X(A) if vv" X (A) Yi v', vu" 
3898-6 2 Oni 3273°2 5 1,4 
3805-0 2 0, 10 3226°8 ti 2,4 
3715°4 3 0,9 3204-0 6 es 
3630-4 4 0,8 3159-6 8 Dees 
3599-0 1 2,9 3138:3 3 1-2) 
3574-0 2 3 3116:5 8 on 
3548:1 SS OE 2 3095-8 3 2a 
3518-9 1 2,8 3054-2 10 Si 
3492-9 2 ia 3016-2 4 4,2 
3468-9 Ti 0, 6 2994-0 5 shy il 
3418-5 3 1,6 2957-0 9 4,1 
3393-0 8 OS 2935-6 4 3,0 
3344-5 Ue its 3) 2922-6 7 eal 
3320-0 4 0,4 


Weak bands were also observed at 2900, 2866, 2776, 2765, 2738, 2711, 2686, 
2638 and 2615 A but the diffuse nature of the bands and the presence of overlapping 
bands of the O, Schumann—Runge system in absorption did not permit the use of 
these heads in the vibrational analysis. The uncertainty in precisely locating the 
celatively weak heads of the bands of this system made the assignment of the 
vibrational quantum number difficult. The ground state of the system however 
appeared to be the same ground state as in the transition at!—x!= which results 
in the orange bands of BaO. The vibrational constants from the array are shown 
in Table 3 together with the constants of the a‘2-x'% system of BaO (Lagerqvist, 
Lind and Barrow 1950). 
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Table 3 
State Te We WeXe 
BCI) 32866-4 488 3-6 (present work) band head 
Ald 16807-7 498-8 15 band origin 
xtd 0) 670-2 1-95 (present work) band head 
669-8 2-05 band origin 


The bands of the B-x'S system were investigated at a reciprocal dispersion of 
0-8 A/mm on a 2 metre plane grating but the low intensity of the bands and back- 
ground radiation did not permit a rotation analysis. The rotational line distri- 
bution did appear however to consist of at least three branches. It is suggested 
therefore that the system comes from transitions between an excited 4II state and 
the x!X ground state. 


3.2. Polyatomic Spectra in Emission 


The diatomic molecular spectra of calcium, magnesium, strontium and barium 
oxides (which are observed in arcs and flames containing salts of these compounds) 
are well known in emission and have been analysed for some time. In addition to 
their diatomic spectra, however, there has been considerable work done on the 
polyatomic oxides and hydroxide spectra. 

Gaydon and co-workers have studied the spectra of Ca0H, CaOD (Gaydon 
1955), MgOH, MgOD (Charton and Gaydon 1956), SrOH, SrOD, BaOH and 
BaOD (Pesic and Gaydon 1959) excited in a ‘vacuum’ arc in water and heavy 
water vapour. In addition, when salts of the alkaline earths were excited in an arc 
in air, complex systems were observed and it has been suggested that these may be 
due to polyatomic oxides. 

The correspondence in spectral region of the polyatomic hydroxide and oxide 
spectra of these metals with their diatomic fluoride spectra has been pointed out 
by Charton and Gaydon (1956) and by James and Sugden (1955). These 
researches have also reported the excitation of hydroxide bands of copper and 
manganese in oxygen—hydrogen flames. 

Emission spectra were recorded from the luminosity produced during the 
interaction of shock waves with powdered Cu(OH),, MgO, Mg(OH),, BaO,, 
Ba(OH),, Fe, Fe(OH), Mn, Mn(OH), and Zn, ZnO and Zn(OH),. 

The hydroxide spectra of copper, magnesium, barium, iron and manganese 
were obtained as well as the polyatomic oxide spectra of magnesium and barium. 

When powdered zinc oxide was subjected to shock-excitation at primary Mach 
numbers from 4 to 6 in argon, a narrow, red degraded band was observed at 3435 A. 
The addition of 5—10% oxygen to the argon, in the same range of Mach numbers, 
increased the intensity of the band. The intensity decreased with a corres- 
ponding addition of hydrogen but the bands of ZnH at 4301 A, 42404 ete. 
appeared. 

Egerton and Rudrakanchana (1954) have reported a weak red-degraded band 
at this wavelength in the spectrum of zinc dimethyl burning as a diffusion flame. 

Spectra taken in the ‘flame’ of a zinc arc in air gave the same band withs 
considerable background radiation. Plate Iz shows the band recorded in the 
second order of a Littrow-mounted plane grating. 

Only one band was obtained from shock excited zinc oxide. Since oxygen was 
required to produce the band in all of the sources this appears to rule out Zn, as 
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the emitter. The unresolved rotational structure suggested either a diatomic 
oxide molecule of ZnO with high multiplicity or a polyatomic oxide of the metal. 
One would expect however to be able to resolve the rotational structure of a band 
ZnO of triplet multiplicity, since other diatomic molecules of similar reduced mass. 
and multiplicity have been well analysed. It is suggested therefore that the band. 
at 3435 A is due to a polyatomic zinc oxide which is similar to the polyatomic oxide 
spectrum of the alkaline earth metals (Charton and Gaydon 1956). 


§ 4. Discussion 


The vibrational constants of the ground state of the new system corresponded. 
to those of the ground state of the a‘Z-x'X BaO system (Herzberg 1950). It is. 
possible that the present system arises through a !X-'D transition but a II—'X 
transition seems more probable in view of the complex rotational structure. In 
either case an intercombination system is possible through a transition to the 
aly state. One would expect a red degraded band system in the region of 6280 A. 
The spectrum in this region however was masked with the BaO atZ—-x' system 
and it was not possible to identify an intercombination system. 

The time resolved absorption spectra showed that molecular absorption was. 
not present over the full flow time but began at about 200 usec and increased until 
reaching a maximum 1000 psec after the incident shock wave had been reflected. 
The atomic absorption however began early in the first 50 psec but after 200 psec 
was greatly reduced with the molecular absorption at a maximum. Earlier 
spectroscopic observation in emission and microscopic and x-ray powder photo- 
graphs of the shocked powder samples (Parkinson and Nicholls 1959) indicated 
a high concentration of atoms early in the interaction between the shock wave and 
the powder particles. It was suggested that the atoms were either the result of 
severe atomic ablation or dissociation of diatomic molecules from the original 
powdered particles. The present observation supports these suggestions. 
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Abstract. It is pointed out that the rate of capture of electrons and holes by 
charged centres should depend markedly on electric field strength when this 
is high enough to produce hot electrons. In particular the capture rate for an 
attractive centre should decrease while the rate for a repulsive centre should 
increase as the field rises. Each effect will alter the steady state density of carriers. 
For the case of repulsive centres a decrease in carrier density will occur and the 
possibility of using this phenomenon to produce a negative resistance state in the 
semiconductor is discussed. Suitably compensated n-type germanium crystals 
containing copper, nickel or gold appear to have the requisite properties for 
exhibiting negative resistance at temperatures low enough for the thermal 
ionization rate of the centre to be small. It is pointed out that the long time 
constants involved in the process preclude the use of short pulse fields. 


§ 1. INTRODUCTION 


HE rate of capture of an electron (or hole) by an impurity centre in a 
| semiconductor is generally dependent on the energy of the electron. 


Since an electric field can increase the energy of an electron the capture 
rates must generally depend on the electric field strength. As a consequence 
the steady state density of electrons can change as the field is increased (Conwell 
1961, Ridley and Watkins, to be published) and in some cases this effect may 
give rise to negative resistance effects (Ridley and Watkins 1961), a necessary 
condition being that the capture rate must increase with field (leading to 
de-ionization). Such an increase in capture rate with field ought to occur 
when the traps present a repulsive Coulomb force to the electron so that the 
electron must surmount a potential barrier before capture is possible. An 
increase of the field allows more electrons to have the necessary energy to surmount 
the barrier and hence the capture rate increases. If the lattice temperature 
remains constant and no impact ionization occurs the generation rate does not 
change with field and the net result is a drop in electron density. For copper, 
nickel and gold in germanium, barriers up to 0:2 ev have been measured (Battey 
and Baum 1955, Shulman and Wyluda 1956, Johnston and Levinstein 1960). 

To obtain an idea of the order of magnitudes involved in the change of capture 
cross section for charged impurities the following argument may be followed. 
For low energy electrons the charge on an impurity centre has a great effect, 
€.g. impurity scattering becomes important at low temperatures. As the electron 
energy rises the effect of the charge lessens and in the limit the centre appears 
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to the electron virtually as a neutral centre. For repulsive centres the capture 
cross section for thermal electrons is of the order of 10-* cm? and for attractive 
centres it can be as high as 10-%cm?, while for neutral centres it is about 
10-17 cm?. Changes in cross section with mean electron velocity over five orders 
of magnitude are therefore possible. The actual maximum change will, of 
course, depend on the structure of the particular centre and also on the 
temperature, but it is clear that large changes of carrier density can occur. 


§ 2. CapTuRE RaTE FOR REPULSIVE CENTRE 


Consider the case of an extrinsic n-type semiconductor in which the extrinsic 
electrons derive from thermal ionization of an impurity level in the upper half 
of the forbidden band. We shall assume that the impurity after losing an electron 
to the conduction band is nevertheless negatively charged. Many of the deep 
level acceptors in n-type germanium behave in this way (see, for example, 
Woodbury and Tyler 1957). We shall also assume that the lattice temperature 
is low enough to make all effective thermal generation rates other than rate of 
generation from the impurity level so low that they can be neglected. Conse- 
quently all other effective capture rates can be neglected since these are equal 
to the effective thermal generation rates at equilibrium. The density of electrons 
in the conduction band is then governed solely by the rates of transition associated 
with the impurity level. The rate of increase of electron density is then 


me NT TIN A RS TE er ates (1) 


where is the density of electrons in the conduction band, N- is the density of 
filled traps, N° is the density of unfilled traps, and g and B are the thermal 
ionization and capture rates respectively averaged over the electron distribution 
and are, in general, field dependent. 
Denoting thermal equilibrium (low field) values by suffix zero we have 
goNo~ — BoroNo’ =9 
from which 
8 = Bom 


3 ( 2amthT\ E, 
n= ape a exp = kT 


and E; is the trap activation energy measured from the conduction band edge. 
The generation rate depends solely on the lattice temperature. Assuming this 
to be constant for all fields we have at the steady state 


Bou Nas Ban! =0.. 9h QURAS © eine (2) 
If An is the increase in electron density due to the field, we obtain, by substituting 
n=n,+An, N-=N,~—An, and N°=N,°+An 
An=4[{(Noo + mo tym)? — 4moNo(1—y)P— (Nor + tot ym)] «ss (3) 
where y=B,/B. For a repulsive centre 7 < IE 
Eqn (3) can be simplified for the special case when the doping is such 
that at absolute zero the density of occupied levels is less than or of the same 


order as the density of unoccupied levels. This means that at zero temperature 
the Fermi level lies on or below the impurity level but never above, so that at 


where 
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all temperatures a substantial density of unoccupied levels is available for electron 
capture. ‘This, in fact, is the usual degree of compensation attainable in practice. 
At a temperature when only about 10° of the electrons are in the conduction 
band we can put m<m,<N,°. Since y<1, ym, will also be negligible and 
Eqn (3) simplifies to give 
Ais ni l-yy Ot (4) 

Since the empty centre is negatively charged the density of electrons in the 
immediate vicinity of the trap will be different from the average density by a 
factor exp (—¢/kT) at thermal equilibrium (Pekar 1950), neglecting any density 
of states contribution. 4 is the potential barrier presented to the electrons 
(see Figure). If 8, is the capture rate of thermal electrons which have 
surmounted the barrier the measured capture rate B, is given by 


By = Boe P*2. 


At high fields the electron distribution function changes from the Maxwellian f, 
to fp, and B= 8f,() where 8, in general, is a function of the field. 


ELECTRON 
ENERGY 


DISTANCE 


Schematic diagram of potential around a negatively charged impurity centre. 


§ 3. NEGATIVE RESISTANCE 


The condition for negative resistance when electrons change from one state 
with mobility j, to another state with mobility jp is (Ridley and Watkins 1961), 


(22) Fs nah)? | St a in Fe (5) 


where ma is the density of electrons in the first state, F is the electric field, fis 
Np/Na Where ny is the density of electrons in the second state, and p arises from 
the assumption that the mobilities are proportional to F”, 

When the second state is a localized state, 4» is zero, provided impurity 
conduction is negligible, and the first bracket in the inequality is unity. With 
phonon scattering predominant, p is negative, thus negative resistance is possible 
if the field induces de-ionization. 

The condition when Eqn (4) is applicable becomes, with na=n)+An, 


FdB 
BaF 98) > ip sever Con 
In the most demanding case for lattice scattering, that is, when p= — 4, the 


above condition is satisfied if the capture rate increases more rapidly than the 
Square root of the field (i.e. (F/B) dB/dFs })—not a very stringent condition. 
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For potential barriers greater than kT the term which varies most rapidly 
with field is likely to be the distribution function f,(¢). In the region of field 
strengths where p = — | to a reasonable approximation the distribution function f,. 
is of the form (Yamashita and Watanabe 1954) f,y=exp {—a(e/kTe)?}, where ¢ is. 
electron energy, the electron temperature T¢ is proportional to field strength, and 
3kT¢ is defined as the mean kinetic energy of the electrons thus making a= 0-243. 


Condition (6) becomes, with Te=const. x F and B=f,exp{—a(¢/kTe)"}, 


in 3 Did erst Alt iorra? are: (7) 
Since the mean energy of the hot electrons is roughly three or four times the 
thermal equilibrium mean energy in this region an approximate condition is. 
¢|kT>5. For trap activation energies of the order of 0-lev the condition that. 
thermal generation is not too high to make Eqn (4) inapplicable means that 
kT <0-Olev and so ¢>0-05ev. Observed values for the barrier satisfy this. 
condition easily. 

Since the interaction between carrier and trap charge has to be substantial 
it means that an appreciable energy variation over a free carrier wavelength can 
occur and hence the concept of bending of the conduction band near the centre, 
which is used to obtain the density factor in §2, is scarcely valid. ‘The 
quantitative condition for the barrier height given above must therefore be 
regarded as a rough estimate. 

When the electron temperature is high enough to excite optical phonons the 
drift velocity becomes independent of field (uF, therefore p= — 1) and any 
increase of capture rate with field will produce negative resistance. If the barrier 
is less than or of the same order as the optical phonon energy the variation of B 
becomes important and without knowing how this varies with field it is. 
impossible to predict whether negative resistance will occur. All the measured 
barriers are, however, much greater than hwopt in germanium so that a 
considerable increase of capture rate ought to occur in the current saturation 
region. 


§ 4. DiscussIoN 


It must be emphasized that these considerations apply to the steady state. 
The time constants involved in transitions between ‘repulsive impurity ’ states 
and the conduction band can be of the order of seconds at low fields and still 
of the order of tens of microseconds at high fields. The use of short field pulses of 
the order of 1sec would merely show the mobility variation with field since 
the carrier concentration would not vary much in 1 psec (unless the impurity 
concentration were extremely high); d.c. fields are therefore desirable but 
heating effects must be avoided since the thermal generation rate must be kept 
low. Heating effects can be delayed to high fields by working at a low temperature. 
At too low a temperature however impurity conduction may become an appreciable 
factor. At high fields millisecond pulses may be adequate since the time constant 
for trapping should be much reduced from the thermal equilibrium value. 

As regards material, germanium, containing as impurity any one of copper, 
silver, gold, platinum, iron, cobalt or nickel, and suitably doped with a shallow 
level donor, should be adequate. Copper, for instance, gives three acceptor 
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levels in germanium. Enough donor should be present to compensate completely 
‘the two lower levels and about half-fill the uppermost level. 

Impact ionization, of course, will destroy any negative resistance effects. 
An electron to produce impact ionization must not only surmount a higher 
barrier, since the filled trap will have an extra negative charge, but must have 
sufficient energy left over to ionize the centre. This effect, if present, will occur 
at higher fields than those necessary to affect the capture rate, so that its influence 
will be to reduce the range of fields over which negative resistance is possible 
rather than to eliminate the possibility altogether. The centre may have excited 
localized levels which can be significantly populated at temperatures which make 
the thermal ionization rate low. This increases the probability of impact 
ionization. It may be expedient, therefore, to work at lower temperatures and 
excite the electrons in the centre optically. The same conditions for the height 
of the barrier apply and are even more easily satisfied at lower temperatures. 
If the temperature is below about 20 “K, trapping of the optically excited electrons 
‘by the empty donor levels will occur and this will delay the onset of the negative 
resistance region to fields sufficient to cause substantial impact ionization of the 
donors. 

The influence of the donor levels in this case emphasizes the fact that in this 
paper we have neglected the effect of other impurity centres, and also the interband 
transitions. This neglect should be justified at low temperatures when the 
activation energies of the other levels are greater than the activation energy of 
our repulsive centre by a few times kT for then the effective transition rates 
associated with these levels will be very small and can be ignored in Eqn (1). 
The donors, however, have smaller activation energies and high capture rates. 
They are positively charged, so that the effect of the field on the capture rate will 
be to cause ionization, the reverse of the case of repulsive centres. This, coupled 
with the relative ease with which impact ionization takes place, makes it certain 
that donors will contribute electrons to the conduction band as the field is 
increased. There is therefore a tendency to oppose the effect of the field on the 
repulsive centres unless saturation of the electron concentration due to donor 
ionization occurs fairly rapidly. But this tendency will have little effect above 
about 20°K since very few donor levels will be occupied to begin with. Thus, 
the condition for Eqn (1) to hold when other levels are present is that these levels 
must be either substantially filled or substantially empty. The breakdown of 
this condition does not necessarily rule out the possibility of negative resistance ; 
it merely complicates the process. 


§ 5. CoNcLUSION 


In this paper we have shown that the achievement of the negative resistance 
state by making use of the electric field dependence of capture rate is feasible. 
The idea of relating the capture rate to the density of electrons in the immediate 
vicinity of the trap rather than to the average density has led us to the prediction 
that the effective capture rate for attractive centres should decrease with field, 
while the opposite effect should occur for repulsive centres when the energy ofsthe 
carriers is low compared with the energy of interaction between carrier and centre. 
A necessary condition for obtaining negative resistance in this way is to have 
repulsive traps present in the crystal. 
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Abstract. The existing theories of change in activation energy with impurity 
concentration are discussed and their limitations pointed out. The ionization 
energy of a pair of impurities in a dielectric medium is calculated as a function of 
impurity separation. Assuming a random distribution of impurities, an averaging 
process is employed to calculate the mean change in activation energy with con- 
centration. This approximation should be poor for high impurity densities but 
good for low densities. Specific calculations have been made for the case of 
phosphorus impurities in silicon and Satisfactory agreement is obtained with 
experimental results. 


————— 


§ 1. INTRODUCTION 


HE work of Pearson and Bardeen on silicon (1949) and Debye and Conwell 

(1954) on germanium shows that, for low concentrations of impurity atoms, 

the donor or acceptor atoms behave as isolated independent centres having 
electrons or holes bound to them with definite activation energies. However, as. 
the concentration is increased, the activation energies decrease continuously and 
become zero at about 1017 centres/cm* in germanium, and at about 10!9/cm? in 
silicon. More recent work on germanium and silicon by Fritzsche (1955), 
Blakemore (1959) and Atkins, Donovan and Walmsley (1960), who took measure- 
ments to very low temperatures, shows that the conductivity is of the form 

Om 0, Sp (= 61d \secooWl te a Wl eee (1) 

where the first term represents the ordinary semiconductor process of activation 
of donor electrons into the conduction band and e, is the activation energy, which 
depends strongly on impurity concentration. * This term is dominant at high 
temperatures. The second term is dominant at low temperatures (< 10°x) 
and is dependent on temperature and impurity concentration. This term is 


by Mott (1956) and Conwell (1956) who assume that there are both donor 
and acceptor atoms present with densities N,, and N, respectively where 
Np-N,>N,. At low temperatures all the acceptor states will be filled by 
donor electrons and the overlap of the donor, atoms is great enough for a hole 
on an ionized donor to jump to a neighbouring neutral donor, and the theo- 
retical predictions of this model agree reasonably well with experiment. 


If there are no acceptor impurities present, the number of electrons in thé 
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(1952) has suggested that the excited states and not the ground states form the 
impurity band, and this should account for the finite slope of the resistivity 
curve at low temperatures, but the calculations of the lower band edges of the 
excited states for hydrogen-like impurities by Erginsoy (1952) and Baltensperger 
(1953) show that the excited states bands are close to the edge of the conduction 
band, giving too large an activation energy for the conduction process. Also 
there is a further objection; Fritzsche (1955) showed that conduction in an 
excited states band would be extremely small as the excited states cannot be 
treated as ordinary acceptor states. An excited state can only be occupied if 
the ground state of the impurity atom is empty. This limits considerably the 
number of excited states available for conduction as at low temperatures most 
of the atoms are in their ground state. 

Most work on impurity band theory assumes that the impurity atoms are 
distributed regularly throughout the material, whereas in practice the impurities 
are quite randomly distributed, but Aigrain (1954) has shown that randomness 
makes the band approximation valid for a much lower density of impurities. 

Pearson and Bardeen (1949) attempted to explain the variation of activation 
energy (e,) with impurity concentration by interpreting the decrease to be due 
to the electrostatic attraction of other ionized donors for an electron which has 
escaped from its own donor. This potential energy of attraction reduces the 
energy required for activation. However, on this model it is the density of 
ionized donors which controls the reduction and not the density of impurity 
donors (ionized or not) as required by the experimental results. 

Pincherle (1951) and Lehmann and James (1955) have considered the effect 
of the free carriers (electrons from ionized donors) on the activation energy. ‘The 
free carriers will tend to screen the field around the impurity centres, and the 
greater the number of free carriers the greater is the screening effect. ‘The 
number of carriers available for screening depends on the impurity concentration 
and on the temperature. As the temperature is reduced, the number of carriers 
is reduced and the activation energy tends to the unscreened value. At relatively 
high temperatures (above 150°k) the reduction is almost constant and quite 
large, but does not account for all the reduction in activation energy observed. 

A minor contribution to the lowering of the activation energy is due to polari- 
zation effects. A free electron in an impure material gives rise to a larger polari- 
zation than in the pure material due to the higher dielectric constant caused by 
the neutral donors. This has the effect of lowering the edge of the conduction 
band and hence the activation energy. Approximate calculations by Castellan 
and Seitz (1951) show the effect to be very small. 


§ 2. THe MopeL CONSIDERED HERE 


In this paper, we calculate the effect of the interaction of impurity atoms in 
pairs. Ifa slight overlap exists between the orbitals of adjacent impurity atoms 
and one of these atoms becomes ionized, the remaining electron will spread out 
over both impurity centres and thus its kinetic energy will be lowered. ‘This 
reduction in kinetic energy must be subtracted from the ionization energy of a 
single impurity atom in order to find the ionization energy of the pair. 

To calculate the magnitude of this effect, we thus have to obtain : (i) the energy 
of ahydrogen molecular ion in a medium of dielectric constant « for aseries of inter- 
nuclear distances; (ii) the energy of a hydrogen molecule in a similar medium 
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also for a series of internuclear distances. In (2) we assume a random orien- 
tation of spins at temperatures of interest and thus obtain a mean energy by 
taking three-quarters of the triplet energy and a quarter of the singlet energy. 
Fortunately, this second correction term need not be known with such accuracy 
as the first quantity. 

We shall consider the case of phosphorus impurities in a medium of silicon, 
where the normal activation energy is 0-045 ev and the dielectric constant is ficas 

A phosphorus atom has one more positive charge than a silicon atom, so it 
can be considered as a single positive charge embedded in a continuous medium 
with an electron bound to it. When the electron is far from its parent impurity 
atom, it will be moving slowly and it will polarize the surrounding medium, and 
the effective dielectric constant will be the static one («). When it is near to its 
parent atom, it will be moving quite rapidly and will only partially polarize the 
surrounding medium and the effective dielectric constant will be much less. 
Therefore, for the potential between the impurity atom and its donor electron, 
we use an expression of the form: 


Vo—— [tle | (2) 


a: 
kr 
where r is the distance between atom and electron, and y is some suitable damping 
factor chosen so that the activation energy will have the correct value. The 
medium will also reduce the effective mass of the electron m* and in this case 
m* =():25m (which is the accepted value for silicon). 
We use modified atomic units throughout the calculations: the unit of length 
19 =h?/m*e? =2-12 A, the unit of charge e=4-80 x 101° e.s.u., the unit of energy = 
e'm*/h?=6-8ev. The Schrodinger equation for a single impurity atom becomes 


[ - AV 51+ te) yey eke (3) 
where we choose js of the form 
b= -5y exp(—r)+ Te oP (=rIe) as eye (4) 


The values of a and } are found by a variational process and the value of y for the 
correct activation energy is y=1-3. 


§ 3. Hyprocen Movecurar Ion IN a DIELECTRIC 


Let the two atoms A and B be separated by a distance R, and let the distance 
of the electron from the atoms be 7, and rp, then the Schrodinger equation of the 
system is 


1 1 1 
AER RCM Aad s ee toe ss = ee, 
{~ 30+ Fe Ft (e—thesp (—914)] = 
* [+ («1 exp (—7ra)]} = By, 4 ee (5) 
Dickinson (1933) found for the case of the ordinary hydrogen molecular ion that 


the energy of the system was given fairly accurately by assuming the wave function 
was made up of 1s and 2p functions. In this case we take a wave function of the 


form 
b= C(t (74) +44 (rB)) + Co(o(r4) + Yo(rp)) teense (6) 
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where ¥,(r,) and #,(rg) are the solutions to the hydrogen atom in a medium of 
variable dielectric constant given by (4) and 
o3!2 


bo(7) = aa" cosexp(—ar) we eee (7) 


where 6 is the angle between r and R. 

The spread parameter « is varied to give the minimum value of the energy of 
the system. Ideally, there ought to be a variable parameter in the S functions, 
but the correct S function for minimum energy will only be slightly different. 
from the function given in (4), the variation in the p function being the greatest. 

The minimum value of the energy in terms of « was then found analytically, 
and then the energy was minimized with respect to « numerically for a series of 
values of R. Values of the energy were computed for values of R between 10 
and 50 modified atomic units and an approximate expression for the energy of 
the system E,,, is given by 

Ey(R)=£. + 00159 exp (—0-197R) —0-00277 exp (—0-0409R).  ....-- (8) 


E,, is the energy of an isolated impurity atom. 

The last term on the right-hand side of (8) is larger than the second term for 
values of R >12 atomic units, and hence in all realistic values of R, the electron: 
will be more tightly bound than in the case of an isolated impurity atom. 


§ 4. THe HyproGen MOLgCcULE IN A DIELECTRIC 


Labelling the atoms A and B, and the electrons 1 and 2, ry, and rg, are the 
distances of the first electron from atoms A and B respectively. a2 and rpp are 
the distances of the second electron from A and B respectively, and 7,, and R 
are the separation of the two electrons and the separation of the two atoms. 

We evaluate the energy of the hydrogen molecule in a medium of variable di- 
electric constant using the model of Heitler and London (1927), using wave 
functions of the form 


W = Alb(rar (ree) +¥(raa wr) tt (9) 

APTA 2M yh eek eee (10) 

W = Bib(r ys) 6 (rp2) — #2) (1) ] SODUGO (11) 

Bre li(2e tay eos leesives (12) 

where NerGirrea ee et ee uk eaae (13) 


Here the one-electron wave functions are given by Eqn (4). The Hamiltonian, 
of the system is taken to be 


—4(V2+ Wa) = + V(r42)- V(rai)— V(r4s)— V(rp1) — Virgo) -+ees- (14) 


where V(r)= = [1+(«e-l)exp(—yr)], sees (15) 


Using these two wave functions ((9) and (11)) we get two values of the energy 
E, and Ey corresponding to the symmetrical and antisymmetrical space wave 


functions 
= 1 11 lg 
E,=2E.+ — +53 Hs 


= 1 Ey, — Ex, 1 
£22k eS ee (17), 
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where B,,= | | Pras )o*(rpa) LV (ra) — Virus) — Viren) dry dtm ..00, (18) 
aed | | Hr arb(r42)6(rpi0(rps) | 
x [2 V(ry2) <a V(ra3) = V (ra) = V(rpi) — V (rgo)]d7,d79; teeeee (19) 


E, is a singlet state and corresponds to an attraction between the two atoms and 

Ey isa triplet state and gives rise to a repulsion between the atoms at all values of 

R. The integrals containing V(ra1), V(ras), V(rpi) and V(rpge) are easily 

evaluated from the table of two-centre integrals tabulated by Coulson (1942). 

The integral in V(r,) for the coulombic term E,, is evaluated by standard methods. 
The part of the exchange term in 745 1S 


| | br Was b(re (rp) V (142) drydra 


=f | Mesa rdrm) dete, +S} | [R¥eabeaai(rah(rne) 

KJ J "112 The 
xexp'( yr aadrjatTy = toe (20) 

The first term contains 16 integrals which can be evaluated by the method of 

Sugiura (1927) by changing to elliptic coordinates and expanding 7,, in terms of 

tthe associated Legendre functions. The second term cannot be evaluated 

analytically, but its contribution to Ey» is very small (<1% of FE.) and can be 

toughly estimated from the relative values of the two terms in the integral 


[fea dene) V(ry2)d7,dr,. As in the case of the molecular ion, values of the 


‘energy were computed for values of R between 10 and 50 modified atomic units, 
and an approximate expression for the energy in these units is 


Ey(R) =2E,, + 0-0717 exp (—0-0255R) + 0-0219 exp (2033 RE) 0 tae (21) 
The electrons are not so tightly bound, in this case, as an electron on an isolated 
‘atom. ‘The energy required to remove an electron from the molecular system 
will be 
Ey,+— Eq, = — E.,+0-0159 exp (—0-197R) —0-00277 exp (— 0-0409R) 
— 0-0717 exp (—0-255R) —0-0219 exp (=0-133.R), co nane (22) 


When computing the amount of reduction in activation energy, it is necessary 
‘to consider all the pairs a given atom can make, therefore we must integrate over 
all possible pairs. Assuming that the impurity atoms are distributed with 
constant density throughout the material, the reduction in activation energy AF 
is given by 


AL = 8-4 x1 07 Mpeg = se 2 ae (23) 
where p is the density (centres/cm*) of impurity atoms. 

This model of considering the impurities in pairs will only hold at low con- 
centrations, when the probability of finding two centres close together in a region 
of the material is much greater than the probability of finding three centres close 
‘together. The linear variation of AE with p predicted by (23) contrasts with 
the p' law arising from the theory of Pearson and Bardeen (1949). However, 
‘the experimental results published by them are not sufficiently detailed to deter- 
‘mine the power law in the low density region. The results of Debye and Conwell 
(1954) are.also insufficiently detailed in this region to make a comparison possible. 
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§ 5. DiscussloN 


At 10 centres/cm? the reduction in activation energy is 0-008ev which 
compares with 0-009 ev in the case of Pearson and Bardeen, and the activation 
energy becomes zero at about 5 x 101” centres/cm* on this simple model. How- 
ever, this approximation can only be considered valid at low densities and will 
always give values that are high. At high densities, when one electron is excited 
in a given region of the material, it is not correct to look upon the reduction in 
activation energy as the spreading of an electron over two centres, but rather to 
the spreading of x—1 electrons over x centres, where « at high densities is much 
greater than 2. As the density is reduced, the two-centre model will be more 
correct. At low concentrations using this model, the reduction in activation 
energy agrees approximately with the results of Pearson and Bardeen (1949) 
although more recent results show that their zero concentration activation energy 
is too high. 

Hence, at low concentrations, the reduction in activation energy can probably 
be regarded as due to a combination of the effect discussed here with the screening 
effect of Pincherle (1951), and at high densities, as a combination of screening 
and the formation of an impurity band. 
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Some Physical Properties of the y and § Phases in the U-Zr System 


By R. D. BARNARDt 
University of Nottingham 


Communicated by L. F. Bates; MS. received 10th May 1961 


Abstract. Electrical resistivity and magnetic susceptibility measurements are 
reported for U-70 and 74at. % Zr in both the y and § phases. Negative tem- 
perature coefficients of resistivity were found in the metastable y phase’ of 
U-70at. % Zr, and also in the 8 phase of both alloys between 90° and 870°K. 
The Pauli weak spin paramagnetism, exhibited by both specimens, always in- 
creased with temperature. 

The results support the view that the 3 phase is primitive hexagonal and not 
an ordered form of the body-centred cubic y phase. The anomalous resistivity 
behaviour may be a consequence of the band structure of the alloy. 


§ 1. LyrRopUCTION 


ECENT measurements of the resistivity of metastable y body-centred 
Ree U—Mo and U-Nb alloys (Chandrasekhar and Hulm 1958, Berlincourt 
1959, Bates and Barnard 1961a, b) have shown an abnormal feature between 
4-2 and 500°k, namely, a monotonic decrease of resistivity with increasing tem- 
perature. ‘The accumulation of additional data (Hall effect, electronic specific 
heat, and magnetic susceptibility) particularly for the U-Mo system has furthered 
our understanding of the electronic structure of these alloys, and a collective 
electron model now seems appropriate for their description. With this model 
the resistivity behaviour may be explained, provided that the density of states at 
the Fermi surface is a sensitive function of energy. ‘The existence of similar 
resistivity behaviour in y U-Nb alloys (Bates and Barnard 1961 b), despite the 
difference in the conventional valency of Nb and Mo, has led to a similar con- 
clusion about the position of the Fermi surface in the density of states—energy 
spectrum. . 

This behaviour is not unique in metastable uranium alloys; alloys of Ti-V 
(Brotzen et al. 1955), Ti-Mo (Yoshida and Tsuya 1956), and Ti-Nb (Ames and 
McQuillan 1954) also show this phenomenon in the quenched body-centred 
cubic phase, and again no explanation in terms of localized electrons is appropriate. 
Similar anomalous behaviour has also been reported in other alloy systems; some 
Fe—Cr (Newmann and Stevens 1959) and Th-Ce (Newmann 1958) alloys exhibit 
negative temperature coefficients of resistivity over small temperature ranges, but 
they are thought to be associated with the scattering of electrons by localized 
moments. Such alloys also show anomalies in the magnetic susceptibility in the 
same temperature ranges. 

The extension of magnetic and electrical observations to the U—Zr system 
arose naturally from the previous investigations on uranium alloys, for once again 
the y phase can be retained at room temperature by quenching alloys of suitable 

t Now at E.R.A. Research Laboratories, Cleeve Road, Leatherhead, Surrey. 
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composition. A further investigation of the same properties of the 5 phase was 
performed in the hope of resolving the conflicting views held concerning its 
crystal structure. 


§ 2. THE CRYSTALLOGRAPHY OF THE y AND 6 PHASES 


The phase diagram of the U-Zr system is now well established, although dis- 
agreement exists between various authors on some of its finer details. ‘There is, 
however, complete agreement that solid solution exists between y body-centred 
cubic uranium and f body-centred cubic zirconium, and the stability of the 6 
phase is now established (Holden and Seymour 1957). The y phase can be 
stabilized at room temperature by quenching alloys in a composition range 
between about 50 and 80at. °% Zr, but the rapidity with which the 6 phase forms 
often results in two-phase mixtures. Solubility limits of the 6 phase have been 
variously reported; Knapton (1957, unpublished) reports a solubility range of 
63-79:5 at. %, Zr at 600°c, but Duffey and Bruch (1958) give the limits as 66 and 
72at.% Zr. Studies in this region are complicated by the pronounced effects 
of oxygen and nitrogen on the 6 phase solubility limits, and by the nature of the 
y-8 transformation. The 6 phase was first thought to be an ordered structure of 
the y form (Mueller 1955), but Boyko (1957) considers the structure to be more 
appropriately indexed as primitive hexagonal. ‘This structure is partly ordered 
with zirconium atoms located at the (0, 0,0) positions, while zirconium and 
uranium atoms are located randomly at (4, 3, $) and (3, §, 4) positions. ‘The 
random distribution of uranium and zirconium atoms allows a considerable range 
of composition. For U-70at. %, Zr, the 5-y phase change temperature is about 


605°c (878°K). 


§ 3. EXPERIMENTAL DETAILS 


Two alloys of composition U-70 and 74 at. % Zr were used in this investi- 
gation, both being within the 6 solubility limits. The alloys were prepared at 
the Atomic Energy Research Establishment, Harwell, in an argon arc furnace 
from uranium and zirconium samples whose principal impurities are shown in 


the Table. 


Chief Impurity Contents (parts per million) of Uranium and Zirconium 
Cr er Al Si NC ieMint! HoaeiOs sh @u se Ni ee W  GAs 
Uranium 800 100 65 Zs 20 5 10 OMe OR i 
icone — = — 50 4 SH 200200) 150 ream 200 R50 


The alloys were homogenized for two weeks, at 1000°c, in the y phase region 
and then rapidly water-quenched to retain the y phase in metastable equilibrium. 
Metallographic observations performed on the two alloys after the susceptibility 
and resistivity examinations showed U-74at. % Zr to be mainly 5 phase and 
U-70at. % Zr, though predominantly 6 phase, contained considerable amounts 
of impurity, especially at the grain boundaries. 

Details of the apparatus for the measurement of magnetic susceptibility and 
electrical resistivity over the ranges 293-1200°K and 90-1200°K respectively have 
been described elsewhere (Barnard 1960). 
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§ 4. EXPERIMENTAL RESULTS 


4.1. Electrical Resistivity 


The resistivity-temperature relation of U-70at.% Zr is shown in Fig. 1. 
Observations were first taken with temperature increasing from 90°K with the 
specimen in the metastable y state; the onset of precipitation of the 6 phase is 
clearly indicated at 375°, where there is a marked discontinuity in the slope of 
the resistivity-temperature curve. Readings were continued as the temperature 
and degree of precipitation increased until, at about 878 °K, the y phase was re- 
established with a discontinuous decrease of resistivity. Of course, little value 
can be attached to the observations taken while the y phase was decomposing, as 
these were time-dependent as well as temperature-dependent, and they are 


170 


A U-70 at% Zr 
B U-74 at‘.Zr 


150 


7) «10° (ohm cm) 


© Temperature increasing 


° Temperature decreasing es 


200 400 600 800 1009 120C 
Temperature(°K) 
Fig. 1. Electrical resistivity plotted against temperature of U—70 at. °% Zr in the metastable 


y, stable y and 6 phases and U-74 at. %/ Zr in the 8 phase. 


included in Fig. 1 merely to show the marked effect of 8 precipitation. In the 
stable y region, where the resistivity was almost temperature-independent, the 
heating and cooling curves were identical, showing that equilibrium was estab- 
lished in this phase. A tentative interpolation shown by the broken line in 
Fig. 1 has been made between the metastable and stable y regions of the resistivity 
curve, thus giving the probable variation between 90 and 1200°x of y U-70 at. % Zr. 
Slight temperature hysteresis was observed on cooling through the y-8 phase 
change temperature, after which further cooling was accompanied by a steady 
increase in resistivity down to 90°k. 

It was at first thought that this remarkable behaviour might have been due to 
insufficient time being allowed for the phase change y-é to be completed. It was 
therefore decided to follow the resistivity changes of U-74at.% Zr at 875°K 
while the y phase decomposed to the § phase. Between 5 and 30 hours after the 
decomposition was started by reducing the temperature from 900 to 875°K ao 
change in the resistivity occurred, and so the 8 phase was considered to be in 
equilibrium. Resistivity values were then taken as the temperature was reduced 
to 90°K. The variation is shown in Fig. 1 together with values taken on heating 
afterwards. Cooling and heating curves are identical. 
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From information on the thermal expansion of U-70at.% Zr in the 6 phase 
(Knapton 1959, private communication), corrections were calculated for the 
resistivity values, but their effect was so small that the graphs are here plotted 
without correction. The similarity between the forms of the resistivity variations. 
of § U-70at. % Zr and U-74at. % Zr seems to indicate that the 6 phase was in 
equilibrium in the former case also. 

The absolute value of the resistivity of 5 phase U-70at. % Zr at 273°K was 
161+2x10-Sohmcm, compared with the value 1844210 obtained by 
Loasby (1958) who also investigated the same properties of the 5 phase but only 
over the limited temperature range 90-293°x. However, Loasby observed a 
similar temperature dependence of resistivity. The greater purity of materials 
in the present alloys may account for the lower resistivity. 


4.2. Magnetic Susceptibility 
Figure 2 shows the temperature variation of the susceptibility of U-70 at. % Zr 
in the metastable y, stable y and 5 phases and also of the 8 phase of U-74 at. % Zr. 
The observations on the former specimen were taken, like those of the resistivity, 
first in the metastable y and then in the stable y region. The variation for 
U-70 at. % Zr shown in Fig. 2 indicates that in the stable y region the suscepti- 
bility is only weakly dependent on temperature, whilst strong temperature 
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Fig. 2. Magnetic susceptibility plotted against temperature of U-70 at. % Zr in the meta- 
stable y, stable y and 8 phases and U-74 at. % Zr in the 6 phase. 


dependence holds for the metastable y state. In this respect the behaviour is 
similar to that of the uranium-rich y U-Mo and U-Nb alloys. The effect of pre- 
cipitation of the 5 phase is clearly accompanied by a decrease in susceptibility ; 
this precipitation in the metastable y U—Zr alloys is much more rapid than with 
U-Mo or U-Nb alloys, and marked effects occurred in the present sample at tem- 
peratures as low as 100°c. 

With U-70, 74 at. % Zr in the § phase there appears to be an increase in slope 
of the susceptibility-temperature graph at about 560°. This is at precisely the 
temperature where the resistivity-temperature curves of the 6 phase alloys show 
a decrease in slope (Fig. 1). These effects are considered later in the discussion. 
of the 5 phase. 
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§ 5. Discussion 


Both the susceptibility and resistivity behaviours of y U-70at.% Zr are 
qualitatively similar to those previously reported with the uranium-rich y U-Mo 
and U—Nb alloys (Bates and Barnard 1961 a, b). With no other physical property 
data on y U~Zr alloys available for correlation purposes, it is hazardous to discuss 
the possible electronic structure of these alloys. However, the properties 
presented here seem to indicate that a collective electron model, with a band 
structure at the Fermi surface at least qualitatively similar to those of the U-Mo 
and U-Nb alloys is appropriate. It is to be noted that a negative temperature 
coefficient of resistivity in y U-Mo alloys is found up to 30at. % Mo, and with 
y U-Nb alloys up to 60 at. % Nb, but this behaviour is present ina y U-70at. % Zr 
specimen. The extension of the anomalous behaviour may well be associated 
with decreasing electronic contributions from the solute atoms (Mo, Nb, Zr 
have conventional valencies of 6, 5, 4 respectively). 

As far as the author knows, this is the first example of the persistence of a 
negative coefficient of resistivity characteristic of the 5 phase over a wide range of 
temperature of some 800°K in a metallic alloy in an equilibrium phase. Between 
liquid oxygen temperature and 800°x there is a 17% decrease in resistivity; this 
property may have useful applications in low resistance circuits whose total 
resistance is required to be constant with temperature. ‘Thermal conductivity 
measurements on the 6 phase may be extremely interesting in view of an 
anomalous scattering mechanism. 

Loasby (1958) investigated the resistivity and susceptibility properties of the 
6 phase at low temperatures and suggested that these were consistent with an 
almost full Brillouin zone with a small population of an overlapping zone. The 
effect of temperature was then to transfer electrons from the first zone to the 
second, thereby increasing the number of current carriers. Another possibility 
is that discussed by Blatt (1961), in which the first and second derivatives of the 
density of states with respect to energy at the Fermi surface govern the unusual 
resistivity behaviour. When Hall effect data are available on the 5 phase it will 
be possible to decide which of these explanations is appropriate. In the former 
case, the Hall coefficient should decrease strongly with temperature, while a 
small increase should be observed in the latter. 

The resistivity behaviour of U-7Oat. % Zr shown in Fig. 1 clearly indicates 
that the 5 phase is characterized by a higher resistivity at a given temperature 
than the y phase, and this is hardly typical of a superlattice structure. However, 
it is theoretically possible, although unusual in practice, for a superstructure to 
exhibit a higher resistivity than the parent disordered structure. For, if the 
increase in order of the superlattice which alone results in a lower resistivity is 
accompanied by a sufficiently large decrease in the number of effectively free 
electrons, produced possibly by the new faces of the Brillouin zone, then a higher 
resistivity will ensue. In the present instance, this situation appears improbable, 
since the near equality of the susceptibilities of the § and y phases at 0°x is indicative 
that no severe electronic change takes place although, obviously, a small change 
must take place to give the different temperature dependences of susceptibility. 
It seems, therefore, that the physical properties so far investigated favour the 
hexagonal structure rather than the superstructure description of the 8 phase. 

The change of slope exhibited by the 6 phase resistivity-temperature and 
susceptibility-temperature graphs at 560°K is probably a direct consequence of 
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the increased rate of expansion of the lattice also observed above 560°K (Knapton 
1959, private communication). The increased lattice constants modify the 
volume of the Brillouin zones and could increase the number of effectively free 
electrons, thus leading to the observed resistivity behaviour. Alternatively, the 
expansion could change the average mean free path of the current carriers. One 
expects, on general grounds, an expansion of the lattice to produce as well an 
increase in the density of states at the Fermi surface, and this could account for 
the increased slope in the susceptibility-temperature curve. 

Finally it may be mentioned that the susceptibility-temperature behaviour of 
the § and y phases could be connected with the presence of antiferromagnetic order 
in these alloys with high Néel points, although no such order is found in the pure 
elements uranium or zirconium. Neutron diffraction measurements with these 
abnormal alloys would probably be very helpful. 
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Magnetostriction in Antiferromagnetic Nickel Oxide 
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Abstract. Measurements of magnetostriction on a single crystal of antiferro- 
magnetic nickel oxide were made in fields up to 21 kilo-oersteds. ‘The order of 
magnitude of the magnetostriction is the same as that for ferromagnetic materials, 
viz. about — 20 x 10-6 and a square law relation, with field, is obeyed up to several 
thousand oersteds before a gradual saturation tends to set in. The dependence 
of strain on field and measuring directions is described with respect to axes that 
constitute cylindrical symmetry. 


§ 1. INTRODUCTION 

ICKEL oxide, NiO, is an antiferromagnetic substance with a Néel tempera- 
N ture of 523 °K (La Blanchetais 1951). Above 523°k it has a cubic structure 

of the NaCl type. In the antiferromagnetic state below this temperature 
the spins are ordered in such a way that within a given (111) plane the spins are 
all parallel, but are antiparallel to those in adjacent (111) planes. This ordering 
results in a slight contraction of the [111] axis which is normal to the planes 
containing the spins (Slack 1960, Roth 1960). The unit cell can then be regarded 
as rhombohedral with a rhombohedral angle of 90°4’ at room temperature. Asa 
result of this distortion a crystal having spins in different sets of octahedral planes 
willbetwinned. These twin boundaries can normally be permanently removed by 
application of mechanical stresses or large fields (Slack 1960, Roth 1960), thereby 
reducing the crystal to one with all the spins in a single set of parallel octahedral 
planes. Indeed, it appears from Slack’s and Roth’s work that it requires rather 
careful heat treatment and subsequent handling to produce and maintain these 
twin boundaries in single crystals of NiO. 

There appears to be no, or at least very small, inherent anisotropy with the (111) 
planes containing the spins (Roth and Slack 1960) and the antiferromagnetic 
domain orientation must be essentially determined by internal stresses, lattice 
imperfections etc. In the presence of a magnetic field the lowest energy state is 
one in which the spin-alignment axis is perpendicular to the field and consequently 
the domains can be aligned in moderate fields without significantly affecting the 
antiparallel ordering within the domains themselves. Exceedingly large magnetic 
forces will be required to rotate the spins appreciably out of the octahedral planes. 

If a spontaneous magnetostriction exists within the domains, alignment of the 
latter will result in an overall strain of the crystal. Because the spin directions 
are confined to a plane the longitudinal and transverse strains within this plane will 
be equal and opposite provided that there is a random distribution of domains and 
that the volume magnetostriction is negligible. Since this is the case in ferro” 
magnetic substances where the nature of the spin interaction is similar such an 
assumption seems quite reasonable. 


+ On leave from Department of Physics, University of the Orange Free State, South 
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Magnetostriction in polycrystalline NiO has been reported by Belov and 
and Levitin (1959). The strains they observed were very much smaller than 
those reported here in comparable field strengths and this might be responsible 
for the fact that they observed an effect only when a certain threshold field had been 
exceeded. Measurements on CoO crystals by Nakamichi and Yamamoto (1961) 
show that the magnetostriction increases steadily as the applied field is increased 
from zero. They also reported a variation of magnetostriction, in single crystals 
of NiO, with field direction, similar to that found here. 


§ 2. EXPERIMENTAL PROCEDURE AND RESULTS 
The crystal was kindly supplied by Dr. K. Hoselitz of Mullard Research 
Laboratories. It was approximately 6mm square and 1mmthick. X-ray analysis 
showed that the two parallel flat surfaces lay in a (227) plane. This is the plane 
ABC in Fig. 1 with OA = OB and 6 = 22° (where OB is perpendicular to AB). 


Fig. 1 


The magnetostriction was determined by the usual strain gauge technique. 
The sensitivity and stability of the arrangement was such that the strain Of Ome 
could be measured. A small strain gauge (Tinsley, Type 20A, Special) was fixed 
along the direction AB, i.e. in the [110] direction. The crystal was mounted 
with the plane ABC horizontal so that the magnetic field, when the electro- 
~ magnet was turned about a vertical axis, also rotated in this plane. 

The experimental results are shown in Figs 3 and 4 and will be discussed 
separately. 


§ 3. THEORETICAL CONSIDERATIONS 


The observation of a strain in a NiO crystal on application of a magnetic field 
could, in principle, be due to (2) movement of twin boundaries, (5) the alignment 
of antiferromagnetic domains within the octahedral planes and (c) rotation of the 
spins out of the octahedral planes. Of these (a) can be ruled out immediately 
since it would give rise to a magnetostrictive strain which would be (1) negative, 
(2) irreversible and (3) would commence only in fields greater than about 
5 kilo-oersteds (Slack 1960). However, preliminary x-ray analysis showed the 
crystal used here to be untwinned and a subsequent investigation using the high 
resolution afforded by Késsel lines due to fluorescence from the nickel atoms 
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confirmed this. (These x-ray determinations were kindly carried out by Dr. P. 
Gaunt.) With regard to (c), bearing in mind that the transverse susceptibility 
of NiO is certainly not greater than 10-4, an elementary calculation shows that the 
corresponding strain would be smaller than that actually observed by several 
orders of magnitude. The magnetostriction which we observed was positive, 
completely reversible and increased continuously as the field was increased from 
zero. ‘These facts, coupled with the absence of twin boundaries lead to the 
conclusion that the observed magnetostriction must be due to movement of 
antiferromagnetic domains in which the spins are confined within the octahedral 
planes. Since the inherent crystal anisotropy in an octahedral plane is very small 
and the local ‘ easy directions’ are presumably determined by internal stresses the 
type of domain movement which we envisage is different from that which occurs in 
a single crystal of, say, iron and is more akin to the situation in cold-worked 
nickel where the local easy directions are determined by local internal stresses and 
magnetization is believed to occur by coherent rotation of quite large groups of 
spins. 

In order to test these views the variation of the measured strain with the 
direction of the applied field was calculated as follows. A certain (111) plane was 
selected and the component of the applied field in this plane, H cos €, was calcu- 
lated as a function of the azimuthal angle ¢ in the plane ABC. Since the field 
applied in the rotation experiment (11-6 kilo-oersteds) was well within the square 
law relation of magnetostriction against field (see Fig. 3) the strain in any direction 
in the given (111) plane may be taken to be proportional to the square of the field 
component in that plane. ‘Thus the fraction of the spins that set themselves 
perpendicular to H cos é will be proportional to H? cos? €. The direction cosines 
of these spins can then be found as a function of ¢. The ultimate octahedral plane 
selected to give the best fit with experiment was the (111) plane. 

By geometry it may be shown that 


gA? + § tan? + (4/2)Atand+1 
A? + tan? 0+ 1 


2+tan? 6\ 1/2 
ae GS) Bee 


cos? é= 


where 


and @=22° as determined by x-rays. The direction cosines of the aligned spins 
(perpendicular to H cos €) are 


(1—A— 4/2 tan 6)s, —(At+ 14 4/2tan0)s,) 25, eee (2) 


where s={6+2(A+ 4/2 tan @)?}—1, These equations neglect the very small 
thombohedral distortion as may be readily justified. The spins are parallel to the 
(111) plane and this may be taken as the base of a cylinder with the [111] direction 
as axis. The strain in such a case is given by (Carr 1959) 


dl 
Tha Ro + Ry Bs” + (Ro + RsB3”)ag” + Rq(o,B, + ta By)” 


ty (og Py aa Balaa Peretti Sve Eh Deadline (3) 


where the «’s and f’s are the direction cosines of the spins and the measuring 
direction with respect to a set of orthogonal axes such that a =1 corresponds to 


~~ 
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the cylinder axis and the k’s are constants. If now the [112] direction in the 
(111) plane is taken as the direction «,=1 (see Fig. 2), then it may be shown that 


a=! 


Fig. 2 


those spins which are aligned by the applied field (i.e. which are perpendicular to 
it) have direction cosines 


ow ={1+4(A+ +/2tan ie mew 


a, =(1—a,2)'2 and a,=0. Also B,=0, B,=1/+/3 and ~p,=1/%. Substituting 
these values into Eqn (3) and remembering that the field dependent part of the 
strain must be multiplied by cos? € we obtain 


= =R+ (kot $hyee*)cossS eee (+) 


where kisaconstant. This equation has been plotted in Fig. 4with k = 4-55 x 10-6, 


y= 1:4 x 10-8 and k,=27-3 x 10-®. It must be borne in mind that these values 
are applicable only for a particular field. 


§ 4. DiscussION AND CONCLUSIONS 
The agreement between Eqn (4) and the experimental values shown in Fig. 4 


is satisfactory and would seem to confirm the basic premise that the observed 
magnetostriction is solely due to rotation of the spins within a set of (111) planes. 
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Fig. 3. Variation of longitudinal and transverse magnetostriction with field. 


Fig. 3 shows that the longitudinal magnetostriction Ay, is proportional to H® 
up to 15kilo-oersteds. For the transverse measurement Ap the departure from 
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the square law relation sets in about 12 kilo-oersteds. Within the square law region 
one may write 

Ay, =a H? cos? £5, 
and 

Ap =a H? cos? ep 
where a is a constant and cos €;, and cos , are to be obtained from Eqn (1). 
For a given value of H, therefore, \;,/Ap = cos? £,/cos* p, which for the crystal used 
here is equal to 0-302. The measured value of 0-90 can be accounted for by the 
presence of a preferred domain orientation similar to that frequently observed in 
ferromagnetic materials. 


Bt 


Theoretical curve 
ail. ee Experimental values 


Fig. 4. Variation of magnetostriction with azimuthal angle ¢ in the plane of the crystal : 
magnetic field 11-6 kilo-oersteds. 


As Fig. 2 shows, the magnetostriction shows a tendency towards saturation in 
the highest fields that were attainable. 

An attempt to deduce the saturation value by fitting the high-field end of the 
longitudinal magnetostriction curve to the equation A=A,—c/H yielded the value 
As=26 x 10-* but this is necessarily uncertain since an equation of this form is 
usually valid only in the region very close to saturation. Visual inspection of the 
curve leads to a value As~20x10-®. This means that there is a spontaneous 
magnetostriction in NiO which is roughly — 20x 10~-® in the direction of the 
antiferromagnetic axis. 

The maximum strain we observed corresponds to about half the saturation value 
and this implies that about half the domains are aligned ina field of 21 kilo-oersteds. 
Now the pressure on a domain wall is (x1 —x,)H?, where y, and X;, are the 
transverse and parallel susceptibilities. If we take 10-* as a reasonable figure for 
X— Xj, the pressure in a field of 21 kilo-oersteds is about 2 x 10° dyncm~, which 
is roughly the same as that which would be experienced by a 90° wall in iron in a 
field of about 100 oersteds. Alternatively since 100 oersteds is a field which would 
be required to magnetize a typical ferromagnetic substance to half its saturation 
value this implies that the restoring force on a domain wall in our crystal is of the 
same order of magnitude as that in many ferromagnetics. In polycrystalline 
NiO, on the other hand, the observed magnetostriction is smaller by an order of 
magnitude (Belov and Levitin 1959) which implies that the restoring force on the 
domains walls are greater by a similar factor. Thus although movement of anti- 
ferromagnetic domain walls will give rise to a change in Young’s modulus at the 
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Néel temperature as observed, for example, by Street and Lewis (1951) in poly- 
crystalline NiO, it is very difficult to account for the magnitude of the changes they 
observed (a factor of about two) in terms of the same domain wall movement that is 
responsible for the magnetostriction which we observe. Our measurements 
suggest that such a mechanism could not give rise to an effect in NiO which is 
significantly greater than that observed in ferromagnetics. A more likely 
explanation is that the change in Young’s modulus (which in NiO isa maximum at 
the Néel point whereas in nickel it occurs at the temperature of minimum aniso- 
tropy) is a consequence of the discontinuous changes in the thermal expansion 
coefficient and specific heat which accompany a second-order phase transition. 


ACKNOWLEDGMENTS 


It is a pleasure to thank Professor W. Sucksmith for putting all possible 
departmental facilities at our disposal and Dr. P. Gaunt for generous help and 
useful discussions in connection with the x-ray determinations. 


REFERENCES 


Betoy, K. P., and Levitin, Z., 1959, Zhur. Eksp. i teor. Fiz. 37, 565. (English translation 
1960, Soviet Physics—JETP, 37 (10), 400.) 

Carr, W. J., 1959, Magnetic Properties of Metals and Alloys, Ch. 10 (Cleveland, Ohio : 
Amer. Soc. Met.). 

La Buancuetais, C. H., 1951, ¥. Phys. Radium, 12, 765. 

Naxamicu, T., and Yamamoro, M., 1961, ¥. Phys. Soc. Japan, 16, 126. 

Rots, W. L., 1960, 7. Appl. Phys., 31, 2000. 

Rot, W. L., and Stack, G. A., 1960, 7. Appl. Phys., 31, 352 S. 

Stack, G. A., 1960, ¥. Appl. Phys., 31, SWAN. 

Srreer, R., and Lewis, B., 1951, Nature, Lond., 168, 1036. 


734 


The Electric Breakdown of Sodium Chloride 


By R. COOPER anp W. A. SMITH 


Electrical Engineering Laboratories, University of Manchester 
MS. received 25th November 1960, in revised form 30th May 1961 


Abstract. Experiments are described which establish that the electric strength 
of sodium chloride decreases slowly with increase in specimen thickness. Flat 
topped impulses were used and the time lag to breakdown of each specimen was. 
measured. ‘The mean statistical time lag depended on the nature of the cathode, 
and it rapidly decreased with increase in the size of voltage increment. The 
characteristics of breakdown are similar to those predicted by the single avalanche 
theory of Seitz according to which disruption results from the passage of an 
electron avalanche exceeding a critical size, 


§ 1. INTRODUCTION 


URRENT theories of intrinsic electric breakdown in solid dielectrics have 
( been comprehensively reviewed by Stratton (1961), who concluded that 
the collective electron mechanism of Fréhlich and Paranjape (1956) and 
not the single avalanche mechanism (Seitz 1949) is applicable to the alkali halides. 
In collective breakdown it is assumed that the initial density of free electrons 
is sufficiently great for the inter-electron collisions to determine the electron 
energy distribution. This is Maxwellian but the electron temperature exceeds 
the lattice temperature by an amount that increases with the applied field. No 
steady state is possible if the field exceeds a critical value and the material is 
rapidly destroyed. The critical field is the intrinsic electric strength of the 
material and it is independent of the specimen size. 
In avalanche breakdown, destruction of the material results from the passage 
of an electron avalanche exceeding a certain size. This avalanche grows from a 
single electron injected at the cathode. The critical size is determined by con- 
sidering the energy balance in the cylindrical volume containing the avalanche, 
and estimating the electron density required to melt the material at the head of 
the avalanche near to the anode. The criterion of breakdown is similar to that 
of the streamer theory of gas breakdown (Loeb and Meek 1940) and as in gas 
breakdown statistical time lags are predicted with the distribution N,=No 
exp(—2/T). Here N, is the number of time ‘lags in excess of 1, No the total 
number of time lags and T is the mean statistical time lag. This is equal to the 
reciprocal of the product of the probability P, of electron injection and the 
probability P, of the electron growing into an avalanche in excess of the critical size. 
The mean statistical time lag depends on the cathode and decreases rapidly when 
the field increases beyond a certain value. A further prediction of the single 
avalanche theory is that the electric strength decreases with increase in specimen 
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thickness. This distinguishes the avalanche theory from the collective electron 
theory because in the latter case a chance fluctuation may give rise to the necessary 
high density of free electrons and therefore the observation alone of statistical 
time lags (Cooper and Grossart 1956) is indecisive. 

The predicted thickness effect is small in the range generally found con- 
venient for intrinsic strength investigations using alkali halide crystals. It has 
not yet been detected but it could be obscured by the spread often observed in 
comparable values of electric strength (Cooper and Wallace 1956). Stratton 
(1961) drew his conclusion from a comparison of results obtained by Calderwood 
and Cooper (1953) and by Kawamura and Ryu (1954) but the validity of this 
comparison is questionable. There is a dearth of experimental evidence both 
about statistical time lags and about the influence of thickness on the breakdown 
of alkali halide crystals and the question of the operative mechanism is still open. 


§ 2. METHOD 


The specimens were of the plane-recessed type, prepared from (100) plates 
by the method of Calderwood, Cooper and Wallace (1953). The ranges of 
specimen thickness extended from about 0-01cm to about 0:07cm. This was 
determined by the necessity of using economically the available parent crystals. 
Specimens thinner than about 0-01 cm are easily cracked and specimens thicker 
than about 0-1cm require much material to provide adequate flashover 
distances. The surfaces of the specimens were highly polished with a 
commercially available plastic polish, and then they were annealed at about 
10 degc below the melting point for several hours. ‘This treatment makes the 
group more homogeneous by removing strains produced in preparing the 
specimens. It also renders a previously polished surface translucent (Smith 
1956). Therefore, upon completion of annealing, the surfaces of each specimen 
were repolished so that it could be examined with transmitted light in a 
polarizing microscope. ‘The minimum thickness of each specimen was measured 
to within +3%. A dial gauge micrometer calibrated in divisions of 10~*in. 
was used and the method was such that no spring pressure was applied to the 
specimen during the measurement. 

The electric strength of each specimen was determined by applying a series 
of 0-8: 8000 sec voltage impulses. The amplitude of each impulse exceeded 
that of the preceding one by the same percentage and the wave was displayed on 
a cathode-ray oscilloscope and photographed. ‘The time lag from the peak of the 
wave to the collapse of voltage at breakdown was measured from an enlargement 
of the oscillogram, and it was the sum of the formative time and the statistical 
time lag. The former is believed to be less than 10~ sec (Whitehead 1951) and 
this estimation is confirmed by the present investigation (see §3). The estimated 
error in time lag measurement was 0-2 psec. 

The impulses were obtained from a single-stage impulse generator and the 
amplitude of each impulse was determined by multiplying the charging voltage 
by the efficiency of the generator. The charging voltage was stabilized and the 
ripple was less than 0-02% of the mean voltage. An irradiated 6-25 cm diameter 
sphere gap was used for standardization purposes. The estimated error in 
voltage measurement was within +4%. The electrode system was similar to 
that described by Calderwood, Cooper and Wallace (1953) and the ambient was 
silicone oil. 
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§ 3. Time Lacs 


The results illustrated in Fig. 1 show that the time lag distribution is influenced 
by the nature of the cathode. Curves a and were obtained from specimens 
whose surfaces had been polished, and the cathode material was deposited on to 
the residue of this operation. In the former case the cathode material was soduim, 
deposited after baking the specimens in a vacuum for two days at 150°c, and 
backed by an evaporated layer of base metal to give protection against oxidation. 
The cathodes used in the experiment of curve 6 were colloidal graphite. Curve 
¢ was also obtained by using specimens with colloidal graphite cathodes but they 
were deposited on to the translucent crystal surfaces produced by the annealing 
treatment, i.e. the second polishing of the crystal surfaces was omitted. 


Log (100N,/N,) 
nN 


pier be eee 
SIZ So" 20m 24N eines 
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Fig. 1. Effect of cathode on time lag distribution, a, 67 specimens with sodium cathodes 
applied to polished surfaces. Tyy=1 usec, S=1:5 usec; 6, 100 specimens with 
graphite cathodes applied to polished surfaces. Tay = 3:2 usec, S=4-5 usec; c, 66 
annealed specimens with graphite cathodes applied to unpolished surfaces. 
Tay=11 usec, S=17 psec. 


The average time lag Tay and the standard deviation S are quoted in Fig. 1 
for each group. Lags exceeding ten times the quoted average value were 
neglected in the calculation and consequently the values of Tay and S are not 
influenced by the few exceptional results. The size of the groups determined 
the sensitivity of the investigation. This was limited by the work involved in 
preparing specimens. A reasonable criterion of significance is that the difference 
between sample means should be greater than three times the standard error of 
the difference. With random sampling, this is likely to happen by chance in 
less than 1% of the trials. The differences between the average time lags quoted 
in Fig. 1 are significant, according to this standard. 

Experiments were also performed with specimens possessing cathodes of 
evaporated gold, and silver, deposited on to polished crystal surfaces. The 
time lag distributions were similar to that illustrated in F ig. 1, curve b, and in 
both cases Tay was about 3 psec. 

In order to determine if Tay was influenced by the initial state of strain, the 
‘specimens used to obtain Fig. 1, curve b, were divided into two sub-groups. One 
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sub-group consisted of 65 specimens and with these the annealing treatment was 
omitted. The difference between Tay for the two sub-groups was less than 
0-5 usec and this is not significant. Values of electric strength are quoted in - 
§4. The small differences in the sizes of comparable groups in Tables 3 and 4 
are due to occasional recording omissions. 


Table 1. Influence of Voltage Increment on Mean Time Lag 


(1) (2) (3) (4) (5) 
Graphite applied to 
polished surface 1 29 14-5 17 
Graphite applied to 
polished surface + 95 3:2 4-5 
Graphite applied to 
unpolished surface , 4 63 11-0 17 
Graphite applied to 
unpolished surface 12 42 2D 41 


(1) Cathode; (2) voltage increment (%); (3) number; (4) Tay (u sec); 
(5) standard deviation S. 


The influence of the voltage increment on Tay is illustrated by the results 
quoted in Table 1. Appreciable error is possible in the measurement of time 
lags less than 1 psec and therefore the scale of the distribution for 12% voltage 
increments was extended by using specimens with their surfaces left unpolished 
_ after annealing. ‘The results illustrated in Fig. 1, curves b and c, together with 
the measured value of 2:2ysec for Tay suggest about 0-8 usec is appropriate 
for specimens with polished surfaces, when they are broken down using 12% 
voltage increments. This estimation is supported by the fact that wavetail 
breakdown was not observed when a single 0-5: 500 psec impulse of peak voltage 
sufficient to produce a stress of 1-5 mv cm! was applied to polished specimens 
of NaCl. Itis evident that Tay diminishes with increase in the voltage increment. 

With respect to the formative time lag in the breakdown of alkali halide crystals, 
the result illustrated in Fig. 2 (Plate) is of interest. This is a photograph of the 
discharge damage caused during the intrinsic breakdown of an annealed specimen 
of KCl. A single impulse, producing a peak electric stress of 1-5mvem~, was 
applied to the specimen. The voltage wave increased approximately linearly, 
and reached the peak value in about 0-03 psec. The voltage across the specimen 
collapsed after another 0-03 psec from the peak of the wave, when it had decayed 
to about 95% of the peak value. A value about 1-0 mvcm~™ may be assumed for 
the electric strength of the specimen, measured with 1 : 5000 usec waves (Cooper, 
Grossart and Wallace 1956) and therefore the stress applied to the above specimen 
exceeded this value for about 0-04 usec. Referring to Fig. 2, a partly completed 

discharge track can be seen to the left of the main discharge channel. It extends 
from the anode into the body of the specimen and terminates half way to the 
cathode. This is a suppressed discharge (Meek and Craggs 1953) and its 
presence indicates the formative time to be less than 0-04ysec. Experiments 
have shown (Cooper, Higgin and Smith 1960) that the behaviour of KCI with 
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respect to time lags is similar to that of NaCl. The formative time lag is a 
negligible fraction of the measured time. 


§ 4. ELectric STRENGTH 


Average, maximum, and minimum values of electric strength, obtained from, 
the groups of specimens used in the time lag studies, are compared in Table 2 


Se ee eee 2 ot et ee 
Table 2. Influence of Cathode on Electric Strength of Sodium Chloride 


(1) (2) (3) (4) (5) (6) (7) (8) 


0-80 0:98 1:26 0-:0099 31 
0-80 0:98 1:15 0:0106 32 


(6) graphite polished 
(7) graphite not polished 1 


(1) graphite polished - 0-78 1-06 1°34 0-0186 37 
(2) graphite not polished 4+ 0-74 1:01 1:38 0-0182 73: 
(3) sodium polished a 0-70 0-99 1-45 0-0403 68. 
(4) gold polished 4 0-76 1:12 1:54 0-0413 29 
(5) silver polished 4 0-74 0-98 1:35 0-0248 33. 
1 
2 


as 


polished 
(8) graphite< specimens 0:85 1:20 1:65 0-0214 71 
not annealed 
Columns: (1) cathode; (2) surface; (3) voltage increment (%); (4)-(6) electric strength 
(mv cm~!): (4) minimum, (5) average, (6) maximum; (7) variance; (8) number. 


and the significant minimum values, for annealed specimens, are constant to 
within +6% of 0:-74mvcm-!. The electric strength of sodium chloride is 
independent of the cathode material. Apart from the cathode, the 240 specimens 
used to obtain the information stated in rows (1) to (5) of Table 2 were similar, 

and they were broken down in the same way. The range of specimen thickness — 


Table 3. Influence of Specimen Thickness on Electric Strength Annealed 
Specimens with 4°% Voltage Increment 


(1) (2) (3) (4) (5) (6) (7) (8) 
(1) t<0-0254 O82 sl 12 1490-0821 27 0:0193 0-4 
(2) 0:0254 <t<0-0303 O76— el-O5 1:38  0-0307 34 0:0279 0-4 
(3) 0:0303 <t<0-0355 0:76 0:97 1:54  0-0398 46 0:0332 0-4 
(4) 0:0355 <t<0-0406 0:74 1-03 1:32 0-0206 57 0:0355 = 0-4 
(5) 0-0406 < t <0-0456 0:74) ©10:91 1:16 =©0-0151 39 0:0437 = 0-4 
(6) 0:0456 <t<0-0508 0-72 0-84 1:04 0-0078 26 0:0557 0-4 
(7) t>0-0508 0:70 0-83 1:02 eee O- Oded 11 0-0581 = 0-4 
(8) 0-:0500 < t <0-0650 0-72 0:80 0:97 0-0046 18 0:0568 0-7 


Columns: (1) thickness range (cm); (2)-(4) electric strength (Mv cm“): (2) minimum, 
(3) average, (4) maximum; (5) variance; (6) number of specimens; (7) tyin(cm); (8) radius 
of recess R (cm). ; . 

eee 
extended from 0-01 cm to 0-06 cm and the result of dividing, according to thickness} 
the above group into seven sub-groups is stated in Table 3. Comparable values 
of electric strength decrease as the thickness of the specimens in the sub-groups 
increases. The effect is smallest for the minimum values of electric strength. 
The product moment correlation coefficient obtained from these values of electric 
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strength (column (2), Table 3) and the corresponding specimen thickness (column 
(7), Table 3) is —0-94 and Student’s ‘t’ test shows that the probability of 
this value occurring by chance is less than 1% and nearly 0-1%. Evidence is 
thus provided of a decrease in the electric strength of NaCl with increase in 
specimen thickness. 

The field distribution in a plane-recessed specimen depends upon the ratio 
of cavity radius R to specimen thickness ¢. Assuming breakdown occurs when 
the maximum stress (at the surface of the recess) becomes equal to a thickness- 
independent intrinsic electric strength, the effect of decreasing the ratio R/t on 
the measured electric strength (i.e. mean stress at breakdown) can be estimated 
(Loeb and Meek 1940). The effect is very small in the range of R/t used in this 
investigation. This is confirmed by comparing the values of electric strengths 
quoted in rows (7) and (8) of Table 3. The thickness effect cannot be accounted 
for by changes in the field distribution due to varying the specimen thickness ¢ 
and not keeping the ratio R/t constant. 

Corroboration of the thickness effect is provided by the behaviour of the 
variances, stated in column (5) of Table 3, which become small when the average 
electric strength of the group decreases below about 0-9mvem~!. ‘This can be 
explained by considering the interaction of the mechanical and electrical phenom- 
ena, which may occur in measuring the electric strength of alkali halide crystals 
(Cooper and Wallace 1956). If the electric field applied to annealed NaCl 
exceeds about 0-9 mv cm-, the Coulomb force between the electrodes is sufficient 
to cause plastic deformation of the crystals. The electric strength ultimately 
achieved is determined by the work hardening characteristic, which is not the 
same for apparently similar annealed specimens. This is the cause of the large 
spread in values of electric strength (Table 2). The above value is independent 
of specimen thickness between 0-012cm and 0-045 cm, where observations have 
been made. If the electric strength of the specimens falls below 0-9 mv cm the 
spread in comparable values should approach that expected from known experi- 
mental errors and this is the case. In the final group, row (8), of Table 3 only 
one specimen possessed electric strength exceeding 0:9 mvcm™ and the spread 
about the average of the remainder was less than + 10%. 


§ 5. SECONDARY FACTORS 


An apparent decrease of electric strength with increase in specimen thickness 
is observed when breakdown results from damage caused by ambient discharges 
(Whitehead 1932). Also in this circumstance, the apparent electric strength 
depends on the time of application of voltage because the breakdown results from 
cumulative damage and the longer the application of voltage the lower is the 
apparent electric strength. In the experiments described previously about ten 
0-8 : 8000 sec impulses were applied, on average, to each specimen and the appli- 
cation of twenty impulses was rare. The absence of injurious discharges is 
established if it can be shown that the electrode system yields values of electric 
strength independent of the number of impulses applied. The experiment was 
carried out as follows. 

The impulse generator was charged from a constant voltage source and it was 
tripped automatically every 30 seconds, the total number of impulses being 
recorded with an electromechanical counter. The specimens were provided 
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with graphite electrodes. ‘The electrode system was similar to that used in the 
experiments previously described and it was immersed in silicone oil. The 
initial voltage applied to each specimen was adjusted to produce not less than 
0-70 Mv cm~ in the region of minimum thickness:| One thousand impulses of 
the same amplitude were applied, and then the amplitude was increased by 4%, 
and another 1000 impulses of fixed amplitude were applied, and so on until the 
specimen broke down. A resistance of about 100 ohms was connected in series 
with the specimen to provide some protection against damage and to produce, 
upon breakdown, a voltage to operate a relay and switch off the generator. 
Fifteen specimens in the thickness range 0-038 cm to 0-050 cm were broken down. 
Five failed due to discharge damage at the edges of the colloidal graphite electrode. 
The minimum apparent electric strength in this group was 0-75 Mv cm! and the 
specimen withstood 1177 impulses. The maximum apparent electric strength 
was 0-89mvcem~ and the specimen withstood 5613 impulses. The average 
number of impulses for this sub-group was 2957 and the average electric strength 
was 0-33mMvcm~!. ‘The puncture in the remaining ten specimens was at the 
bottom of the recess and the values of electric strength ranged from 0-75 mv cm— 
to1-1mMvem~!. The numbers of impulses applied to these two extreme cases were 
respectively 2100 and 11107. The range of electric strengths obtained in this 
experiment is similar to that stated in Table 3 for specimens of comparable 
thickness, and obtained by applying on average about ten impulses. Therefore, 
there is no reason to believe that ambient discharges had influenced the measure- 
ments described previously. 

The apparent electric strength may decrease with specimen thickness if space 
charges occur, because the applied voltage is dropped over relatively thin layers 
of crystal near to the electrodes. There has been speculation in the past about 
the effect of ionic migration upon the measurement of the electric strength of the 
alkali halides. ‘These materials conduct by the transport only of positive ions at 
the temperatures generally used in the study of electric breakdown and the 
possibility must be considered of both thermal and space charge effects. The 
influence of-ionic conductivity ‘upon the electric strength of NaCl measured at 
room temperature, using 1:8000 sec impulses, and specimens similar to the 
ones used in the present investigation, has recently been determined by Cooper, 
Higgin and Smith (1960). The ionic conductivity was controlled by the 
addition of small amounts of CdCl, and it was found that the electric strength of 
NaCl at 20°c was not changed by increasing the ionic conductivity up to sixty- 
fold. Previous investigators have claimed (e.g. Caspari 1955) that the electric 
strength of alkali halide crystals depends upon the cathode material. The effect 
has been attributed to electronic space charges created by field emission, the rate 
of which was assumed dependent on the cathode material. ‘The present experi- 
ments provide no evidence of this since there is no correlation between corre- 
sponding values of average time lag and average electric strength. When a 
cathode effect has been claimed, the evidence usually consists of apparent 
differences between the average electric strengths of very small groups of un- 
annealed specimens and may be doubted for statistical reasons. ~ 


§ 6. DiscussIon 


The characteristics of electric breakdown established for sodium chloride are 
similar to those predicted by the single avalanche theory. ‘The deviation (see 
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Fig. 1) from the theoretical time lag distribution law N,= N, exp (—t/T) follows. 
from the manner of performing the experiments. This law is based on the 
assumption that the probability of a suitable avalanche remains constant but this 
was not the case throughout each experiment. Using solids, the minimum peak 
voltage required to cause breakdown in the time permitted by the form of the 
voltage wave cannot be determined, as a preliminary to the experiment, because 
of the destructive nature of this test. Fixed voltage increments were applied to 
each specimen but the overvoltage at breakdown measured relative to the above 
voltage was not known and it was most unlikely to be the same for all of the speci- 
mens in each group. A number of excessively long time lags are to be expected. 
from those specimens in a group that break down with relatively small over- 
voltages and the effect is to raise the tail of the distribution above the theoretical 
curve in the way illustrated by Fig. 1. The form of the voltage wave also contri- 
buted to this effect since the probability of a suitable avalanche decreased as the 
voltage decreased from the peak value. 

The initiating electrons in avalanche breakdown are assumed to be provided 
by field emission at the cathode. The rate of emission for the various cathodes 
cannot be determined because the average time lag depends also on the probability 
of an electron growing into a suitable avalanche. It is evident however that 
several electrons per microsecond must have been provided in the active region 
of the specimen, which probably was a cylinder of diameter 0-1cm and length 
equal to the specimen thickness. With these assumptions, the emission must 
have amounted to about 10-1! acm? or greater. Little appears to be known about 
‘the cold emission of electrons into solid dielectrics but Geller (1956) has obtained 
currents exceeding 10-4 cm? in crystals of KBr. This material is similar to 
NaCl in its behaviour with respect to time lags. Geller found the rate of 
emission was not very sensitive to the metal used as cathode but it was effected 
by the treatment applied to the crystal surface. These results are not incon- 
sistent with the ones obtained in the present investigation. The difference 
between the average time lags of 3-2 usec and 11 psec, obtained respectively from 
specimens with polished and unpolished crystal surfaces and using graphite 
cathodes in both cases, is attributed to a difference in the composition of the 
contaminated surface layers of the crystals. 

There are various difficulties in the calculation of electric strength, according 
to the avalanche theory and these have been discussed by Stratton. The pre- 
dicted effect of thickness for sodium chloride in the range of 0-02 to 0-06cm 
amounts to a decrease in electric strength of from about 1-0 to about 0:85 Mv cem7}. 
The observed’ decrease was from 0:8 to 0-7mvcem-!, The critical avalanche 
according to Seitz’s criterion will cause melting of the material in the region of 
maximum electron density and the processes causing propagation of the molten 
channel back from the anode to the cathode are speculative. 
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APPENDIX 


The electric strength of annealed KBr is low, and the mechanical force between 
the electrodes is insufficient to deform plastically the crystal before electrical 
breakdown occurs. The spread in values of electric strength obtained from 
comparable annealed specimens of KBr is mainly determined therefore by the 
random errors of measurement, although some variation must still arise from 
relatively small structural differences which remain after annealing. Fewer 
specimens than in the case of NaCl are required to establish the thickness effect 
in the breakdown of KBr. The result of this experiment is stated in Table 4. 


Table 4. Influence of Thickness on Electric Strength of KBr 


(1) (2) (3) (4) (5) (6) 
0-:018—0-030 0:50 0:58 0:69 0:0033 14 
0-053-0-061 0-44 0-48 0-55 0-0014 12 


(1) Thickness range (cm); (2)-(4) electric strength (mv cm): (2) minimum, (3) average, 
(4) maximum; (5) variance; (6) number. 


‘The method was similar to that used for NaCl and the electrodes were colloidal 
graphite applied to polished crystal surfaces. In the absence of large spread due 
to mechanical work hardening, average values of electric strength provide a better 
comparison than do minimum values. Student’s ‘t’ test indicates that the 
difference between the average values stated in Table 4 is significant at the 
0-1% level. Similar values of electric strength were obtained from specimens 
of KBr using voltages that increased approximately linearly at the rate of 
2kv sec (approx). 
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Photofluorescence Decay Times of Organic Phosphors 
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Abstract. An accurate and convenient method for measuring photofluorescence 
decay times in the nanosecond region is described. Results are given for anumber 
of organic compounds and reasons for differences with previous results are dis- 
cussed. For anthracene, a value of 24-2 nsec has been measured for a 1 cm cube 
crystal. Some previous results for quantum efficiencies are corrected on the basis 
of these measurements and apparent inconsistences examined with regard to the 
mean free path of excitons in very thin crystals. 


§ 1. INTRODUCTION 


HOTOFLUORESCENCE decay times of organic phosphors have been measured 
Pp by a number of workers (Hanle et al. 1951, Liebson 1952, Birks and Little 
1953), but a comparison of the results (‘Table 1) shows large differences. To 
measure these decay times, which fall in the range 10~* to 10-® sec, a number of 
methods have been used, as detailed in the references above. The methods 


Table 1. Photofluorescence Decay ‘Times 


Phosphor (1) (2) (3) (4) (5) (6) (7) 
Anthracene 6-4(a) 24:2(c)  3:5(g) 14:0(g) 17-0(g) 15-0(e) 13-0(g) 
Anthracene 3-1(b) 12:6(d) 3-5(g) 14-0(g) 17-0(g) 25:0(f) 13-0(g) 
p-Terphenyl 5:5 ES = 3:8 11:0 — = 
t-Stilbene 3-9 4:8 ily 3-0 3:1 6:0 — 
Diphenyl acetylene — 4-9 —_— 3-0 2°55 15-0 —_— 


(1) Microcrystal decay time, present work. 

(2) Thick crystal decay time, present work. 

(3) Microcrystal decay time, Birks and Little (1953). 
(4) Thick crystal decay time, Birks and Little (1953); 
(5) Thick crystal decay time, Liebson et al. (1950). 
(6) Thick crystal decay time, Hanle et al. (1951). 

(7) Thick crystal decay time, Schmillen et al. (1953). 
(a) Microcrystal deposited from pure solvent. 

(b) Microcrystal deposited from impure solvent. 

(c) Freshly cleaved surface. 

(d) Surface long exposed to the atmosphere. 

(e) Pure specimen. 

(f) Commercial grade (Merck). 

(g) State of crystal unspecified. 


depend in general on the measurement of phase differences at high frequencies (of 
the order tens of Mc/s). This necessitates the calibration of a phase changer at 
these frequencies which is difficult to do with great accuracy. The method to be 


+ Now at The Physical Laboratories, The University, Manchester 13. 
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described in the present paper depends on the calibration of a d.c. galvanometer. 
which can be carried out much more easily and accurately. 


§ 2. OUTLINE oF METHOD 


The present method is based on that originally suggested by Tumerman 
(1941) and the development of this by Bailey and Rollefson (1953). If we con- 
sider the excitation of a phosphor by light modulated at a high frequency, then, 
due to the finite decay time, there will be a phase difference between the exciting 
and fluorescent light. ‘Tumerman showed that the phase difference ¢ was related 
to the decay time 7 by the equation 

tanh = corel, apie = ee eRe (1) 


where w is the angular frequency of modulation’ of the exciting light. This 
equation is the basis of the methods previously used. It may be shown (§ 3) that 
there is also a relation between the relative degree of modulation of the exciting and 
fluorescent light and the decay time. This forms the basis of the present method. 
The degree of modulation is the ratio of the varying to the steady component of the 
signal. In measuring the relative modulation of the two signals the varying 
components are made equal, by adjusting the intensity of the incident light, so 
that any non-linearity in the r.f. detector is eliminated. The relative modulation 
is then just the ratio of the two steady components. 


§ 3. THEORY OF THE MeTHop 


Consider a phosphor excited by light, the intensity of which will be represented 
by a Fourier series to allow for harmonic components. ‘The basic assumption 
made in all measurements of photofluorescence decay times is that the decay is 
exponential. This is to be expected theoretically for a monomolecular process, 
but it does not necessarily hold when there is re-absorption in the phosphor. This 
case is discussed in §4. Following Bailey and Rollefson, the differential equation 
relating the fluorescence intensity J to the exciting intensity J (£) is 


dl 
free Fad Red (ty) Se, eee (2) 
where k, and k, are constants and the decay time r=1/k,. The intensity of the 
exciting light will be represented by xe 
J(t)=3a)+ > [a, cos(nwt)+b, sin(nwt)] ss. (3) 
wheren=1,2,3...,a, and 6, are constants depending on and $a, is the average 


intensity of the exciting light. The equation obtained by substituting (3) in (2) is 
easily solved to give 


_ Aky cS [* cos (nwt — ¢,,) ‘ b,, sin (nwt — “| 4+ Cexp (—hyt) 


2h “Etat 1 Etbaate 
oF asta ip te Oe eer eee (4) 
where the phase angle ¢,, is given by 
tan dp, = Mey SOO Tie el A ate Wt le te ae (5) 
k, * 


which corresponds to the result of Tumerman. The final term is an initial 
perturbation and becomes negligibly small as ¢ becomes large compared with 
I/k,, i.e. tky>1. Since 1/k, = 7 is of the order of 10-8 sec in the present work this 
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term will very soon vanish. The intensity J of fluorescence thus contains terms. 
corresponding to each term in the expression (3) for the exciting light J(t). The 
relation between modulation and decay time is most easily seen if we simplify 
the expression for J(t).. If we have a suitable detector we need consider only one 
frequency component, i.e. for all terms with n >1, a, =6, =0, and, by a proper 
choice of time scale, either a, or 6, can be madezero. We then have 


S(t) = sag tO, sim (eee Ie a (6) 
_ Ryo * kb, sin (wt —¢) 


a eta Rea eee os AER, Fates Ss 7 
: 2k, (ky? + w?)t? 7) 
The degree of modulation of the exciting light me is given by 
Mea eRe TEN We ped (8). 
and of the fluorescent light by 
err 20;, ky 
pee ee ee eh ar Ph eater te 9) 
me Gs (Rye + wry? (9) 
The ratio of these two is 
k 
Tn athe, es Tels ihe 10 
me  (k,2-+*)1? (10) 
or in terms of 7, the decay time 
1 (i—MmM?) 
ae eS a ee et petit Meet e 11 
‘ k, oM i) 


Thus if M can be measured, + may be calculated since w is known. In practice 
the amplitudes of the r.f. components of the exciting and fluorescent light are made 
equal so that is then just the ratio of the steady components. 


§ 4. EXPONENTIAL Decay OF FLUORESCENCE 


Since the present as well as previous methods of measuring decay times depend 
on the assumption that the decay is exponential, this factor requires investigation. 
It has been found by Holstein (1947, 1951) that in the case of gases the decay of 
resonance fluorescence is exponential. This case, however, concerns very narrow 
emission and absorption bands and a much larger overlap than in organic 


Intensity (1) 


Time(t) 


Fig. 1. Calculated decay of fluorescence. 
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phosphors. As well as affecting the shape of the decay, re-absorption could lead 
to variations of the decay time over the emission spectrum. ‘The effects in anthra- 
cene are shown by the spectra of Fig. 4 which shows how re-absorption reduces the 
microcrystal spectrum to that for a thick specimen (1cm thick). The absorption 
spectrum is obtained from Kortum and Finckh (1942). 

The case of anthracene has been investigated by means of a Monte Carlo 
technique with the result shown in Fig. 1. The histogram shows the calculated 
decay. The exponential is given by J= I, exp (—t/r), with 7 as the average of all 
the lifetimes and J, obtained by equating the area under the exponential to that 
under the histogram. Actual results will not be given here, as the calculation was 
rather coarse in using only 10 equally probable regions, and it is to be repeated 
with a larger number of regions. The fit is quite good and justifies the assumption 
of exponential decay in this case. 


§ 5. EXPERIMENTAL 


A block diagram of the apparatus is shown in Fig. 2. A crystal controlled 
power oscillator PO drives an air discharge tube DT to produce the modulated 
exciting light. The discharge was struck between two pointed electrodes about 
1 cm apart by reducing the pressure, after which it was raised to about 5cm Hg. 


Fei 
= 
OS 


Wratten 2B 


300 400 500 


Wavelength (mp) 


Fig. 3. Filter transmission characteristics. 


‘The pressure at which the tube was operated was a compromise between light 
‘output, which decreases, and modulation, which increases with increase of pressure. 
The light is focused on to the specimen P by a quartz lens L through a shutter 5, 
an iris diaphragm D and a filter F 1 The specimen is mounted on a sliding stage 
SS so that the detector, an RCA 5819 photomultiplier PM, can view either the 
exciting or fluorescent light. The filter F, (Wood’s glass) only transmits light 


Photofluorescence Decay Times of Organic Phosphors 747 


below 40004 and the filter F, (Wratten 2B) only transmits above 4000A so that 
when the phosphor is being excited only the fluorescent light (above 4000 A) 
and no exciting light reaches the multiplier. F, is attached to SS and is removed 
from the light path when the exciting light is being examined. The transmission 
curves of the two filters, as determined on a Beckman model DU spectrophoto- 
meter, are shown in Fig. 3. ‘The Wood’s glass was 2 mm thick and the Wratten 
2B as normally supplied. In practice a double layer of Wratten 2B was used. , 

The detector Det was a heterodyne unit consisting of crystal oscillator, harmonic 
amplifier, mixer, i.f. amplifier and detector. The r.f. signal from the photo- 
multiplier anode was fed directly into the mixer and the rectified output from the 
detector was measured by galvanometer G2. The d.c. component of the multiplier 
output was measured by galvanometer G1. 

The choice of modulation frequency should be made as far as possible so that 
(1 — M?)!2 = M, as 7 will then depend mainly on w which is accurately known. 
For the range of + encountered (3 to 30 x 10° sec) this gives a frequency range 
of 30 to 6-6 Mc/s. In practice the second harmonic component of the light source 
-was used as this effectively eliminated pickup, but in a well-shielded apparatus this 
should not be necessary. Since the two signals differ in phase and the pickup 
is of fixed phase, the pickup cannot be simply subtracted and must therefore be 
reduced to a negligible value. It appeared in practice that the second harmonic 
was present in the light output from the discharge tube but not in the driving 
oscillator. A suitable oscilloscope was not available so that a direct investigation 
‘could not be made. 

The phosphors used were obtained from a number of sources (see Birks and 
Cameron 1959) and were of the highest purity available. ‘The microcrystalline 
layers were deposited on glass slips by evaporation from solution and were about 
0-1thick. The solvents used were spectroscopically pure (Hopkin and Williams 
Ltd. and Eastman Kodak Co.). It may be noted that an alternative method with 
‘some advantages is described by Northrop and Simpson (1956). 


§ 6. CHECK RESULTS AND ACCURACY 


It is necessary to test the filters themselves for fluorescence. If F, is fluores- 
cent, then the degree of modulation of the fluorescent light from the specimen will 
be altered. This effect will not be cancelled out since the specimen and F, are 
removed when measuring the exciting light. The fluorescence of F, has no direct 
effect as it will be present in both cases. It will, however, tend to reduce the 
modulation of the exciting light and thus the accuracy and sensitivity of the 
apparatus. ‘The filters were tested for fluorescence by comparing the degree of 
modulation of the exciting light with and without the filter. No significant 
differences were found, but it should be noted that a number of the filters tested, 
particularly those heat treated to obtain the required characteristics were strongly 
fluorescent. 

It was also necessary to determine whether the modulation of the light from the 
discharge tube varied with wavelength, because of the wavelength dependence of 
specimen absorption, filters and multiplier response. This was done by meas- 
uring the modulation through filters transmitting different spectral regions. 
Some small variations were found, but mainly at long wavelengths whose effects 
were negligible. 
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A convenient check on the operation of the apparatus is the measurement of a 
known decay time. In the past most work has been done on organic dye solutions, 
and for some of these the decay times appear to be well known. One immediately 
available in pure form, eosin, was therefore used as'the check. The result of this. 


measurement, together with the results of two other investigators are given in 
Table 2 (Kirchoff 1940, Maercks 1938). 


Table 2. Decay Time of Eosin 


Decay times (nsec). 
Phosphor Present Kirchoff (1940) Maercks (1938) 


Eosin (10-4 g cm=? solution in 4-73 4-70 4-70 
water) 


The linearity of the photomultiplier is the main source of uncertainty in the: 
results. Thisisa difficult factor to check but they are claimed by the manufacturers. 
to be accurately linear within a specified current range and they were always 
used well within the range. Frequencies were all crystal controlled and known 
to within one part in 108. The d.c. galvanometer was checked against standard 
resistors and found to be linear to better than 1%. For materials on which a 
number of measurements were made the statistical error was found to be about 
1%. For the more important materials up to 100 measurements were made on a 
number of specimens. From these considerations the accuracy of measurement 
is estimated to be to about 2%. 


§ 7. ResuLts 


The results obtained have been previously published (Hamilton 1957,. 
Birks and Cameron 1959). There is however a correction to be applied to the 
microcrystal decay time for anthracene and a number of differences with the 
results of other workers to be considered. Some results are therefore repeated 
in Table 1 which also lists the corresponding results of other workers. The two. 
rows for anthracene give the results for pure (upper) and for contaminated speci- 
mens (lower), except in the cases marked (g). For these the state of the specimen 
was unspecified, so that the same value has been entered in both rows. The- 
differences between the present results and those of Birks and Little have already 
been discussed (Hamilton 1957). The differences were shown to be due to: 
impurities or to probable oxidation of the surface. An instructive experiment 
showing the oxidation effect is carried out as follows. One face of a long exposed 
Icm cube anthracene crystal was cleaved off. With this new face towards the 
exciting light the value (c) (Table 1) was obtained. On inverting the crystal, so- 
that an old surface was now towards the exciting light, the value (d) was obtained. 

The results of Liebson and Schmillen et al. for anthracene appear to lie between 
the values (c) and (d) and so could be due to an intermediate period of exposure to- 
the atmosphere. The result of Hanle et al. (e) is thought to differ from (c) due to 
a different cause. A reasonable explanation may be based on the fact that theix: 
measurements were made by examining the ‘reflected’ fluorescence from a thick 
crystal. It is known that the ‘reflected’ fluorescence spectrum is considerably 
different from the transmitted spectrum (Birks and Wright 1954), due to decreased: 
self-absorption. This will diminish the effective decay time of the crystal. 
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Taking rough measurements of the relative areas of the spectra from the above 
paper, we find the ratio of the reflected to the transmitted to be 0:5. Using the 
relation (14) (see below) with 7; = 24-2 nsec and K =0-5, we find for the ‘ reflected ’ 
decay time the value of 12-I1nsec. Since the spectra are approximate and the 
exact value will depend on the angle of incidence, this value agrees well enough 
with (e). The value (f) cannot be considered to be in agreement with (c) since 
it was also measured by reflection and so underestimated and it is probably in- 
fluenced by some impurity. Differences for other phosphors are probably due to 
one or more of the causes discussed for anthracene. 


=o4-4-= Microcrystal 

SFr es Thick Crystal 

snomeeeee Corrected Microcrystal 
Absorption 


Quantum Intensity or Extinction Coefficient 


400 TROT 500 
Wavelength (mp) 


Fig. 4. Absorption and fluorescence spectra for anthracene. 


Table 3. Corrections to Anthracene Decay Times 


Specimen - Ky Tm1 Ks Tme Ky To Tm3 ™ 
A 0-293 6:55 0-796 5-22 0-234 24-1 5-64 5:43 
B 0-340 6:85 0-792 5-42 0-233 22°5 5:25 5°34 
( 0-331 6:64 0-755 5:02 0-228 23:9 5°45 5:24 
D 0-311 6:58 0-761 5-01 0-236 23:3 5:50 5-26 
Means 0:319 6:65 0-776 5-17 0-233 23°5 5-46 5:31 


; K, =ratio of thick to uncorrected micro spectrum. 
7m = measured micro decay time. 
K,=ratio of uncorrected to corrected micro spectrum. 
Tm2=Tm1- Ke : 
K,=ratio of thick to corrected micro spectrum. 
7,= measured thick decay time. 
Tma= Te «iss: 
Tm = mean of Tm: and Tms.- 


Birks and Cameron (1959) have found from spectral measurements that even 
in the microcrystalline layers used in the present measurements (the specimens 
were the same ones) there was some residual re-absorption. They have made a 
correction to the spectrum for this which is shown in Fig. 4. The improved 
agreement of the K values shown under K;, (‘Table 3) compared with the measured 
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values under K, adds confirmation to this correction. This re-absorption will also. 
affect the decay time. 

The decay time ratio for anthracene 7¢/tm = 3:8 is quite close to the ratio of the 
areas of the spectra after normalization at long wavelengths (Fig. 4: ratio=4-3). 
This approximate agreement is to be expected on Birks’ photon cascade theory 
(Birks 1953) for high quantum efficiency g. If p and & are the radiative and the 
non-radiative transition probabilities and K the spectral area ratio : 


__ area of thick crystal spectrum 
area of microcrystal spectrum 


Then 
a eS 12 
Te ptk C2 
and 
eae os 13 
q DER. Ak Os (13) 
If g=1 then k=0 and 
Te a 
an: = Ke AY heel 5 he tebe (14) 


If these considerations are to be used to obtain a corrected decay time, a value of 
q=1 has to be used to obtain even the agreement shown in Table 3. Since q is 
found to be less than 1 (§8), it would appear that there is possibly some other 
process in operation which has been neglected. This is considered in § 8. 


§ 8. QuaNTUM EFFICIENCIES 


Wright (1955) has given a method for measuring photofluorescence quantum 
efficiencies g from measurements of the decay times and fluorescence spectra of 
thick and microcrystal specimens. He shows that 

1—Tm/Te 
q= Pifsekoki ee (15) 

where 6 is an escape coefficient. Wright gave a result for anthracene using (15). 
but he used a value of t. = 18-0 nsec and tm = 6:7 nsec and incorrect spectral data. 
These values were obtained by the method described above but before the effects. 
of oxidation and re-absorption were fully realized. Using the results for the 
specimens of Table 3 (tm=5-31, 7- =23-5, K=0-23) we get g=1-12 with 8=0-1 
as given by Wright or g= 1-00 with 6=0. 

If the theory is correct, then these values indicate that there is some error in the 
measurement or that some other process is operating that has not been taken into 
account. ‘This is because the efficiency should be somewhat less than 1-0 at room 
temperature, as it has been found to increase with decrease in temperature 
(Kucherov and Faidysh 1956). Note that the values given by Kucherov and 
Faidysh are technical efficiencies Q related to the quantum efficiency g by (Wright 
1955): 

__ 9K 

Seicleeassoe 
At room temperature Q = 0-64 (Kucherov and Faidysh, Fig. 3, for room tempera- 
ture) and with K=0-23 we obtain g=0-9. If zm is calculated from (15) with 
5=0 and g=0-9, we get tm=7-5 nsec. 
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It has been suggested that the true molecular lifetime of anthracene may be 
somewhat higher than the value given in Table 1, and that the reason for the lower 
value actually measured is the approach of the microcrystal size to the mean free 
path of the excitons in the microcrystal (Kucherov and Faidysh 1956, Simpson 
1956). The excitons, representing the excitation energy, move through the 
crystal until de-excitation occurs. If the mean free path is limited, in this case 
by the size of the microcrystals, de-excitation occurring at crystal boundaries, then 
the decay time will be reduced. The thickness of the specimens used in the 
present measurements (0-1 ) is approximately equal to the mean free path reported. 
in the above references, so that some decrease in lifetime may be expected. ‘The 
approximate lifetime calculated above indicates that this may be what is occurring 
especially as a more realistic calculation would probably increase rather than de- 
crease the calculated value. 

The results of Kallman and Brucker (1957) appear to support this idea but there: 
are a number of corrections required and there are several possible sources of error. 
Firstly, a correction has to be made for the transit-time spread in the photo- 
multiplier which has been measured to be about 6 nsec (Hamilton and Wright 
1956) for the same type of multiplier (RCA 5819). Small variations in the times. 
can make large variations in the final result, and since this correction has to be 
made twice (for equipment rise time also, already included in the values tabulated): 
there is a possibility of large corrections. Scintillation lifetimes are also generally 
thought to be slightly longer than photofluorescence lifetimes (see for example 
Brooks 1956). There are also a number of criticisms of the measurements. 
themselves. The thin flakes were 0-01 to 0-02 mm thick whereas re-absorption 
is still important in anthracene 0-001 mm thick. The flakes were prepared by 
heating and sublimation but the vessel was apparently not evacuated. ‘The 
specimens were therefore probably oxidized. A value of 12-6nsec has been 
obtained (Table 1) for a 1 cm crystal which has been long exposed to the atmos- 
phere. This value corresponds very closely to the values given by Kallman and. 
Brucker and adds to the doubt about their values. 

The evidence in any case does indicate the possibility of a decrease of lifetime 
due to the limitation of the exciton mean free path, but further experiments on: 
crystals of various thicknesses will be required to establish this. Measurements on 
various compounds will also be required, as p-terphenyl, which has negligible 
spectral overlap, does not show a decrease. This may be due to a shorter mean 
free path for excitons in this material. 
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Abstract. ‘The four crystalline field parameters of the Dy** ion in the ethyl 
sulphate, V,°, V,°, V,° and V,° are fitted at 4-2°K and 58°K to give the known level 
splittings and g values. It is found that V,9~125 cm, V,°~ —26cm™, 
Vo~—31 cm, and V,°~490 cm-, and there exists a slight variation with 
temperature between 4°K and 58°K. ‘These values are, however, in serious 
disagreement with those obtained by the extrapolation procedure of Elliott and 
Stevens. In particular, V,° is extraordinarily large, in agreement with the 
previous work of Judd on europium ethyl sulphate. An empirical variation of 
V,, with atomic number is given which is in marked contrast to that predicted 
by Elliott and Stevens. 


§$ 1. INTRODUCTION 

HE recent work of Gramberg (1960) has now made it possible to obtain 
| unequivocally the four crystalline field parameters V,°, V,°, V,°, and V,° 
(Elliott and Stevens 1953 a) for the dysprosium 3 + ion in the ethyl sulphate. 
Up to now, only a few ions in the first half of the rare earth series have been 
examined in the ethyl sulphate in great detail. In fact, only for the single salt, 
europium ethyl sulphate (Judd 1959a), have there been enough data to fit the 
crystalline field parameters unambiguously. The investigation of these parameters 
for the dysprosium 3+ ion is of the utmost significance because of its position 
well along in the rare earth series, and because it contains an odd number of 
4f electrons. The elegant work of Elliott and Stevens (1952, 1953b) which 
systematized the crystalline field description of the rare earth trivalent ions 
assumed that V7,” varied as (Z—55)~"*, where Z is the atomic number. This 
followed from the observed empirical variation of the spin-orbit coupling constant 
(proportional to <r-*) where <r) is the mean radius of an f electron) with atomic 
number in the rare earth series, and the added assumption that the 4f wave 
functions were approximately hydrogenic in nature. No great weight was given 
to this procedure, but it did serve as a starting point in their analysis. As they 
had previously fitted the four parameters to the one salt about which there appeared 
to be sufficient experimental data, cerium ethyl sulphate, they were able to use 
the extrapolation procedure (1953b) to approximate the coefficients for the 
rest of the trivalent rare earth ions in the ethyl sulphate lattice. In general, rather 
good agreement with the experimental results, as they were then known, was 
§ National Science Foundation Postdoctoral Fellow, now at Division of Engineering and 
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found. Since their work a few other salts have given enough experimental 
data for better fits to be attempted, specifically the non-Kramers salts (an even 
number of 4f electrons) praseodymium (Baker and Bleaney 1958) and europium 
ethyl sulphate (Judd 1959 a). As a result of the fit we shall present for Dy?+ 
ethyl sulphate, and those for Pr?+ and Eu3+ in the ethyl sulphate, we find it 
necessary to question some aspects of the Elliott and Stevens extrapolation 
procedure. We believe the apparent agreement between their extrapolated 
parameters and the experimental data to be due to comparing rather insensitive 
quantities. We shall first, however, present our results for dysprosium ethyl 
sulphate, and then go on to the analysis of the variation of the crystalline field. 
parameters from ion to ion. 


§ 2. THE Fir ro Dysprostum Erayt SuLPHATE 
The ground multiplet of the dysprosium 3+ ion is a 4f°, SH 5/2 state. This. 
is split by the ethyl sulphate’s crystalline field (having C,, symmetry) into eight 
levels all doubly degenerate owing to time reversal symmetry. The susceptibility 
has been measured at helium temperatures (de Haas, van den Handel and Gorter 
1933, Cooke et al. 1959) and it is found that & = 10-8, g, ~0 which indicates a 


Table 1. The Experimental Results of Gramberg (1960) for 
Dysprosium Ethyl Sulphate 


4-2°K 58°K 
Energy splitting Energy splitting 
Level J, values Ay; (cm-) | can Ay 
I 0/2) 53/2) ase 15/2 — 10:76+0-1 0 
II 7/2; 5/2 16-03 + 0-05 5°60+0:2 7:28+0-6 16-14+0-2 
I. +11/2, 1/2, $13/2.  21-2040-1 12:50+0-2 3-90+0-6 20-4+0-2 
IV — _ — — 58-9+0-2 
V — — — — 68-1 +0-2 


combination of J,= +9/2, ¥ 3/2, £15/2 levels lowest. Magnetic resonance 
measurements were performed on the first excited level (Baker and Bleaney 1958) 
and these together with the temperature independent susceptibility in the 
perpendicular direction indicate a splitting of 22°K and give g, =5-86 +0-10 and 
&,=84+0-5 in the dilute salt (Dy*+ in yttrium ethyl sulphate). This shows 
the first excited doublet to be a combination of J,=+7/2, ¢5/2 levels 
(=cos 6| + 7/2) —sin 6|=5/2)). Because the §, and g, are related for such a level 
($1 =$[7 cos? 0—5 sin? 6], g= $V/55 sin 20) we cannot fit unambiguously the four 
crystalline field parameters. Because of Gramberg’s (1960) recent optical 
measurements, however, and his success in identifying three of the eight levels. 
at 4-2°K and five of them at 58°k, we are now assured of enough data with which 
to fit the crystalline field parameters. His results are listed in Table 1. It is to 
be noted that the splitting of the second and third levels from the ground doublet, 
Aj. and A,, respectively, seems to vary slightly with temperature. This has 
caused us some trouble in fitting the data and we shall present separate lists of 
parameters we expect to be appropriate to the liquid helium (~4°x) and the 
higher (~58°k) temperature regions. In attempting to fit the data in the higher 
temperature region, we have had no choice but to fit solely to the level splittings 
given by Gramberg because no g values are known for measurements at that - 
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temperature. ‘The fit is thus in reality just a solution of four simultaneous. 
equations in the four parameters. The results are given in Table 2. It is to 
be noted that the g values are not very different from those found at helium 
temperatures. The very significant point about the fit is the size of V,°. Far 
from lying between about 0 and —5cm™1, as would be guessed from the 
extrapolation scheme of Elliott and Stevens, it is much larger. This would 
imply, if the extrapolation procedure of Elliott and Stevens were in fact valid, 
and V7,0(Z—55)—14, a value of 238 cm for cerium ethyl sulphate. (They 
found a value of approximately —15 cm.) This large positive value however 
hardly seems reasonable at present. 

The fitting at 4-2°K is more difficult, strangely enough, because we have seven 
independent experimental numbers with which to work, five of them relating to 
gvalues. The trouble lies in the fact that for small changes in theV,,” the g values. 


Table 2. The Theoretical Spectrum of Dysprosium Ethyl Sulphate from 
a Fit to the Crystalline Field Splittings A,, to Aj; of Gramberg (1960) at 58°x. 


Energy 
splitting 
Level Wave function (cm—?) & can 
I 0:058| +15/2> —0-:267| +3/2> +0-962|+ 9/2> 10-75 0 
II —0-869| + 7/2>+0-495| = 5/2> 16:10 5-41 8-51 
Ill 0-104] + 13/2> — 0-200] + 1/2> + 0-974 + 11/2 20-40 13-68 1-86 
IV —0:994| + 15/2> +0:069| +3/2>+0:079|4= 9/2> 58:90 19-72 0 
V — 0-983] + 13/2> +0-129| + 1/2> +0-131] = 11/2> 68:10 16°52 1-64 
VI 0-495|+ 7/2> +0-869| = 5/2> 148-89 2:75 851 
Vil 0-088] + 15/2> +0-961|+3/2> +0-262|+ 9/2> 201-76 6030.0 
Vill 0-151] +13/2> +.0-971| + 1/2> +. 0-183]  11/2> 242-18 1:16 10-45 


V.9=123-7 em! V,9=—26:35 cm" V,o= —31:02cm V,°=492-26 cm™ 


change very little. Hence, a fit to the g values gives an enormous error in the 
splittings even for a small experimental error in the g values. That is, the g value 
error may be small, but the resulting error in the level splittings is not. We thus 
had to weight the values of A,, and A,; to keep them near those found by 
Gramberg at 58°K, and fit them, together with the g, values given by Gramberg 
for the lowest two states and the known splittings A,, and A,3. This allows for 
the slight change of A,, and A,, with temperature from 58 to 4-2°K. A computer 
programme was written for the fitting procedure which calculated the weighted 
sum of the squares of the differences between the observed and the calculated 
data. The programme then found the values of the parameters which minimized 
the weighted sum. The method of finding the minimum is rather more effective 
than the method of steepest descents and will be described elsewhere (Powell, 
to be published). The true minimum was assumed to be reached when a change 
of +0-01% in any one parameter caused the weighted sum to increase. The 
parameters which gave a good fit to the g, values of the two lowest levels and to the 
splittings Aj. and Aj3, and for which the energy splittings A,, and A,, differed 
only slightly from those observed at 58°K, are given in Table 3. 

There are, however, discrepancies between the results of Table 3 and those of 
Gramberg in Table 1. The g, values do not seem to be in agreement for levels 2 
and 3, and the g, for level 3 is also in disagreement. A reason for the first two 
discrepancies may be that Gramberg used fields so large that the Zeeman splitting 
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was no longer linear in the field H, but also contained terms proportional to H?, 
and his extrapolation to zero field was in error. Because the perpendicular 
temperature-independent susceptibility is so high and the levels connected by 
a perpendicular field so close, it is entirely possible that this may be the case. 
The reasons for error in the g, of the third level may also be due to the proximity 
of the next J,= + 13/2, +1/2, 11/2 level (Aj; —A,3=48 cm-!). We feel that 
Gramberg must certainly be in error for level 2 because of consistency require- 
ments between g, and g, which we have previously indicated. Gramberg’s 
results do not fulfil the required relation. Further, the &, given by Baker and 
Bleaney (1958) is roughly that of Gramberg, whereas their (consistent) g, is 


Table 3. ‘The Theoretical Spectrum of Dysprosium Ethyl Sulphate from 
a fit to the experimental data (see text) at 4-2°x 


Energy 
splitting 
Level Wave function (cm) gy £y 

I 0-053} + 15/2> —0-261| + 3/2> +.0-964 = 9/25 — 10:32 0 
II —0-872|+ 7/2> +0-489| + 5/2> 16:04 5:50 8-43 
Ill 0-096] + 13/2> —0-195| + 1/2> +. 0-976] = 11/2) 21-22 13°76 4:78 
IV — 0-995] + 15/2> +0-071| + 3/2> +0-074|= 9/2> 60-40 19:74 0 
Vv — 0-984] + 13/2> +.0-129/ + 1/2> +0-123| = 11/2> 69:59 16:58 1-61 
VI 0-489| + 7/2> +0-872| = 5/2> 144-80 2:84 8-43 
VII 0-088) + 15/2> + 0-963] + 3/2> +0-256/= 9/2> 198-24 30S aaa 
VIII 0-150] + 13/2> +0-972| +1/2> +0-179/411/2> 238-82 1-18 10-46 


V.°=119:24cm+ V,9= — 26:22 cm V.°=—31:24cm V,8=473-49 em 


much different. To check our conclusions we have also computed the effects of 
admixtures from the J =13/2 excited multiplet. In all cases we have found a 
trivial correction, less than 1°, to the ground multiplet g values. 

In addition, we have also calculated the temperature-independent suscepti- 
bility in both the parallel and perpendicular directions expected in the liquid 
helium range. We find 0-0181 per mole and 1-104 per mole respectively. The 
former is in reasonable agreement with the value 0-0152 found by Becquerel et al. 
(1936). The latter agrees well with the value of 1-05, +0-02 found by Cooke 
et al. : 

It is interesting to note that V,°, V,°, V,° and V,° change by only about 4, <1, 
<1, and 4% respectively between 4-2° and 58°x. Thisisa weak variation, being 
practically within the experimental uncertainty. 


§ 3. THE ExTRAPOLATION PROCEDURE 

We now plot the four crystalline field coefficients for dysprosium, europium, 
and praseodymium ethyl] sulphate against Z—55 to determine their functional 
variation with this quantity. The results are shown in the F igure. The inter- 
esting features of this Figure are two-fold. First, if we demand that Voc (Z— 55)? 
then we see that p is roughly independent of m as V,° and V,° appear to have 
similar slopes. This agrees with Elliott and Stevens (19536). Secondly, 
p=+0-8, —1-4 and —0-33 for n=2, 4 and 6 whereas Elliott and Stevens have 
taken p= —0-5, —1-0 and —1:5, Clearly something is wrong. Judd (1959b) 
has discussed the possibility of screening and has reached the conclusion that such 
may be quite significant, involving higher configurations of the ionic state. There 


The Crystalline Field Parameters for Dysprosium Ethyl Sulphate Tot 


is as yet, however, no quantitative or even qualitative estimate of this effect. It 
is intriguing to note that the crystalline field coefficients for these three salts do: 
seem to vary empirically with atomic number in a simple manner (see Figure). 
For instance, for samarium ethyl sulphate (4f°, 5H;/.), we would find V,°~ 77 cm™, 
VP~ —48cem—, V,o~ —39cm-, V.e~550cm™. To first order in pertur- 
bation theory this gives A,,~59cm-!, A,;~ 65 cm~ in rough agreement with the 


(0) 
2 © 
é 
o-~ Ve 
ee =- vw 
ey 
i ame or 
io} 
100 & x 
cm 
F a 
1 A 
A 
| a 
Pr Ene py, 
(Ro) | ee I Ee eee 
cm! 2 3. 4 5 6789101 z-55 


A log-log plot of the crystalline field parameters, V,”, V,°, V,° and V*,, for praseodymium, 
europium and dysprosium ethyl sulphate against Z—55, where Z is the atomic number. 


values of 53-8 cm—! and 63:6 cm~ respectively given by Lammerman (1958) from 
optical measurements. ‘These splittings are much better than those found by 
Elliott and Stevens (1953b) via their extrapolation procedure (Aj.~5cm™ and 
A,3~ 22.cm-) while they also gave an incorrect ordering for the three levels, viz. 
t=[4+1/2), w=|+5/2), m1=|+3/2)t. 

Our values for V,,” give, in agreement with the experimental results of 
Lammerman (1958), 1=|+1/2), 1=|+3/2), and m1=|+5/2) in the ground 
(J =5/2) multiplet. 

As good as the agreement may seem in this particular case, however, the 
dangers of extension to other salts are so great in light of past experience as to 
make us loath to present any general conclusion other than the following. It is. 
clear on the one hand that in complete agreement with what Judd found for 
europium ethyl sulphate, V,° is much larger than previously supposed. And, on 
the other hand, this large value of V,° does not appear to be a function of whether 
the ion contains an even or odd number of 4f electrons, in disagreement with his. 
conjecture. 


+ In fairness to Elliott and Stevens these discrepancies may have arisen from their attempt 
to fit the very peculiar behaviour of the magnetic susceptibility (van den Handel, un- 
published). The recent optical measurement of Lammerman (1958) have solved this 
dilemma by showing the susceptibility results to be in error. 
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Thus, the Elliott-Stevens extrapolation formula appears to be in some error 
for the rare earth salts about which we have sufficient data to fit the crystalline 
field parameters. In the future, as we obtain more experimental information 
on the rare earth salts, we may be able to make some sense of their variation with 
atomic number. In any case, we now see that’ the hydrogenic approximation 
may be in very serious error and treatment of the shielding factor seems all- 
important. 
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Abstract. It is shown that the space correlation function of any space-dependent 
atomic property may be used to estimate the degree of order in a solid. The 
correlation function is evaluated for an Einstein solid and is shown to have both 
long-range order and short-range order components. ‘The thermal scattering 
and band structure of an Einstein solid is treated by means of time-dependent 
perturbation theory on the loose-binding approximation, and it is shown that the 
scattering matrix is related to the spectrum of the potential, the short-range 
and long-range components giving rise to thermal scattering and energy gaps 
respectively. 

The width of the gaps is found to decrease exponentially with temperature ; 
for a one-dimensional model of sodium the temperature coefficient is found to be 
about 10-* per degree. Ona Mott-type one-dimensional model of liquid sodium 
this implies a 20% contraction of all energy gaps on melting. 


§ 1. INTRODUCTION 


HE work reported in the present paper may be divided into two, related, 

| parts. The first of these consists in presenting a method, differing from those 

hitherto used, for measuring the degree of order ina lattice. The method is 

applied to the particular case of a lattice subjected to thermal vibration on the 

Einstein model and has the particular feature that the same function enables the 
degree of long-range and short-range order to be estimated. 

The second part of the paper is a discussion, on the basis of the loose-binding 
approximation, of the energy levels and scattering in an Einstein solid. The 
particular feature of the method used is that both the energy levels and thermal 
scattering emerge from the same treatment, a temperature-dependent energy gap 
being obtained. The scattering matrix contains expressions which are evaluated 
in the first part of the paper, and it is found that terms corresponding to the 
thermal scattering and energy levels can be associated with the degree of short and 
long range order respectively. 


§ 2. DEFINITIONS OF STATISTICAL FUNCTIONS 


If y(«) is a scalar function in an infinite, one-dimensional space the degree 
of statistical dependence between the value of y at the points x, «+x, may be 
measured by the autocovariance function 


A(x) = lim> [2c ae) en (1) 


+ Part (abridged ) of the author’s thesis for the Ph.D. degree of the University of London 
(1960). An account of part of this work was presented at the Physical Society’s Conference 
on Electron—Phonon Interaction in Solids, held at Oxford in December, 1959, 
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where the limit is assumed to exist. In the cases to be considered the function 
»(x) will be identified with a space-dependent property of the atom (such as the 
atomic potential) and will be a function of some random parameters (such as the 
displacement of the atoms from their equilibrium positions). If, in this case, 
a particular record y”(x) of the function is obtained, and the corresponding 
autocovariance A”(y) computed, this will be a function of such random parameters. 
The value of A”(y) averaged over these parameters will then be denoted by 
(A"(x)). The present discussion will be confined to ergodic, stationary processes 
and for these the values of (A"(x)) and of A(x) are, for physical purposes, 
identical. The correlation function, or normalized autocovariance, is given by 


A(x) 
= ee (ee Pe Co, tear e 2 
p(x) (0) (2) 
The record y” (x) over a length L may be represented by a Fourier integral 
L/2 
(32) = | ViK jest 2K os tee (3) 
—L/2 
The spectrum G(K) defined by the equation 
pee dl 
G(K) = lim L < [PK wees aT OY alee (4), 
I> co 
is then related to the autocovariance by the Wiener—Khinchine relation 
A(x)= | G(Kycos2aKydk, = ae (5) 
For a three-dimensional solid the following analogous definitions hold: 
A(e)= | yry(rt+p)dr (6), 
ym(r) = | © ymajeik.egq | (7) 
el 
OK) limes VOIKE Sts aed bie hee (8) 
Pa 


$3. THE CORRELATION FUNCTION AND SPECTRUM OF AN EINSTEIN SOLID 

It will be shown in the present section that the space correlation function 
may be used to estimate the degree of order, on the atomic scale, which exists. 
in an Einstein solid. For this purpose a physical property, such as the atomic 
potential, is chosen and the corresponding correlation function computed. In 
general, we denote by yg(x) a property of the atom which is independent of the 
interatomic distance. The function y"(x) defined over a chain of 2N+1 atoms. 
occupying a length L is then given by 


ym (x) = "S y(a—rq9—: ses a (9) 


where q is the interatomic distance and the x,,.are the displacements of the atoms. 
from their equilibrium positions. Taking the Fourier transform of (2): 
multiplying by the complex conjugate and averaging, we find 


(I¥™(K)P) =|¥o(K)I? 2 “ep [2miK{(r—s)go+ (x, —2,)}]) vee. (10) 


where Y,(K) is the Fourier transform of yo(x). For r=s the value of the sum 
is clearly 2N+1. On the Einstein model, the x, are assumed to be independently 
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distributed with a distribution z(x,). Defining the characteristic function of the- 
distribution by 


Z(K)= iO 


2(x,) exp (—271Kx,) dx, Ber obs) 
it follows that the characteristic function of the distribution of «,—«, is just 
|Z(K)|?. The spectrum may therefore be written 


rT=N s=N 
G(K)= lim |Y,(K) | 2v+ 141Z7KP > > exp 2niK(r—3)ay} | . 
I> r=—N s=—N 
If the term for n=m were included, the double summation would have the value- 
sinwK(2N+1)q)/sin7Kqy. As N->oo this function is infinite at the values. 
K=n/q) and zero at all others; it may therefore be represented as a delta 
function of strength (2N+1)/q). Writing L as 2Nq, for large N and taking the- 
limit, one obtains for the spectrum 


G(K)= PoE] 1 cK + eer o 5(K- “\] Loy ee (12) 


% 
The evaluation of the spectrum for the three-dimensional case offers no new 
problems, and the expression is given by 


G(K)= pomelt | 1-1zar+ ES ak—-R,)| ieee (13) 


=—0 


where Q, is the volume of the unit cell and R, is a reciprocal lattice vector. 

The correlation function may be evaluated by the use of Eqn (5). For a 
specific example we consider the one-dimensional case; take y(x) to be the 
electrical potential, and choose the potential function yo(x) of a single, isolated 
atom to be of the Kronig—Penney type, with height 4 and width sy. If the atom, 
of mass M, is represented as a simple harmonic oscillator of frequency vy the- 
distribution function 2(x,) is, in the classical limit of continuous levels, Gaussian 
with variance o? given by 

pate wk Ti 
42M vy?” 
The expression for the spectrum then takes the form 
G(K)= h? sin? 1Ks, E erp (2 MAKI) exp ( ike) 5 A (x x ay y 


Ae 2 
Yo cid Se 0 r=—a 


o 


Substituting into Eqn (5) we obtain the correlation function as A(y)/A(0),. 
where 


_ Wl 20 x Rees (x +50)? 
a= Zaexp ( -— 25) —lxlerfo Be — Sexe a a 


Ix+5ol Ix+5o]l __ 2 ts (x= 50)? ix—Sol Ix—5ol 
eae erfe “> aa P itn are Tr erfc So oe 


7 4o2 

hs,” ce 4n?r202\ . . a1S 2nrx 

a Ey) exp ( - ) sin? cos <TH Ped (16) 
qo r= qo" q q 
A h "20 20 So ; f . His? 
Oss ae"? coe — 5, erfe aa ae 
oo 2422 
+2h? > exp ( - =e ) sine 2 hee (17) 
r=1 0 0 


It is seen that the correlation function consists of essentially two terms whose: 
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relative magnitude is determined by the variance o?. The first has appreciable 
magnitude for an interval x of the order of the interatomic distance; the second 
is a periodic function. ‘These may be interpreted as reflecting, respectively, 
the degree of short-range and long-range order in the system. In the limit of 
vanishing thermal fluctuations only the periodic component remains, while in 
the limit «> q)—hardly realizable in a solid—the periodic component vanishes 
and the correlation function and spectrum have the same shape as for a single, 
isolated atom. The result obtained in this limit is the same as if the distribution 
of the atoms on the line was of the Poisson type-(Carson 1931, Lukes 1961 a). 


§ 4. THERMAL SCATTERING AND ENERGY LEVELS IN AN EINSTEIN SOLID 


The effect of thermal vibration on the band structure of semiconductors has 
been discussed by Fan (1951) using second-order stationary perturbation theory ; 
applying his theory to the case of germanium and silicon, he obtains an energy 
gap which decreases linearly with temperature, a result which is in good 
agreement with experiment. A treatment of the energy levels in a short-range 
order system, corresponding to a one-dimensional model of a liquid, again using 
second-order stationary perturbation theory, has, since the completion of the 
present work, been published (Sah and Eisenschitz 1960). For the case of 
periodic lattices, the results of the loose-binding approach are well known 
(Sommerfeld and Bethe 1934); for the one-dimensional case, this leads to energy 
gaps of magnitude 2|V,| situated about values of electron wave number given by 
k= +7r,/q, where V, is the rth Fourier coefficient of the potential. 

In the present method, the interaction of electrons with the atoms of an Einstein 
solid is investigated, using time-dependent perturbation theory. As the 
unperturbed wave functions are taken to be those of free electrons this amounts 
to using the first Born approximation. The object is to obtain a unified approach 
from which both the thermal scattering and the energy levels can be derived 
and, in particular, to see the effect of thermal vibration on the band structure. 

We consider, as in the previous section, atoms along a line of length L, 
vibrating about equilibrium positions on the Einstein model, and take as the 
unperturbed wave functions 

UR) LEO «ire ch hone (18) 
Treating k as a continuous variable the expression for the probability of a 
transition per unit time dp/dt from state k to state k’ is given by (Landau and 
Lifshitz 1959) 


dp 2 
oe SF D(E\IV BPE By) eee (19) 
where Vj, is the matrix element for a particular ‘frozen in’ sequence of atomic 
positions, given by 
L/2 
Vi(R—-R')=L4 exp (tkx)u™(x)exp(—tk'x)dx  —........ (20) 
—L/2 
and D(£) is the density of states; v’"(«) is the potential field for this particular 
sequence. ‘The average probability of scattering is given by averaging [Vso 


over all atomic positions. Taking for the density of states the free electrof 
value, the average probability of scattering takes the form 


died theca a4 
(F) = 35 (Fe) lim (V"(R—R PEE ye) oo (21) 
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‘where 
V™(k—R')=LV(R—R’). 
The term lim <|V’"(k—k’)|?) which occurs in Eqn (21) is simply the spectrum 
I> 


of the potential, expressed as a function of (k—k')/27, and may therefore be 
obtained from Eqn (12). In this way one obtains after some calculation 


d; 4x? / m \ 1? |V)(kR—R’)/? ; 
(4)- (aR) [Vol i | [ 1-expt-oth—- 2} 
texp{—o%(k-k')} > 8 (= : 7) ] BE ene ee ta (22) 
r=— 0 2a qo 

The contributions of the terms in square brackets must be separately considered. 
The term 1—exp{—o?(k—k’)?} (where, in the one-dimensional case, k= —k’) 
can clearly be associated with thermal scattering in the lattice; if the exponential 
is expanded to first order in 0”, this is exactly equivalent to the usual procedure 
of calculating the effect of thermal scattering by expanding the potential in a 
Taylor series, since 


( | bi exp (ikx) S v9(x2) exp (—ik'x) dx 


Our expression for scattering is, however, also valid for large displacements and 
for ck>1 the expression coincides with that which would be obtained if the 
atoms were arranged completely at random; since for the case of an alkali metal 
(to which one would expect a loose-binding approximation most nearly to apply) 
the Fermi level is given by k=7/2q) this is a case hardly realizable in a solid. 
Considering the contribution of the terms in the sum in (22), the conditions 
specified by the two delta functions can be simultaneously satisfied only if 


*) = (R—R'P|Va(R-R IP «+ (23) 


Thus the effect of the summation term in (22) is to ensure certain reflection for 
values of k given by (24), and the procedure of representing the unperturbed 
wave function by the incident wave breaks down. Instead, we assume as a 
first approximation that transitions only occur between the two degenerate states 
and therefore represent the wave function by a superposition of the incident and 
reflected waves, 


(x) = L-¥{c, exp (ikx)+c,exp(—ikx)}. sees (25) 


Solving for the energy in the usual way by equating the determinant of the 
coefficients to zero we obtain for the change of energy produced by the perturbation 


woe2 
AE, =V,(0) + ¥»( = ) exp ( aoe a ) dente (26) 
Yo Jo 
It follows that there is an energy gap of magnitude E,(r) where 
Qy2gh 
E,(r)=2 v»( =) exp (- en li ). yeameby (27) 
Yo % 


Comparison of the result with the usual treatment for a periodic lattice shows 
that the energy gaps differ by a factor of exp (—2z?r?0/q)”);_ the effect of taking 
thermal vibrations into account is therefore seen to be an energy gap which 
decreases in width exponentially with temperature. 
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Comparison of the results with those of $3, shows that the terms in the 
scattering matrix which give rise to thermal scattering and energy gaps are 
precisely those which, in the expression for the spectrum of the potential, 
Eqn (12), are associated respectively with short- and long-range order. 

The expression for the probability of scattering in three dimensions shows 
no new features and follows from Eqn (13). Assuming the solid to be isotropic, 
we obtain 


dp, 4x2 / m\12 ; 
(%) = F(z) [Vo(k—K’)P] 1 exp (— [kK Pot) 


1 k—k’ 
— exp (— |k—k’|2o? —— —R, oor sae 8 
+ gexp(-lk—Kefot) 5 5(S* a, ) | (28) 


‘The summation term of Eqn (28) shows that the approximation breaks down 
at values of k given by 
K=sKis27Rey Fi hay, sed ee (29) 


Following the same procedure as before we see that the results for the periodic 
lattice may be taken over if the term |V)(27R,)| which occurs in the periodic 
lattice expression is replaced by |V(27R,)| exp (—27?|R,?2]o2). 

As regards the thermal scattering term, if the probability of scattering per 
unit time is denoted by P(k, k’) is it well known that, for a spherically symmetrical 
potential, this is a function of the scattering angle @ only. Subject to certain 
simplifying assumptions (Mott and Jones 1958) the probability of scattering may 
be related to the relaxation time + by the equation 


Bie | @-c0s8) Peas ara (30) 


= 
where the integral is taken over the Fermi surface of which dS is an element. 
The relaxation time 7 is in turn related to the conductivity o by the equation 
ne 
Pima! “lied ad Te Nakaaees (31) 

Eqns (30) and (31) assume the validity of the Boltzmann equation in deriving 
the electrical conductivity ; it appears, however, that, at least at high temperatures, 
more modern approaches yield the same result (Lukes 1961 b). 


From Eqns (28) and (30) the relaxation time is given by 


1 167?m*k,y (7 a : 
ee ak RSs | 6)2] 1- —4k,? sin? = o? 84 6 d6. 
2 730, [70 ) E exp( 4k, sin 3%) | sin? $6 cos 6d 


§ 5. Discussion or REsuLts 

The results of the last section predict a decrease of energy gap with temperature. 
as a result of thermal vibration. We estimate the magnitude of this change for 
the one-dimensional case, taking the case of sodium as an example, since it is to 
this metal that the free electron approximation is known most nearly to apply. 
In order to calculate the value of o2 we take the Debye temperature as an 
approximation to the Einstein temperature; however, some doubt appears to 
exist as to the correct value for this in the case of sodium (Blackman 1961, Bradshaw 
and Pearson 1956). Taking @6)=150°K as a reasonable value the quantity 
27?r?o?/qo? turns out to be about 1x 10-3 per degree for the first energy gap. 
For small temperatures, using Eqn (27) we may therefore write for the first gap: 


Eg(T)=E(0)[1 -aT] 
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where a is of the order of 10-* per degree; inspection of Eqn (28) shows that 
this order of magnitude is not altered in three dimensions. 

The method presented here has not been applied to a short-range order 
system, such as a liquid, since it is believed that (as in the case of the Einstein 
solid) the first Born approximation is not valid near the band edges. An 
equivalent conclusion appears to have been reached by Sah and Eisenschitz 
(1960). Since, for a short-range system, the reflected electrons are spread over 
a much wider range of k values some modification of the present method would 
be required. An approximate approach to liquids is, however, provided by Mott’s 
theory of the electrical properties of liquid metals (Mott 1934). 

On this theory—originally applied to the resistivity of liquid metals—a liquid 
metal near the melting point is treated as an Einstein solid with an Einstein 
temperature lower than that of the solid; the Einstein temperature of the liquid 
is obtained from that of the solid on the assumption that no change of structural 
entropy takes place on melting. Taking 6, for the solid sodium as 150°x its value 
for the liquid is about 113°k. For the one-dimensional model, melting then results 
in a contraction of all energy gaps by about 20%. 
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Abstract. Range-energy relations for 8-78 Mev alpha particles in ethyl alcohol 
and carbon tetrachloride in the liquid and vapour states have been determined: 
experimentally using nuclear emulsion and scintillation counting techniques. 
The range in liquid alcohol was found to be greater than the value previously 
published. The stopping power for both liquids was found to be different from. 
that of the corresponding vapour, and it is suggested that polarization of the 
absorbing medium is mainly responsible. 


§ 1. INTRODUCTION 


vapour have previously been determined experimentally (Palmer and 

Simons 1959). The range values obtained for alpha particles of various. 
energies in liquid water were higher than earlier published values (de Carvalho 
and Yagoda 1952, Aniansson 1955). The differential stopping power of liquid 
water relative to air was also found to be lower than the values published 
(Appleyard 1951, McInally 1956) and lower than the differential stopping power 
of water vapour, particularly at low energies. It was suggested that this might 
be due to a low energy ‘density effect’, and it seemed desirable to obtain range— 
energy relations in other materials in the liquid and vapour phases for comparison. 
For this purpose ethyl alcohol and carbon tetrathloride were selected. 


R eanmee nce relations for alpha particles in liquid water and water 


§ 2. EXPERIMENTAL METHODS 


Each range-energy relation involved two different types of experiment: a 
measurement of the total range of 8-78 Mev alpha particles from ThC in the 
medium concerned and a measurement of residual particle energy after a series of 
known path lengths in the medium had been traversed. 

For range-energy determinations in the vapour phase the apparatus pre- 
viously described for measurements with air was used (Palmer and Simons 1959). 
In this apparatus 8-78 Mev alpha particles traversed a fixed path length in vapour 
at known pressures and were recorded in nuclear emulsions. Vapour at the 
required pressure was introduced into the apparatus by including in it a known 
volume of liquid inside a sealed capsule which could be punctured after the 
apparatus had been evacuated. Measurements were made at twenty-two. 
different pressures for both alcohol and carbon tetrachloride vapours. The mean 
residual track length corresponding to each vapour pressure was calculated from 
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at least 80 track lengths. The graphs of residual track length against vapour 
pressure are shown in Fig. 1. 

For the determination of the total alpha particle range in vapour the photo- 
graphic emulsion was replaced by a silver-activated zinc sulphide screen and. 


© Ethyl alcohol 
Path length 84-6 cm 


+ Carbon tetrachloride 
Path length 45cm 


Vapour pressure (cm Hg) 
Nm 


Ce TA at can OT 405s 00 
Residual track length (1) 


Fig. 1. Relation between vapour pressure throughout an absorbing path of fixed length 
and residual alpha particle track length in emulsion 


photomultiplier, and the change in counting rate was observed as the pressure of 
the vapour in the apparatus was reduced. Assuming the Bragg—Kleeman rule 
to hold for vapours within the limits of pressures used in these experiments, the 
alpha particle range in vapour could be deduced at any required pressure within: 
these limits. Great care was taken to ensure that the alcohol used was dry, and 
for this reason experiments were carried out using three different drying agents in 
the vapour chamber: ‘Hi-drite’, freshly heated calcium oxide and silica gel. 
Fourteen ‘stopping pressure’ values obtained using the first two drying agents 
were all within +1-2°% of their mean value. The values obtained using silica 
gel as drying agent were all between 1:2% and 2-0% higher than this mean, and 
since this could have been due to the presence of traces of water vapour these 
results were rejected. Seven separate determinations of the ‘stopping pressure : 
were made for carbon tetrachloride vapour. The values were all within + 0-7% 
of their mean value. Increased amplification of the pulses from the photo- 
multiplier had no significant effect on the ‘stopping pressure ’ value obtained, so: 
it was assumed that the alpha particles were being detected by the scintillator 
when at the extreme end of their range. Typical graphs of counting rate against 
pressure are shown in Fig. 2. 

The relations between alpha particle residual energy and the corresponding 
path length traversed in liquid ethyl alcohol and carbon tetrachloride were 
determined by a nuclear emulsion technique previously described for liquid 
water (Palmer and Simons 1959). They were compiled from approximately 
260 track measurements in each of five plates for liquid alcohol and from similar 
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“measurements in seven plates for carbon tetrachloride. Results are shown in 


aig. 3. 


Ethyl alcohol 
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38 
_S_ 


= 150 
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‘Fig. 2. Typical graphs obtained in the determination of the stopping pressure for alpha 
particles traversing a fixed path length in a vapour. 


The apparatus used for the determination of the total range of alpha particles in 

the liquid state is shown in Fig. 4. The source holder A was attached to the spindle 
-of a micrometer screw gauge which was calibrated to measure movements with 
an accuracy to0-2 4. Alpha particles from the ThC source at B passed through 


ae I Carbon tetrachloride 
90} \ \ II Ethyl alcohol 
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liquid () 
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'Fig. 3. The relation between the path 
length traversed by alpha particles 
in liquid ethyl alcohol and carbon 
tetrachloride and the residual path 
-length in C2 emulsion. 


Vinch 


Fig. 4. Apparatus for measuring the range 
of alpha particles in liquids. 
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1-4mm of air and through the Formvar film C into the liquid and were detected 
by the scintillator at D. ‘The scintillator was a ‘ Perspex’ disk surfaced with 
small crystals of silver-activated zinc sulphide. The crystals were inset in the 
Perspex by compressing them between the Perspex and a piece of flat glass at 
about 120°c. By this means a scintillator was obtained which was flat within + 1 
over an area of several square millimetres. Results obtained using several different 
scintillators prepared separately in this way did not differ significantly. 

The source holder was lowered into the liquid and the counting rate was 
observed as the source approached the scintillator. A low background counting 
rate was observed until the distance d between the Formvar—liquid interface and 
the detector was equal to the total range L in the liquid of the alpha particles 
emerging from the Formvar, and from this position the counting rate began to 
increase as the source holder was lowered due to the increasing number of alpha 
particles reaching the scintillator. If J is the number of alpha particles emitted 
per second from the exposed area of the source, and r is the total distance between 


B00 Ethyl alcohol ad Carbon tetrachloride 
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Fig. 5. Typical graphs obtained in the determination of the total range of alpha 
particles in liquids. 


the source and detector it can be shown that the alpha particle counting rate is 
I(L—)/2r for values of L—d which are small compared with L. The counting 
rate was found to vary with the thickness of the liquid layer d as shown in Fig. 5, 
the non-linear part of the graph being caused by straggling. The straight line 
part of the graph was extrapolated to the level of the background counting rate 
and the value of d at the point of intersection was taken as the mean range of 
alpha particles in the liquid. A correction was made for absorption in the air 
and the Formvar film. ‘The measurements were carried out at three different 
pulse amplifications and there was found to be no significant difference in the 
range values obtained. Mean values taken from eleven measurements with 
ethyl alcohol and ten measurements with carbon tetrachloride gave range values 
of 119+2p and 10041, respectively for the two liquids. A mean of nine 
separate measurements carried out with water as the absorbing medium gave 
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a range of 101+2, which is higher than the value of 96-,+ 1+, obtained in 
previous experiments using a nuclear emulsion technique (Palmer and Simons 


1959). 


§ 3. RESULTS 
The range-energy relations for alpha particles in ethyl alcohol and carbon 
tetrachloride in the liquid and vapour states are shown in Figs 6 and 7. The 
range indicated for alpha particles of 5-3 Mev energy in liquid alcohol is seen to 
be very much higher than the value of 46-5 »- obtained by Aniansson (1955), 
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Fig. 6. Range-energy relations for alpha particles in liquid ethyl alcohol and carbon 
tetrachloride. 
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Fig. 7. Range-energy relations for alpha particles in ethyl alcohol and carbon tetra- 
chloride vapour at 3 cm Hg pressure and 15°c, 
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The specific energy losses at various alpha particle energies in ethyl alcohol 
and carbon tetrachloride in the liquid and vapour phases have been determined 
from the range-energy relations and are shown in the Table. Values for water 
previously determined (Palmer and Simons 1959) are given for comparison. In 
each case the experimental value for the specific energy loss in the vapour phase 
has been multiplied by the ratio of the molecular densities in the liquid and vapour 
phases under experimental conditions, so that the value given for the vapour is 
‘corrected ’ to the same density as the liquid. The differential stopping powers 
relative to air, s;, and sy have been derived from these values of (dE/dx),, and 
(dE/dx) and from the range-energy relation for air previously published (Palmer 
and Simons 1959). The main source of error in the values of specific energy 
loss arise in constructing the line through the experimental points. This may 
Zive rise to errors of + 2% in the specific energy loss at medium and high energies. 
At low energies the errors may be greater than this as they will be augmented by 
errors in the total range determination. 

It can be seen that the stopping powers of all three liquids relative to air 
decrease with decreasing energy. The stopping powers of the vapours vary to a 
much smaller extent with energy and in differing ways. At high energies there is 
no significant difference in the stopping power of liquid alcohol and alcohol 
vapour. ‘The stopping power of carbon tetrachloride vapour appears to be 
significantly lower than that of the liquid at 7 Mev and above. At energies below 
5 Mev the stopping power of the vapour is significantly higher than that of the 
liquid for all three compounds, and the ratio Sy/sy, increases with decreasing alpha 
particle energy. 


§ 4. ConcLusions 

It would appear from these results that several factors may be responsible 
for the different absorbing properties of liquids and vapours. At high energies 
the stopping power of carbon tetrachloride is less in the vapour than in the liquid 
phase, and this may be due to differences in the electronic binding energies in 
the two phases. At low energies a shielding effect due to polarization of the 
medium by the alpha particles could account for the lower values of the stopping 
power in the liquid phase. This effect has been discussed by Palmer and Simons 
(1959) with particular reference to the difference in the molecular stopping power 
of water and water vapour. At very low energies the rate of energy loss may be 
further complicated by the capture of electrons by the alpha particles. Neufeld 
(1954) considers this problem with particular reference to condensed media, 
and concludes that the mean alpha particle charge will be greater in a condensed 
medium than in the corresponding vapour. If this is so, the increased probability 
of electron loss in a condensed medium should tend to counteract the effect of 
polarization of the medium and to decrease the ratio Sy/S;, at very low energies, 
The relative importance of these two effects will depend on the liquids concerned, 
but at alpha particle energies above 2 Mev the polarization effect would seem to 
be the overriding factor. 
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LETTERS TO THE EDITOR 


Antiferromagnetic Resonance in the Extreme Infra-red 


The magnetic ions in a simple antiferromagnetic crystal like MnF, are aligned 
by exchange interactions so that they form two interpenetrant and equivalent 
sub-lattices which are spontaneously magnetized in opposite directions. There 
is a preferred crystallographic axis to which the sub-lattice magnetizations are 
bound by anisotropic forces arising from dipole-dipole interactions and from 
crystal field effects. If an alternating magnetic field is applied perpendicularly 
to the preferred axis the sub-lattice magnetizations will undergo precessional 
motion which, at 0°K, should be resonant at the frequency below, as deduced by 
Kittel (1951) and by Nagamiya (1951). 


v= 2 (2H, (Hy+H,))? +H}. 


H, and H,, are effective fields representing the forces constraining the sub-lattice 
magnetizations to the preferred axis. H, measures the anisotropy force and Hy 
the exchange force which is exerted on each ion by the ions forming the other 
sub-lattice. y is ge/2mc, where g is the g-factor of the ions and will be close to the 
spin-only value, 2. H isa static externally applied field in the preferred direction 
whose application leads to two resonant conditions rather than one. 

Keffer (1952) has derived theoretical values for H, and H,, for manganous 
fluoride. He finds 8-8 x 103 oersteds for Hy and 5-4 x 10° oersteds for if, Ie 
zero applied field resonance is therefore predicted at 273 Ge/s, or 9:10cm-, 
which corresponds to a wavelength of 1-1mm. There are two ways in which the 
resonance frequency can be reduced below this value so that resonance can be 
observed by microwave methods, which normally do not extend to frequencies as 
high as 273 Gc/s. The first is to raise the temperature, when both H, and H, 
fall towards zero at the Néel point. The second is to apply a sufficiently large 
magnetic field for the branch of lower frequency in the equation above to become 
accessible to measurement. Both methods have been used by Johnson and 
Nethercot (1959) to study the resonances of manganous fluoride. In this note 
we report the use of special infra-red techniques to observe zero-field low tempera- 
ture resonances in MnF,. The measured resonance frequencies are in good 
agreement with the theoretical values and with the values obtained by the extra- 
polation of Johnson and Nethercot’s values to zero field and zero temperature. 

A grating monochromator was used, with a mercury discharge lamp as source 
and with a superconducting bolometer as detector, permitting measurements to 
be made to wavelengths exceeding 1-4mm (Bloor, Dean, Jones, Martin, Mawer 
and Perry 1961). The fractional transmission through a crystal of MnF, is 
shown in Fig. 1 as a function of wavelength and for three temperatures. The 
depth of the absorption lines is about 15% and the two sets of points for 16°K were 
obtained using different bolometers. The frequencies at which the minima in 
transmission occurred are as follows: “ 

8-77 + 0-16cm—at 5-5 + 0-3°K 
8:55 + 0-16cm~1at 16-0 + 1-0°x 
7:20 + 0-25 cm at 42-5 + 1:0°x. 


Letters to the Editor 775 


The last of these temperatures overlaps the lowest temperature at which Johnson 
and Nethercot detected zero-field resonance. We have plotted their data together 
with ours in Fig. 2. The curve drawn in the figure is the modified Brillouin 
curve which should fit the experimental points if the sub-lattice spontaneous 
magnetization M, varies with temperature in the manner suggested by the simple 
molecular field model of Néel (1936) and of Van Vleck (1941), and if both H, and 
H, are proportional to M,. Johnson and Nethercot extrapolated their zero-field 
frequencies to zero temperature and their low temperature frequencies to zero 
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Fig. 1. The relative transmission of MnF; as a function of wavelength and temperature. 
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Fig. 2. The temperature dependence of resonance frequency as determined by microwave 
methods (Johnson and Nethercot) and the infra-red methods. 
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field, and obtained the value 8-73 cm— for the zero-field resonance frequency at 
0°. Our most probable value for 0°K is between 2% and 1% higher than this, 
but this difference is within the estimated ‘uncertainty of our determinations. 
The arrows in Fig. 1 indicate the points at which Johnson and Nethercot’s 
extrapolation procedure would suggest the transmission minima should appear. 
The results are clearly in good agreement with Keffer’s calculations. 

The curves of Fig. 1 are unlikely to provide a true measure of the line-breadths. 
‘The superconducting bolometers are sufficiently sensitive for the resolution to be 
limited, not by the available energy, but by the 6in. x 6in. grating in the mono- 
chromator. A perfect echelette grating of this size with a 20° groove angle has a 
resolution of 0:1cm~-1, and defects in our gratings probably limit the resolution 
attainable to about 0-3cm~1. It is possible, too, that optical interference effects 
and non-uniformity of temperature in the sample introduced apparent broadening. 

The present measurements at 1140, together with the recently reported 
detection of resonance in MnO at 364 by Keffer, Sievers and Tinkham (1961) 
and in NiO at 2744 by Kondoh (1960), show that the techniques of the extreme 
infra-red are now sufficiently well developed to allow the detection of many of the 
magnetic resonance phenomena which may be expected in this spectral region. 


We are very grateful to Dr. R. Stevenson of the University of Aberdeen, who 
provided us with a magnificent crystal of MnF,. 


Queen Mary College, D. Bioor. 
(University of London), D. H. Martin. 
Mile End Road, 
London, E.1 


9th August 1961 
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Hall Effect in Plutonium 


Many low temperature properties of plutonium have been interpreted in 
terms of electronic structural changes at temperatures below 150°k. ‘To explore 
this possibility further, the Hall effect has been measured in specimens of 
#-plutonium (maximum impurities 1000 parts per million) and 5-plutonium 
(stabilized at room temperature by the addition of 3-4 at.°/, Al) at 77° and 293°x. 
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Conventional d.c. equipment was used incorporating a permanent magnet 
of 4-4kOe field strength. Preliminary measurements on samples of silver, 
uranium and thorium gave results in good agreement with published data, and 
additionally a value for thorium at 77°K of —9-8+0-6x 104 m® c-! was 
obtained. The results for plutonium are shown in the following table; in each 
case the value given is the mean of 15-20 observations on each of three samples. 
The errors quoted arise principally from uncertainty in the specimen thickness. 


Reaness)) <dOl 
Temperature (°K) 


6-Pu a-Pu 
293 +11:1+1-0 +6:9+0°5 
77 +16:241°5 —9:5+0-6 


All three «-Pu samples showed a continuous increase in Ry (up to 
—18-0+ 1-2 x 10-! m? c~) if held at 77°K for up to six hours. After warming 
to room temperature and remaining there for twelve hours or more, the 
tabulated values were invariably obtained both at 293°K and initially at 77°K. 
No time-dependent effect was observed in 5-Pu. 

The large temperature-dependent variation in «-Pu (opposite in direction 
to that for 5-Pu), involving a change in sign, may be analogous to the behaviour 
of some rare earths (Kevane, Legvold and Spedding 1953) in the region of 
their magnetic ordering temperatures, although the large effect in dysprosium 
occurring around the Néel temperature (Liu, Behrendt, Legvold and Good 
1959) is in the opposite direction to that in «-Pu. 

The observed time dependence in «-Pu may be related to the detailed thermal 
cycling reported by Sandenaw and co-workers in specific heat measurements 
(Sandenaw, Olsen and Gibney 1961) and effects of a similar kind are also shown 
in some rare earths (McHargue and Yakel 1960). However, we would not 
exclude the possibility of the effect being due, in this case, to strains remaining 
in the « samples from the various mechanical and thermal processes of their 
history. 

Projected measurements of the temperature dependence and possible field 
dependence of the Hall coefficient together with an extension to liquid helium 
temperatures should enable a more detailed analysis of the effect to be made. 


Atomic Weapons Research Establishment, R. G. Loassy. 
Aldermaston, Ee ASIOR: 
Berks. 


27th September 1961. 
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(London: Cleaver-Hume). 
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CORRIGENDUM 


Explanation of Some ‘ Forbidden’ Transitions in Paramagnetic Resonance, by B. 
BEaney and R. S. Rusins (Proc. Phys. Soc., 1961, 77, 103). 


We are indebted to Mr. F. I. B. Williams of the Clarendon Laboratory for 
drawing our attention to some third-order terms omitted from Eqn (7) of this 
paper. The last term of this equation includes only the contributions arising 
from terms off-diagonal in the nuclear magnetic quantum number; the omitted 
terms are diagonal in this quantum number, and arise from the modification of 
the value of (.S,) through admixtures to the state |) by the crystal field operator. 
The last term in Eqn (7) should be replaced by 


{Sear} ar kee- S(S+1)P-™} 


in2 2 
{8 ve *} 2AmM {2M?+1—2S5(S-+1)}. 


408 H 
This change does not affect Eqn (8), but Eqn (9) etc. should read 
AH=<x(ycos?@—zsin?6)sin®?@ =  ....., (9) 
where 5=(Am/4gBH) {4S(S+1)+ 1} and z=1+(Am/gBH)=1+e. Eqn (10) 
becomes 
SH ee dete 10 
=r{e+ pl sie (10) 


which, for small values of (Am/gBH), reduces to 


25x 328 — 13¢ 
=(——){1- SL, 
ase) conta) 
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REVIEWS OF BOOKS 


Electronic Processes in Solids, by P. R. AtcRAIN, R. J. ConLHo and G, ASCARELLI. 
Pp. x+67. (London: John Wiley, 1961.) 32s. 


In 1957, Professor Aigrain was Visiting Professor at the Massachusetts 
Institute of Technology and gave a course of lectures in which he examined 
the foundations of the currently accepted methods of treating transport processes 
in solids. Starting from the complete crystal Hamiltonian, the various stages 
leading to transport theory, such as the Born—Oppenheimer approximation, and 
the solutions of the resulting nuclear and electronic equations were developed. 
Scattering theory and various scattering mechanisms were considered and led 
to a discussion of transport theory. 

This book was prepared by the authors from notes taken at these lectures, 
and acording to the preface they have extended some of the topics and have 
presented others in a slightly different way. Their declared object in doing so 
was to reach a wider audience possessing a “ fair background in calculus and 
in elementary wave mechanics ”’. 

It must be admitted that the question of what is a fair background is one 
of the most difficult ones to answer before writing a book on any advanced topic 
and the answer tends to vary greatly from one individual to another. Making 
due allowance for this, however, I still think that the authors have tried to 
squeeze too much into a book of only sixty-two pages (small ones at that). 
A comparatively small increase in length, used to include arguments by which 
one equation is derived from another and to provide general continuity, would 
have been very well worth while. It would have given the reader a much easier 
task in attempting to follow the mathematical arguments. As things. stand, I 
very much doubt whether this can be done with the present book unless the 
reader already knows a good deal about the subject and is thoroughly familiar 
with quantum mechanics. Even in this case, the attempt is likely to be confused 
by the absence of an adequate explanation of symbols and by the presence of 
numerous misprints in the book. 

To quote a few examples, in the first equation on page 2, the summation 
sign appears in both primed and unprimed form with no explanation of the 
distinction between the two. On page 3, the first equation contains a very con- 
fusing misprint (H; instead of H). A few lines further along a symbol V4 is 
introduced without any explanation of its significance. On page 6, , should 
appear as w,2 on the left-hand side of Eqn (3.4). An integral sign is missing im 
Eqn (6.3). The lack of continuity between sections 6 and 7 is particularly 
bad. In the former the electronic wave equation is formulated and in the 
latter the solution is given, but it is practically impossible to see that the same 
equation is being dealt with in both cases. 

These are the sort of things which occur in all lecture notes. It is well 
known that such notes are usually unintelligible to anyone except the person 
who has taken them. This book suffers from this fault. A little more care in 
editing and a little more explanation would have done much more justice to 
the subject and to Professor Aigrain’s treatment of it. J. R. DRABBLE. 
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Rénigenstrahl-Interferenzen, by Max von LAUE. Pp. x+476. (Frankfurt: 
Akademische Verlagsgesellschaft, 1960.) 


The character of this third edition is essentially the same as that of its pre- 
decessors. The original aim of Professor von Laue’s book was to form a bridge 
between crystallography and wave mechanics, and in this it succeeds admirably. 
This is not a book on methods of structure analysis; it deals with the basic 
physical and optical principles of x-ray diffraction. The most detailed part of 
the book concerns the treatment of the dynamical theory of x-ray diffraction from 
crystals. This section has been brought up to date by a thorough discussion of 
the anomalous absorption effect, and of the path of the x-rays in the crystal. 
There is no doubt that Professor von Laue’s treatment of all aspects of dynamical 
theory remains the most comprehensive and authoritative work on this subject. 

In preparing this third edition Professor von Laue was conscious of the 
considerable progress made in our knowledge and understanding of crystal 
defects. He therefore included a discussion of ‘ paracrystals ’, a selection which 
was no doubt influenced by the fact that this particular topic was developed in 
his institute. 

Although this book also contains the basic principles of structure analysis, 
calculations of atomic scattering factors, an account of temperature diffuse 
scattering and of several other topics, to the reviewer this work stands out as the 
classical exposition of dynamical theory by the father of x-ray diffraction. 

P. B. HIRSCH. 


An Introduction to Celestial Mechanics, by T. E. Sterne. Pp. xi+206. (New 
York, London: Interscience, 1960.) 34s. 


Celestial mechanics has not been promoted as vigorously during the last few 
decades as it was last century. Thus we find students are somewhat unprepared 
for the exacting demands of the new space science which presents a wide range 
of celestial mechanical problems requiring quick and accurate answers. The 
basic methamatics is known but not very readily available to those with limited 
background knowledge and limited time to press further. The interscience 
tract under review should go far to help this situation. 

Any author attempting to deal with the dynamical problems of the space 
age has to consider whether his approach will be through classical methods or 
whether suitable progress can be made without them. The present work does. 
take the classical line. It is intended for students at about young graduate 
level and with a physics or engineering background. The non-astronomer may 
acquire his basic information on orbital problems from the first three chapters. 
The serious dynamics begins in chapter 4 where the author takes one quickly, 
although systematically, through Lagrange’s equation, the Hamiltonian form, 
contact-transformations, the Hamilton-Jacobi equation. All of these steps lead 
up to the solution of perturbed systems and thus to the orbital variations of 
space science. There are two treatments of the problem of satellite revolution 
around a non-spherical planet, one of which might be considered standard, and 
the other a new treatment with certain advantages in application. The atmo- 
spheric density in relation to resistance to the motion and the life of a satellite is. 
also treated fully. Finally, there is a useful chapter on numerical methods of 
integrating differential equations. 
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This introduction could be used as a textbook or for ancillary training. It is 
also useful as a reference source of formulation in dynamics. It should be 
available in all libraries dealing with mechanics and many private copies will be 
sought. C. W. ALLEN. 


Plasma Physics and the Problem of Controlled Thermonuclear Reactions, Vol. I, 
edited by M. A. Leontovicu. Pp. vit+457. (London, New York, Paris, 
Los Angeles: Pergamon Press, 1960.) £8. 


As mentioned in the review of Vol. III (Proc. Phys. Soc., 1960, 76, 591), the 
four volumes contain translations of Russian reports dealing with work on 
controlled thermonuclear fusion from 1951 to 1958. The general comments in 
the previous review are relevant; for example, the reports are written for the 
specialist, cover a wide range of topics, and include both theoretical and experi- 
mental work. 

There are twelve purely theoretical papers in the present volume, of which 
eight deal with cylindrical plasma columns with steady and time-varying internal 
and external magnetic fields, axial currents, etc. These include two on the 
conditions for hydromagnetic stability. Of the four other theoretical papers, 
one is on nuclear reaction rates, one on bremsstrahlung, and two on relativistic 
plasmas with sections on relativistic beams. 

The experimental papers include three dealing with neutron and x-ray 
production in cylindrical deuterium discharges, one on current and electric field 
distributions within the discharge as obtained by using magnetic probes, and 
one on electrical conductivity in a low frequency (270 c/s) high current linear 
discharge. 

The remaining three papers are concerned with a particular plasma experi- 
ment, in which a ring current is induced in a low pressure gas in an apparatus 
rather similar to a betatron. The ring is then collapsed to form a ball of plasma. 
This is discussed experimentally in detail following a brief theoretical account. 

The volume will repay careful study by all those engaged on research into 
the properties of plasmas. R. LATHAM. 


Electromagnetic Structure of Nucleons, by S. D. Drett and F. ZACHARIASEN. 
Pp. 111. (London: Oxford University Press, 1961.) 12s. 6d. 


This little book arrived for review at about the same time as I had undertaken 
to give a lecture on electromagnetic nucleon structure; it was therefore subjected 
to rather more than the first quick reading that many books must get from their 
reviewers. I found it immensely informative and helpful at just the level I 
required, and surprisingly self-contained. The first chapter defines with great 
clarity what is meant by the form factors. The second chapter sets about the 
analysis of experiments from which form factors may be obtained. The third 
chapter deals with the calculation of form factors by means, in the main, of 
dispersion theory which it starts off by explaining without being at all frightening. 
The fourth and final chapter briefly considers the validity of quantum electro- 
dynamics. The book is an excellent addition to a series which is already 
commanding great respect. Although the subject of the book is expanding 
fast, so that in detail it may quickly be out of date, there is sufficient in it of 
substance that it is likely to remain useful for a good many years. 

B. H. FLOWERS. 
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Kinematics of Nuclear Reactions, by A. M. Batp1n, V. I. Gou’pansxuz and I. L. 
ROZENTHAL. Pp. xiii +303. (London, New York, Paris, Los Angeles: 
Pergamon Press, 1960.) 42s. 


An adequate and lucid translation of a book originally published in Russian 
and dealing with a very useful subject from a practical point of view is always 
welcome. One has to spend so much time calculating tricky kinematical factors 
that to find almost every conceivable one written down, together with many 
useful diagrams and tables, is a great relief, particularly to the more indolent 
theoretician. It is therefore even more to be deplored that the translation was 
obviously not checked before publication by a competent physicist who could 
easily have put right so much of the translator’s phraseology. Although such 
defects do not always obscure the meaning completely, they certainly do not help 
the reader. One example should suffice, dealing with three-body reactions 
which are considered as the limits of two-body ones: “ These limiting cases are, 
in point of fact, different variants of the substitution of a one-act formation of 
many particles by several acts, in each one of which up to two particles is formed.” 

B. H. FLOWERS. 


The Theory of Transition-metal Ions, by J.S. Grirriru. Pp. x+455. (London: 
Cambridge University Press, 1961.) 95s. 


This book is concerned with the theory of metal ions having a partly filled 
d-shell, and particularly with the theoretical properties of these ions in solids 
when they are under the influence of a crystalline or ligand field. This subject 
is of considerable current interest having been much investigated during the 
past few years, especially in the areas of paramagnetic resonance and optical 
absorption in paramagnetic crystals. 

Chapters 1 to 6 deal with mathematical techniques and include a detailed 
chapter on the structure of free atoms and ions, and also a chapter on groups and 
their matrix representation. Chapters 7 to 9 then give the theoretical methods 
used for calculating the properties of complex ions in solids, the cases of weak and 
strong ligand fields each being dealt with very thoroughly. The last three 
chapters, 10 to 12, apply the theory to the behaviour of paramagnetic substances. 
and include discussions of susceptibility, optical absorption spectra and para- 
magnetic resonance. There are a number of appendices which include many 
useful tables of theoretical and experimental data. All of the above refers to 
transition group ions with partly filled 3d, 4d or 5d shells—those with partly 
filled 4f or 5f shells are not treated. 

The book will be very valuable to theoretical workers in the field, particularly 
for the treatment of calculations of energy levels of complex ions. These are 
necessary, for example, for understanding optical absorption spectra. It is also 
a useful reference book with many energy level diagrams and tables of theoretical 
and experimental parameters as well as original references. The treatment 
throughout tends to be rather formal and mathematical, and the book might 
have reached a wider audience had there been, in places, a little more simple 
physical discussion and explanation. Also, some topics are, surprisingly, 
omitted. For example, in the long chapter (58 pages) on paramagnetic resonance 
there is barely a mention of hyperfine structure from ligand nuclei, yet one would 
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have thought that this was one of the most direct applications of this technique 
to the study of the structure of complexions. However, these are small criticisms 
of a good book which gives what is probably the best formal introduction to ligand 
field theory at present available. J. OWEN. 


The Hall Effect and Related Phenomena, by E. H. Puttey. Pp. viti+263. 
(London: Butterworths, 1960.) 50s. 


I have heard it said that Dr. Putley has measured more Hall voltages than 
any other scientist. Whether or not this is true, he is well qualified to write this 
book. 

The subject of the book is transport phenomena in semiconductors and it is 
written from the experimentalists’ viewpoint. Methods of measurements are 
described and various transport equations are derived which in some other 
publications are only quoted. This makes the book particularly useful for the 
final year undergraduate who is interested in semiconductors, and for anyone 
who is beginning research in this field. 

The first chapter of 21 pages on ‘ Conduction processes in semiconductors ” 
provides the standard introductory discussion. There follows 40 pages in 
which the various thermo-galvanomagnetic effects are defined and the methods. 
of measurement described. Amongst other things, this is a good place for 
looking up the signs, a feature which will be welcomed by many readers other 
than those already referred to. Either the right hand or the left hand can be 
used for turning the pages ! 

Chapter 3 is called ‘Conduction in an isotropic solid’. Here the equations 
for the various transport effects are derived. Chapter 4 is the best chapter in 
the book, containing a detailed discussion of the transport properties of, primarily, 
germanium and silicon. There are some traps for students though. For 
instance, after a paragraph on carrier scattering by the acoustic modes of atomic 


vibrations the author writes: ‘In addition to the longitudinal vibrations 
of the lattice, transverse modes are possible ... These are the optical 
modes...” The author gives the impression that the two types of atomic 


vibrations are: acoustical (longitudinal) and optical (transverse). One would 
not have expected this from the Royal Radar Establishment where one would 
have thought that T.A. and L.O. were, so to say, everyday words. 

In the final chapter the work on other semiconductors is summarized. This 
is of necessity brief and is the chapter which suffers most from the continued 
rapid development of the subject. A major criticism here is that references 
are not given for the values quoted in the comprehensive Table 5.2 and it is 
frequently not possible to decide, with the aid of the text, whose value is being 
quoted. It is also misleading to speak of ‘the hexagonal’ form of silicon 
carbide when many hexagonal varieties exist, each a particular stacking fault in 
the zinc blende structure. Perhaps the data about the 0-25 ev difference in the 
band gaps of two of the hexagonal modifications were not available at the time 
of writing, nevertheless it was a gross simplification to write of ‘the hexagonal ’ 
form. 

These are points indicating a certain untidiness of detail. The book as a 
whole can be recommended to final year undergraduates and to anyone starting 
research on these topics. 
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At £2 10s. it seems to me expensive and I should have thought that, in view 
of the potential undergraduate and research student market, a paper backed 
edition at half the price would be welcome. E. W. J. MITCHELL. 


Modern Aspects of the Vitreous State, Vol. 1, edited by J. D. Mackenzie. 
Pp. vili+ 226. (London: Butterworths, 1960.) 50s. 


The subjects dealt with in this edited symposium on the properties of glass 
include discussions of the results of x-ray diffraction, nuclear magnetic resonance, 
infra-red and high-temperature studies of the vitreous state, and fundamental 
discussions of crystallization kinetics and the formation of glasses and of the ‘ glass 
transition’. ‘There is also a chapter on the constitution of phosphate glasses. 
Although the book is labelled Volume One, there is no indication as to what 
future volumes will contain, so that it is difficult to comment on the scope of the 
present volume. 

It is true, as the editor states in his introductory remarks, that ‘‘the structure 
of glassy materials has long been a topic of much controversy’ and that 
‘“... comparatively little scientific progress was made in the last three 
decades”’. Unfortunately, the contents of this symposium, which sets out to 
survey the modern aspects of the vitreous state, are extremely variable both in 
quality and outlook. There are three excellent chapters: by D. Turnbull and 
M. H. Cohen, P. J. Bray and A. H. Silver, and I. Simon; four chapters which, 
though worthy, are not at all modern in outlook, and one which is simply 
eccentric. If the editor has attempted to co-ordinate or reconcile the contributions, 
he has not succeeded. In the present dearth of literature on glass this volume 
would be a useful source book of references for the active worker in the field, 
but of little use to the beginner, or the outsider. G. O. JONES. 


CORRIGENDUM 


Selected Scientific Papers, by B. VAN DER PoL, edited by H. BremMeER and 
C. J. BouwKamp (Proc. Phys. Soc., 1961, 78, 636). 


The price is £6 13s. for both volumes together, and not £6 13s. per volume 
as stated. 


PROC. PHYS. SOC. VOL. 78, PT. 5(1) (G. C. FARNELL, R. B. FLINT AND E, PITTS) 


Fig. 1. Tabular silver bromide grain (x 10 000) possessing a lattice rotation of 21° 30’ 
and corresponding to specimen N in Table 3, 


Fig. 3. A grain (x 13000) from the same emulsion as those grains in Fig. 1, but in 
course of transition to another tabular form. 
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lig. 4. A tabular silver bromide grain ( x 14.000) from an emulsion of smaller mean grain 
projective area than the grains shown in Figs 1 and 3. It possesses a lattice 
rotation of 27° 20’ and corresponds to specimen G in Table 3. 
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Fig. 5. Tabular silver bromide grain ( x 14 000) of normal form showing the distribution 
of internal photolytic silver formed on heavy exposure. 


Fig. 6. The modified distribution of internal photolytic silver formed on heavy exposure 
in a tabular silver bromide grain ( x 14.000) possessing a lattice rotation. 
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anode 
0-033 cm 


|! 


cathode 


Fig. 2. Suppressed discharge in potassium chloride. a, suppressed discharge, 6, main 
discharge. Specimen viewed through a plane at right angles to the plane of the 
cathode. 
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An Investigation into the Mechanism of Self-quenching 

Geiger—Miiller Counters containing Argon with Small 
Quantities of Xenon, Oxygen and Nitrogen 

By A. J. L. COLLINSON, I. C. DEMETSOPOULLOS anp J. M. ZARZYCKI 


Borough Polytechnic, London, S.E.1 
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Abstract. The time distribution of spurious pulses in counters with treated and 
untreated cathodes was studied by pulse interval analysis, and plateau characteristics, 
charge per pulse and Geiger threshold potential are plotted as functions of the xenon 
concentration. In all the counters investigated, the presence of a minimum threshold 
indicates an optimum xenon concentration of 3-5%. Measurements of the corona 
threshold with argon and argon—xenon filling mixtures show a pressure dependent 
increase in gas multiplication with addition of xenon. This increase in ionization 
is tentatively explained by the hypothesis of two-body collisions between xenon 
atoms and argon excited molecules leading to the formation of the molecular ion 
AXe*. Mobilities obtained from transit time measurements identify the ions 
involved as A2* (1-82 cm sec“! (v cm~)~), possibly NO* (2:45 cm sec“? (v em~)*+) 
this ion appearing after the counters have been in continuous discharge, and an ion 
of mobility 1-64 cm sec (v cm7)“!, which is not inconsistent with the postulated 
AXet molecular ion. 


§1. INTRODUCTION 


GEIGER-MULLER counters containing simple gases (e.g. argon, oxygen, hydrogen, air, 
etc.), generally designated as ‘slow’, have been little used for many years. With these 
fillings the discharge produced by an ionizing event has a strong probability of pro- 
ducing a further discharge which has to be suppressed by inserting a very high value 
resistor (~ 109 ohms) in the anode or by the use of an external quenching circuit, 
otherwise the counter runs virtually into continuous discharge. Consequently such 
counters have been largely superseded in favour of those containing polyatomic vapour 
or halogen which do not require external quenching. 

The basic mechanism of Geiger counter action, namely the quenching of the dis- 
charge by the slow moving positive ion sheath formed close to the anode, was first 
explained by Montgomery and Montgomery (1940) who attributed the train of secondary 
discharges after each discharge in a slow counter to positive ions releasing electrons on 
arrival at the cathode. This explanation seems to have had fairly general acceptance 
(Korff 1958), although the work of Ramsey (1951) on argon-oxygen counters indicated 
that some secondary discharges arose before the positive ion sheath reached the cathode. 

The counters which are the subject of the present investigation containing xenon 
(~ 35%), oxygen (~ 0:3%), nitrogen (~ 1%) with argon to a total pressure of about 
700 mm Hg were discovered by Shore (1949) and are remarkable in that while the filling 
gases are those normally associated with slow counters, the characteristics are typical 
of organically quenched counters. That is, they have flat plateaux obtainable with only 

a small anode series resistor. The present authors have mainly confirmed Shore’s find- 
ings and this work has already been briefly reported (Collinson, Demetsopoullos, Dennis 
I 785 
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and Zarzycki 1960). The object of the present work was to investigate the performanc« 
of the counters in more detail, particularly as to the part played by the xenon. The 
present investigation does not cover the role of the nitrogen which is subsidiary (Collinsor 
et al. 1960). ak 


§2. APPARATUS AND EXPERIMENTAL PROCEDURE: 


2.1. Counters and Filling Procedure 


The counters mainly used in this investigation were of the ‘gamma’ type, glass 
bodies with cylindrical cathodes 2 cm diameter and tungsten anodes 0-127 mm or in 
some cases 0-075 mm diameter. The active length of the counters was 20 cm. Cathode 
materials of copper, nickel, stainless steel, chrome iron, lead and silver have been used. 

A conventional, all-glass vacuum system was used including a glass mercury vapour 
diffusion pump and every precaution was taken to exclude mercury from the system by 
the use of appropriate cold traps. The argon used was of 99-95%, commercial grade 
but no attempt was made to remove the main impurities, oxygen (0-0005%) and nitrogen 
(0-05°%), as these were normally present in much larger quantities in the filling mixtures. 
Water vapour and other condensible impurities were removed by passing the argon 
slowly through a liquid oxygen trap. The other gases used were of ‘spectrally pure’ 
quality, the xenon containing not more than 0-5% krypton as an impurity. 

The counters were normally baked at 350 °c before filling which was not carried 
out unless the pressure in the system had previously held to less than 1 x 10-* mm Hg 
overnight with pumps shut off. 


2.2 Measurements of Plateau Characteristics and Charge per Pulse 


When measuring plateau characteristics the anode e.h.t. was fed via a 4-7 megohm 
resistor and a linear feedback amplifier of gain variable from 25 to 400 was used, the 
higher gain being sometimes necessary to ensure that all pulses were counted, par- 
ticularly with counters having poor plateaux, when a large number of small, possibly 
spurious pulses occurred. 

Two methods were employed for measurement of the charge per pulse of the 
counters. In the first, a standard capacitor was connected between the counter cathode 
and earth, the potential difference across the capacitor resulting from a known number 
of counts being determined by an electrometer valve circuit. Provided the count rate 
was low enough for the chance of a discharge taking place with the positive ion sheath 
(or part of it) from the previous discharge still in the counter to be small, and that the 
number of spurious pulses was small, this method was quite satisfactory. However, 
spurious discharges, if present, gave rise to a smaller charge and the method described 
above yielded values lower than those represented by a normal discharge. A second 
method was therefore employed which consisted in measuring the height of the voltage 
pulse at the anode of the tube by an oscilloscope, the arrangement being calibrated by 
injecting a known charge from a pulse generator via a small capacitor. Graphs of charge 
per pulse against voltage obtained from both methods coincided at low overvoltages, 
the latter being defined as the excess of the operating voltage over the threshold voltage, 
but diverged at the end of the plateau, as would be expected. In practice both methods 


were used, the capacitor method yielding more accurate results at or near the counter 
threshold. 
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2.3 Time Distribution of Spurious Pulses 


Spurious pulses occurring in the various gas mixtures were investigated by the 
method of pulse interval analysis originally used by Putman (1948) and also by Beretta 
and Rostagni (1949), for argon—alcohol Geiger counters. 

A modified version of the circuit due to Putman (1948) was used to measure J, the 
rate of arrival of pulse intervals between ¢ and ¢+4t. The spurious pulse distribution 
was determined by comparing the measured interval distr ution with that expected 
from a truly random distribution where the number of int: vals recorded in unit time 
is n2 exp(—nt)dt, by the Poisson law, m being the mean cow : rate. 

The transit time of the positive ion sheath across the counter was measured for the 
various mixtures ‘at different overvoltages by observation of the current pulse due to 
the discharge. The latter was viewed by connecting an oscilloscope to the cathode of 
the counter, a resistor Rx being connected from cathode to earth. The pulse (see 
figure 1) rises to a maximum value in a few microseconds after the initiation of the 


Pulse height 


te 
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Figure 1. Typical cathode pulse shape. 


discharge and then falls away more slowly, a discontinuity where the current starts to 
fall more rapidly being present at a few hundred microseconds. The positive ion sheath 
as it moves across the counter distends under the action of its own field. The observed 
discontinuity corresponds to the time tr when the front of the sheath reaches the 
cathode, and the time ¢r, the recovery time when all ions are cleared from the counter, 
is given by the time at which the pulse returns to zero. 


§3. EXPERIMENTAL RESULTS 


3.1. Preliminary Experiments 


Observations were made using counter fillings of argon alone and then argon and 
xenon (3-54%) the total pressure in each case being 700mm Hg. With both these 
fillings no Geiger region was observed, the discharge passing abruptly from the propor- 
tional to the corona region. In neither case were any pulses recorded when a quenching 
probe was used. Using a 187Cs source the proportional pulses were observed with an 
amplifier of a maximum gain of 106 and an oscilloscope. With both fillings it was clear 
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that the onset of the corona region was due to photon—cathode action similar to the 
observations of Colli and Facchini (1952) with pure argon. In neither case were the 
familiar pulses, typical of build-up along the anode with positive ion space charge 
quenching, observed. The chief difference between the two fillings was that the corona 
threshold was reduced by 500-600 volts by the presence of the xenon. 

Although no accurate measurements were made of the gas multiplication, it was 
clear it increased more rap lly with the argon—xenon mixture than with the argon alone. 
Just before the respective « »rona thresholds, the pulse heights in the case of the argon— 
xenon mixture were about en times those from the argon alone. 

The addition of small q . antities of oxygen to either argon or argon—nitrogen mixtures 
altered the character of the discharge entirely, Geiger pulses typical of discharge build-up 
along the anode with positive ion space charge quenching being seen on the oscilloscope 
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Figure 2. Plateau curves for different cathodes: A, silver, slope 0:17% per volt; 

B, chrome iron, slope 0-11% per volt; C, stainless steel, slope 0:053% per volt; 

D, oxidized copper, slope 0-025% per volt. Mixture 2:2% xenon, 0:35% oxygen, 
1:1% nitrogen; total pressure, 706 mm Hg. 


with many spurious pulses. Mixtures containing 0-3% and 3% of oxygen respectively 
with total pressures of 700 mm Hg were investigated, plateaux being non-existent. 
Good plateaux were, however, obtained with both these mixtures using a quenching 
probe, plateau slopes and lengths being somewhat better with the lower oxygen 
concentration. 

The counters were next filled with several mixture compositions, fairly close to the 
optimum amounts recommended by Shore, behaving as self-quenching counters and 
having plateaux varying in length between 60 and 180 volts and in slope between 0-03% 
and 0-15% per volt, for the various mixtures and cathodes used; silver was an exception in 
that the plateau slopes could be as high as 1-2°/ per volt. It was found that not only 
the type but also the state of the cathodes affected the performance. This was particularly 
so with copper cathode counters which after being filled, used and refilled several 
times gave an improved and consistent performance. This was attributed to a slow 
oxidation and conditioning of the cathode surface. A number of typical plateaux are 
shown in figure 2. It was also established during these experiments that for a stable 
cathode the plateau slope increased with the oxygen concentration, the optimum value 
of the latter being about 0-3%. 
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From the pulse interval analysis curves obtained with the different counters and 
mixtures it was clear that the spurious pulses fell into two categories as far as time 
incidence was concerned. If the voltage was set so that the counter was working on the 
plateau then a small number of spurious pulses were detected and these were fairly 
uniformly spread between the dead time and the recovery time. With the counter 
voltage set beyond the end of the plateau, the incidence of the spurious pulses was a 
maximum at the end of the dead time and fell away towards the recovery time. Typical 
curves illustrating these effects are shown in figure 3 (curves A and B) for a stainless 
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Figure 3. Pulse interval analysis curves for oxidized cathodes: A and B, stainless steel 


cathodes, overvoltages 175 and 100 volts, xenon concentration 2:23%; C, copper 


cathode, overvoltage 120 volts, xenon concentration 3:5%; D, copper cathode, 
overvoltage 6 volts, xenon concentration 0-10%. Dotted lines here and in figure 7 
refer to the theoretical Poisson distribution, J = n? exp(—nt)8t. 


steel counter. From the many curves obtained, it was concluded that with these mixtures 
and cathodes spurious pulses due to ion—cathode effect were not present in any signifi- 
cant quantity otherwise a peak at the positive ion transit time would have been observed. 


3.2. Variation of Xenon Concentration 


Using two counters with copper cathodes of identical construction the counter 
characteristics were studied as the xenon concentration was varied from zero to 7%, 
the other constituents being maintained constant, oxygen at 0-3% and nitrogen at 
1-1% with argon to a total pressure of 700 mm Hg. The variation of starting voltage, 
plateau slope and length are shown in figure 4, the optimum value of xenon concentra- 
tion being obviously about 3-5%. Curves of m against overvoltage for the different 
‘mixtures are shown in figure 5, where m is the ratio of the charge per pulse to the 
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static charge on the wire, and m = 20 log(b/a)V, V being the anode potential, b and 

a the cathode and anode diameters respectively, and Q the charge in the ion sheath 

per unit length of the wire. Plotted in this form the curves are almost straight lines 
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Figure 4. Variation of plateau length (curve A), plateau slope (curve B)and threshold 
voltage (curve C) for different xenon concentrations. Oxygen concentration 0:3%, 
nitrogen 1:2%, total pressure 700 mm Hg. 


where m is less than unity. In the one case where the plateau is long enough for m 
to be greater than unity the curve changes slope abruptly at this point. This behaviour 
is also typical of alcohol-quenched counters (Fenton and Fuller 1949) and has been 
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Figure 5. Variation of m with overvoltage for xenon concentrations 0:5% (curve 1), 
1:07% (curve 2), 191% (curve 3), 3:-44% (curve 4). 
explained by Wilkinson (1948). It will be observed that the slopes of the charge per 
pulse-overvoltage curves increase rapidly with admission of xenon varying from 0-24 
per 100 volts to 0-66 per 100 volts. 
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Pulse interval analysis curves obtained with these mixtures showed similar charac- 
teristics to those obtained in the preliminary experiments. However, at xenon concen- 
trations less than 1% the dead times were much shorter as spurious pulses from curves 
taken just at the end of the very short plateau had a maximum incidence at 30 to 50 psec, 
whereas with the larger concentrations dead-times were of the order of 150 to 200 psec. 
Two typical curves are shown in figure 3, curves C and D, one for the mixture with 
0:16% xenon and the other with 3-5°% xenon. 

From the measured values of the transit times of the front of the ion sheath, the 
mobility of the fastest ions could be calculated and hence, it was hoped, the ions identi- 
fied. For this a formula due to Wilkinson (1952) was used, namely 


2kVt(1 + mf) 1) 
~~ Tog(bla) 
where k is the mobility of the ions and f is the fraction of Q, the charge per unit length 


in the sheath behind radius r at time ¢. From this it follows that the transit time of the 
front of the sheath is, assuming b? > a2, 


b? log(b/a) 


*F = ORV +m) (2) 


r2—@ 


and of the back of the sheath is 
b2 log(b/a 
oe LUWOe 3) 
2kV 
‘These expressions were derived assuming that the field due to the charge — Qa, per unit 
length induced at the anode is negligible and this will be true if m <1. In order to 
correct the expression (2) to take this into account for larger values of m, an approximate 


correction was derived as follows. 
The charge induced on the anode per unit length 


RF logb—logr d 
-, =f esale8r 0D) n 
Rr’ log(b/a) adr 
where R is the radius of the front of the sheath and R’ that of the back and from (1), 


R’ = Ri(1+m)'?. To evaluate (4) substitute df/dr obtained from (1) and integrate 
giving . 


OR? bX? e 
onshore: O 
4ktV(1+m) R/ (1+m)i/m 
From (1) putting r?— a? = R? and f = 1 and substituting in (5) we find 
DiNZ e 
= 96 = Stoel (=) |, (6 
2 log(b/a) R/ (1+m)\/m 


e being the base of the Napierian logarithms. 
The velocity of the front of the ion sheath is given by 


_where Qo is the static charge on the anode per unit length and equal to V/2 log(b/a). 
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Integrating (7) gives the transit time of the front of the ion sheath to radius R 


log(b/a)]2 — jes 
(R) = IE Bi(log REX) —Fi(log @X)} (8) 


where 
ee 1/m b\ 2+2/m 
ie — ) 


be a 


Substituting R = b in (8), expanding the exponential functions and neglecting small 
terms gives 
b? log(b/a)C 


~ 2kV(1+m) 0) 


F 


where 
_ 1+[mlog(1 +m) + [2(1+m)m~] log(b/a) — 1]}-4 
1—[m—log(1+m)]/2(1 + m) log b/a 


c 


Thus the expression (2) requires correction by the factor C above. In practice this 
correction increases with m and was about 7% at m= 1. Plotting 1 /te against 
V(1+m)/C gave, except in the case for the mixture with zero xenon concentration, a 
straight line passing through the origin from which the mobility was calculated. How- 
ever, the accuracy could not be expected to be better than +5% owing to the error 
in measurement of tp. A typical graph (xenon concentration 1-07°%) is shown in 
figure 6. 

During the transit time measurements, a curious effect was observed in that after 
the counter voltage had been increased beyond the end of the plateau all the transit 
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Figure 6. Plot of 1/tr against V(1+m)/C for xenon concentrations, zero (curve 1), 
1-07%, mixture in state B (curve 2), 1:07%, mixture in state A (curve 3). Plot of 
1/tz against V, xenon concentration 3-44% (curve 4). 
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imes were significantly reduced and a new set of values was obtained. Furthermore, 
he transit times were found to be similarly changed in the other counters on the mani- 
‘old. Hence it was clear that a change had occurred in the mixture, although there 
ippeared to be no significant change in the plateau or charge per pulse characteristics. 
\lso, the change in the mixture appeared to be permanent. For purposes of discussion 
he first phase of the mixture will be referred to as state A and the second as state B. 
The effect was found to take place in nearly all the mixtures investigated and generally 
the change was quite sudden having taken place as a result of a sharp corona discharge 
it high overvoltage, this being observed on the oscilloscope as a burst of multiple 
sulses followed by a temporary blacking out of the trace. In practice, it was found 
lifficult to avoid the mixture changing to state B but in the case of three of the mixtures 
i complete set of transit time measurements was made for state A. In a few cases, 
the mixture was found to be in state B when the transit times were first measured, 
the changeover presumably having taken place during other measurements. 

The values of the mobilities for state B, excluding the mixture with zero xenon 
roncentration, were found to be constant within +5%, after reduction to 760 mm Hg 
pressure at 0 °c, and to zero xenon concentration using the expression for mobility in 
mixtures (Blanc 1908). No correction was made for the presence of the nitrogen and 
oxygen as the concentrations were small. The mean value obtained was 2-46 cm sec} 
‘vem-1)-1. The set of transit time measurements obtained for three of the mixtures in 
state A (xenon concentrations 1-07%, 0:-498% and 3-44%) yielded straight lines through 
the origin, the mobilities corrected as above having a mean of 1-82 cm sec-(v em“) 1. 

The transit time measurements for the mixture containing zero concentration of 
xenon did not yield a straight line through the origin (see figure 6), tr decreasing more 
rapidly than expected from the change in charge per pulse. The inference from this 
was that, although a plateau was obtained, the discharge did not, even at the highest 
overvoltage where a measurement was made, spread completely along the anode wire, 
so that the effective m was higher than that measured. The value of the mobility of the 
ion could only be obtained in this case by extrapolation of the transit time to zero 
charge per pulse whence substitution in (2) gave the mobility as 3-0 cm sec} (v cm) 1. 

Although measurements of tr could not be made with the same accuracy as fr, 
there was evidence from such measurements of the existence of a slower ion. It was 
found that measurements of tg were more accurate when the counters were in state A 
as the point at which the cathode pulse returned to zero was better defined. A plot of 
1/tg against V is shown for one of the mixtures in state A in figure 6, which, using 
expression (3), gives a value of the mobility, after correction, of 1-64 cm sec“! (v cm) 1. 

As the ions spend most of the time in the low field towards the cathode, the values 
of mobility will correspond to those at low X/p. If argon ions are present in the space 
charge, they will, at these pressures, most certainly be molecular ions Ag*. The mobility 
of such ions at low X/p has been measured by Lauer (1952), Schiitt (1955) and Maushart 
(1958) whose values, reduced to 0 °c, are 1-81, 1-81 and 1-84 cmsect(vcm™)+ 
respectively. The ion detected in state A is thus most likely to be Ag”. 

The faster ion detected in state B has the same mobility as the oxygen ion Ogt 
which has been measured by Maushart (1958) who gives the value as 2-46 cm sect 
(vcm-1)-1. However, it seems unlikely to be Og* since, if it were, there is no valid 
reason why it should not appear from the first. The most likely possibility seems to be 
that the ion is NO+ which, as its mass is only slightly less than that of the oxygen 
molecular ion, would have a mobility only slightly greater, and certainly the difference 
would not be resolved by these measurements. A small quantity of nitric oxide is likely 
to be formed, possibly fairly slowly during the normal operation of the counters but 
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rapidly when the counter suffers a sharp discharge as described above. In order thi 
the NO* ion should appear, charge transfer should take place between this ion and th 
argon molecular ion, a necessary condition being that the ionization potential of th 
nitric oxide should be less than that of the argon molecule by, at least, the latter 
dissociation energy. The last two values are not known but the appearance potenti 
of the argon molecular ion has been determined from its formation from argon excite 
states (Hornbeck and Molnar 1951) as between 14-3 and 15-22 volts. The ionizatio: 
potential of the nitric oxide is lower than that of oxygen (Oz*+), the values being 9-2 
and 12-2 volts respectively so that if the argon (Ag*) ionization potential is about 14 volt 
and its energy of dissociation about 2 volts, then this would explain the formation 
the NO* ion. 


3.3 Cathode-Ion Effects 


The entire absence of any effect attributable to release of electrons by positive ion 
at the cathode was somewhat surprising, so an attempt was made to produce sucl 
effects by suitable conditioning of the cathodes. Four new counters were used for this 
of identical construction, two with nickel and two with copper cathodes. On fillin; 
with the mixture corresponding to the optimum of figure 4 (concentration of xenot 
35%), plateaux of length of about 120 volts were obtained. The cathodes in this casi 
had been exposed to air and were likely to be slightly oxidized, the cathode—ion effec 
being absent. The system was now evacuated and the cathodes heated to red heat fo: 
some minutes by induction heating. The counters were then refilled when it was founc 
that the plateau had almost disappeared being 8 volts in length for the nickel cathode: 
and 15 volts for the copper cathodes. Threshold voltages were almost the same for th 
two types of cathode but lower by a few volts than the previous filling. Pulse interva 
analysis curves showed that nearly all the spurious pulses occurred after the transit time 
tr. In this case measurement of transit time showed that the mixture was in state F 
and the pulse interval analysis curves showed a small peak just after tr followed by 
larger peak. Presumably, the small peak is due to the NO* ions and the larger due tc 
the Ag* ions. Two such curves for overvoltages of 4 volts and 20 volts are shown ir 
figure 7. As there is only a suggestion of a peak corresponding to the faster ion for the 
lower overvoltage it is possible that the mixture had not changed to state B when these 
measurements were taken. he counters were evacuated and refilled with the same 
mixture and pulse interval analysis curves obtained at low counting rates in order tc 
avoid, if possible, transition to state B. The curve so obtained is shown at C in figure 7; 
the transit time fy measured from the cathode pulse corresponded to the Ag* ion and 
also to the beginning of the single peak. 

The interval analysis also afforded a confirmation of the existence of a slower ion 
mentioned in § 3.2, The width of the peaks was greater than would be expected if a 
single ion were present. Taking the back edge of the peak as corresponding to the transit 
time of the slower ion and substituting in equation (3) gave a mean value, from a number 
of determinations, of the mobility as 1-64 cm sec-1 (vcm™)-1, in agreement with that 
obtained previously. The cathodes were reoxidized by induction heating in oxygen, at 
a pressure of a few mm Hg, and the counters were evacuated and refilled with the same 
mixture proportions. It was found that the counter characteristics improved steadily 
with operation, the plateau length in a typical case increasing from 9 to 180 volts after 
operating the counter at a high count rate for several days, the threshold rising by 
12 volts. 

During this series of’ experiments the threshold voltages were remarkably constant 
and changed little with the state or material of the cathode. 
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Figure 7. Pulse interval analysis curves after cleaning of cathodes by induction 
heating in vacuo. A and B, copper cathode, mixture in state B, overvoltages 2 v 
and 17 v. C, copper cathode, mixture in state A, overvoltage 22 vy. 
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Figure 8. Corona threshold votages plotted against pressure for argon (curve 1) and 
argon +2% xenon (curve 2). 
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3.4. Variation with Total Pressure 


Plateau slopes and lengths were next investigated maintaining the partial pressures’ 
of xenon, oxygen and nitrogen constant at the same values as in the experiments des- 
cribed in § 3.3, but varying the argon pressure. It was found, confirming the results of 
Shore (1949), that the plateau lengths became rapidly shorter and the plateau slopes 
increased at pressures below 300 mm Hg, the values at 100 mm Hg being 27-5 volts 
and 0-56% per volt respectively. 

These results raised the question as to whether the effect of the xenon in lowering 
the corona threshold voltage and at the same time raising the gas multiplication is al 
pressure-dependent effect, particularly as it was reported by Penning (1928) that the 
addition of 0-03% xenon to argon at 14 mm Hg pressure raised the breakdown poten-— 
tial. Accordingly, a counter was filled first with argon alone and afterwards with 
argon +2% xenon, and the voltage for corona discharge and the pulse height just before 
the onset of corona were measured for a series of total pressures. The results of the 
corona voltage measurements, below 200 mm Hg, are shown in figure 8 where it will 
be observed that the curves converge and finally cross over at about 4-5 mm Hg pressure. 
The ratios of the pulse height fell with pressure, the pulses from the argon—xenon 
mixture being about a factor of five greater than with the argon alone at 200 mm Hg 
but approximately equal to 10 mm Hg. . 


| 
§4. DISCUSSION OF RESULTS 


4.1. Effect of Xenon 


It is apparent from the experiment on the argon—xenon mixture that one of the 
effects of the addition of xenon is to increase the gas multiplication and at the same 


time reduce the number of those photons in the avalanches which give rise to secondary 


electrons. ‘This latter point is clear from the observation that the gas multiplication was 
much higher at the corona threshold after the addition of xenon. This increase in 
ionization, which effectively means an increase in «, the first ionization coefficient, is 
most surprising, as it would have been expected that addition of xenon would lower 
the electron temperature in the avalanches and thus raise the Geiger threshold voltage. 
In fact there are clearly two competing processes present as shown by the existence of 
the threshold minimum of the curve in figure 4. The possibility of argon metastable 
excited atoms being quenched by collision with xenon atoms and giving rise to ioniza- 
tion in a manner similar to the well-known Penning effect in neon-argon mixtures is 
ruled out as energetically impossible, as the ionization potential of xenon is 12-127 volts 
and the metastable potentials of the 3P2 and 3Pp levels of argon are 11-53 and 11-72 volts 
respectively. It is therefore necessary to look for some other mechanism which would 
give rise to ionization. It has been shown (Colli and Facchini 1952) for pure argon that, 
at these pressures, the photons which give rise to photoelectrons at the cathode are 
mainly those which arise from the decay of the excited molecule Ag* rather than by 


resonance photons. Higher excited states above the metastable and resonance levels — 


only rarely decay directly to the ground state but usually through some intermediate 


state by the emission of photons of about 4 ev. The decay of the metastable excited _ 


states of argon take place through either two or three body collisions (Phelps and Molnar 


1953), the decay probability being given by Ap+ Bp? where A = 40 sec-1 mm-—! and 
B=9sec+mm-. The second process is predominant at the pressures used in this 
investigation and leads to the formation of the A»s* excited molecules which have a decay 
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me of 3-4 usec giving a photon of about 10 ev energy (Colli 1954). This photon has a 
ery small cross section for absorption by either oxygen or nitrogen (Weissler and 
0 Lee 1952) and will not be absorbed by either argon or xenon. Consequently any 
rocess which is postulated for the action of the xenon must account for the large 
:duction in the production of the 10 ev photons so that the possibility that the addi- 
onal ionization due to the xenon is brought about by collision with the higher excited 
ates of argon is unlikely. One possibility is a three-body collision involving two 
enon atoms and an excited metastable state of argon leading to the formation of a xenon 
iolecular ion Xeg+ but this seems unlikely in view of the fairly small xenon concentra- 
ons involved. 

This leaves the possibility that the xenon atoms interact with the argon metastable 
ates, or with the argon excited molecules As*, to produce ions and the only way in which 
lis could occur would be by the formation of an argon-xenon molecular ion. In view 

* the pressure dependence of the action of the xenon, mentioned in § 3.4, it would 
spear that the interaction is more likely to be with the As* molecule as the formation 

‘ this is itself pressure dependent. It will be observed from figure 8 that the cross- 
ver of the two curves occurs at a pressure corresponding to Ap ~ Bp?, that is when 
ie probability of decay of the argon metastable states by the two alternative processes 
‘e equal. A possible reaction would therefore be 


Ao*+Xe = AXet+A+e-. 


‘his suggestion is put forward very tentatively in view of the strong theoretical objec- 
ons to the existence of such an ion. Bearing in mind the unreliability of identifying 
ns from their mobilities, nevertheless the existence of the slow ion of mobility 
‘64 cm sec! (v cm7!)~ is not inconsistent with this hypothesis. Assuming that the 
bility varies as (1+ Matom/Mion)!/2 in accordance with the Langevin expression, 
tis gives, based on the value of 1-84 for the Ag* ion, a figure of 1-66 for the AXet+ ion, 
715 for the Xet ion and 1-62 cm sec-! (v cm71)-1 for the Xeg* ion, so that the observed 
in could be any of these three, considering the accuracy of the measurements and the 
at too close agreement of the Langevin expression with experiment. 

Consider now the two types of spurious pulses which are found with the counters 
ith oxidized cathodes. Both types obviously arise as a result of the photon--cathode 
fect, those which occur at the end of the plateau being due to delayed photons which 
crease in number with the charge per pulse and whose effect becomes significant 
hen the dead-time has shortened sufficiently. For zero and very low xenon concentra- 
ons the dead-times and consequently the plateaux are very short. 

The incidence of the other type of spurious pulses which appear on the plateaux is 
early proportional to the charge per pulse as the plateaux are straight. They are 
‘obably due to the formation of oxygen negative ions from the photoelectrons arising 
iring and immediately after the discharge. The fact that the plateau slopes increase 
ith oxygen concentration and that the spurious pulses appear more or less uniformly 
yread between dead-time and recovery time support this view. Also, the addition of 
non reduces the plateau slope because of its effect in quenching the excited argon mole- 
ules which would otherwise decay to emit the 10 ev photons producing the phote- 
ectrons. 

If No is the number of metastable argon atoms produced during the discharge and 
‘the number at any subsequent time #, the decay can be expressed by 


N = Noexp(—ft) 
aere 8B = Ap+Bp?, assuming that the probability of decay through collision with 
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nitrogen or oxygen molecules is small. For the pressure used in these experiments 
the value of Ap is 2-52 x 108 sec-1 and Bp? is 4-77 x 108 sec“!, so the predominant mod! 
of decay of the metastable states of the argon atoms is to produce the metastable mole 
cules. If N’ is the number of such molecules in the discharge at time ¢, then 


dN’ 1 

—— = Bp?Noexp(—ft)— n'(— = cx) (10 

dt Tm 

where 7m is the mean lifetime of the metastable molecules, equal to 3-4 psec and cx is 

the probability of destruction by collision with xenon atoms for a xenon concentration x 
Integration of (10) gives 


N’ = aeete|-(— ai cx) —exp(—pr)}. (11) 


The number of photoelectrons released per discharge is 


N’ Been 
Yp f= deine Bee (12) 
Tm (1 +7mcx)B 


by integration after substitution from (11); yp is the probability that a photon will release 
a photoelectron at the cathode. If it is assumed that the number of metastable states 
No is approximately equal to the number of ions produced then No = Q/eo where O 
is the charge per pulse and equal to kVo, k being a constant for a particular mixture, 
Vo the overvoltage, and eg the electronic charge. 

The number of spurious pulses per discharge can be written from (12) as 


_ ynypBp?kVo 


(1+7mex)Beo ae 


sp 


where yp is the probability that a photoelectron will produce a spurious pulse after 
capture to form an oxygen negative ion. The plateau slope S is given by Ngp/Vo so 
substituting in (13) gives 


ynypBp? k 
— + 4 = 
CTm Bctm Seo 


A plot of k/Seo against x is shown in figure 9 using the values of k, S and x, obtained 
from the experiments described in § 3.2, yielding a fairly reasonable straight line. This 
gives support to the assumption of a two-body interaction leading to the AXe+ molecu- 
lar ion rather than the three-body interaction leading to the Xeg+ ion as the latter case 
would yield a straight line only when k/Seo is plotted against x2. The intercept on the 
x axis is 1/crm giving an approximate value of c = 2-4x 108 sec-l. This means that at 
a xenon concentration of 2% the number of photoelectrons produced is reduced by a 
factor of about 20 as is clear from equation (12). The value of c above yields a cross 
section for destruction of the excited states of the argon molecules as approximately 
1-9x 10-16 cm?. Also from the slope of the graph a value of ynyp = 5x 10"11 is 
obtained. It was reported by Colli and Facchini (1954) that the value of yp for the 10 ev 
argon photons for nickel and brass cathodes is of the order of 10-3 and was not strongly 
dependent upon the condition of the cathode surface. Assuming similar values for the 
copper cathodes used in these experiments, this means that Yn is of the order of 10-8. 
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It should be pointed out however that the evidence in favour of the two-body as 
against the three-body interaction is not necessarily conclusive because it has been 
assumed above that the small concentrations of xenon do not affect the value of yn. It 
is not clear to what extent the presence of xenon will affect the electron temperature 
and therefore the probability of photoelectron attachment to form Oz" ions. 


0 05 10 5 20 
% xenon 


Figure 9. Variation of k/Seo with xenon concentration. 


4.2. Spread of the Geiger Discharge 


It is clear that the presence of oxygen is a necessary condition for the spread of the 
Geiger discharge along the anode wire. The propagation of this type of discharge is 
generally attributed to secondary electron production in the quenching gas by photo- 
ionization from the high energy photons of the main gas. Huber (1955) has shown 
that this mechanism explains the formation of the Geiger discharge when a small 
quantity (~ 1°) of oxygen is added to nitrogen. However, some difficulties arise if 
this mechanism alone is postulated to explain the action of the oxygen in the counters 
described in this paper, because the argon resonance photons have insufficient energy 
to cause photoionization in the oxygen. The comparatively few photons of higher 
energy (~ 14 ev) arising from the decay of the upper excited levels of argon will have 
mean free paths for photoionization of about 1:5 cm in the oxygen at the partial pres- 
sures (3-5 mm Hg) employed in these counters (Wainfan, Walker and Weissler 1955). 
This possibly explains the results obtained with mixtures of zero and low xenon concen- 
trations. The discharge would probably be propagated in rather large steps and not 
fully developed, resulting in incomplete quenching and very short dead times (figure 3, 
curve D). The addition of larger amounts of xenon (concentrations greater than 
0-5%) assists in the propagation of the discharge inasmuch as the latter now becomes 
a true Geiger discharge similar to that observed in organically quenched counters. 
The argon metastable states have mean lifetimes of 1/Bp? (~ 0-2 usec) against the 
formation of metastable excited molecules, and these in turn have lifetimes against 
formation of ions by collision with xenon atoms of 1/cx, the total time being about 
0-3 usec. It is therefore suggested that further avalanches are formed in a small zone 
surrounding the wire by the diffusion of the excited atoms and molecules. The part 
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played by photon action at the cathode in the spreading of the discharge is only subsi- 
diary because the threshold voltage appears to be little affected by the type or condition 
of the cathode as shown in § 3.3. 


§5. CONCLUSION 


Counters containing mixtures of argon, xenon, oxygen and nitrogen in appropriate 
proportions will, provided the cathodes are oxidized, behave similarly to organically 
quenched counters. This behaviour is attributed to the presence of the xenon. When 
the latter is not present the Geiger discharge is followed by many spurious discharges 
caused mainly by the emission of 10 ev photons from the decay of excited argon mole- 
cules. When xenon is added, the excited argon molecules are quenched to produce ions 
instead of photons resulting in a lowering of the threshold voltage. The nature of the 
interaction, which is pressure-dependent, is either by three-body collisions involving 
two xenon atoms and an argon excited metastable atom leading to the formation of Xeg* 
molecular ion, or by two-body collisions involving a xenon atom and an argon excited 
molecule, and leading to the formation of AXe+ molecular ion, the evidence appearing 
to favour the latter. The presence of the xenon also enables the full realization of the 
Geiger discharge for which, however, the presence of the oxygen as a vehicular gas is 
necessary. 
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Abstract. The cross section of the reaction 78*U(n, y) ?87U has been measured for 
neutrons in the energy range 0:3 to 4-0 Mev using an activation method. Fission 
products in the irradiated samples were removed chemically and the *87U produced 
was determined by counting the y-ray activity with a sodium iodide scintillation 
spectrometer. The cross section was found to increase from about 300 mbn at 
0-3 Mey to about 400 mbn at 1-1 Mev. It then fell sharply to some 30 mbn at 
4 Mev. 

The shape of the excitation function for this reaction is typical of that found 
for other heavy even—even nuclides far from a closed shell. It is due to the com- 
petition between the radiative capture process and inelastic scattering from the 
similar collective level structures of these nuclides. 


§ 1. INTRODUCTION 


THE MEASURED radiative capture cross sections of heavy even—even nuclides far from a 
closed shell do not fall with increasing neutron energy according to the orthodox statistical 
theory. Lane and Lynn (1957) have explained this behaviour in terms of the com- 
petition between the radiative capture process and the inelastic scattering of neutrons. 
from the rotational energy level structure of these nuclides. 

Two such nuclides have been examined in detail to date, namely 282Th and 238U 
(Barry, O’Connor and Perkin 1959, Hughes and Schwartz 1958). In these experiments. 
the radiative capture cross section of another heavy even—even nuclide ?86U has been 
measured over the energy range 0-3 to 4-0 Mev. An activation method was used in-- 
volving the measurement of the 287U (6-75 d) activity produced. 


§2. NEUTRON IRRADIATIONS 


The 236U samples irradiated consisted of some 60 mg of 236U dissolved in 0-2 M 
HNO3. The isotopic composition (atomic 9) of this uranium was as follows: 286U 
(98-46%) 235U (11%) 288U (0-42%) and 24U (0-02%). ‘Thin-walled Perspex cells 
with flat cylindrical cavities (1-74 cm x 0-076 cm) were used to contain the samples. 
during the neutron irradiations and the 227U determinations described later. 

Neutrons for these irradiations were obtained from the p—T reaction. A tritium 
gas target was contained in a cylinder 2-5 cm long and was bombarded with protons 
from the Atomic Weapons Research Establishment 6 Mev Van de Graaff accelerator. 
In order to obtain the high neutron output required the technique described by Nobles 
(1957) was used to obtain proton beam currents of up to 10 a into the gas target. In 
this technique the beam enters the gas target through two thin nickel foils which are 
cooled by helium gas pumped through the space between them. 
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The ?36U samples were irradiated in the forward direction at a distance of 1-4. cm 
from the end of the gas target. The neutron flux through the samples was measured 
with a 285U fission counter which was placed at the back of the Perspex cell. Only the 
thickness of the walls of the cell and counter separated the 236U sample from the 235U 
deposit in the counter. The circular areas of the 255U foil and the uranium solution 
subtended the same angle at the neutron source and they were positioned with their 
centres on the line of the proton beam. 

The fission counter contained about 1-5 mg of 235U and was calibrated by irradiation 
in a known flux of 14-1 Mev neutrons from the d—T reaction. This calibration was 
carried out by placing the counter at a distance of 20 cm from a thick zirconium tritide 
target and at an angle of 90° to a deuteron beam of 300 kev. The associated «-particles 
from the reaction were counted in a known geometry at an angle of 135°. The neutron 
and «-particle yields with respect to the angle of emission and the incident deuteron 
energy for thick tritium targets of the type used were.evaluated. With this information 
the neutron flux at the counter position was calculated and the fission counting rate 
per incident neutron sec! cm-2 was found. Experiments with and without cadmium 
shielding around the counter showed that any errors due to a thermal neutron back- 
ground were smaller than those due to the fission counting rate statistics. 

The efficiency of the counter was calculated at other neutron energies by using the 
known variation of the 235U fission cross section with energy (R. L. Henkel 1961, 
private communication, Adams, Batchelor and Green 1961, A. Moat 1961, private 
communication). 

The difference between the mean neutron flux through the uranium samples and 
that through the uranium foil of the fission counter due to the variation of neutron 
flux with distance from the source and the scattering and absorption by the sample and 
holder, was measured experimentally. From the variation of flux with distance, the 
flux through a sample was found to be between 22 and 11% greater than that measured 
by the fission counter over the neutron energy range 0-3-4-0 Mev. The effect of scatter- 
ing and absorption was found by measuring the change in neutron flux through the 
counter when a sample and holder were removed. This change varied from —6% 
to +5% according to the neutron energy over the range 0-3-0-4 mev. 

During the irradiations the neutron flux through the samples was about 
2x 107 cm~ sec™! and the length of the irradiations was about 10 hours. 


. 


§3. CHEMICAL PURIFICATION 
3.1. Procedure 


In order to resolve the ?87U activity produced it was necessary to remove fission 
products from the irradiated 286U samples. These fission products originated mainly 
from 236U when the irradiation was made at neutron energies above the fission threshold 
for this isotope (~0-6 Mev). Also present were fission products from the small amounts 
of the other uranium isotopes in the samples (see § 2) at neutron energies above their 
respective fission thresholds. 

The ?86U solution was first evaporated to dryness in a platinum crucible and the 
residue was redissolved in a solution containing 3 ml of saturated ammonium nitrate 
and 0-3 ml of 6 M nitric acid. Uranium was then extracted with ether for a period of 
30 minutes in an apparatus in which the ether was bubbled through the uranium solution 
and recirculated by means of a reflux condenser (Wayman and Wright 1945). The ether- 
eal solution was evaporated to dryness and a few drops of HClO4 were added. The 
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solution was then heated strongly to remove any ruthenium fission products present 
as these are particularly difficult to remove by any other method. 

After dissolving in 2 ml of 6M HCl the uranium was absorbed on a column of 
an anion exchange resin and washed with 10 ml of 4M HCI to remove most of the 
residual fission products. Uranium was then eluted from the column with 15 ml of 
)-5 M HCl. After removal of the hydrochloric acid by evaporation the uranium was 
redissolved in nitric acid, transferred to a weighed platinum crucible, evaporated to 
dryness and converted to UgOg in order to determine the chemical yield of the purifica- 
tion procedure. 

As the value of this uranium sample was considerable, care was required to minimize 
losses. The use of platinum and polythene to reduce adsorption, the repeated use of 
the same apparatus for all the separations performed and the preservation of all the 
residues enabled a chemical yield of approximately 95°% to be achieved for each indi- 
vidual separation. 


3.2. Efficiency for removing Fission Products 


It was essential that any fission product activity remaining after the purification 
process should be negligible compared with the lowest 287U activity observed. The 
greatest number of fissions produced in a sample in these experiments amounted to about 
2x 108. This occurred in the irradiations with 4 Mev neutrons where the 236U fission 
cross section is 0-95 bn and the capture cross section is low. 'To determine the efficiency 
of the chemical separations for removing fission products, a subsidiary experiment was 
performed with a uranium sample containing fission products from about 101° fissions 
but with practically no 28’U present. 

The fission products were obtained by irradiating a small (0-5 mg) sample of en- 
riched (99-9°%%) 285U in a reactor (HERALD A.W.R.E.). The low percentage of 238U in 
the sample minimized the production of 287U from the 288U (n, 2n) 237U reaction with 
fast neutrons in the reactor. Natural uranium was added to the sample after irradiation 
to make the total weight the same as that of the 286U samples. 

The purified sample when counted (see § 4) had an initial activity which was less 
than the 287U activity of the 286U sample irradiated with 4 Mev neutrons even though 
the original fission product activity present was fifty times greater. It is clear that even 
if all the residual activity in the subsidiary experiment is due to fission products the 
amount to be expected in the purified 286U samples is negligible compared with the 
237U) activity found. 


§4. DETERMINATION OF THE 237U aAcTIVITY 


Uranium 237 decays by a complex and low energy B-particle emission. (Rasmussen, 
Canavan and Hollander 1957). The weight of the 286U samples in these experiments 
was too large to enable precise measurements to be made of the 28’U B-particle activity 
produced. Consequently the method employed was to measure the y-ray emission 
using a cylindrical (5-7 cm diam. x 5-7 cm) sodium iodide scintillation spectrometer. 

The y-ray spectrum observed from an unirradiated sample of 2°6U is similar to 
that shown in figure 1(b). This is a complex spectrum due to the presence of 2°4U, 
235) and 288U and their daughters (see §2). Above 60 kev the spectrum is due to 
235U and its daughter 2°1Th (25-64 h) and 288U and its daughters 284Th (24-1 d) 284Pa 
(6-66 h) and 284mPa (1-17 min). Using the calculated conversion coefficients of Rose 
(1958) it can be shown:that the peak at about 50 kev is mainly due to the 50 kev ?82Th 
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y-ray from the decay of 286U although the other nuclides present must also contribute 
to it. ‘The main features of the spectrum from a 237U source are the 23’Np y-ray peaks 
at 59 and 203 kev and the 100 kev x-ray peak from the internal conversion of the 203 kev 
y-ray. A convenient measure of the 237U activity throughout these experiments was 
the integrated spectrum between 40 and 250 kev. The stability of this energy ‘gate’ 
and the overall efficiency of the spectrometer was periodically checked with standard 
y-ray sources in conjunction with a 100 channel pulse height analyser. 

Each irradiated and purified 236U sample was redissolved in 0-2 M HNO3 and 
returned to a Perspex cell. Sufficient extra 236U to make good any losses in the chemical 
separations was added to ensure that the y-ray absorption and scattering properties of 
the sample were the same as any other. The cell was then clamped in a rigid holder 
about one millimeter from the flat face of the sodium iodide spectrometer and was 
counted at different times over a period of three weeks to follow the decay of the 237U. 

The absolute efficiency of the counter for 287U activity was found by counting cells 
containing weighed amounts from a stock solution of 237U prepared by the «particle 
decay of ?41Pu. This solution was standardized by counting weighed amounts in a 
47 proportional counter. In order to simulate the y-ray self absorption of the 236U 
samples the same weight of natural uranium was added to the cells used for calibration. 
The counting rates from these cells were corrected for the activity of the natural uranium. 


§5. RESULTS 


The y-ray spectrum from an irradiated sample of 236U is shown in figure 1. That 
part which has decayed after two weeks has the same characteristic spectrum as that 
from the decay of 237U. 
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Figure 1. The y-ray spectrum from a sample of 28°U measured (a) 2 days and (6) 13 
days, after irradiation with 464 kev neutrons. Curve (c) was obtained by subtracting 
(6) from (a). ” 


In order to determine the relatively small amount of 287U activity present the gross 
y-ray activity between 40 and 250 kev was plotted (figure 2, curve A) as a function of 
exp(—0-693t/T), where ¢ is the time elapsed since the end of the irradiation and T is 
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Figure 2. Decay of the y-ray activity in the energy range 40 to 250 kev from a sample 

of 236UJ after irradiation with 560 kev neutrons (curve A). Curve B was obtained 

with a similar unirradiated sample after chemical purification. The arrow indicates 
the time at which the chemical separations were performed. 


the half-life of 237U (6-75 d). The slope of the resultant straight line gives directly 
the 23’U activity present at the end of the irradiation. 

Activity measurements made within about three days after the chemical separations 
were performed lie a little below a line through the later points, due to the fact that 
the 235U present did not have sufficient time to re-establish an equilibrium amount of 
its daughter 231Th. The re-establishment of the daughters of 238U is a much slower 
process. Measurements made with a chemically purified but unirradiated ?36U sample 
(figure 2, curve B) show however, that this process was not detectable in these experi- 


ments and can cause no significant error in the method described for estimating the 
237U activity. 


The Radiative Capture Cross Section of 7°°U 


En (Mev) 0-360 0-464 0-560 0:655 0-705 0-850 0-943 
AEn (Mev) 0-070 0-070 0-070 0-070 0-070 0-070 0-075 
o (mbn) 311 308 403 271 301 297 351 
Error (mbn) 26 30 32 25 34 29 41 
En (Mev) 1-063 1-220 1-310 1-585 2-020 2-790 3-970 
AEn (Mev) 0-075 0-075 0-080 0-085 0-100 0-120 0-150 
o (mbn) 350 536 196 147 88 68 28 
Error (mbn) 43 68 47 30 10 10 10 


The calculated values of the (n, y) cross sections are given in the table and figure 3. 
Errors quoted for the cross section include counting statistics as well as estimates of 
errors in the calibration of the counting arrangement, the fission counting rate, fission 
counter calibration, knowledge of the fission cross section excitation function for 
235U, and deduction of the mean neutron flux through the sample from the measured 
flux at the fission counter. The calculated shape of the energy spectrum for neutrons 
through the samples varies considerably with the mean neutron energy of the irradia- 
tion due to the variation in the energy loss of the proton beam in the target and in 

_the angular distribution of neutrons from the p-T reaction. The energy limits quoted 
include more than 90% of the neutrons. 
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Figure 3. The radiative capture cross section of 286U. 'The radiative capture cross 
sections of 82Th and ?88U (obtained bydrawing smooth curves through the published 
data) are shown for comparison. 


Also shown in figure 3 are the radiative capture cross sections for 232Th and 238U 
(Barry, O’Connor and Perkin 1959, Hughes and Schwartz 1958). There is an obvious 
similarity between the shapes of the three excitation functions shown. As seen in the 
Introduction these shapes are dependent on the level structure of the nucleus concerned. 

The positions of the levels found in these nuclei above about 400 kev (Cranberg 
and Levin 1958, Batchelor and Towle 1959, Durham, Rester and Class 1960, McGowan 
and Stelson 1960) are shown in the figure. Levels based on the ground state rotational 
band in this region (Stephens, Diamond and Perlman 1959) have been omitted because 
of their high spins which make them relatively difficult to excite by inelastic neutron 
scattering. ‘The fall in the °3°U excitation function at about 1 Mev suggests that a group 
of levels exists in this nucleus similar to that observed in 232Th and 238U. 

It can be seen that the absolute value of the cross section for 236U is about double 
that for 238U and 28h. The capture cross section in this energy region is proportional 
to (I, x Pn)/((D xP) in the usual notation (e.g. Kinsey 1957). The ratio I, /T is about 
the same for the three neighbouring nuclei under consideration. Using the method 
described by Lane and Lynn (1957) the value of I',/D for a particular neutron energy 
(400 kev) was calculated for each nucleus. The main factor in these calculations, was 
the dependence of the level spacing D on the neutron binding energy [?88U (4-87 kev) 
232Th (5-16 Mev) 286U (5-45 Mev)]. The. values found for [',/D for the nuclei in this 
order were in the ratio of approximately 1:1-5:3. At 400 kev the corresponding 
ratio of the observed cross sections is 1 : 1-4 : 2-6 which is in quite good agreement 
with the theoretical estimate. . 
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Since this work was completed some recent 236U (n, y) 237U cross section measure- 
ments made at the Argonne National Laboratory have been brought to our notice 
(Stupegia 1961, private communication). These are for neutrons in the energy range 
0-3 to 1-5 Mev and agree with the present results within experimental error. 


ACKNOWLEDGMENT 


We are indebted to the United States Atomic Energy Commission for the loan of 
the 286U enriched uranium. 


REFERENCES 


ApamMs, B., BATCHELOR, R., and Green, T. S., 1961, J. Nucl. Energy, 14, 84. 

Barry, J. F., O'Connor, L. P., and Perkin, J. L., 1959, Proc. Phy. Soc., 74, 685. 

BATCHELOR, R., and Tow e, J. H., 1959, Proc. Phys. Soc., Tax 93" 

CranserG, L., and Levin, J. S., 1958, Phys. Rev., 109, 2063. 

Duruam, F. E., Resrer, D. H., and Crass, C. M., 1960, Proc. Int. Conf. on Nuclear Structure, 
Kingston, Canada (Amsterdam: North Holland), p. 594. 

Hucues, D. J., and Scuwartz, R. B., 1958, U.S. Atomic Energy Commission Report, BNL 325, 
2nd Edn (Washington: U.S. Government Printing Office). 

Kinsey, B. B., 1957, Encyclopaedia of Physics, Vol. XL (Berlin: Springer-Verlag), p. 303. 

Lang, A. M., and Lynn, J. E., 1957, Proc. Phys. Soc. A, 70, 557. 

McGowan, F. K., and Srezson, P. H., 1960, Phys. Rev., 120, 1803. 

Noszzs, R., 1957, Rev. Sci. Instrum., 28, 962. 

RasMussEN, J. O., CANAVAN, F. L., and HoLianper, J. M., 1957, Phys. Rev., 107, 141. 

Rose, M. E., 1958, Internal Conversion Coefficients (Amsterdam: North Holland). 

STEPHENS, F. S., Diamonp, R. M., and Pertman, I., 1959, Phys. Rev. Letters, 3, 435. 

Wayman, M. M., and Wricut, G. F., 1945, Industr. Engng Chem. (Anal.), 17, 55. 


PROC. PHYS. SoOc., 1961, vou. 78 


A Note on the Carr—Purcell Method of Measuring Nuclear 


Magnetic Resonance Relaxation Times 


By H. PURSEY 
Basic Physics Division, National Physical Laboratory, Teddington, Middlesex 
MS. received 12th July 1961 


Abstract. In measuring T2 by the Carr—Purcell method the number of 180° pulses 
which can be used in a given sequence is limited by the accumulation of errors in 
pulse length, which causes a progressive departure of the freely precessing magnetic 
moments from the equatorial plane. Several methods have been devised to over- 
come this limitation, but in all cases it is assumed that phase coherence exists 
between the precessing nuclei and the pulsing radio-frequency field. Under 
such conditions the errors will accumulate linearly in the orthodox Carr—Purcell 
experiment, but in fact the order of stability implied in the assumption is unlikely 
to exist unless special care is taken to obtain it. It has been found experimentally, 
however, that good Carr—Purcell trains can be obtained in an incoherent system. 
and in the present paper the reasons for this are analysed. It is shown that in such 
a system the errors add as if they were coplanar vectors of random direction, so that 
the statistical r.m.s. value of the error after 7 pulses is proportional to 1/7. Hence, 
one would expect to obtain a satisfactory train with up to 104 pulses, and it is shown 
that this is in agreement with observations. 


THE ‘SPIN-ECHO’ method of measuring transverse nuclear magnetic relaxation times was 
first described by Hahn (1950). In a subsequent paper H. T. Carr and E. M. Purcell 
(1954) showed that the influence of molecular diffusion on the results obtained by 
Hahn’s method could be virtually eliminated by using a modified technique which is 
now generally known as the ‘Carr—Purcell method’. It consists in applying a 90°radio- 
frequency pulse to the sample at t = 0, followed by a train of 180° pulses at ¢ = 7, 37, 57, 
etc., 27 being short compared with the diffusion time constant of the sample. ‘Spin- 
echoes’ are produced at t = 27, 47, 67, etc. and the envelope of the echo maxima gives 
the 72 decay curve of the material under tests. 

For samples with short diffusion and long relaxation times it may be necessary to 
use a large number of 180° pulses to obtain an adequate decay curve, and the problem 
then arises as to how small errors in the length of the 180° pulses will accumulate. If 
we assume the magnetic dipoles are always rotated about the same axis relative to the 
total nuclear magnetic field component in the xy plane (treating z as the axis along the 
direction of the static field Ho), then errors must accumulate linearly, severely limiting 
the number of pulses which could be used in any particular train. 

Methods of overcoming this limitation have heen suggested by Meiboom and Gill 
(1958), who show that by shifting the phase of the initial (90°) pulse by 90° relative to 
the succeeding (180°) pulses the errors due to adjacent pulses can be made to cancel, 
while Shev and Norberg (1960) have shown that a similar improvement can be obtained 
by applying a linear sweep to the steady field along Oz. 

In supposing that each 180° pulse induces rotation of the nuclear magnets about the 
same axis in the rotating coordinate system it is implied that, for the duration of each 
pulse train, phase coherence is preserved between the nuclei precessing in Ho and the 
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radio-frequency pulses themselves. This implies very high stability (of the order of 
parts in 108) of Ho relative to the radio-frequency oscillator from which the pulses are 
derived. In a system where no special care is taken to stabilize Hp relative to the radio 
frequency, it is meaningless to talk of rotation about a particular axis in the rotating co- 
ordinate system, and each 180° pulse will induce rotation about an axis in the xy plane 
whose direction is independent of any previous rotations which have occurred. 
Observations on such a system show that surprisingly good Carr—Purcell trains can 
be obtained, using several thousand pulses in each train, without taking any special 
trouble to ensure that the 180° pulses are of the correct length, and it is the purpose of 
this paper to show that this is in fact predicted by an analysis based on the Bloch 
equations. 
Now if the pulses are derived from an oscillator whose angular frequency is w, 
and if Ho and Hj are the respective amplitudes of the static z component and the rotat- 
‘ing xy plane component of the magnetic field, we have (neglecting relaxation effects) 


Mz! = (w@o— @)My/ (1) 
M,' = pMz+(#—o)M,’ (2) 
M, = —pM,/ (3) 


where M,’, M,’ and M; are the components of nuclear magnetization in a coordinate 
system rotating about the z axis with angular velocity w, wo = yHo, w = yHj and y is 
the nuclear gyromagnetic ratio. 


From (1), (2) and (3) we derive 


My! = —{u2+(o—o)?}M,/. (4) 
Let us assume for simplicity that w = wo. Then 
My = — My (5) 
whence 
M,' = Asin(ut+4) 6) 
and from (3) and (6) : 
Mz = Acos(pt+¢). (7) 


Let M be the total nuclear magnetic moment, and let the components of magnetic 
moment at the start of the mth pulse be P, in the xy plane and O, along Oz. 
‘Then at ¢ = 0 we have 


M,z’ = Pycositn 
M,/ = Prsingn = Asind 
Mz = On = Acos¢ 
where yy is the azimuthal angle of M. Let us now apply a pulse such that pt = 7 +8, 


where 6 represents a small error in pulse length. 
Then at the end of the pulse we have 


M;z’ = Procosikyn 
M,' = Asin(7+¢+6) = —Prsinyncosd—Oxysind 
Ont = Mz’ = Acos(r+¢+8) = Pysinynsind—Qncos 6. 
Thus 
Onii = —Qncos d+ (sin fp sin d)\/(M2— Qn”). 
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So long as Q,, is small compared with M we have 
On ~ —Qncosd+ Msin %p sin 


and hence 


n 
On = (—1)"Qocos"8+ Msind > sinyp-,cos’8. 


r=1 
If we assume the y%,-, are a random set then each term of the above summation 
has a variance of }(cos 5)?"-2, so that the variance of Oy is 


n 
$M?sin26 > (cos6)?"-2, 
rT 


Furthermore, if6 < landm < 1/6#then the variance of Q, is approximately (m/2)M2sin26, 
so that the r.m.s. value of Mz after n pulses is (m/2)1/2M sin 5. 
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This analysis shows that the induction signal will fall off as the square root of n, 
instead of directly with m as would be the case if phase coherence were preserved. 
Since the pulse length can be set with an accuracy to about 1% we should expect to 
obtain satisfactory Carr—Purcell trains containing up to about 104 pulses, and this in 
fact proves to be the case. The figure shows a typical decay curve. The sample is water 
at room temperature containing a small amount. of paramagnetic impurity, so that its 
transverse relaxation time is about 3-5 sec. The sweep speed is 1 cm sec-1, and the 
pulse recurrence rate is 1 kc/s, so that the total sweep contains just 104 pulses. 

In conclusion, it is perhaps worth pointing out that if the magnet instability is 
increased beyond a certain point a further deterioration of the Carr—Purcell train takes 
place. This is due to the fact that a phase change will now occur during the time of 
application of a radio-frequency pulse, so that the resultant nuclear magnetic vectors 
will no longer be coplanar, but will form a complex figure of eight pattern, as described 
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| by Hahn (1950). Thus the condition under which maximum echo amplitude is obtained, 
with all the magnetic vectors collinear, will never be completely recovered and it will 
not be possible to obtain a satisfactory Carr—Purcell train. 
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Alum 
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Abstract. The splitting of the ground level of Fe*+ in (CHs3NHs3)Al(SOu)2 . 12H2O 
in the absence of a magnetic field has been measured directly. At 90 °K the separa- 
tion of the S; = +3/2 states from the +1/2 is equivalent to 12 227+5 Mc/s, and 
that of the +5/2 from the +3/2 to 22 043+10 Mc/s. The deduced values of the 
coefficients in the usual spin-Hamiltonian for the ferric alums are D = +0-1893 
+0:0002 anda—F = +0-0171 +0-0001 cm~, and it is probable that a ~ +0-013, 
F =~ —0-004 cm. The material is promising for a zero-field maser, with predicted 
amplifying and pumping frequencies of 12 290 +15 and 34 460 +45 Mc/s respec- 
tively at liquid-helium temperatures. 


§1. INTRODUCTION 


WE HAVE RECENTLY discussed the need for direct measurements of paramagnetic energy 
level splittings at zero magnetic field, and have described equipment for the range 
8 to 18 Ge/s (Bogle et al., 1961). We have now extended our equipment to cover the 
additional range of 18 to 26 Gc/s (K-band) and this has enabled us to determine the 
energy level scheme of Fe3+ in methylamine alum (CH3NH3)Al(SOq)z. 12H2O, at 
90)2 °K: 


§ 2. THE PARAMAGNETISM OF THE FERRIC ALUMS 


The paramagnetic resonance of several ferric alums has been studied by Bleaney 
and ‘T'renam (1954), who have given a full discussion of the crystal structure and the 
appropriate symmetry of the spin-Hamiltonian. The unit cell of the alums is cubic 
and contains four Fe?* ions. Each of these is surrounded by six water molecules forming 
an octahedron. If the octahedron were regular and if the more distant environment 
were neglected the crystalline electric potential would have the form 


V = C(t nytt a4) 


where &, and ¢ are Cartesian coordinates referred to the cubic axes of the octahedron 
with origin at its centre. With this simplified potential the spin-Hamiltonian would 
have the form 


ta SA+ S,4+ SA—4S(S+1)(3S2+3S—1)] m 


where S; is the €-component of the spin operator, and so on, and a is a constant. The 
levels in zero-field for Fe?+, which has S = 5/2, would be a doublet and a quadruplet 
separated by 3a. 
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In the alums, however, the actual electric field consists of the cubic field together 
with one of axial symmetry, the axis lying in a [111] direction of the octahedron, or, 
equivalently, a [111] direction (body diagonal) of the unit cell. Each of the four body 
diagonals is such an axis for one of the four Fe*+ sites per unit cell. Calling this axis 
the z-axis, the additional terms which must be added to the spin-Hamiltonian are 


D[S2—4S(S+1)]+rhoF 355A —305(S+1)S2+258,2—65(S+ 1)+3S°S+ 12] 


these forms having been chosen so that they transform under rotation like spherical 
harmonics (Bleaney and Stevens 1953). The complete spin-Hamiltonian in zero field is 


H = D(SP— 24) + 3a(SA+S,!+SA— WP)+ YeF(SA— S24 $4) (1) 


where for simplicity we have substituted the numerical value of S. 

Bleaney and Trenam have made a complete analysis of the spectrum of Fe+ in 
rubidium sulphate alum and potassium selenate alum, and Meijer has done the same 
for ammonium sulphate alum. The results are collected on p. 342 of the review article 
by Bowers and Owen (1955), and it may be seen that, though D varies from 22 to 
160 x 10-4 cm~ for the three materials and is temperature-dependent, |a| varies only 
from 127 to 134. 10-4 cm~ for the three and is temperature-independent. The term 
F is much smaller, only of the order of 1x 10-4cm~!, This behaviour is consistent 
with the expectation that the cubic component of the crystalline potential, which 
determines |a|, is mainly due to the octahedron of water molecules which surround the 
Fe3+ ion and so is relatively insensitive to changes of constituents outside the octa- 
hedron. The results show, too, that the value of D is much more sensitive to such 
changes. 

In the case of methylamine alum, which Bleaney and Trenam also investigated, 
using the classical paramagnetic resonance technique of fixed frequency and adjustable 
magnetic fields, the spectrum at 90 °K consisted of a very large number of lines. Because 
the analysis would have been difficult, recourse was had to a process which, in spirit, 
was a zero-field measurement. The positions of the three lowest-field lines were 
measured at a series of frequencies in the then available range between 9-0 and 9-9 Gc/s, 
and the zero-field frequency of each line was found by extrapolation. This process 
yielded three frequencies, 11-70, 11-76 and 11-88 Gc/s, and in view of the errors 
(+300 Mc/s), Bleaney and Trenam concluded that there was probably a single absorp- 
tion line at 11 800+ 300 Mc/s. Similar measurements at K-band indicated the existence 
of another absorption line at 22 200 + 300 Mc/s. 

In order to fit these results to the spin-Hamiltonian it is necessary to calculate the 
energy eigenvalues of (1). Before giving the accurate solutions it will be helpful to 
examine what the states and energies would be if the Hamiltonian were simply 
D(S;2—35/12). It may be seen by inspection that the eigenstates would be simply the 
eigenstates |M> of S, and that the eigenvalues would be D(M2—35/12). The dis- 
position of energy levels for positive D would be as in figure 1(a). Bleaney and Trenam 
identified the 22 Gc/s absorption with the 5/2, 3/2 transition and the 12 Gc/s with 
the 3/2, 1/2; this is the most natural identification since it describes methylamine alum 
as differing from the other alums almost entirely in regard to D, which we know to 
be structure sensitive, and only slightly in regard to a— F (see below), which we know 
to be insensitive. 

To refine the analysis we now need a more accurate solution of the eigenvalue 
equation from (1). Bleaney and Trenam (1954) have given the exact solutions; but 


814 G. S. Bogle and H. F. Symmons 


when a is small compared with D, as here, the following forms for the differences 
between the energies (W) are useful: 


20a? at 
Wsj.— Way = o($, 8) = 4D-4(a—F)+ +0(=) 


3(18D+a—F) D3 
Wa )o— W _ 3, +2(a + a - A 
See ter ‘ 3(18D+a-—F) D3 


(2) 
Making the simplifying assumption that F was negligible, Bleaney and Trenam 
calculated the following values of spin-Hamiltonian coefficients at 90 °x (in units of 
10 cm“): 
D = (—)1880 + 140; a = (—)100+40. 


The signs are not determined by this type of measurement, but only the relative signs 


States Levels Observed 
oe frequencies 
4D 22 Ge/s 
2 Se 
2D Ges 
i. ee 
(a) (b) 


Figure 1. (a) Disposition of the energy levels of Fe?+ in methylamine alum with 
simplified Hamiltonian. (6) Identification of the observed frequencies. 


of D and a—F (or D and a if F is negligible). The above signs were inferred on the 
supposition that a was negative, as it appeared to be in potassium rubidium alum. 

One question was not answered conclusively by the above measurements: is there 
more than one set of splittings for the Fe+ ion? In the alums at room temperature 
the four Fe** sites differ only in the directions of their x axes and so should have 
identical splittings in zero magnetic field. In the ‘classical’ paramagnetic resonance 
experiment, i.e. one using a fixed frequency and adjustable magnetic field, a single alum 
crystal should in general give four distinct spectra because of the different z directions, 
each spectrum consisting of five strong lines giving a total of twenty. Bleaney and 
‘Trenam observed over sixty lines, which seemed too many to be accounted for by the 
above model even allowing for semi-forbidden lines, and suggested that there might 
be a change of crystal structure in methylamine alum producing either more than 
four z directions or more than one set of zero-field levels, or both. 

The time is now ripe for a re-appraisal of Fe3+ in methylamine alum because of 
the following subsequent developments: > 

(i) Cooke, Meyer and Wolf (1956) have measured the Schottky specific heat anomaly 
of ferric methylamine alum and found good agreement with that calculated for levels 
separated by 12 and 22 Ge/s, provided that the arrangement is as in figure 1.., This 
shows that D and a—F are positive, contrary to the earlier assignment. It also shows 
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that, if a multiplicity of level schemes does exist, these schemes do not differ markedly 
from each other. 

(ii) Geschwind (1959) has repeated the experiment on Fe®+ in rubidium alum 
under more favourable conditions than in the earlier work and has found a to be positive. 
Hence we consider it highly likely that a is positive in all the ferric alums, contrary 
to the earlier view. 

(ui) The new technique of zero-field spectrometry is capable of resolving the 
question whether or not there are several distinct sets of level arrangements. It can 
also yield more accurate values of the absorption frequencies, which are important for 
zero-field maser design as well as for a precise evaluation of D and a—F. 

We have, therefore, re-measured the zero-field absorption frequencies of Fe3+ in 
methylamine alum; the results are reported below. 


§ 3. EXPERIMENTAL METHOD 


The only experimental techniques not already described by Bogle et al. (1961) are 
the use of a motor-driven 2K33 klystron to scan the spectrum near 22 000 Mc/s and 
the provision of frequency-marking pips while scanning (cf. figure 2). 


21630 Mc/s 


———= Frequency 


Absorption Signal 


Figure 2. Chart recording of the 22 Gc/s absorption signal of Fe?+ in methylamine 
alum at 80-8 °K. The frequency markers are about 80 Mc/s apart. (The resonance 
frequency has to be corrected for misalignment of the recorder pens.) 


The pips are produced in the following way: part of the microwave power is coupled 
out of the main waveguide run and led to the entrance iris of a transmission cavity 
resonator which we call an ‘echo tunnel’. This consists of a 150 cm length of standard 
K-band waveguide short-circuited at each end. Small irises in the short-circuiting 
diaphragms allow coupling to the external circuitry. When the frequency is such that 
the echo tunnel length is equal to an integral number of half wavelengths-in-the-guide 
the tunnel resonates and transmits some power which is detected by a crystal rectifier. 
The loaded Q is several thousand, and over K-band the interval between resonances 
varies from 60 to 85 Mc/s. 

In principle the echo tunnel resonances could be recorded by using d.c. methods; 
but for higher sensitivity we use a radio-frequency modulation method. The klystron 
is frequency-modulated at about 500 kc/s, and hence when the microwave frequency 
is near an echo tunnel resonance the transmitted microwave power is amplitude- 
modulated at 500 kc/s. The use of a phase-sensitive detector gives the pip shape shown 
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in figure 2. 'This method allows the amplification to be done in the 500 kc/s region where 
crystal detector noise is much lower than at low frequencies. 

The echo tunnel resonant frequencies are calibrated in a separate experiment, and 
are reproducible from day to day to within 1 Mc/s. However, the wavemeter used is 
not calibrated to better than + 5 Mc/s. A shorter echo tunnel is simultaneously used 
to produce more widely spaced pips which aid identification; one such is present on 
the chart in figure 2. The temperature of the long-echo tunnel is monitored by a 
mercury-in-glass thermometer strapped to the waveguide. 


§4. RESULTS 
We have used a polycrystalline sample of aluminium methylamine alum 
(CH3NHs3)Al(SOq)2 . 12H2O 


containing nominally one per cent of the corresponding ferric compound. 

At 90-2 °x, the same temperature as used by Bleaney and Trenam, we find a line 
at 22 043+ 10 Mc/s (shown in figure 2) and another at 12 22745 Mc/s. In figure 3 
we show (a) the absorption signal of the latter as plotted point by point using a klystron, 
and (5) the spectrum between 11-8 and 17-5 Ge/s recorded on a chart using a backward- 
wave oscillator as swept-frequency source. The full width of the 22 Gc/s line at half- 
height is 75 +5 Mc/s, and that of the 12 Ge/s line 135 +10 Mc/s. We find no other 
lines in the range 7-8 to 26-5 Gc/s though we could detect them if they were more 
than one-tenth as strong as the observed lines. 

Using equations (2) we may now deduce the values of D anda—F. Our measurements 
determine the relative signs of D and a—F, and Meyer’s specific heat measurements, 
already mentioned, show that D is positive. The second-order term in (2) depends on 
a’ which we do not directly determine; but for any reasonable value of a this contributes 
only —0-0001 cm=! to the computed values of D and a—F. Allowing this amount, 
the values are D = +18934+2; a—F = +171+1 in units of 10-4 cm-1, 

The values of |a| for the three other alums so far studied (Bowers and Owen, 1955, 
p- 342) are 127, 128 and 134 in the same units, and, as already discussed, the sign is 
probably positive for all three. Hence we offer, as the best guess for methylamine alum, 
a = 130; F = —40 in units of 10-4cm—, The other alums have |F | about twenty 
times smaller, but they also have |D| ranging from ten to one hundred times smaller, 
A definitive theory of the dependence of D and F on the axial crystalline field has not, 
as far as we know, been worked out; but it does seem reasonable that the stronger 
axial field in methylamine alum, which makes |D| larger than in the other alums, should 
have a similar effect on |F]. 

For zero-field maser design it is desirable to know the frequencies at liquid helium 
temperatures. We have measured the frequency of the 22 Gc/s line at 81 "Ri ostens 
22 069 +10 Mc/s. The uncertainty in the change of frequency between 90-2° and 
80-8 °K is not as great as may appear at first sight because the absolute error of the 
wavemeter is not involved. Thus we give the change of frequency as 26+5 Me/s. 
The variation of frequency near absolute zero is probably of the form u(T) = vot aT, 
since all temperature coefficients are zero at zero temperature according to the third 
law of thermodynamics, and we shall make the possibly bold assumption that this form 
holds even as far as T = 90 °K. If so, dv/dT = 2aT ~ —(26+5)/10 Mc/s per degree 
at 85 °K. This determines «, and the frequency at 4 °k is predicted to be 123 + 20 Me/s 
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ugher than at 90 °K: that is, 22 170+30 Mc/s.+ The temperature dependence of the 
tequencies is mainly a reflection of that of D, so the other frequency at 12 Gc/s, which 
avolves 2D instead of 4D, should increase by half of 123, ie. 60+10, becoming 
2290+ 15 Mc/s at liquid helium temperatures. It is interesting to notice that Cooke, 


12:4 


122 12:0 Ir'8 
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(a) 


17:5 Gc/s I-8Gc/s 


(b) 
Figure 3. (a) The 12:2 Gc/s absorption signal of Fe?+ in methylamine alum at 
90-2 °K (modulation 80 gauss). (6) The absorption spectrum between 11-8 and 
17:5 Ge/s. 


Neyer and Wolf (1956) obtained good agreement between the theoretical and measured 
pecific heats of pure ferric methylamine alum on the assumption that the above fre- 
uencies were 21900 and 12000 Mc/s This indicates that there is little change of 
requency on dilution with the aluminium salt, confirming Bleaney and Trenam’s 
bservations at 90 °x. 


§ 5. CONCLUSIONS 


There is only one type of zero-field energy level scheme for Fe?+ in methylamine 
lum at 90 °K. The multiplicity of lines observed for single crystals of the alum in the 
arlier experiments of the classical paramagnetic resonance type (fixed frequency, 


t+ Note added in proof. The measured frequencies at 4°K are 22080+5 and 12 230+5 
c/s. 
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adjustable field) must therefore be due either to the existence of more than the expected 
four z directions or else to the presence of unexpectedly strong ‘forbidden’ lines. Now 
that the spin-Hamiltonian coefficients have been established by zero-field resonance if 
will be easier to discover the number of distinct z directions by repeating the classical 
experiment, for we may predict that the highest line will occur for the z direction of 
magnetic field at a strength of B = [hv+4D—%(a—F)]/gB, where v is the (fixed) 
frequency, g is the splitting factor (usually 2-00 for Fe3+ in ionic bonding) and f the 
Bohr magneton (cf. Bowers and Owen 1955, p. 341). For an X-band spectrometer, 
with v = 9:00 Gc/s, the highest line will occur at 11-1 kilogauss and will be easily 
identifiable since it will rise to that field as a maximum as the field direction approaches 
a x direction. 

Methylamine alum is a promising material for a zero-field maser (Bogle and Symmons 
1959). At liquid helium temperatures the amplifying frequency, »(2, 4), is predicted 
to be 12 290+ 15 Mc/s, and the pumping frequency, (3, 4), to be 34 460+45 Me/s. 
The transition probability for pumping is, from p. 15 of the above reference, 
10a?/9D? for polycrystalline material, or 0-006 free-spin units if a = 0-013 cm-1 as we 
have assumed. ‘This is a low transition probability, but in compensation the pumping 
frequency lies in the well-developed 8 mm-wave radar band for which powerful klystrons 
are commercially available. 
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Abstract. It is shown that the first order magnetocrystalline anisotropy constant 
Ki of a ‘square-loop’ ferrite material can be determined from measurements of 
the approach to saturation of magnetization in a polycrystalline specimen. The 
energy (y = 0-20 erg cm~*) and the thickness (3 ~ 1-6 x10-® cm) of 180° domain 
boundary walls in a commercial manganese magnesium ferrite, Ferroxcube D.1, 
are estimated from results obtained in this way. The temperature variation of 
coercivity in the same material is also discussed in the light of these results, and it is 
found that the Goodenough theory of domain creation is inapplicable. Pores were 
observed in the material. Although these have a diameter greater than the estimated 
domain wall width 38, the experimental results presented are not consistent with 
the Néel disperse field theory. 


§ 1. INTRODUCTION 


‘T THE TIME that this work was initiated single crystal specimens of ‘square-loop’ 
rrite material had not been prepared, and a method of determining the magneto- 
rystalline anisotropy constant K with the aid of polycrystalline specimens was required. 

High values of remanence in this type of material have been shown to be associated 
ith the occurrence of small or zero magnetostriction (Baltzer (1955) Wijn et al. (1954)). 
n this case, the dominant magnetocrystalline anisotropy should be the only agency 
irecting magnetization vectors at remanence, and also impeding the progress of the 
lagnetization to saturation under the action of an applied field. Laws governing the 
pproach to saturation of magnetization have been calculated for several cases. The 
levant cases are given below. Under the relatively simple conditions prevailing in 
1¢ type of material under consideration, it appeared that the use of such laws should 
ive an easy means of determining the required magnetocrystalline anisotropy. 

This communication describes experiments in which the approach to saturation of 
lagnetization in a commercial manganese—-magnesium ferrite (Ferroxcube D.1) has 
een measured at different temperatures. From the results of these experiments values 
| K have been calculated. ‘These values have then been used to estimate the energy 
ad thickness of domain boundary walls and in a discussion of coercivity in the material. 


§2. MAGNETOCRYSTALLINE ANISOTROPY 
2.1. Theory 


For the case of a strain-free material with [111]-type easy directions Gans (1932) 
as given the following law of approach to saturation: 


I = I,{1—0-07619 = : 0-02362 a) : ) 1 
- ( Mg a HH & HB (1) 
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in which J is the magnetization per unit volume of a polycrystalline specimen in a fiel 
strength H, Js is the saturation magnetization and K the first order magnetocrystallin 
anisotropy constant. The law is valid in relatively high fields and has been tested b 
Czerlinski (1932) and Polley (1939). An equation calculated on a similar basis fe 
materials with [100]-type easy directions has also been found valid. 

If interaction between crystallites is apparent in a given material then equation (1 
gives an underestimate of K. This problem has been considered by Holstein an 
Primakoff (1941) and Néel (1948), who agree that for the case H < 471g, the under 
estimate in K is 4/2. 


For the case of a strained material with negative magnetostriction, Becker and Polle 
(1940) have calculated 


P22 = (2 


In this equation, A is the (isotropic) magnetostriction constant of the material and ¢ 
the internal stress. This was found valid in strained nickel. 


2.2. Experimental 


Preliminary measurements showed that in field strengths of 50-180 Oe, at roon 
temperature, the magnetization in a specimen of Ferroxcube D.1 was 0-9 to 0-96 ve 
In this region, equations of the type discussed above should be applicable, so that | 
relatively simple ballistic galvanometer method was used. 

‘The specimen was a toroid with mean diameter 1-1 cm. This was wound first witl 
a secondary coil, and the primary coil was wound over that. In this way the area turn: 


0 100 200 300 400 
T (°k) 


Figure 1. The temperature dependence of the saturation magnetization in Ferroxcube D.1. 


in the secondary coil could be estimated more accurately. Some heating of the specimen 
was observed when larger currents were passed through the primary. This was checked 
by attaching a thermocouple to the specimen and readings were taken only when the 
specimen was initially at the temperature of the particular bath in which it was immersed. 

The procedure adopted was to observe the deflection of a galvanometer connected 
across the secondary coil when the current in the primary was reversed. When larger 
currents were employed, the change in magnetization from the remanent state, on the 
application of a given field, was determined. 
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The saturation magnetization of the material was determined as a function of tem- 
yerature with the aid of a Sucksmith ring-balance. This involved the measurement of 
he magnetization (per gramme) of an ellipsoidal specimen at a given temperature as a 
unction of applied field, in field strengths up to 12 kOe. After taking account of the 
lemagnetizing factor of the specimen, the magnetization was extrapolated to zero field 
itrength to give oo, the saturation magnetization per gramme. The density of the 
naterial was determined by a water displacement method and the volume saturation 
nagnetization determined using this. The saturation magnetization is plotted as a 
‘unction of temperature in figure 1, and the tabulated results are as follows: 


aK 26 79 153 171 203 250 293 345 373 
ZIse.m.u.cm=* 355 345 317 308 292 265 240 208 196 


2.3. Results 


‘The experimental results (at room temperature) were compared with equation (1) in 
the form 


(Is—DH3 = AIH3 = «H+ (3) 


where « = 0-07619(K?/J;), 8 = 0-02362(K3/I,2). The parameter AJH? was plotted 
against H. ‘The straight line given in figure 2 was obtained. The intercept gives a 
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Figure 2. Approach to saturation at Figure 3. Complete set of results of 
room temperature plotted in the form approach to saturation plotted in the 
of equation (3). form of equation (3). 


negative value of 8 which in turn depends upon K%. This means that K is in fact 
negative, and the easy directions of magnetization in the material are [111]-type direc- 
tions, as was assumed. From the gradient and intercept of the line in figure 2 the 
respective values K = 3-56x104 and 3:62x104ergcm-? were calculated. These 
appeared consistent enough to justify extending the experiments to other temperatures. 
This was done by immersing the specimen in baths of (a) liquid nitrogen (79 °k), (0) 
crushed solid carbon dioxide in methylated spirits (200 °x), (c) boiling water (373 °K). 
The approach to saturation was measured at each of these temperatures and the results 
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plotted in the form of equation (3). A complete set of results is given in figure 3 an 
the values of K calculated from these are tabulated below. (These have been correcte 
for the effect of interaction between grains.) 


T (°K) 79 200 296 373 
Ki x 104 (ergs em~%)(«) 173 8-5 5-03 3-88 
Ki x 104 (ergs em~?)(f) 17°5 8-4 5-1 3-96 


2.4. Discussion of Results 


The consistency of these results gives confidence in the method. The values of I 
given above can be compared with a value K = 3 x 104 erg cm” obtained by Standley 
and Peters (1957) by resonance experiments on a manganese—magnesium ferrite. 

It is possible to indicate the effects of stress on the above results with the aid o: 
equations (1) and (2). In the presence of both stress and magnetocrystalline anisotropies 
the value of Ky determined above is related to the real value K by 


3A20;2 
Ket Ke 
5 x 0:07619 
Hence for Ao; < K and Kj ~ K, 
AK  4)20,2 
Re be Kea 


Using a large value for the stress o; = 3 x 109 dyn cm™ and A ~ 2x 10-? (Knowles 
1959, private communication) with K, = 3-6x 104 ergcm™3, then AK/K ~ 10-8. 
Unless A varies violently with temperature, the error incurred from this cause must be 
infinitesimal. Since the hysteresis loops (see figure 5) do not change in shape to any 
great extent with temperature variation, one would expect that the relative values of K 
and Ao; do not vary significantly. It thus seems that the above results must be at least 
good estimates of the magnetocrystalline anisotropy constant at the appropriate tem- 
peratures. 


§ 3. EXCHANGE ENERGY AND DOMAIN WALL THICKNESS AND 
ENERGY IN FERROXCUBE D.1 


The results of the saturation magnetization in Ferroxcube D.1 given in figure 1 
were fitted to the Bloch equation (Bloch 1930) 


Is = Ip(1—CT3/2) (4) 
in which J; is the saturation magnetization in a ferromagnetic material at temperature 
T, and Io the saturation magnetization at the absolute zero. From Herring and Kittel 


(1951) it can be inferred that the exchange constant A is related to the constant C in 
equation (5) by ” 


Ip \1/3 k 
Arilcisl alte o 
Qun) \13-302/3 


where yp is the Bohr magneton and k Boltzmann’s constant. 
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Figure 4 shows a plot of J, against T/2, from which the values Jp = 362 e.m.u. cm-3 
ind C = 6:79 x 10-5c.g.s. units were obtained. Using these values and 
up = 9-21 x 10-*1 erg Oe}, k = 1-38 x 10-16 erg deg! in equation (5), 


A = 2:02 x 10-7 erg cmt. 
This can be compared with values: 


(i) for iron (Kittel and Galt 1956) A = 2x10 erg cm 
(ii) for magnetite (Galt 1954) A = 1:24x 10-6 erg cm 
ili) for manganese ferrite (Dillon and Earl 1959) A = 0-14x10-* erg cm 


and the ferrites containing manganese appear to have lower values of A. 

Using the value of A thus calculated, it is possible to estimate the energy y and 
thickness 6 of domain boundary walls in the material. 

In a material with [111]-type easy directions, 71°, 109°, and 180° walls can occur. 
The thickness of 180° domain walls is determined to a large extent by the magneto- 
striction of the material. Ferroxcube D.1 has a low magnetostriction and it can be 
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Figure 4. Saturation magnetization in Ferroxcube D.1 plotted against T?/2. 


shown using Lilley’s analysis (Lilley 1950, equation 5.14) that 180° walls can be expected 
to form only in (112) planes: 180° domain walls in a (110) plane do not have a finite 
thickness. 

The (112)-180° walls then have a thickness 6 = 7:91(A/K)!/2 and energy 
y = 2(KA)!/2. Substituting the room temperature value K = 5-1x104 and A as 
above, we obtain y = 0-2 erg cm and 6 = 1:6x10-5cm. These values will be fairly 
representative over the whole temperature range as «/K varies by a relatively small 
amount. ’ 

90°-type walls will have thicknesses of one quarter to a half of that given above, 
and energies about a half. 


§ 4. COERCIVITY OF FERROXCUBE D.1 


Goodenough (1954) suggested that the main process causing reversal of magneti- 
zation in ‘square-loop’ materials is the nucleation of domains of reversed magnetization 
at grain boundaries. Having been created, these domains expand without impedance 
to the motion of their walls, and hence give rise to a definite shoulder on the hysteresis 
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loop. Ina theory which should be applicable to all materials which reverse their magneti- 
zation through the movement of domain boundary walls, Goodenough defined two 
critical fields: (1) the field required to create domains of reverse magnetization Hp, and 
(ii) the field required to move domain walls through the material Hy. The relative 
magnitudes of Hy and Hw then determine the shape of the hysteresis loop. The sense 
of Hp is positive or negative depending upon whether domains of reversed magneti- 
zation are apparent at remanence, or whether they are created in a reverse field, i.e. 
a field with the same sense as coercivity. The expressions Goodenough obtained can 
be summarized in the following: 


Hels = g/K+fl2 (6) 


in which g and f are constants. The first term on the right represents the energy re- 
quired to move domain walls through the material and the second the energy required 


. 


Figure 5. Hysteresis loops of Ferroxcube D.1 at different temperatures. 


to create domains of reversed magnetization. The constant f on this basis could take 
positive or negative values depending upon the conditions outlined above. 

Hysteresis loops of Ferroxcube D.1 were determined at the four temperatures 
used in the previous experiment. These are given in figure 5. The shape of these loops 
is initially independent of temperature from 79 to 300°. The loop taken at the 
higher temperature does not have quite such a marked ‘shoulder’, and retentivity 
Ig/Is is 0-72 instead of 0-75 in other cases. This would tend to indicate that similar 
processes are giving rise to reversal of magnetization over most, and possibly the vshole, 
of the temperature range employed. 

In figure 6 the parameter HeJ; is plotted against 4/K. Attempts were made to fit 
equation (6) to the curve in figure 6 without any success. The general indication was 
that an equation of this type would fit only very minor portions of the curve. It was 
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thus necessary to conclude that reverse domain creation as envisaged by Goodenough 
does not cause the reversal of magnetization in this material. 

It must be noted that in this material, the ratio 2K/I; ~ 400 Oe, which is much 
too large for the possibility of rotations of magnetization vectors to be responsible for 
the reversal of magnetization. 

Micrographic studies of cleaved and polished surfaces of the specimen revealed 
many pores. These had a diameter of the order of 2x 10-4cm. The diameter quoted 
is a factor of ten larger than the width of domain boundary walls in the material, so 


OF x10” 
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Figure 6. The parameter H-/; plotted Figure 7. Graph showing variation of 
against »/K. HI; with D (see text). 


the pores may be expected to influence coercivity. It hence seemed pertinent to com- 
pare the results with the Néel disperse field theory (Néel 1949). In its approximate 
form the theory would predict the following relationship for the coercivity: 
piven Moz Ko’ 
~ do + : 
a TGS 
In this equation the first term represents the contribution to the coercive force 
from islands of free poles, of total fractional volume v, which result from the presence 
of non-uniform stress in the material. The second term is due to the presence of free 
poles caused by non-magnetic inclusions of fractional volume v’. Here Im is the mean 
magnetization over magnetic and non-magnetic material. Using values Im ~ Is 
= 240 e.m.u. cm-3, A = 2x 107’, K = 5x 104 erg cm? and oj ~ 3 x 109 dyn cm, we 
obtain 


(7) 


Ho! ~ 2x 10-2y+2:1 x 1020’ 


from which it is obvious that the second term is the dominant one, and on this basis 
the effect of the pores on the coercivity would be expected to be much larger than 
any effects of stress. 
The complete relationship given by Néel for the case of non-magnetic inclusions is 
2Kv’ QarTm?\ 1/2 
s ) | (8) 
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The resulting straight line has a gradient of 10-2 and an intercept Do ~ 2x 104. The 
porosity of the material given by the manufacturers is 2-5%. The gradient is hence 
reasonably near this value, but the intercept cannot be justified by equation (8). Hence 
the Néel theory is not obeyed in Ferroxcube D.1. { 
The reversal of magnetization in a material like Ferroxcube D.1 is expected to 
occur by some process which gives rise to a very small distribution of coercivities 
within the material, and in this case one might not expect the Néel theory to apply. 
However, a process of domain creation appears much more attractive in this respect, 
since it could quite well explain the shapes of the hysteresis loops, and the reasons for 
the failure of the Goodenough theory must be questioned. Our present knowledge of 
domain creation is by no means extensive, and the only experimental work of any 
significance appears to be that of Bates and Martin (1953, 1956). ‘These authors observed 
the creation of reverse domains as domain walls passed over non-magnetic inclusions 
in silicon iron. It hence seems possible that the results given above are not consistent 
with Goodenough’s theory because this theory is specifically concerned with the 
creation of reverse domains at grain boundaries, and the evidence presented here thus 
cannot rule out the possibility of domain creation of some other form occurring in 
Ferroxcube D.1. 


§5. CONCLUSIONS 


It has been found possible to determine the magnetocrystalline anisotropy in a 
‘square-loop’ ferrite by measurements of the approach to saturation in a polycrystalline 
specimen. The results presented in a linear form of the theoretical equation allow K 
to be calculated from a gradient and an intercept. The two values obtained in this way 
were found consistent at the four temperatures used and the method hence appears 
valid. 

‘The exchange energy constant A in the same material was determined from measure- 
ments of the saturation magnetization at low temperatures. Along with the values of 
K found above, this gave the thickness and energy of domain boundary walls in the 
material to be 1-6 x 10-5 cm and 0-2 erg cm~? respectively. 

Comparison of measured values of coercivity at different temperatures with the 
relevant parameters determined experimentally shows that the Goodenough theory of 
domain creation is not applicable to this material. Pores of important size were observed 
in the material, but the experimental results are not consistent with the Néel disperse 
field theory. 
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A Temperature Dependent Relaxation in a Square Loop Ferrite 
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Abstract. Measurements of the initial permeability of a commercial square-loop 
ferrite (Ferroxcube D.1) as a function of frequency and temperature are reported. 
These show the presence of a relaxation, which is due to the damping of domain 
boundary walls in the material by a process of electron diffusion. It is found that 
all the domain walls in the material are not affected by this process. The presence of 
the relaxation does not allow the dynamic characteristics of the domain walls, im- 
portantin conventional pulsed-reversal experiments, to be determined by the method 
employed here. 


MEASUREMENTS have been made of the initial reversible permeability of a square-loop 
ferrite material (Ferroxcube D.1), as a function of frequency and temperature, using 
an impedance bridge method. The bridge used was a modification of the Owen in- 
ductance bridge (Wilde 1952), in which the specimen is used as the former of a mutual 
inductance. The impedance presented to the circuit by this inductance is measured in 
terms of variable air condensers and small carbon resistors. 

Figure 1 shows the variation of the real part of the permeability ~’ as a function of 
frequency at room temperature. A similar plot of the imaginary part of the permeability 
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Figure 1. The frequency dependence of the initial permeability in Ferroxcube D.1. 
at room temperature. 


pe and the loss angle tan 8 (u’’/4") are also given. These have the form of dispersion 
curves typical of a relaxation phenomenon. However they do not follow normal relaxa- 
tion curves because of an apparent distribution in the characteristic frequency fe. 
This has the effect of broadening the curves over a large frequency range and decreasing 
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he maximum in p’’. Ignoring any effect of a distribution in fo, a curve of the form 


CER) Oy eal elo 
Hu 1+ (fife (1) 
‘ould be reasonably fitted to figure 1 with f, taken as the frequency at which y.’’ is a 
naximum. In this equation pr represents a frequency independent component of the 
yermeability, and ur+pr = wo—1 where po is the d.c. initial permeability. In figure 1 
tr = 26 gauss Oe! and pr = 22 gauss Oe™!. 
Following Wijn (1953) tan 6 was determined as a function of temperature at fixed 
requencies. The results of these measurements are given in figure 2. For a given 
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Figure 2. The temperature dependence of the loss angle tan 5 at frequencies 10°5 ke/s, 

22 kc/s and 46:5 kc/s. 


frequency the loss angle reaches a maximum at a temperature Tmax. Plotting log fo 
against 1/Tmax gave a straight line which indicated the law of the form 


fe = foo exp(— E/T) 


and for the relaxation time t = 709 exp(Z/kT). From the results the activation energy 
E = 0-37 ev and the characteristic time to = 510-12 sec were calculated. These 
values compare with similar results obtained in other ferrites (e.g. Wijn 1953, Galt 
1954, Gibbons 1959). The usual explanation is that the relaxation is due to the diffusion 
of electrons between ions of different valency on similar lattice sites. 

The contribution to the initial permeability from rotational processes (Street and 
Lewis 1958) is 

2r1,4 


K 


where J, is the saturation magnetization and K the magnetocrystalline anisotropy 
constant. For Ferroxcube D.1 at room temperature K = 5-03x104ergcm™? and 
Is = 240 e.m.u. cm-3 (Chamberlain 1961), so that prot = 8-2 gauss Oe. The contri- 
bution to the initial permeability from domain wall motion is hence 39-8 gauss Oe71. 


(2) 


Prot = 1+ 
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The effect of electron diffusion in ferrites has been considered by Clogston (1955) 
In this analysis the diffusing electrons are regarded as free, and are considered t 
arrange themselves so as to minimize the total free energy of the lattice. This rearrange 
ment Causes extra torques which resist changes in the direction of magnetization. Th 
diffusion hence causes an increase in the magnetocrystalline anisotropy constant K 
and gives a contribution to the domain wall damping parameter f (see, for example 
Kittel and Galt 1956). Both of these effects cause a decrease in # with frequency 
On the basis of Clogston’s theory the changes in the rotational contribution to the 
permeability are less than 1% of prot. The fractional change in p’ from this cause i: 
hence negligible. This means that the decrease in permeability is due solely to the 
damping of domain walls. The residual permeability (equation (1)) is 26 gauss Oe 
This is a factor of three greater than prot. Hence all the domain boundary walls are 
not affected by the diffusion process. 

The permeability at coercivity and remanence in this material also show a dis- 
persion, indicating the presence of domain boundary walls at these points on the 
hysteresis loop. 

The permeability experiments were initially designed to determine the dynamic 
characteristics of domain boundary walls in the material for comparison with pulsed 
remagnetization experiments. In these latter experiments a core of the material is 
subjected to step-function magnetic fields of sufficient magnitude to take the material 
around a complete hysteresis loop. Under these conditions the material is observed 
to reverse its magnetization in about 1 psec even at liquid nitrogen temperatures, and 
the switching coefficient Sw (see for example Menuyk and Goodenough 1955) is fairly 
insensitive to temperature changes. The relaxation mechanism observed above is hence 
unimportant in the fast flux reversal that this material experiences in computer appli- 
cations, except perhaps at higher temperatures where 7 is of the same order of magnitude 
as the time taken to reverse the magnetization in the material. 
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Abstract. Formulae are obtained for the distribution function f(riz2) of the inter- 
electronic distance riz in the ground state of helium, and for the mean value of any 
positive integral power of riz. Five different wave functions are considered, showing 
varying degrees of electron correlation. The greater the degree of correlation the 
larger is the mean electronic separation. Curves of f(ri2) are plotted, and from them 
the size and depth of the Coulomb hole are evaluated. There is a close correlation 
between the mean value of 1/ri2 and the error in the energy as calculated with 
these five wave functions. 


§1. INTRODUCTION 


RECENT STUDIES using accurate wave functions for the electrons in atoms and molecules 
ave shown the great importance of electron correlation (for a modern survey see 
éwdin 1959). In the case of two-electron atoms the mean value of the interelectronic 
eparation <7j2> is increased when, by introducing electron correlation into a previously 
incorrelated function, we allow the two electrons to avoid being near to each other 
nore frequently than before. Precisely the same situation is found for the two-electron 
nolecule H» (Barnett and Coulson 1958) when we pass from the uncorrelated molecular- 
rbital wave function to the inclusion of configuration interaction. 

Electron correlation is of two kinds. In the first we consider electrons of parallel 
pin. Here the Pauli principle keeps the electrons apart and leads to the Fermi hole. 
‘n the case of atoms some calculations of the shape and size of this Fermi hole have 
yeen made by Maslen (1956). With metals, however, much more work has been done, 
ind no calculation of cohesive energy is of very great value which does not take explicit 
.ccount of it. But the second type of correlation involves electrons of different spin, 
where the Pauli principle exerts no direct influence, and where the effect is due to the 
slassical Coulomb repulsion between the electrons. We may therefore speak of a 
Coulomb hole. 

Practically no numerical calculations have been made of the size of this Coulomb 
10le. It is, of course, related to the distribution function for the interelectronic distance 
—which we shall write (riz), and normalize so that 


[ feew) drip =wills 
0 


Any approximate wave function (1, 2) will lead to a corresponding f(ri2). We shall 
1efine the Coulomb hole as the difference between the values of f(r12) when the function 
f is derived (a) from the true wave function, or our best approximation to it, and (6) 
‘rom the best uncorrelated wave function, i.e. the Hartree-Fock wave function. This 
Jefinition of the Coulomb hole is entirely analogous to that of the correlation energy, 
which is the corresponding difference in energy for the same two wave functions. In 
order to gain information about the Coulomb hole, we have made calculations for the 
831 
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ground state of helium. The advantages of this choice are several—it is the simple: 
situation where the hole exists; there is a wide variety of available wave functions em 
bodying varying degrees of electron correlation; and we are not involved in any con 
sideration of the Fermi hole, since our two electrons have opposed spins. In the cours 
of this work it was necessary to evaluate the distribution function f(rj2) for the sam 
set of approximate wave functions. We were unable to find in the literature any accoun 
of this function, and therefore report what we ourselves have done. We hope, in | 
later paper, to extend this type of discussion to other atoms, having more electrons. 


§2. THE DISTRIBUTION FUNCTION Ff ("12) 
{n the ground state of the helium atom our wave function will be of the form 
(1, 2){a(1)B(2) — B(1)a(2)}//2. 


The spin part is totally irrelevant for our analysis, and so we drop it, using only thi 
space part ¥(1, 2) normalized so that {£2(1, 2) drydrg = 1. In our case it is knowr 


2 
Wie 
i) 1 (r, ,6,,0,) (9, M9) 
0 polar axis . (42,0) 
vi 
Figure 1. Notation. Numerals 1 and 2 Figure 2. Shaded area represents range 
denote the electrons, 0 is the nucleus. of integration in equation (2). 


that (1, 2) involves only the three distances 71, r2, r12 (see figure 1). Then, from the 
probability interpretation of 42(1, 2) we have 


f(z) dig = [ YA, 2) dridre (1) 


where the integration is taken over all positions of the two electrons such that the 
interelectronic distance lies between 719 and 712+ dri2. Now if we define the direction 
of 01 by polar angles 61, ¢1, and if y denotes an angle of rotation of the plane 012 around 
01, then 


dr dr2 = 719%er12 sin A, ary dr2drj2d6,d¢dy. 


Thus in (1) the integrations over the angles are immediate, and ~ 


f(r) = 82riz [| Y2(1, 2)rire dridre, (2) 


r1 and r2 being allowed all values compatible with any given 739. This is the shaded 
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gion in figure 2. Thus (2) may be written 


ce) rithia T12 Tisth1 
(nz) = Bro] | ry dry | rop(1, 2) dre+ | 1 dry | rop(1, 2) dra}. (3) 
0 


Tie TiNi2 Tie—T1 


he mean value of 7j9” is given b 
Ny 


<ryot) = | ry2"f (riz) drie- (4) 
0 
is often convenient to obtain these mean values from the generating function 
(= n 00 
G0) = SO Grusny = [" ex(—ynalf (re) di 6) 
n! 0 


hich yields <7j2”) for all positive integral n. By combining (2) and (5) we have 
Gly) = 822 [ exp(—yrie)$2(1, 2)rare dridradrie. (6) 


or states other than the 1S states there will be certain angular terms in the integrations 


| (2)-(6). 

When evaluating the integrals in (2) and (6) it is often convenient to use the Hyl- 
raas variables s = 71+72, t = re—1, uw = nig, for which —u <t <u<s < o, and 
4dr2 may be replaced by 4 dsdt. Equation (2) then becomes 


f(nz) = mre | . ds io dt(s2— t2))2(1, 2). (7) 


Jith most of the wave functions that we shall use, this leads very simply to an expansion 
 f(riz) in terms of the Ay and By functions defined by 


An(a) = i. s” exp(—as) ds 


ip 
Bia) = | «th exp(—at) dt = (—1)"Bu(—2). 


[umerical values of A», and By, are tabulated by Flodmark (1957). 
Similarly, when evaluating (6) it is often convenient to work in terms of the peri- 
1etric coordinates used by Pekeris (1958). ‘These are 
aT ion, Hat 125 DPS aah, 2 = T2712 
nd the volume element d71dr2 becomes (for wave functions involving only 7, 72, r12) 
dridrz, = 4n®(x+y)(yt+2)(z+x) dxdydz. 


‘he triangular relations implied in figure 1 are now such that all three variables x, y, z 
ange from 0 to oo independently. 

One small simplification is worth mentioning. If additional correlation is introduced 
ito a function (1, 2) by a factor g(r12) so that 


% = ~(1, 2)g(niz) 
nen (2) shows that the new distribution function f(71z) is obtained from the old one 
y asimple multiplication by {g(712)}?. 
4 
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§3. WAVE FUNCTIONS USED 
We shall be concerned with five distinct wave functions. These are: 


I. The Eckart—Kellner function N exp{—c(r1+72)}, where N is a normalizing factc 
{here c3/m) and c is given the ‘best’ value c = 2—5/16 = 27/16. This is a completel 
uncorrelated function. 


U1. The Eckart-Hylleraas function N{exp(—ar,—brz) +exp(—br,—arz)}. Thi 
allows for ‘in-out’ correlation since the two electrons may be supposed to be in distinc 
orbitals. The inner orbital has a = 2-18, and the outer orbital has b = 1-19. 


III. The partly-correlated function N exp{—c(r1 +72) }{1+ ar12} where the presence 
of the term in brackets tends to increase the weight of those situations where rj9 is larg 
and so the electrons are well separated. 


IV. The Hylleraas function 
> Cumn(ri+72)(r1 — 12)2"ry9" exp{ — c(r1+7r2)} 


which generalizes (III) and may be made as accurate as we wish by including a sufficien 
number of terms in the summation. This function has been scaled to satisfy the virie 
theorem with 2c = 3-636 and in this case 7, rg, Y12 are written for the transforme 
vectors 2cr}, 2crg, 2erj2; the new normalization constant is obtained from the unscale 
one by multiplying by (2c). In order to avoid undue numerical complexity, whicl 
is not justified for our present purpose, we considered the compromise function witl 
six terms. For all practical purposes, however, this may be regarded as giving th 
exact f(712). 

V. The Hartree-Fock function F(r1)F(rz). This is the best possible uncorrelatec 
function. The original calculations of F(r) due to Wilson and Lindsay gave F(r) as ; 
numerical table. This is inconvenient. We have therefore used the analytical repre 
sentation provided by Roothaan, Sachs and Weiss (1960). This is 


F(r) = > ¢n,gr™— exp(—ér) 
NE 


where n = 1, 2 and € = 1-40, 3-00. This four-term function reproduces the self. 
consistent field function to within 2 or 3 parts in 104, and gives an energy value differing 
from the full Hartree-Fock value by less than 1 part in 10°, 

We shall refer to these wave functions by their numbers I-V. More detailed com. 
parison of most of them, together with suitable references, may be found in a paper 
by Roothaan and Weiss (1960). 


§4. RESULTS OF CALCULATIONS 


In general the expressions for f(r12) are too clumsy to be worth transcribing. But 
the following three formulae are sufficiently simple. (We have used r instead of ri 
for convenience.) 


~~ 


Wave function I 


3 
f(r) = = (312 + 6or8 + 4c2r4) exp(—2er) (8) 
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ave function III 


4c5(3r2 + 6cr3 + 4c2r4)(1 + ar)? exp(—2cr) 


OF 24c2 + 105ac + 14402 (°) 
ave function IV 
8 
f(r) = exp(—2cr) > apr? (10) 
p=2 


ere the ad» are products of the coefficients cjm» in the original wave function. We 
ve shown, in figure 3, curves to represent the variations of f(r) for the functions 


Qo 209 309 
M2 


Figure 3. Distribution curves f(71z2). I Eckart—Kellner wave function, IV Hylleraas 
6-term function, V self-consistent field function. 


IV and V. The remaining curves are related to these three in a way that follows (see 
er) from the numerical values in the table. 
The two following generating functions G(y) are simple enough to be listed. 


ave function I 


Gore: (t+ ae: (14 zy (1+ 3 (11) 
8 26 8 2c 2 2c 
ave function IV 
8 
Gly) = > plap(y+2c)-P, (12) 
p=2 


here the notation is the same as in (10). 

From the information in (8)-(12), and similar equations for the other wave functions, 
is possible to compute the numerical values in the table. All the distances are measured 
Bohr radii (ao). We have verified that in every case except (V) 


f- fens) dri2, = i 
0 


the case of (V) our calculations were not sufficiently extensive for this purpose. 
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Comparison of Wave Functions for Helium 


Wave function I II Iil IV V 
<ri2)> 1-296 1-394 - 1-372 1-420 1-311 
<1/ri2> 1:055 0-993 0:974 0:946 1-026 
—E(a.v.) 2-8476 2:8754 2-8912 2-9032 2:8617 
ri2 at peak of curve 1-0 1-0 et Hil 1-0 
(riz) at peak of curve 0-672 0-625 0-649 0-625 0-632 
f(riz) at rie = 1:0 0-672 0-625 0-644 0-616 0-632 

2-0 0-258 0-285 0:295 0-311 0-274 
3-0 0-039 0-059 0:039 0-058 0-049 


Functions I and V have no electron correlation, and their values for <7j2) are tl 
smallest, and indeed quite similar. The maximum of f(riz) occurs for smaller 749, ar 
at large rjz the value of f(r12) is less than for the highly correlated functions II and I) 
The ‘in-out’ correlated function I and the simple 712-correlated function III give vel 
similar distribution functions. The accurate wave function IV has the largest mez 
separation <rj2>. 

At first sight it may not seem that the spread of values of quantities such as <1/rj2 
is of great importance. But this is not true. Thus the difference in interelectron 
repulsion energy between the poorest function I and the best function IV is 0-11 a.v 
i.e. 3.evy. Thus electron correlation has the effect of considerably reducing electror 
electron repulsion. But this restriction of motion of the electrons raises their kinet 
energy, so that only about one-half of this gain is preserved in the total energy EF. 


§5. THE COULOMB HOLE 


We are now in a position to draw the shape of the Coulomb hole. This has bee 
defined in §1 as the difference between f(rjz) for the true function and the best ur 
correlated Hartree-Fock function. In figure 4 we have plotted A(ri2) as a function « 
712, where 


A(r12) = J (112) Htyueraas —f (112) Hartree-Fock. (12 


It is clear from the normalization conditions of f(r) that the total area under the A-curv 
is zero. This curve shows that the probability, of the two electrons lying anywher 
within a distance 1:1 ag from each other is less than it would be without correlatior 
and correspondingly the probability that the electrons are separated by more tha 
1-1 ap is greater. We could say that 1-1 ap was the radius of the Coulomb hole. Th 
greatest value of A(712) occurs at 732 = 0-52 ao, a value which may be compared wit 
the distance (0:59 ao) from the nucleus at which the radial charge density is maximum 
Thus the Coulomb hole is approximately of the same size as the charge-cloud itsel! 
It would be interesting to know whether this occurs with other atoms and other orbital 
Finally the total amount of charge which is moved by the Coulomb hole is equal t 
the area of the curve in figure 4 between 712 = 0 and 772 = 1:1 ap. This turns out t 
be only 0-047e, i.e. approximately one-twentieth of an electron. In this we see hoy 
much smaller is the Coulomb hole than the Fermi hole, since in this latter the charg 
involved is 1-0e. 7 

In conclusion we would like to draw attention to a curious, but simple, result whic! 
is implied in the table. In figure 5 we have plotted the error AF in the energy calculate: 
for the five wave functions of § 3 against the mean value <1/rj2). It is surprising to se 
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0:06 
a 3 
= 0:03 2 0:06 (1) 
pag yo ur @M -@ 
> 2d, 3a, = 0:03 x ¢ ) 
a mt 
= -003 re ws (@)-(m) 
4 095a, ay t05a, 
+ -006 <t> 
(2 

~0:09 Figure 5. Relation between error 

Figure 4. Coulomb hole. (H) = Hylleraas; in wave function energy and 
(HF) = Hartree-Fock. mean value of 1/ri2. 


at all five points lie so closely on a straight line. Now for any chosen function, when 
nce the various arbitrary parameters have been chosen to minimize the energy, we 
1ay suppose that the major part of the remaining error is associated with the extent 
)» which a satisfactory allowance is made for electron-correlation. This is precisely 
‘hat is borne out by the straight line in figure 5. 
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Abstract. The anisotropy of the electrical conductivity of BieTes3 at room tempera- 
ture has been determined by a four-probe method. The anisotropy ratio for 
undoped p-type material is close to 3-0; for iodine-doped n-type material it is 
appreciably higher and increases with the impurity concentration. Measurements 
of the galvanomagnetic effects in highly doped n-type BisT’es have shown that the 
observed variation of the anisotropy ratio can be interpreted in terms of a change 
of shape of the equi-energy surfaces in momentum space with increasing density 
of charge carriers. 


§1. INTRODUCTION 


IN sPITE of the intense study of the semiconductor BiyTes during the last few years there 
have been comparatively few measurements of the anisotropy of its transport parameters. 
This is due to the fact that such measurements require good single crystals of reason- 
able size. While it is relatively easy to grow single crystal sheets with dimensions which 
are large in the plane of the a axes, it is difficult to find samples which have any great 
thickness in the c direction. Furthermore, many single crystals, which appear at first 
sight to be perfectly sound, in fact contain deep cracks which are revealed upon etching. 
Such cracks can give rise to an apparently very large anisotropy ratio for the electrical 
conductivity and this may explain some of the results reported by Konorov (1956). 

Previous measurements of the anisotropy of the electrical conductivity in these 
laboratories have been confined to a single sample of each conductivity type at room 
temperature (Goldsmid 1957) and two p-type samples at liquid nitrogen temperatures 
(Drabble 1958). It was, therefore, thought to be worth while extending these measure- 
ments over a wider range of material. Unfortunately all the single crystal p-type 
material has been undoped and the new observations on such material have merely 
served to confirm the earlier results. However, n-type crystals of BixT'e3 with differing 
iodine concentrations have also become available and experiments on these specimens 
to determine the dependence of the anisotropy ratio on the density of the charge carriers 
have been carried out. 


§2. DETERMINATION OF THE ANISOTROPY RATIO 
BY THE FOUR-PROBE METHOD 


The conventional method for measuring the electrical conductivity of a semi- 
conductor requires the application of two large-area current contacts and two jfter- 
mediate potential probes to a regularly-shaped sample. While such a method can be 
applied to BizTe3 without difficulty when current flows along the cleavage planes, it is 
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uch less useful for current flow in the perpendicular direction. In the latter case the 
ost serious disadvantage is the uncertainty as to whether or not the sample is entirely 
se from cracks, particularly those which may form or deepen during the application 
the contacts. 

Four-probe electrical conductivity measurements are usually confined to isotropic 
miconductors but Airapetyants and Bresler (1959) have shown that they can be used 
ually well on anisotropic materials. ‘Thus all the present electrical conductivity deter- 
inations have been carried out using a four-probe method. By making the inter- 
obe spacing no more than 0-08 cm it has been possible to work with single crystals 
ving a thickness of only about 0-4 cm in the c direction, though, of course, in such 
ses it has been necessary to apply corrections due to the finite size of the sample. 
oreover, by observing the variation of inter-probe voltage with orientation it has been 
simple matter to detect the presence of cracks. 

The apparatus will be described in detail elsewhere. It consists essentially of four 
ually-spaced probes which can be brought into contact with the surface of a crystal 
BigTe3, as shown in figure 1, so that the line joining the probes can make any selected 


Single crystal 
BizTe; 


Cleavage plane perpendicular to 
Cc axis 


Figure 1. Four-probe arrangement for determining the anisotropy of the electrical 
conductivity in bismuth telluride. 


igle x with the cleavage planes. So as to avoid errors due to thermoelectric effects, 
1e direction of the current, which is passed between the two outer probes, is periodi- 
lly reversed. The voltage appearing between the two inner probes is converted to a 
ngle polarity so that it can be measured by a d.c. potentiometer. 

The theory of the four-probe method as applied to isotropic conductors has been 
ven by Valdes (1954). The same theory may be used for anisotropic conductors 
rovided that distances measured along each of the principal axes are suitably scaled. 
‘he current density J must satisfy the equations 


yi 8V 
— AES (1) 
div J = 0 


here V is potential and oj is the conductivity tensor component along the 7th principal 
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| 
axis. Equations (1) take the same form as for an isotropic conductor of conductivity 
o, equal to (c1) 622 o33)!/3, if one uses new coordinates X; such that 


o \1/2 
Xj = (=) Xi. (2 


Cu 
In applying this principle to BigTes, which belongs to the crystal class 3m, it should b 
noted that o1; = ov if direction 3 is taken to be parallel to the c axis. Thus, when th 


probes are brought down on a plane which is perpendicular to the cleavage planes, th 
inter-probe spacing s must be transformed to S in the new coordinate system where 


5 = an (cate, sty ‘ 
O11 033 
Substituting in Valdes’ formula, 
Vy 1 
Jo @itees 


where Vj is the voltage between the inner probes and Jo is the current between the 
outer probes, one finds that 


Vi = (r-!cos’ss + sin2y) 


Jo 270118 


(4 


r being the anisotropy ratio 11/033. If one defines an inter-probe resistance R as beings 
equal to the ratio V1/Jo for any given angle , then 


R 
— = (cos*+rsin2p) 1/2 (5. 
a 
where Rg is the inter-probe resistance for » = 0. 
Equations (4) and (5) apply strictly only for infinitely large specimens. Valdes 
showed how corrections could be applied to take into account the close proximity of 
the probes to the boundaries of the sample. The correction terms for anisotropic medie 


take exactly the same form as given by Valdes provided that effective distances, as 
defined by equation (2), are employed. 


§3. RESULTS OF ANISOTROPY MEASUREMENTS AT ROOM TEMPERATURE 


Two typical sets of experimental results are shown in figure 2. For the p-type 
sample all the dimensions were very large compared with the inter-probe spacing and 
the variation of the inter-probe resistance R with angle followed the form of equation 
(5) very closely. On the other hand, for the n-type sample, the c dimension was only 
about 6 times the inter-probe spacing. Thus in this case the variation of R with ob 
was found to be appreciably different from that predicted by equation (5). 

In figure 3 the measured anisotropy ratio at room temperature is plotted against the 
electrical conductivity o; along the cleavage planes. For the p-type samples the:mean 
value of r is 2:95. This is about 10% higher than the value obtained previously at 
20 °c (Goldsmid 1957), but agrees quite well with the figure given by Drabble (1958) 
for 77 °x. The range covered by the p-type samples is too small to allow one to draw 
any conclusions about the possible variation of anisotropy ratio with carrier concen- 
tration. 


. 5 Bae, 
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_ The observations on iodine-doped n-type samples confirmed the previous deter- 
mination of the anisotropy ratio r where o1, is equal to 2 x 103 ohm~! cm—!. However,. 
they also showed quite clearly that the anisotropy ratio rises with oj, and, for the most 


neavily doped sample, a value of r equal to 6 is reached. It is suggested that the anisotropy 
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Figure 2. Variation of inter-probe resistance with orientation: A, p-type, r = 3-0, 


large sample; B, n-type, r = 6-0, short c dimension; full lines, theoretical curves, 
R/R, = (cos%s+r sin%s)-1/2, 
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Figure 3. Anisotropy ratio as a function of electrical conductivity measurements 
at 20 °c. 


ratio depends on the carrier concentration because of a variation in the shape of the 
equi-energy surfaces in momentum space. To test the validity of this suggestion, 
galvanomagnetic measurements have been made on heavily doped n-type BizTes. 


§4. GALVANOMAGNETIC EFFECTS IN HIGHLY DOPED N-TYPE BigTe3 


Galvanomagnetic measurements on n-type BigTe3, carried out by Drabble, Groves 
and Wolfe (1958, to be referred to as DGW), indicated the validity of a 6-valley band 
structure and gave a precise description of the shape and orientation of the equi-energy 
surfaces, assuming the relaxation time to be a function only of energy. The resistivity 
pi for the material mentioned in DGW at 77 °x was given as 1-46x 10-4 ohm cm. 
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The measurements reported here were carried out on single crystal material containing 
nominally 0-4°% by weight of iodine and with a value of 6:57 x 10-5 ohm cm for py 
at 77 °K. The experimental procedure followed that described in DGW. 

The variation of Hall and magnetoresistance effects with orientation of the magnetic 
field was found for two different experimental arrangements. In case I, shown in 
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Figure 4. Galvanomagnetic effects in highly doped n-type BizT'es—Case I. 
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Figure 5. Galvanomagnetic effects in highly doped n-type BixTes—Case II. 


figure 4, the magnetic field lay parallel to the cleavage planes. In case II, shown in 
figure 5, the plane containing the magnetic field lay perpendicular to the cleavage 
planes. Figures 4 and 5 show that the observed behaviour agreed very well withsthat 
expected theoretically from the equations, 


AEj/JB2 = pi111 cos?d + prize sin’?h (5a) 
E,|JB = p3io sin ¢ (5d) 


case [ 
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AEj/ L]. B2 = p11 cos’ + p1133 sin’ + p1131 sin 2¢ (6a) 


case nif ‘ 
Eznra/[JB = p123S1Nn d. (6d) 


[he same terminology as that of DGW has been used and it has been assumed that the 
all effect is linear in magnetic field and that the current flow is parallel to one of the 
hree rotation planes of the crystal. Both these points have been checked under the 
*xperimental conditions. 

The experimental values of the galvanomagnetic coefficients are given in the second 
solumn of the table. In interpreting the results it has been possible to use degenerate 
statistics. It will be seen that the ratios between the coefficients, shown in the last four 
‘ows of the table, do not correspond at all to the values calculated for the parameters 
n\/m2, m3/m2 and cos?@ of DGW, shown in the third column. Much better corres- 
sondence can be achieved if the value of ms/mz is appreciably reduced and the other 
sand parameters altered rather less radically. The results of the calculations for 
mi/m2 = 1-0, mg/m2 = 0-05 and cos26 = 0-06 are given in the fourth column of the table. 


Galvanomagnetic Coefficients of Highly-doped BizTe3 at 77 °K 


The band parameters (a) in the third column satisfy the measurements of DGW 
on lightly-doped n-type BigT’es. The parameters (b) in the fourth column give a 
better fit to the present measurements. 


Coefficient Exptl value Calculated values 

(a) (0) 
pi1(ohm m) x 108 0:657 
piza(m3 c-1) x 108 0-058 mi/m2 = 1:21 mi/me = 1-0 
p3i2(m3 c~1) x 108 0-156 ms3/m2 = 0-093 m3/m2 = 0:05 
p1111(m.k.s. units) x 108 0-66 cos2@ = 0-0546 cos?d = 0:06 
pi122 1-18 
p1133 3-03 
p11s1 0:51 
p123?/p11p1111 0-78 1:67 0-70 
p1232/p11p1122 0-43 1-04 0:39 
p1232/p11p1133 0-17 0-48 0-23 
p3i2/p123 2-69 2:06 2-70 


It must be emphasized that it is impossible to choose a set of band parameters 
which gives really good agreement with the experimental results. This is in marked 
contrast to the extremely close correspondence between experiment and theory in 
DGW. It is thought that the heavy doping of BigTe3 has not merely made the equi- 
energy surfaces more prolate; it has also warped them so that they are no longer per- 
fectly ellipsoidal. 

The warping of the energy surfaces makes any exact interpretation of their change 
of shape impossible. However, it seems reasonable to use the band parameters given 
in the fourth column of the table to make some qualitative predictions about the effect 
of heavy doping. 

In the first place, the anisotropy ratio o1;/033 corresponding to the new parameters 
is 4-6 compared with a value of 4-1 obtained by DGW. In other words, the galvano- 
magnetic measurements on heavily doped material indicate a change in band structure 
which tends to increase the anisotropy ratio. 
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Secondly, for the set of band parameters given above, the carrier concentration i 
given by m = 0-192/epi23. This formula leads to an electron density of 2-07 x 1019 cm= 
and a mobility along the cleavage planes at 77 °x of 4600 cm? v-! sec-!. For the les: 
heavily doped material of DGW the electron mobility was found to be 8900 cm2 y-! sec 

The Seebeck coefficients at 77 °K for the material of DGW and the highly doped 
material are —80 and —22 jv deg™! respectively. Supposing that the same scattering 
law is applicable in both cases, as suggested by magneto-thermoelectric measurement: 
(Bowley, Delves and Goldsmid 1958), the change in Seebeck coefficient represents < 
3-6 : 1 change in the Fermi energy ¢. If the relaxation time for the electrons is a func- 
tion only of their energy &, being proportional to &-* where X is assumed to be ; 
constant, then the mobility « obeys the law u oc ¢~*. Thus, on the basis of these assump- 
tions, one would expect the mobility of the heavily doped BigTe3 to be 3-6~ times thai 
of the DGW material. The change of mobility observed experimentally correspond: 
to a value for A of 0-52, the figure for acoustic-mode lattice scattering being 0-5. Ii 
may be objected that a consideration of the change in mobility in the perpendiculas 
direction would give a different result (in fact, the calculated value of A in this case i: 
0-61). However, in spite of the uncertainty due to the suspected warping of the energy 
surfaces, it seems clear that, at the temperature of measurement, acoustic-mode lattice 
scattering is predominant even for the heavily doped sample. 


§5. CONCLUSIONS 


Four-probe measurements at room temperature have shown that the anisotropy 
ratio for the electrical conductivity is greater for n-type BiT eg than for p-type material 
They have also shown that the anisotropy ratio in the n-type case rises with the level o! 
doping with iodine. 

Studies of the Hall and magnetoresistance effects at liquid nitrogen temperature 
have shown that increased doping of n-type BiyTes compresses the equi-energy surfaces 
more strongly in a direction nearly parallel to the three-fold rotation axis of the crystal 
Such a change in the band structure tends to increase the anisotropy ratio of the elec- 
trical conductivity and, thus, provides a qualitative interpretation of the results of the 
four-probe measurements. 

The galvanomagnetic measurements have supported the hypothesis that acoustic- 
mode lattice scattering is predominant in Big'T'e3seven at high doping levels. 
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The Electron Voltaic Effects in Silicon and Selenium Elements+ 


By E. W. BILLINGTON anp W. EHRENBERG 
Department of Physics, Birkbeck College, London 
MS. received 12th January 1961, in revised form 1st June 1961 


Abstract. The electron and photovoltaic effects in silicon and selenium elements are 

studied experimentally. It is shown that the response to cathode rays is closely 

related to their penetration into the cells, and indicates data such as the depth of the 

barrier and the diffusion length of minority carriers. In particular, it is shown that 

electrons in grey selenium are mobile, with a diffusion length of about 8 microns. 
A brief description is given of some fatigue effects encountered. 


§ 1. INTRODUCTION 


THE ENERGY of cathode rays impinging on a solid surface is largely dissipated by the 
production of pairs of electrons and holes within a well-defined distance from the 
surface. The distance increases rapidly with the voltage of the cathode rays. The 
Thomson—Whiddington law is a well-known expression for it, but more accurate 
relations are now available. Cathode rays are easily and within wide limits controlled 
with respect to energy, duration and intensity, and thus provide a means of studying 
the effect of ionizing different portions of a semiconductor barrier. This leads to infor- 
mation about the location of the barrier and about the contributions to the voltaic 
effects (the generation of a circulating current and an e.m.f. by incident radiation) of 
the carriers generated in different regions. 

Studies of this electron voltaic effect were first reported by Becker and Kruppke 
(1937) for selenium photoelements; by Ehrenberg, Lang and West (1951) and Ehrenberg 
and Lang (1954) for selenium and copper oxide, and by Rappaport, Loferski and Linder 
(1956) for germanium barriers. In these papers the basic facts were established. It 
was found, for example, that in selenium elements, where the barrier is known to be 
near the surface, the electron voltaic effect commences at very low cathode-ray energies, 
whereas in copper oxide no effect was observed until the energy was raised to perhaps 
70 kev, after some of the surface had been ground off. This confirmed that in copper 
oxide rectifiers the barrier is situated at the copper—copper oxide interface. But a 
detailed examination and analysis of the vatiation of the electron voltaic effect with 
energy of the cathode rays has not previously been carried out. It is the object of this 
paper to show, from measurements carried out on silicon and selenium cells, that 
significant results can be obtained by using cathode rays to prove barriers layers. 


§2. INSTRUMENTATION 


In order to examine the effect of cathode rays, the elements (without protective 
lacquer!) were placed in a demountable cathode-ray tube of conventional design. 
Attention was given, however, to minimizing the light coming from the filamentary 


+ This paper is based on a Ph.D. thesis submitted by E. W. Billington and accepted by 
the University of London. Some of its contents were presented at the International Conference 
on Semiconductors (Praha 1960); an abstract is being published in the conference reports. 


845 


846 E. W. Billington and W. Ehrenberg 


cathode (and allowing for it). By mildly focusing the beam to a circle of about 1 em 
diameter it was assured that it fell within the sensitive region of the elements of 1 in. 
diameter. By biasing the electron gun, the beam current could be set to any desired 
value, or it could be pulsed with on and off periods in the millisecond range. The output 
of the elements could be connected to a galvanometer or to a cathode-ray oscilloscope. 
The load resistance could be varied over a wide range, and a bias could be applied, 
but the results obtained with applied bias did not throw new light on the electron voltaic — 
effect. 

Measurements with light were carried out using a Philips projection lamp type — 
13113 C/01 as a source, placed behind a cell through which a copper sulphate solution 
circulated. Spectral regions were selected by means of Wratten filters. The duration 
and the intensity of the illumination were controlled by a photographic shutter and by 
varying the separation of lamp and element. The illumination was measured by substi- 
tuting a Schwartz thermopile for the element. The calibration provided by the 
makers (Hilger and Watts Ltd.) was accepted; allowance was made of course for the | 
difference in area of the elements and the pile. The error in the absolute values of the 
light flux is estimated to 20%. 

In measuring the voltaic effects special attention must be given to the load resistance 
of the elements. According to the elementary theory, the carriers generated in, or 
diffusing into, the region of changing electric potential drift in the field of the barrier 
and produce thus a current J in the direction of blocked flow. If the external resistance 
is sufficiently low, the carriers swept by the field across the barrier constitute the cir- 
culating current. J is therefore found by reducing the load to a minimum or by extra- 
polating to zero load the actual currents 7 measured at finite load. If the load is not 
negligible, the current J causes, across the external resistance r, a voltage V in the 
polarity of easy flow. As all rectifying junctions should satisfy a voltage—current relation 
of the form 7 = ip[e”/2—1], the net circulating current becomes 


i = I-igfeY/>—1] (1) 


where ip and 4 are constants characteristic of the junction, and V = ir. 


§ 3. SILICON SOLAR CELLS 


The silicon ‘solar’ photovoltaic cell used in our experiments is a disk of p-type silicon, 
about 25 mm diameter and 0-5 mm thick, with a highly doped n-layer made by diffusion 
near one of the flat surfaces. In the normal use and in all our experiments, radiation is 
incident on to the n-type surface. A comprehensive survey of these elements has been 
given by Kleinman (1961). 

For electron bombardment, J = ipg(Vp); Vp is the energy of the electrons in electron 
volts and ip is the current carried by the incident electrons, which in our experiments 
varied between 4x 10-19 and 10-5 amp; the ‘gain’ g(Vp) is shown in figure 1. g(Vp) is 
independent of 7p, and has the same value for steady and pulsed bombardment. Below 
about 20 kv the gain is small; above, it rises linearly, somewhat less than 5 ev (gross) 
being required for the creation of a pair. 

The ranges of cathode rays in silicon have not been measured, but they should be 
identical with those in aluminium, if allowance is made for the difference in density. 
Ranges in aluminium measured by Schonland (1925), Lane and Zaffarano (1954), Young 
(1956), Holliday and Sternglass (1959) have recently been correlated by King (1960). 
The corresponding ranges in silicon are also given in figure 1. With increasing voltage 
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n increasing proportion of the total electron energy is converted into pairs in layers 
jnore remote from the surface. 

Now in this cell, the barrier is 2:5 « behind the surface (personal communication 
vy Mr. A. Bardsley, of Ferranti Ltd.), and so the interesting fact emerges that the 
-layer is contributing very little to the voltaic effect. This may well be due to a high 
/ate of surface recombination of carriers at the front surface. It has been reported by 
arten (1959) that the sensitivity of photoelements can be varied over wide limits by 
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Figure 1. Electron voltaic effect in silicon; gain as function of the energy of the 
cathode rays and of their penetration. The position of the junction is marked by 
an arrow. 


changing the rate of surface recombination. Surface recombination in silicon elements 
has also been discussed by Kleinman (1961). 

At about 20 kv, pair production in the bulk sets in, and at higher accelerating 
voltages most of the pair production takes place in the p-type silicon. 

Electrons can reach the barrier by diffusion if they are generated within a diffusion 
length from the barrier. It must be concluded that the increase of gain with voltage 
shown in figure 1 will terminate when the range of electrons exceeds the diffusion 
length, or, alternatively, the thickness of the cell. The optical analogue of this has been 
analysed by Harten and Schultz (1955). Here, the accelerating voltage available was not 
high enough to show this effect. 

It is of some interest to compare the electron data with corresponding data for the 
photovoltaic effect. 

Under irradiation with visible light, J is found proportional to the intensity B of 
illumination, J = CB, up to about 10 milliwatts, the highest illumination available 
after filtering; table 1 gives in the second column observed gross values of C. 


Table 1 
ACH) Cc Quantum 
(a mw?) efficiency 
0-44 5-7 x10 0-23 
0:53 11-6 x 10-5 0-40 


0-60 26:5 x 10-5 0-74 
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The corresponding values for the quantum efficiency in column 3 are corrected for 
reflection losses, using the expression for the reflectivities given by Moss (1952). 
The values for the quantum efficiency appear to be closely related to the low gal 
observed with slow electrons; for, according to Dash and Newman (1955), the pen 
tration (reciprocal absorption coefficient) of blue, green and red light is 0-43, 1-2 an 
2 microns. The quantum efficiency thus appears to approach unity as the radiatior 
tends to penetrate the n-layer, or at least, penetrates the surface region of high recom- 
bination. | 
Equation (1) has been tested by varying the external load at constant irradiation 
with cathode rays and light. Under all conditions of irradiation equation (1) was found 
to be satisfied with b = 0-06 volt and ip about 7x 10-7 amp. For thin junctions 6 is 
calculated to kT/e, approximately 0-026 volt, but silicon junctions normally obey a 
current-voltage relation of the form 7 = ip[e’/”—1], with b ~ 0-05 volt. 


§ 4. SELENIUM : 

When a selenium cell is suddenly exposed to light, the photovoltaic effect rises in 
perhaps a millisecond to an ‘initial’ value and then, normally, decreases, although: 
under extreme conditions the decrease may be replaced by an increase. The extent of 
this change is not the same for all cells, it strongly depends on the intensity of irradiation. 
The rate of change is highest at the beginning; after some time it has become a sa 
fraction of its initial value. This phenomenon is known as fatigue, or creep. It is quite 
as marked for cathode-ray bombardment as it is for irradiation with visible light. ae 
older observations on the electron voltaic effect referred to in the introduction were 
carried out by exposing the cells to a steady beam of electrons and observing the response 
of the cells on a galvanometer so that at least a few seconds had lapsed between the 
commencement of the exposure and the readings. The readings were therefore, to a : 
varying extent, reduced by fatigue. : 

The fatigue can, however, be completely suppressed if the cathode rays are applied 
in short pulses. The results given below were accordingly obtained with 6 millisecond - 
square pulses interrupted by 54 msec off periods. Observation of the output on a 
cathode-ray oscilloscope showed that the rise time of the response is short compared 
with 6 milliseconds, and the response curve follows closely the primary current pulse; 
after starting pulsed bombardment no change in the size of subsequent pulses is observed, 
for the conditions stated. Also, the output current measured by a galvanometer is 
exactly the mean value of the current measured by the cathode-ray oscilloscope, i.e. 
0-1 of the value during the pulse. : 

For all cells, families of curves were obtained such as are shown in figure 2. The 
gain I/ip decreases with increasing electron current. Except for a rather small initial 
region it increases linearly with voltage up to a critical voltage V. which depends on 
the current density, and remains constant for higher electron energies. The penetration 
of the primary electrons marked on the abscissa is calculated by extrapolating values 
given by King (1960). . 

Consider first the curve for 7p = 10-10 amp of figure 2. It is the response one 
would expect to find for a junction situated close to the surface, if the diffusion length 
of minority carriers in the bulk is about 5 microns. At very low accelerating voltages 
the ionization is restricted to a very thin layer near the top electrode; the current 
gain is low because incident electrons carry little energy. As the accelerating voltage 
increases the primary electrons produce proportionally more pairs, but also the centre 
of pair production moves away from the front into the junction (which occupies about 
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{5 x) and beyond. If the electrons in the bulk selenium were immobile, the gain 
jould then cease to increase with increasing penetration because no contribution to 
je current would arise from the p-type selenium where the additional carriers are 
}nerated. From the observation that the gain still increases with cathode-ray energy, 
| must be concluded that the electrons released in the bulk diffuse into the junction 
id thus contribute to the current, just as the minority carriers contribute in the silicon 
j:lls. But the gain does cease to increase when at the cathode-ray energy eV; the 
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Figure 2. Electron voltaic effect in grey selenium; gain as function of the energy 
of the cathode rays and of their penetration; the figures beside the curves denote 
the beam currents. 


onization commences to extend to a depth from which electrons cannot reach the 
junction by diffusion, i.e. beyond one diffusion length from it. Recent studies by 
Ehrenberg and King (not yet published) have shown that the ionization caused by 
cathode rays does not, in the region penetrated, vary much with cathode-ray energy 
in the range shown in figure 2. This explains why the gain remains approximately 
constant at energies above eV¢. 

The depth of penetration of primary electrons of energy eV; gives therefore the 
diffusion length L of the minority carriers. At 10-10 amp, the diffusion length L is seen 
to be about 5 microns. It decreases with increasing density of cathode rays. 

In order to extrapolate the diffusion length to zero primary current, consider that 
the lifetime 7 of the carriers should be related to the lifetime 79 at zero excitation by 


beh ie 
~= = +— Q) 
ye TO Ti 

where 7; would be the lifetime if irradiation were the only cause of decay. Relation (2) 
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is equivalent to 
1 1 : q 
RB Te +f (a). | (3 


By trial and error it was found that the values of V. or L respectively given in figure 
(and corresponding sets of values for all other cells examined) satisfy equation (3) closel 
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Figure 3. ‘The diffusion length of electrons in grey selenium as a functionofthe 

current carried by the cathode rays. The reciprocals of the squares of the diffusion 

length are plotted against the square root of the current, in units of 10-10 amp, 
for currents below 10-7 amp. 


if f(tp) (and therefore 1/7;) is taken to be proportional to the square root of the primary 
current density. This is shown in figure 3, the full line representing 


f (tp) = 2°8 x 101 (ép)1/2 cem-2. 


The line cuts the axis at a point corresponding to Lo = 9 x 10-4.cm (calculated by the 

method of least squares, Lp = 7:5 4). Although ini other cells different values of gain 

and of change of gain with primary current are found, Lo is always close to 8 p. 
Diffusion length L, mobility w and lifetime 7 are generally related by 


wkT 
[2 = —_, (4) 
e 

and at 300 °K, RT/e = 2-5 x 10-2 volt. This relation can be used to estimate the effective 
mobility of electrons in grey selenium. An idea of the lifetime of the electrons can be 
obtained from photoconductivity data. Zworykin and Ramberg (1949) have discussed 
the variation of photoconductive response of microcrystalline grey selenium with 
frequency of light pulses. This has one relaxation time of about 0-01 sec and another 
one of less than 3 x 10-4 sec. If we interpret the longer time as the fotal lifetime r of 
the minority carriers, and assume that these data apply to our material we obtain from 
(4) with L = Lo = 8x10 cm for the effective mobility of electrons in grey selenium 
a value 2-5 x 10-8 cm? v-1 sect, which is in rather surprising agreement with that given 
by Spear (1957), viz. 5x 10-3 cm2yv-1sec-1 for electrons in amorphous selenium. 
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‘cording to this interpretation, an electron may undergo many cycles of trapping 
d release before it finally recombines with a hole or has found its way, by diffusion, 
10 the field of the barrier. The decrease of diffusion lengths with cathode-ray currents 
licates a corresponding decrease of total lifetime. It is known that lifetimes can 
{crease with increasing level of ionization (Hall 1959, 1960, Many and Bray 1958). 
jhe relation 74 oc ip~1/2 may in this connection be of considerable interest. 

The numerical values given carry of course a considerable uncertainty. But the 
¢nsistency of the above results leaves no doubt that the electron voltaic effect brings 
light the important fact that the electrons in grey selenium are mobile, and that this 
ability plays an important role in the performance of selenium barriers and a decisive 
le at least in the electron voltaic effect. In this respect the present studies support 
e view first put forward by Poganski (1953) and Hoffman and Rose (1953) that 
lenium barriers might have to be considered as p—n junctions rather than as unipolar 
thottky barriers (Schottky 1941). 

It can also be seen from figure 2, and is confirmed by many other measurements, 
at for selenium J is proportional to the bombarding current for low voltages up to 
out 10 kv, but it increases less fast at high voltages. This suggests that the rate of 
combination near the surface is not increased by irradiation; this agrees with the 
ell-known fact that at zero external resistance the current generated by visible light is 
‘oportional to its intensity; visible light penetrates only very little into selenium, the 
ciprocal of the absorption coefficient being in the neighbourhood of 0-5 micron (Gilles 
)51). 

If for given irradiation the external resistance is varied, equation (1) has always 
sen found to account fairly well for the voltage—current relation, but the parameters 
and 6 depend on irradiation; equation (1) appears also to hold for unilluminated cells 
ir external voltages applied in the forward direction. An examination of a number of 
‘Ils suggested the figures given in table 2 as representative. The values refer to a 
irface of 3 cm?. 


Table 2 
1(A) b(v) I(a) 
Dark cell a x10=% 0-06 
Cells illuminated with visible light 
(ft candles) 
(a) 40 3 x 10-6 0-065 65 x 10-8 
100 ‘ 4-5 x10-§ 0-08 154 x10-6 
(6) 75 4-4 x10-6 0-10 190 x 10-8 
160 16 x 10-6 0-135 400 x 10-8 
Cathode rays of 30 kv 
Beam current (A) 
Fel 059 3-3 x 10-6 0:07 0:4 x 10-5 
3 «10-8 5-6 x 10-§ 0:077 1-4 x10-5 
1:6 x10-? 34 x 10-8 0-12 5:9 x 10-5 
6 x10-7 44 x 10-6 0-14 1x10 
d-2)<10-° 64 x 10-8 0:16 16 x10-5 


In the dark and at low levels of illumination 7 is near to 10-* a cm~ and 6 is near 
)-06 volt. But these parameters increase rapidly with intensity of irradiation. It is an 
ybvious conjecture that the increase of the value of the parameters is due to increased 
‘ecombination. 
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§5. SOME REMARKS ABOUT FATIGUE 


The intriguing and varied phenomena of fatigue have never been satisfactoril} 
explained. Nor have our own quite extensive studies (Billington 1960) led to very 
definite conclusions. A few aspects may, however, be worth mentioning. 

A measure of the fatigue was established as follows. When the irradiation com- 
mences, the voltage as observed on a cathode-ray oscilloscope rises rapidly to the initia 
voltage V; and then decreases slowly, the rate of change becoming very small after < 
few seconds. ‘The change of voltage AV in 6 seconds is therefore taken as the measure 
of the fatigue. It was found convenient to measure the incident radiation in terms of 
Vi, and typical curves showing AV as function of Vj (external resistance 1 MQ) are 
shown in figure 4 for a number of selenium cells which show the effect strongly. The 


Figure 4. Fatigue of selenium cells under bombardment with 30kv cathode rays. 
The abscissa is the initial e.m.f., the ordinate the loss in e.m.f. in the first six seconds. 
Five different cells are represented. 


shapes of the curves are essentially the same for cathode rays and light. For cathode 
rays AV increases for a given value of Vj with increasing accelerating voltage; for light 
the fatigue could not be influenced by varying the humidity of the ambient air. The 
fatigue decreases slightly from blue to red, i.e. with increasing penetration. An increase 
of fatigue with wavelengths was observed by Preston (1944, 1946). His studies of fatigue 
refer, however, to fatigue relaxing within minutes or hours, so that possibly the effects 
studied previously are not connected with the effect noticed here. 

It does not seem possible to explain the shapes of the curves shown in figure 4 by 
a simple model. But the absence of an ambient effect, and the increase of the effect 
with increasing penetration of the radiation suggests that the source of the fatigue lies 
in the interior of the cells, and could be connected with slow surface states situated 
at grain boundaries. 

The silicon cells, as mentioned above, do not fatigue under electron bombardment; 
nor do they fatigue under illumination if they are kept in vacuo. A fatigue develops, 
however, if the (unvarnished) front is exposed to the atmosphere. The fatigue curves 
are then similar to those shown in figure 3 with a single broad maximum for V; = 275 mv 
(at 1 MQ load). 

Harten (1959) has studied the effect of surface recombination on the sensitivity of 
silicon cells. ‘The comparison with our cells is not straightforward as Harten illumina- 
ted his cells from the face opposite the junction. Also he did not look out for fatigue 
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ffects. But Harten did observe large changes in sensitivity on exposing the illuminated 
urfaces to water vapour, nitrogen or oxygen, and also changes in sensitivity with 
mbient illumination. The same surface states may be responsible for both Harten’s 
ffects and the fatigue we observed. 
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Abstract. A new phenomenon is reported which is concerned with the excitation of 
fluorescent solutes in organic liquid dielectrics when high electric fields are applied. 
The characteristics of the emitted light have been studied and related to the pre- 
breakdown conduction current and the electric strength. Dielectric liquids showing 
this effect have been synthesized by dissolving known concentrations of fluorescent 
materials in simple organic liquids. ‘These have confirmed the exeprimental results 
obtained with more complex transformer oil. Also, experiments are described 
which show that even highly degassed liquids exhibit a pressure dependence of 
electric strength if brought into a state of super-saturation by applying tension to 
the liquid. 


§1. INTRODUCTION 


PREVIOUS WORK in the study of electric breakdown processes in liquids has been fully 
reviewed elsewhere (Lewis 1959, Darveniza 1959). However, a brief review of relevant 
luminescence phenomena will be given here, since the reported experimental results 
link directly for the first time the two fields of electric breakdown and luminescence. 

Organic solutions are widely used for the scintillation detection of energetic radiations 
(Birks 1953). Small amounts of fluorescent materials such as anthracene are dissolved 
in suitable organic liquids such as benzene, toluene, etc. These solvents absorb the 
incident radiation and the energy is re-emitted as fluorescence, characteristic of the 
solute (Kallmann 1950). Various mechanisms for the efficient solvent-solute transfer 
of energy have been proposed (Northrop and Simpson 1956, Kallmann and Furst 
1951, 1954, 1956). ; 

Several workers (Destriau 1947, Payne, Mager and Jerome 1950) have shown that 
electric fields may produce luminescence when applied to certain inorganic phosphors. 
Piper and Williams (1955) and Alfrey and Taylor (1955) have made detailed studies of 
electroluminscence in single crystals of zinc sulphide. A general relationship between 
the light output L and the applied voltage V has resulted from the experimental work: 
L = A exp(—BV-‘/2) where A and B are constants. 

Piper and Williams have considered various mechanisms for electroluminescence 
and it is generally agreed that the luminescent centres are excited by field-accelerated 
electrons. All experimental evidence points to the formation of sufficiently high electric 
fields in localized spots such as fluorescent centres. 


§2. EXPERIMENTAL APPARATUS 


2.1. Test Apparatus 
Most of the results described below were obtained with industrial transformer oil 
conforming to the British Standards Specification B.S. 148: 1951. The oil was of 
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‘ruvian origin and its physical properties may be summarized as follows: colour, 
jle yellow, slight blue fluorescence; specific gravity, 0-88 at 20 °c; dielectric constant, 
416 at 20 °c; molecular weight, 310. 

| The only information available of its chemical properties is the result of an ‘m—d—M’ 
ialysis: 94 carbon in aromatics, 8:5; aromatic rings per molecule, 0-3 mean; % 
rbon in naphthenics, 37-5; naphthenic rings per molecule, 1-8 mean; 9% carbon in 
jwaffins, 53-7; aromatic compounds, 15° by mass; sulphur compounds, 1-07%, 
jrmation unknown; oxygen compounds, traces present, formation unknown. 

| The impurities which affect the electric strength of insulating liquids are solid 
jirticles, moisture and dissolved or entrained air. The oil was purified in a molecular 
jill which utilized a form of flash distillation at reduced pressure and at a temperature 
ifficiently low to avoid thermal degradation. The still and the test cell formed parts 
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Figure 1. Fractionation of oil as a function of temperature and ambient pressure. 


f a totally enclosed all-glass system. Solid particles were removed by filtration through 
| sintered glass filter of one micron maximum pore size. All parts of the system could 
ye evacuated to a pressure of less than 10-*mmHg. The distillation technique 
Darveniza 1960) enabled the oil to be completely distilled in an atmosphere of air or 
»f nitrogen at pressures between 10-2 and 5 mm Hg. Separation of the various fractions 
»f the oil was possible by distillation at suitable temperature and the results are shown 
n figure 1. It was found that at temperatures approximately 70 °c below that required 
or complete distillation, only a small fraction of the oil (less than 1%) was not distilled. 
This consisted mainly of the colouring components of the oil and its separation left 
he remainder of the oil comparatively clear in appearance. 

Experiments were also made using the simple organic liquids hexane and benzene, 
0 which known concentrations of fluorescent materials were added. Spectroscopic 
srades of these liquids were filtered several times through a fine sintered glass filter 
inder vacuum. After dissolving the fluorescent material the prepared samples were 
wain passed through a filter into the test cell. 
The test cell was designed to keep the volume to a minimum. Electrical measure- 
ments were made between 1 cm diameter nickel spheres mounted horizontally in the 
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test cell. ‘The gap spacing could be varied from 50 to 500 microns with an estimated 
error between +1-5%. Before each test, the electrodes were prepared by mechanical 
polishing with soft mops and a suitable grease as adopted by Hancox and Tropper 
(1958). Buffing was continued until no scratches or pits were visible when examined 
under a metallurgical microscope, magnification 100. 

For the variation of the hydrostatic pressure applied to the test liquid two extra- 
sensitive metal bellows were used. By means of these it was possible to apply tensions 
equivalent to 350 mm Hg to the test liquid and positive pressures up to 760 mm Hg. 


2.2. Electrical Equipment 


Direct voltages varying between 600 v and 20 kv were obtained from a stabilized 
source which incorporated a radio-frequency generator. The measurement of this 
voltage was considered accurate to within + 15%. For the tests with impulse voltages 
a six-stage generator was used. The output voltage was measured by means of a 
resistance—capacitance divider and a transient oscillograph, with an estimated error of 
43%: 

During breakdown measurements a diverter was used which by-passed the discharge 
current in a time less than 0-5 psec after breakdown, This greatly reduced breakdown 
products and electrode damage and hence the scatter in the measurements. 

To permit conduction current to be measured accurately the low voltage electrode 
of the test cell was fitted with a guard ring and shield. The current was determined 
by measuring the volt drop across a high resistance with a ‘Vibron’ electrometer. 

Quantitative light measurements were made with an R.C.A. 931-A photomultiplier 
operated at a total potential of 1100 v. The anode current was measured with a resistive 
shunt and an electrometer and changes as small as 10-9 could be detected. The 
spectral range was from 3000 to 6500 4 with a peak in the spectral response at 4000 A. 
It is estimated that the cathode collected approximately 4th of the total light emitted 
from the test cell. 


§3. EXPERIMENTAL RESULTS 


3.1. Factors affecting Measurements of Electric Strength and Conduction Current 


The breakdown strength of the oil before purification was found to be 380 kv cmt 
with a coefficient of variation of 8°%%. After distilling the oil in an atmosphere of nitrogen 
at a pressure of 10-2 mm Hg the strength increased to 1120 kv em— and the coefficient 
of variation was reduced to 4:7°%%. A marked conditioning process was observed, i.e. 
an increase in strength with successive breakdowns, and at least 10 conditioning dis- 
charges were necessary before a stable electric strength was achieved. Retaining the 
electrodes but changing the oil sample required a further but much smaller conditioning 
process and this was also necessary when the liquid in the test cell was allowed to stand 
undisturbed for periods in excess of twenty-four-hours. 

The consistency of the breakdown measurements can be seen from table 1 which 
shows the results of 4 different tests. Before each test the electrodes were freshly 
prepared by mechanical polishing and degassed in the test cell for at least 12 hours 
before submersion in the test liquid. It was found that the measurements were inde- 
pendent of the rate of rise of the applied test voltage and of the time interval between 
successive voltage applications, provided the rate of rise was less than 250 v sec-1 and 
the interval between shots was greater than one minute. 
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It is well known that electric strength measurements made with short duration 
impulse voltages are critically dependent on the electrode surface conditions (Hancox 
and Tropper 1958). The dependence is considered to be due to the time-dependent 
process of electron emission from the cathode. It was eliminated by brushing the 
electrodes with grade 2/0 emery cloth. Subsequent impulse strength measurements 


Table 1 


Consistency of Breakdown Measurements 


First breakdown No. of conditioning Final breakdown 


Test (kv cm~) shots strength (kv cm~) 
A 650 13 1120 
B 740 Z 1180 
Cc 690 10 1030 
D 690 12 1060 


with voltage wave-shapes of varying ramp functions (i.e. voltages increasing linearly 
with time at different rates) resulted in an electric strength independent of time, for 
times to breakdown in excess of 0-5 psec. The strength measured in this manner was 
similar to that obtained with direct voltages, both in magnitude and scatter. 
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Figure 2. Effect of conditioning on conduction current. Curve 1, before break- 
down; curve 2, after spark conditioning of electrodes. 


Since most experimental breakdown results were obtained with spark-conditioned 
electrodes, measurements of pre-breakdown processes were made also with such 
electrodes. Typical current-electric stress curves for fresh electrodes and spark-con- 
ditioned electrodes are shown in figure 2. As with other pre-breakdown processes 
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the conduction current was much more stable with spark-conditioned electrodes, 
although the magnitude was at least two orders higher. 

In all results of breakdown measurements and of pre-breakdown processes given 
below, spark-conditioned electrodes were used and only the parameters of the test 
liquid were varied. 


3.2. Dependence of Strength on Gas Content 


Breakdown measurements were made on samples of oil distilled in air and in nitrogen. 
at pressures between 10-3 and 5 mm Hg of residual gas. When the gas in use was 
changed, the oil was flushed with the new gas for at least forty-eight hours. Before 
each distillation, the oil was allowed to settle into rough equilibrium with the intended 
still pressure before leaving the gas bubbling chamber. The results obtained are shown 
in figure 3, the vertical lines indicating the standard deviation. It was found that 
variation of the nitrogen gas content had no significant effect on the electric strength 
in the range considered. The electric strength of the oil rose significantly as the partial 
pressure of air held in solution was raised from 10-2 to 1 mm Hg. This result confirms 
the work reported by Khambanonda (1958). 
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Figure 3. Effect of distillation (i.e. hydrostatic) pressure on electric strength. 


Impulse voltage measurements were made, with ramp voltages and scratched 
electrodes, on oil samples distilled in air and nitrogen pressures of 10-2 and 1 mm Hg. 
The results are given in table 2; the time to breakdown varied between 0-5 and 1-0 psec. 


Table 2 
Electric Strength for Impulse Voltages 


Still atmosphere Electric strength Coefficient of variation ~ 
(mm Hg) (kv cm) (%) 

Nitrogen, 10-2 1140 5 

Nitrogen, 1 1170 48 

Air, 10-2 1080 6-9 

Air, 1 1520 6:7 
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3.3. Strength of Various Oil Fractions 


Samples of oil were distilled at various temperatures in nitrogen at a pressure of 
0-1 mm Hg and the breakdown results are plotted in figure 4. The electric strength 
ose as the still temperature was decreased from 210 to 145 °c and thereafter no sig- 
\\ificant change was observed. Referring to figure 1 it can be seen that the increase in 
‘trength is associated with the removal of colouring matter from the oil. The colouring 
natter was also separated from the oil in a still atmosphere of 1 mm Hg of air and 
gain a significant rise in electric strength was observed. 
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Figure 4. Electric strength of different oil fractions obtained by varying distillation 
temperature. Curve 1, with air at 1 mm Hg maintained in still; curve 2, with Ne at 
a pressure of 10-1 mm Hg. 


__A similar rise in strength was observed with impulse voltages. A strength of 
1420 kv cm with a coefficient of variation of 7-2°% was recorded for oil distilled at 
140 °c in nitrogen. 


3.4. Pressure Dependence of Strength 


It is generally agreed that the electric strength of transformer oil shows little depend- 
ence on hydrostatic pressure unless the gas in solution is in a state of super-saturation. 
For highly degassed oil this state cannot be reached by simply reducing the gas pressure 
above the liquid surface, since the pressure of the head of oil necessary to immerse 
the electrodes cannot be reduced below about 1 mm Hg. In this work, tensions up to 
350 mm Hg were applied to the test fluid through bellows, thus achieving a state of 
supersaturation. Table 3 shows the pressure dependence of electric strength for highly 
degassed oil and for oil distilled in nitrogen at a pressure of 1 mm Hg. 


Table 3 
Pressure Dependence of Electric Strength 
Pressure Electric 
Oil sample (mm Hg) strength (kv cm“) 

Nitrogen (1 mm Hg) +300 1120 
+ 50 1120 

—100 1100 

—225 1045 

—350 910 

Highly degassed oil, +300 1130 
3 x10-3 mm Hg + 50 1130 


—350 935 
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The results show a significant reduction in strength when a tension of 350 mm Hg 
was applied to the test liquid. No significant pressure dependence was observed in 
the range of 1 to 760 mm Hg of hydrostatic pressure. A similar reduction of electric 
strength with tension was observed with oil samples distilled in air at 1 mm Hg and 
oil samples with the colouring fraction removed. 

No significant variation in electric strength with tension or pressure was observed 
with impulse voltages. 


3.5. Light Emission and Conduction Current 


Preliminary experiments showed that the magnitude of conduction current and of 
pulse. activity in transformer oil was several orders higher than that reported of simple 
hydrocarbon liquids (House 1957). Observation in a completely darkened room showed 
that visible light was emitted from the highly stressed region of the oil gap for d.c. 
fields in excess of 600 kv cm~. It has been found that light emission may be correlated 
with electric breakdown measurements. Simultaneous records were therefore obtained 
of electric strength, conduction current and light emission, for each set of experimental 
conditions. : 
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Figure 5. Fluorescence spectrum of transformer oil. Curve 1, emission spectrum; 
curve 2, eye response to emission spectrum. 


The light emitted was blue and similar in appearance to the blue fluorescence 
obtained by excitation with ultra-violet radiation. The glow appeared if either the 
voltage across a fixed gap was increased, or if a fixed voltage of 12 kv was applied and 
the gap decreased from 500 to 100 microns. This showed that the glow was a true 
high field effect, and that it was not due to spurious corona effects. The fluoreseence 
spectrum of the oil when excited with an ultra-violet source (mercury lamp, OX I 
filter) was determined and is shown as figure 5. Also shown is the spectrum weighted 
by the spectral response of the eye. Thus, when viewed by eye, the fluorescence of 
oil has a peak in the blue region (4800 A). An Adam Hilger wavelength spectrometer 
was used to resolve the spectrum of the light emitted due to high electric fields, but 
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ris was very difficult because of the small amount of light emitted. At all stresses, the 

pectrum appeared to be diffuse. At a stress of 900 kv cm~, the point of maximum 

‘tensity was at 5300 & with a visible spread from 4580 to 5600 A. The point of peak 
jatensity in the spectrum shifted to shorter wavelengths as the stress increased. At 

300 kv cm-1, the peak appeared at 4800 A, which corresponds to the peak of fluorescence 
pectrum as observed by eye (figure 5). 

A travelling telescope with a maximum magnification x80 was used to examine 
he glow. This appeared to result from filamentary luminous channels which com- 
jletely bridged the gap from cathode to anode, with no apparent change in intensity 
long their length. The intensity of light varied from channel to channel, and also with 
ime in each channel, each having a ‘flickering’ appearance. The filamentary channels 
yecupied a diameter of about three to four times the gap width. As the stress increased 
ibove 1100 kv cm=1, the light output became more intense and more diffuse in a localized 
‘egion about one to two gap widths in diameter. There was some evidence to suggest 
that it was possible to predict the channel in which final breakdown would occur by 
choosing the brightest channel at high stress. Photography of the light emission was 


attempted but even with exposures exceeding 10 minutes and the fastest available film, 
no record was obtained. 
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Figure 6. Effect of liquid conditioning on light emission and conduction current. 
Electrode gap 89, oil distilled at 160 °c. 


3.5.1. Effect of conditioning of test liquid. 


Simultaneous conduction current and light output measurements were made on 
freshly distilled oil and on the same oil after three breakdowns. As can be seen from 
figure 6, there is no significant change in current in the two cases, but the light intensity 
over the same range of stress is lower after the three breakdowns. Since the electrodes 
in both cases were spark-conditioned before the test it must be assumed that a con- 

ditioning of the liquid took place during the three breakdowns which had no effect 
on the conduction current, but resulted in a reduction of light output. This was a 
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general observation and whenever the test liquid was changed the first few low break 
downs were always preceded by a light output which decreased after subsequent break 
downs as the liquid conditioning proceeded. 


3.5.2, Effect of various oil fractions. 


Light and current measurements for the various fractions of the oil are given it 
figures 7 and 8. No breakdowns occurred in the test cell during these tests. The stil 
temperatures were chosen to remove the colouring fraction in steps, and it was fount 
that the light output and the current decreased as more of the colouring fraction wa: 
removed. At temperatures below 140 °c, no further significant reduction resulted, 
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Figure 7. Light emission of different oil Figure 8. Conduction current of different 
fractions. Electrode gap 89 yu. Distillation oil fractions. Electrode gap 89. Distil- 
temperatures as shown. lation temperatures as shown. 


3.5.3. Effect of dissolved air and nitrogen. 


It was found that the light and current curves did not differ significantly between 
oils distilled in nitrogen and air atmospheres in the pressure range 10-2 and 1 mm Hg. 
This result was surprising, bearing in mind the pronounced quenching effect (Cohen 
and Weinreb 1956) of oxygen in liquid organic scintillating liquids, and the marked 
rise in electric strength obtained with air over this range. 


3.5.4. Pressure dependence. 


The pressure dependence of light emission and conduction current was determined 
using an oil sample distilled in air at a pressure of 1 mm Hg. A stress of 1040 kv cm—1 
was applied to a 89 micron gap. Fifty alternate readings at +760 mm Hg pressure 


and —350 mm Hg tension were taken. The averages of the readings are given in 
table 4. 


nl 
Table 4 
Effect of Pressure on Light Output and Conduction Current 
Pressure (mm Hg) +760 —350 
Light output (a x 10-9) 5-1 3d 


Conduction current (a x 10-7) 4-41 4-46 
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| With current a slight increase (1%) was often recorded when tension was applied. 
‘ais effect is not significant as the conduction current fluctuation during the test was 
sveral per cent. 


15.5. Confirmatory experiments with hexane and benzene. 


The fluorescence of transformer oil is due to unsaturated polycyclic aromatic com- 
junds dissolved in the oil. If these materials cause light emission under the action 
‘high electric fields, it should be possible to synthesize a dielectric which would also 
nit light. The simple organic liquids, n-hexane and benzene were investigated, using 
ark-conditioned electrodes. 

_ With purified 7-hexane no visible light was observed at stresses up to 1100 kv cm-t, 
he hexane was then doped with 1 ¢1- of scintillation grade anthracene. Light 
nission characteristic of anthracene in solution was observed. The electric strength 


‘as 610 ky cm— on the first application of voltage, and increased with succeeding 


mditioning breakdowns, until an average strength of 955 kvcm™! was obtained. 
‘he decrease of light intensity with increase in electric strength is shown in figure 9, 
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Figure 9. Conduction current and light output of hexane containing 1 g 1 anthra- 
cene, after different numbers of breakdowns. Electrode gap 89 pu. 


but the effect was more pronounced than with transformer oil (figure 8). Samples of 
hexane were also doped with scintillation grade p-terphenyl and again light, character- 
istic of the fluorescent solute, was emitted when an electric stress was applied. 

Commercially pure benzene (extra-pure for molecular weight determination) was 
filtered and tested without the addition of a fluorescent impurity. Very intense blue 
light was observed at relatively low electric fields, which was accompanied by a large 
conduction current. A similar trend of increasing electric strength and decreasing 
light emission was observed with conditioning breakdown. 
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Microscopic examination of these samples showed that the filamentary channel 
were similar to those found in transformer oil, apart from the greatly increased intensit 
observed in benzene. 


§4. DISCUSSION OF RESULTS 
4.1. A General Model for Events Leading to Beakdown 


With liquids of high physical purity, the breakdown process is, at least in part 
electronic in nature. The events leading to breakdown may be conveniently considere 
as three separate processes: (i) the production of free electrons in the gap, (ii) th 
subsequent acceleration of the electrons by the electric field, and their retardation b 
collisions with liquid or impurity molecules, (iii) the multiplication of charge carrier 
leading to instability and to final breakdown. 

Most workers consider that free electrons are emitted from the cathode and con 
siderable evidence, both experimental and theoretical, indicates that this is so fo 
electric fields of the order 10° and 106 vy cm, House (1957) proposed that the dominan 
process for direct voltages is a Schottky field-aided thermionic emission. For puls 
voltages, the availability of free electrons dominates the subsequent breakdown process 
although Bickley (1958, private communication) has shown that brushing electrodes witl 
emery greatly reduces the statistical time lag for the appearance of an initiating electron 

The free electrons in the gap are then accelerated and are involved in variou: 
collision processes with liquid and/or impurity molecules. Loss of energy may bi 
due to: (a) inelastic collisions with the larger liquid molecules, (b) electrons of suitabl 
energy interacting with the vibrational modes in the bonds of the liquid molecules 
(c) excitation collision with liquid and impurity molecules in which the excited molecule: 
absorb the energy of the free electrons and are raised into higher electronic excitec 
states which may lead to fluorescence or dissociation, (d) capture of electrons by mole 
cules and the formation of negative ions. 

The last process in the breakdown model involves the multiplication of charge 
carriers in the gap. Formation of positive and negative ions may result from earlier 
processes and these may in turn influence these processes. However, the decisive 
event is the multiplication of free electrons in the gap by ionizing collisions. Ionizatior 
of molecules is possible in the liquid phase or in a vapour phase such as a micro-bubble 

Of the three processes, each may be described as a necessary but not a sufficient 
condition for breakdown. According to the experimental conditions, any one may be 
dominant in determining the electric strength. 


4.2. The Effect of Dissolved Fluorescent Materials 
4.2.1. Characteristics of light emission. 


The results in § 3.5 show that the light intensity increased in an exponential manner 
with increasing field, that the intensity of emitted light was associated with the electric 
strength, and that the spectrum of the light emitted was characteristic of the fluorescent 
solute. It is significant that these experimental characteristics are similar in nature to 
the electroluminescence characteristics reported for solid inorganic phosphors. With 
hexane, known concentrations of anthracene and p-terphenyl were introdueed; in 
transformer oil, the constituents which produce the fluorescence are largely unknown. 
Jezl, Stuard and Ross (1958) have shown that tricyclic and polycyclic aromatics are 
present in the oil and may constitute up to 1% of the 15% by mass of aromatics present. 
It is probable that these molecules contribute most to the blue fluorescence and to the 
yellow colour of the liquid. 
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The various possible mechanisms for electroluminescence in solid fluorescent 
naterials have been discussed in §1. A further possibility must be considered here, 
themiluminescence due to photochemical action between the dissolved oxygen and 
luorescent materials. Chemiluminescence may contribute to the light emission in 
he doped hexane, but this possibility must be excluded for tests in transformer oil 
which was highly degassed in the purification system. As in the study of electro- 
uminescence in solid fluorescent materials, it is likely that the fluorescence observed 
n organic liquids is due to the excitation of the fluorescent materials by electrons 
iccelerated by the high electric field. Since the fluorescent components in transformer 
oil are largely unknown, no quantitative estimate of the electron energies required for 
excitation may be made. However, the absorption spectra of anthracene and p-terpheny]l 
in dilute solutions are well known. The lower limit of absorption of anthracene is 
3800 A, and this corresponds to a minimum quantum energy of 3-25 ev required for 
excitation. It is suggested that the emission of light characteristic of the fluorescent 
material is experimental evidence that free electrons with energies in excess of 3 ev 
are present in the gap at electric fields below breakdown. 

Lewis (1956) and Adamczewski (1957) have demonstrated that the majority of free 
electrons in the gap are retarded by vibrational collisions with the atomic bonds in the 
molecule. The bonds usually considered are the C-C and C-H bond, and their vibra- 
tional frequencies correspond to quantum energies of 0:11-0:14 ev and 0-36-0-37 ev 
respectively. It is suggested that a statistically small proportion of the electron popu- 
lation achieves energies in excess of these values and is accelerated by the electric field 
until excitation collisions occur with fluorescent components of the liquid. Because of 
the range of fluorescent materials present in transformer oil, it would be expected that 
materials with lower limits of absorption would be first excited, and that as the field 
increased the absorption limit would be raised as electrons gained higher energies. 
This is confirmed by the shift of the emission spectrum in oil to shorter wavelengths 
as the electric field was increased. 

The possibility that the light emission was due to micro-discharges in the oil, 
rather than to excitation in the liquid phase, may be rejected because the intensity of 
light emission showed no dependence on hydrostatic pressure, from positive pressures 
of 760 mm Hg to tensions of 350 mm Hg. Further, fracture of the liquid under tension 
did not occur with high electric fields, and this indicates that the excitation of the 
fluorescent materials occurred in the liquid phase. 


4.2.2. Relation between light emission and electric strength. 


Removal, or reduction, of the fluorescent solutes resulted in a marked rise in electric 
strength, associated with a reduction in the intensity of light emission, Fractional 
distillation of transformer oil, separating the colouring components, raised the strength 
from 1100 to 1300 kv cm and reduced the light output by one order. Similarly, the 
electric strength of hexane was lowered from 1050 kv cm to 700 kv cm by the 
addition of fluorescent materials, which resulted in light emission. 

This relationship between light output and electric strength was also observed 
during the conditioning of the test liquid. It was found that the strength was low and 
the light output was high if the oil in the gap was changed. Both were returned to 
normal by several conditioning sparks. The higher strength after conditioning appears 
to result from a lower concentration of fluorescent materials in the high stress region. 

_ These are probably ionized in the breakdown spark and are swept away to the electrodes 
by the next application of voltage. It is significant that liquid conditioning was lost if 


6 


866 M. Darveniza and H. Tropper 


the oil was allowed to stand. undisturbed for long periods, presumably due to th 
diffusion of the fluorescent materials back into the gap, thus restoring the equilibriur 
of the solution. . 
Measurements made with short duration impulses again showed the effect o 
fluorescent materials on the electric strength of transformer oil. This indicates tha 
these materials affect electronic processes leading to electric breakdown, and that th 
processes involved are not time-dependent in the range of one microsecond to stead: 
state. ‘Three possibilities are suggested to explain why the presence of these material 
and light emission causes a reduction in electric strength: (i) their dissociation give 
rise to positive ions which increase electron emission from the cathode as proposed b: 
Green (1956), (ii) photoelectric emission from the cathode due to energetic photon 
released by the fluorescent process, (iii) the lifetime of an excited fluorescent molecul 
is about 10-8 sec in these liquids, and a definite probability exists for interaction betweer 
such a molecule and a low energy electron, with the transfer of the excitation energ? 
to the electron. The chance of such an interaction occurring is greatly increased by 
the fact that energy transfer may take place between excited fluorescent molecules witl 
a transit time of 101? sec (Kallmann and Furst 1951, 1954, 1956). Thus, it is possibl 
for electrons to achieve high energies by a mechanism unaffected by vibrational barrier 
due to liquid molecules. This may be similar to the mechanism outlined by Fréhlicl 
(1939) for ionic crystals containing impurity or imperfection energy levels near th 
conduction band. It has been shown that if the imperfections are sufficiently numerou: 
to interact with each other the strength will be lowered (von Hippel and Lee 1941 
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Figure 10. Relation between light output and conduction current. 


4.2.3. Light emission, conduction current and stress relationships. 


The total light output from the test cell has been plotted against conduction current 
flowing for transformer oil in figure 10. It shows a linear increase of light output with 
current, within the limits of observed fluctuations (values were taken from the best 
curve drawn through the experimental results). A similar relationship was. observed 
for all simultaneous light and current méasuréments in transformer oil, doped hexane 
and benzene. It may be shown that the proportion of the total energy absorbed in 
the gap from the electric field (V x I) which is released by light emission is 1 [(3-3.x 109). 
Replotting the light-stress curve for transformer oil in the manner log L against E1/2 
gave a straight line. It is significant that the Schottky plots of conduction current and 
stress reported by House (1957) in n-hexane are also linear, and the light output due 
to electroluminescence in solid inorganic phosphors also follows‘a’similar relation with 
electric stress. Rs ane ; Hs ; 1 is 
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The experimental results show that fluorescent materials greatly increase the con- 
uction current flowing through the gap at high electric fields. It is well known that 
ae higher molecular weight components of transformer oil (including the colouring 
‘ractions) dissociate under the action of daylight, which is sufficiently actinic to produce 
noticeable change in the acidity of the oil over a long period. Under the influence of 
| igh electric fields, these molecules are dissociated into ions as a result of excitation by 

nergetic electrons moving in the gap, resulting in an increase of charge carriers and 
Jo an increase in current. 


4.3. Pressure Dependence 


| Since the light emission and conduction current were unaffected by changes in 
lessure it is concluded that the first two breakdown processes, outlined above, are 
jot pressure dependent. However, a significant reduction in electric strength measured 
\vith direct voltages was observed with the liquid in a state of super-saturation due to 
jhe application of tension up to 350mm Hg. This suggests that the last process, the 
nultiplication of free electrons in the gap by ionization, is affected by hydrostatic 
pressure. A reduction of electric strength between 12 and 19% due to a change of 
yressure in this range cannot be explained by a change in density, since the change in 
lolume due to a pressure change of this order is less than 1/106. This suggests that 
onization and multiplication of free electrons occurs in a gaseous phase such as a 
yubble and that it is affected by hydrostatic forces prevailing on the bubble. The fact 
hat no pressure dependence was observed with impulses of short duration indicates 
hat this mechanism is time dependent. This is in agreement with the theory proposed 
vy Seitz (1958) for the growth of bubbles in a supersaturated solution subjected to 
onizing radiations. 


4.4. Influence of Dissolved Gases 


The experimental results show a significant rise in the electric strength of oil with 
ir in solution at an equilibrium pressure of 1 mm Hg. This is in agreement with the 
‘esults of Sletten (1959) and Khambanonda (1958). This increase is present for direct 
voltages and impulses of short duration, and it would appear that the air in solution 
iffects electronic processes in the gap. Since nitrogen plays no part, it must be con- 
cluded that the effect is due to the presence of oxygen. It is well known (von Hippel 
and Lee 1941) that oxygen, an electronegative gas, can remove electrons from a dis- 
charge by resonance capture of electrons of suitable energy. ‘The mechanism by which 
oxygen may contribute to the electric strength has been discussed qualitatively else- 
where (Darveniza 1959). Whatever the nature of the liquid state (and there is no gener- 
ally accepted model), it would be reasonable to expect that dissolved oxygen molecules 
would be positioned at preferred sites such as holes or vacancies, and that electron 
acceleration would also be most favoured at these sites. ‘These holes or vacancies are 
assential to the fluidity of the liquid, making up its free volume. It is suggested that 
oxygen influences the free electron density in the gap, and so the electric strength, to 
a degree out of all proportion to its concentration, because the dissolved gas molecules 
are generally to be found in the very sites in the liquid most suitable for electron 
acceleration. 


§5. CONCLUSIONS 


It may be concluded from experimental work that dissolved fluorescent materials, 
such as anthracene, which absorb energy by resonance of electron orbitals into higher 
states, may be excited in the liquid state by the application of high d.c. electric fields 
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to organic insulating liquids. Experimental evidence indicates that the presence « 
these materials and the resultant light emission influences the electric strength of the: 
liquids, both for direct and for impulse voltages. These results suggest that electron 
processes involved in the breakdown mechanism are influenced by this excitatio1 
Removal of the fluorescent materials was found to decrease the light output, and 1 
increase the strength of the liquid. 

The reduction of electric strength, by placing highly degassed liquids in a state « 
supersaturation by the application of tension, indicates that the breakdown process: 
must involve, at least in part, a vapour phase which is subject to hydrostatic force: 
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Abstract. Electron shadow patterns have been used to study the configuration of 
domains present in single crystals of haematite («-Fe2O3s) in the temperature range 
0 to 700 °c. The observations were made using a furnace designed to fit into the 
specimen chamber of the electron diffraction camera. 

It has been found that once a crystal has been heated to above its Curie tem- 
perature the configuration of domains present in the specimen at room temperature 
is partially stable. Repeated heat treatment of the crystal to above its Curie point 
leads to a partial ‘memory effect’ similar to that described by Blackman, Haigh 
and Lisgarten in 1957 for the low temperature transition in haematite. 

A study of the variation with temperature of the sizes of features in the shadow 
patterns provides a method of determining the Curie temperature of haematite 
crystals with an accuracy to 2 to 3 degrees. In this way Curie temperatures between 
643 and 688 °c have been observed for crystals from different origins. 

Finally an attempt has been made to correlate the Curie temperature of various 
crystals with their lattice parameters as determined by x-ray powder photographs. 


§1. INTRODUCTORY REMARKS 


THE EXISTENCE of ferromagnetic domains in natural single crystals of haematite was 
first demonstrated by Blackman, Haigh and Lisgarten (1957) by means of electron 
shadow patterns. Their results, obtained at room temperature, were consistent with 
average domain sizes of about #45 mm or more. These observations were later verified 
by Williams, Sherwood and Rameika (1958). The latter used artificially produced 
crystals and, employing the magnetic Kerr effect, found domains of a similar size. 
Part of the present work is concerned with studying the appearance of the electron 
shadow patterns of the surfaces of natural single crystals of haematite from various 
localities as the crystals are heated to temperatures above their Curie points and then 
cooled. In this way information has been gained about the behaviour of ferromagnetic 
domains in the temperature range 0 to 700 °c. 

In addition, it has been known for some time that, under suitable conditions, 
titanium may be substituted for some of the iron in the haematite crystal lattice. ‘The 


‘resulting solid solution series that can be prepared has as its end members haematite 
_and ilmenite (FeTiOs3), so that a typical member of this series can be written 


xFeTiOg3(1—«)Fe2O3 


(where x is the molecular proportion of ilmenite in haematite). The properties of the 
haematite—ilmenite series have been the subject of many investigations; some of the 
more important of these investigations being by Pouillard (1950), Basta (1953), Ishikawa 
and Akimoto (1957), Uyeda (1957) and Cox (1958). In all of these cases chemically 
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prepared powders were used. Uyeda’s results, which are similar to those of other 
workers, showed that the Curie temperature and lattice parameters of the prepared 
powders varied almost linearly with composition (i.e. x value). : 

The present investigations are also concerned with examining the effect of titanium, 
present as an impurity in natural crystals of haematite, on the Curie temperature and 
lattice parameters of the crystals. 


§2. APPARATUS 


In order that shadow patterns could be observed at temperatures up to, say, 700 °c 
(i.e. above the Curie point of pure haematite) it was necessary to construct a specimen 
heating unit which could be situated inside the specimen chamber of an electron 
diffraction camera. This heating unit is shown in detail in figure 1. It is constructed 


| eee IOG 


electron beam 


Figure 1. Specimen heating unit (some detail omitted for the sake of clarity). 


in three parts, the specimen holder, the heating unit and the supports. All parts heated 
to more than 400 °c are made of stainless steel or ‘Pyrophylite’. The latter has good 
electrical and heat insulating properties. The specimen is seated on a small hollow 
stainless steel cap B. The cap is clamped to the end of a solid Pyrophylite rod C by 
means of a chuck. The Pyrophylite rod is itself clamped by another chuck to the end 
of a hollow brass rod A. The brass rod passes through a brass plate, a vacuum seal 
being formed between the rod and the plate by a Neoprene O-ring. The plate is con- 
nected to a similar plate by means of the flexible metal bellows D. The latter plate 
is in contact with another O-ring and is bolted on to the sides of the specimen chamber 
F. When this plate is in position, the specimen is situated at the centre of the specimen 
chamber. Loss of heat by conduction from the heated steel cap to the walls of the 
diffraction camera is minimized by the insertion of the Pyrophylite section in the rod 
supporting, the specimen, 

It is possible to vary the glancing angle on incidence of the electron beam with 
respect to the specimen, using the tilting mechanism E, by about 5° on either side of 
the position of zero glancing angle. It is also possible to rotate the specimen and hence 
vary the azimuthal angle through 360°. The specimen can be moved in and out of the 
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j:am by means of the mechanism G. The heating unit consists of two coaxial cylinders, 
je inner one H made of silica, the outer one K (the radiation shield) made of stainless 
eel. Nichrome wire is wound to and fro along the length of the outer surface of the 
ner cylinder and along the length of the inner surface of the radiation shield. The 
| deine unit is mounted inside the specimen chamber, the supports being constructed 
‘incipally of Pyrophylite. The specimen L .can be heated to temperatures up to 
/)0 °c. The temperature of the specimen is.measured by a chromel-alumel thermo- 
)uple (in the form of ‘Thermocoax’ wire) incorporated in the specimen holder with 
je hot junction placed immediately behind the specimen. The results of various pre- 
/minary experiments showed that the thermocouple recorded the actual temperature 
f the surface of the specimen. 


§3. EXPERIMENTAL. DETAILS 


The experimental arrangement. for producing electron shadow patterns of the 
tystals is similar to that used by Blackman, Haigh and Lisgarten (1959). The electron 
jeam is accelerated in most cases to 40 kv and focused just above the specimen to be 
xamined. In addition, the focus is caused to oscillate at mains frequency by a pair 
f coils carrying alternating current. The divergent band of electrons so formed is 
jatercepted by the edge of the crystal producing an electron shadow of the surface of 
ne crystal which can be observed on a fluorescent-screen or recorded on photographic 
Im. These shadow patterns have been studied as the specimens were heated to tem- 
leratures up to 800 °c and then cooled, all experiments being conducted in the earth’s 
aagnetic field. In most cases the crystals used had well-formed smooth (00.1) faces. 
n the case of crystals from Elba and Etna, the faces which were used were the (10.1), 
22.3) and (01.4) planes (using hexagonal crystal axes). The specimens were covered 
vith a layer of colloidal graphite, to avoid the possibility of electrostatic charging of 
aclusions (such as quartz) in the crystals, by the electron beam. 


§4. RESULTS 


4.1. The Effect of Temperature on the Domain Configurations observed in various 
Haematite Crystals 


Figure 2 shows a series of shadow patterns of the surface of a typical previously 
inheated single crystal of haematite from Elba, as the crystal was heated to 700 °c 
ind then cooled in the earth’s magnetic field. In these experiments it was found useful 
0 study the variation with temperature of the sizes (denoted by W) of prominent 
features in the observed shadow patterns, For example figure 3 shows the variation 
of W with temperature for several prominent features ‘observable in figure 2 as the 
crystal is heated and then cooled. The experimental results shown in figures 2 and 3 
indicate: 

(i) That as the crystal is heated the positions of the prominent features in the 
shadow patterns remain unchanged although their sizes vary; in some cases, however, 
a few additional features appear as the crystal is heated. 


(ii) That the sizes of these features are almost constant up to about 600 °c; from 
600 to 680 °c there is'a rapid decrease in their sizes, the shadow edge becoming straight 
at about 688 °c (that is, the shadow is of a purely geometrical nature). ‘This is associated 
with the disappearance of the ferromagnetism and hence of the magnetic leakage field 
as the Curie temperature of the crystal is reached. 
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(iii) That as far as can be estimated from measurements based on the sizes 
prominent features, the sizes of all the features.in the shadow pattern appear to becom 
zero at the same temperature (see figure 3). These features also appear to vary wit 
temperature in approximately the same way. 
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Figure 2. The effect of temperature on the shadow pattern of the surface of a single 
crystal of haematite, origin Elba. The length of the crystal in the direction per- 
pendicular to the electron beam is 7 mm. 


~ 


(iv) That, as far as the initial heating of the specimen is concerned, the detail in t 
shadow pattern observable at room temperature after the crystal has been cooled fro 
above its Curie temperature does not show any similarity to that present in the patte 
before the crystal is heated (compare figures 2(a) and (j)). The sizes of the featu1 
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in these two patterns are, however, of the same order of magnitude. This can be seen 
rom figure 3 which also shows, for a few features, the variations of feature size with 
_emperature which appear on cooling the crystal from above its Curie point. 
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Figure 3. Variation of feature size W with temperature for two prominent features. 
The lower two curves were obtained during the cooling of the crystal from above 
the Curie point, the upper curves during heating through the Curie point. 
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| Further experiments in which single crystals of haematite from various localities 
have been used have shown the following: 

(i) The sizes of the features observable in the shadow patterns of different haematite 
crystals seem to be of the same order of magnitude. Further, these patterns do not. 
appear to be dependent on the type of surface examined (i.e. (00.1), (10.4) etc.). 

(ii) When crystals, instead of being heated to their Curie temperature, are heated 
to, say, 10 °c below this temperature and allowed to cool it is found that the shadow 
patterns observable before and after heating are identical. The results from an experi- 
ment of this type are shown in figure 4. 
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Figure 4. Shadow patterns of a haematite crystal (origin Brazil): (a) at room tem- 

perature, (b) at 673 °c (10 deg c below the Curie temperature of 683 °c), (c) at 

room temperature after the crystal has cooled. The length of the crystal in the 
direction perpendicular to the electron beam is 7 mm. 
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(iil) After the initial heating of the specimen (to above its Curie point) the shadow | 
patterns which can be seen at room temperature before and after further repeated 
heating of the specimen showed marked similarities to one another as regards the 
details. This is also illustrated in figure 2. The ‘crystal of haematite (origin Elba) 
was heated four times to above its Curie point. The similarity of the details in figures 
2(j) to (Z) can clearly be seen. However there are some changes in the detail of these 
patterns during successive heat treatment. 


4.2. The Variation of Curie Temperature in Natural Crystals 


The observation of shadow patterns at high temperatures has been used in § 4.1 
to determine the Curie temperature of crystals of haematite. In figure 5 two crystals 
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Figure 5. Comparison of the shadow patterns of two natural single crystals of 

haematite having widely differing Curie points—one (origin Elba) having a Curie 

point of 688 °c, the other (origin St. Gotthard) having a Curie point of 643 °c. 

The length of each of the crystals in the direction perpendicular to the electron 
beam is 4 mm. 


of haematite from different localities (namely Elba and St. Gotthard, Switzerland) 
were mounted side by side and their shadow patterns observed as the crystals were 
heated towards their Curie points. 'The widely differing Curie points of the crystals 
is clearly seen; a detailed study of the shadow patterns shows these Curie points to be 
688 °c for the crystal from Elba and 643° c for the other crystal from St. Gotthard. 
In this way it was found possible to differentiate between haematite crystals having 
‘Curie temperatures within 3 deg c of one another. 

Experiments of the type illustrated in figure 5 have been performed using crystals 
from many different localities. Table 1 indicates the range of Curie temperatures 
obtained from the various crystals which have been examined. In no case has a Curie 
temperature of less than 643 °c been observed. 
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Table 1 
Curie Temperatures of Natural Haematite Crystals from Various Sources 

Specimen No. Origin Curie Temp. (°c) 
E-H(H)1 Elba 688 +2 
Et.-H Mt. Etna, Sicily 688 +3 
S-H(G-B)D1 Brazil 685 +2 
S-H(B)20 Brazil 684 +2 
S-H(E) Unknown 673 +3 
S-H(A)1 Unknown 660 +3 
S-—H(G-B)C3, 4 Unknown 659 +2 
S-H(S-G)A1 St. Gotthard, Switz. 656+3 

| S-H(S-G)B20 St. Gotthard, Switz. 643 +3 


Spectrochemical analyses of haematite crystals from various localities have shown 
see Kaye 1960) that the variation in Curie temperature shown in table 1 is due, princi- 
ally, to the various amounts of titanium present as impurity in the crystals. This 
itanium, when it replaces iron in the haematite crystal lattice, lowers the Curie tem- 
erature and slightly increases the size of the unit cell. The change in the lattice para- 
aeters was associated with the variation in the Curie temperature in the following 
vay. A number of crystals were first examined by electron shadow pattern methods 
utlined in § 4.1 to determine their Curie temperatures. A quantity of powder was 
ibtained from each crystal by grinding the surface previously examined. A portion 
if the powder was analysed by spectrochemical methods, the remainder being used 
or a determination of the lattice parameters by standard x-ray powder methods. 

The information gained in this way for five natural crystals of haematite is shown 
n table 2, and will be discussed in § 5. 


Table 2 


Variation of the Lattice Parameters of Haematite Crystals (from various 
localities) with the Volume of the Hexagonal Unit Cell 


Lattice Parameters 


Specimen Major Curie 
No. Origin Impurities An(A) Cu(A) Vu(A®) Temp. (°c) 
E-H(H)1 Elba None 5:0348 13-751 301-87 688 
S-H(E) Unknown 0:3% Ti 5-0357 13-758 302-14 673 
S-H(G-B)C1 Unknown 1% Ti 5:0356 13-756: 302-08 661 
S-H(S-G)A1 St. Gotthard, Switz. 2-59, Tis 503626 olis'-7589) .302:20 656 
S-H(S-G)B1___ St. Gotthard, Switz. 3% Ti 5-0362 13-761 302-26 643 


Vx is the volume of the hexagonal unit cell. The errors in An and Cu are +0:0005 and 
0-002 respectively; the error in Vx is +0-13. 


§ 5. DISCUSSION 


The interpretation of electron shadow patterns of haematite crystals in terms of 
the existence of an arrangement of ferromagnetic domains in the crystals is now fairly 
well established. On this basis one can infer the following from the results described 
in'§4.1. - ; 
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The fact that the features in the shadow patterns change very little as the tem- 
perature of the crystal is increased to the Curie temperature, implies that the boun- 
daries between the ferromagnetic domains (i.e. the Bloch walls) are, in the main, stable 
at temperatures below the Curie temperature. The small changes that occur are con- 
sistent with the formation of additional domain walls (i.e. the sub-division of large 
domains). 

The variation with temperature of the sizes of the features (figure 3) makes the 
observation of shadow patterns at high temperatures a reasonably accurate method for 
the determination of the Curie temperature of haematite crystals. It is possible to 
measure the Curie point by this method with an accuracy to about 3 deg c. 

It should be noted that this Curie point is defined by the vanishing of the magnetic 
field. This will be higher than the value obtained from the point of inflection of the 
curve of magnetization against temperature. The latter method gives 675 °c. 

The initial heating of a specimen to above its Curie temperature leads, on cooling 
to room temperature, to an arrangement of domains which is completely different from 
the original configuration. ‘The new domain boundaries are seen to be at least partially 
‘pinned down’, since subsequent heating and cooling of the specimen produces domain 
arrangements which show similarities to the arrangement observed on cooling after 
the first heat treatment (see figures 2 (j) to (/)). There is, therefore, a partial ‘memory’ 
effect similar to the memory effect observed by Blackman, Haigh eel Lisgarten (1959) 
for the low temperature transition in haematite. eee in the present case the 
‘memory’ is not nearly so good as for the low temperature transition and appears to 
vary from specimen to specimen. The experiments in which crystals have been heated 
to just below the Curie temperature and then cooled show that the magnetic leakage 
field varies reversibly with temperature provided the Curie temperature is not exceeded. 

The results of the present work described in § 4.2 have shown that the lowest Curie 
temperature observed in natural crystals from many different localities, is 643 °c (as 
compared with 688 °c for crystals from Elba). Deductions from the spectrochemical 
analyses of haematite crystals which have a Curie temperature in this region (see Kaye 
1960) are consistent with 1-5% titanium at the most being incorporated into the crystal 
lattice (x ~ 0-05). It seems reasonable, therefore, to assume that this amount of titanium 
approximates closely to the maximum that can be so accommodated in the haematite 
lattice at room temperature. Any titanium in excess of the above amount at the time 
of the formation possibly exsolved out of the lattice as the crystal cooled slowly (assuming 
the haematite was formed at high temperature). The point is important in connection 
with the shape of the solvus curve for the haematite-ilmenite series. The present 
results suggest that the solvus curve should pass through the composition x ~ 0-05 at 
room temperature. This implies that the solvus relationship determined by Uyeda 
(1957) should be modified slightly. 

The variation of the volume of the hexagonal unit cell with Curie temperature, 
‘shown in table 2, is linear to within experimental error. Other investigations of the 
haematite—ilmenite series, using chemically prepared powders, have not dealt in detail 
with the region considered in this work, 0 < x < 0-1, but generally with the entire 
series. It is not, therefore, possible to compare the results of the present work with 
ithose of other investigations. * 
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Magnetothermal Measurements on Gadolinium 


By L: F. BATES anp A. J. PACEY 
The University, Nottingham 
MS. received 25th July 1961 


Abstract. The small heat changes accompanying the magnetization of 99-99%, 

pure gadolinium were measured on a rod specimen. The results are analysed, and 

the principal magnetization processes are identified. Domain wall movement which 

occurs in low fields is discussed in the light of a theory by Goodenough, and the 

coercivity which the theory predicts is found to agree fairly well with experiment. 
Comparison is made with earlier results for cobalt. 


§1. INTRODUCTION 


REASONABLY PURE metallic gadolinium was first prepared by Trombe in 1935. A few 
months later, Urbain, Weiss and Trombe (1935) showed that the metal was ferro- 
magnetic below about 16 °c. Now, the modern theory (Stoner and Rhodes 1949) of 
magnetothermal effects is based on the assumption that measurements are made at 
temperatures well below the Curie point. It is evident, therefore, that magnetothermal 
measurements on gadolinium must be made at lower temperatures than are usual in 
such work. 

Apart from arrangements for cooling the specimen down to 100 °x, the present 
experiment followed standard practice (Bates and Sherry 1955). The specimen was in 
the form of a rod, 20 cm long and 0-31 cm in diameter, and was obtained from Johnson, 
Matthey and Co. Ltd. It contained less than 0:1% impurities, of which the principal 
were silicon, aluminium, manganese and iron. Ten thermocouples were tied to the 
specimen, and it was placed inside the magnetizing solenoid. The magnetic field was 
changed by successive increments AH and the corresponding thermal changes AQ’, 
total and reversible, were measured. By convention, the thermal energy of the system 
was taken to be zero in the maximum (negative) field used, and a plot of O’ against H 
for half a cycle was obtained by summing the individual increments of field and thermal 
energy (figures 1 and 2). 

The results were calibrated by making use of the expression 

(8Q'/@H)s = —T(al/aT)x. 
Values of —T(@1/@T)y at H = 600 Oe were obtained from the (I, H) measurements 
over the whole range of temperatures. These were plotted against temperature (figure 
3) and the measured deflections which gave (@0’/@H) s were fitted to this graph. It 


will be seen from figure 3 that (@0'/@H), is very small at low temperatures, but increases 
to a high value near the Curie point; above the Curie point, it falls rapidly to a small value. 


§2. EXPERIMENTAL ERRORS 
Following the Stoner and Rhodes theory, the first stage in the analysis of the experi- 
mental results is to calculate values of 6’, using the expression, > 
ee) es 
H(@IR/éH) 7 
where a = —(T/Io)(dIo/dT) and @Ig/AH is the reversible susceptibility. 
878 
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Two sources of error in the values of b’’ might have been important as a result of 
king measurements at reduced temperatures. The first of these was the effect of the 
stability of the system at low temperatures, which meant that low sensitivities had 
) be used. To estimate this error, it was assumed that the (J, H) measurements were 
orfectly accurate, the error being entirely in (0Q’/@H)s,°and of magnitude of about 
)erg cm-80e-1, This represents a 30% error at 100 °x, but only 2% error at 223 °x, 


a 
a = 
(ioerg cm) 


x, [to e) = 


H(Oe) 


500 _H (Oe) 


Me 


below T. 
c 


above T, 


Figure 1. Thermal curves for gadolinium at stated Figure 2. Q’ and b” curves for gadolinium 
emperatures, those above the Curie point indicated at 100 °K. 
by dotted lines. 


b 
fe} 
fe) 
{e) 


T(d1/dT) H 


200 
T(°K) 


Figure 3. Graph of —T(dI/dT)x against temperature of the gadolinium specimen. 


where (00'/@H) was larger. It will be seen from the expression for b” that the error 
in '’ depends on the error in the expression (0Q'/0H)—al. At 100 °K, al was much 
greater than (20’/@H), so that the large error in the latter quantity did not have a * 
proportionate effect on b’’. The probable error in b’’ was +0-2 in all cases. 

The second experimental error which may have been important occurs because the 
temperature at which the thermal measurements were made could not be exactly 
reproduced when the hysteresis cycle was observed. A Dewar flask which fitted inside 
the solenoid was arranged to hold liquid oxygen, solid carbon dioxide or ice and salt, 
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as required. However, the specimen never quite reached the temperature of thel 
materials because of the need to protect it from contact with them by means of a close 
glass tube. But this precaution, necessary bécause of the active chemical nature ¢ 
gadolinium, improved the thermal stability of the system. The effect was probabl 
quite small at 100 °k and 277 °x, but it was estimated that the error was considerabl 
when solid carbon dioxide was used. 
Additional errors were to be expected at 277 °k as a result of using the Stoner an) 
Rhodes equation so near to the Curie point. The use of a more general equation involve 
several estimates, but it seems that b’’ should have been about —8-0 instead of —7:5 
as found by using the normal method. The several values obtained at different tem 
peratures are given in the table. 


Values of b’ and Crystal Anisotropy 


T(*K) 100 233 277 290 
K/Kioo 1-0 0-44 0-23 0:10 
(T/K)(dK/dT) -—0-7 13 —8-5 ous 
bi’ —0:7 —0-8 -75 ue 


§3. ANALYSIS OF RESULTS 


In high fields, 6” tends towards a constant value 6; which should be equal t 
(7/K)(dK/dT) if rotations are the principal magnetization processes in such fields. Ir 
low fields, several magnetization processes may be superimposed. Saunders anc 
Tebble (1960) considered the corresponding thermal effects, and showed from a dis: 
cussion of the equations given by Teale and Rowlands (1957) that 


N 
b°H = > buvn 
n=1 
where wv, is the derivative of a free energy function with respect to magnetization, anc 
by is a constant, analogous to bj, for the mth magnetization process. It is of the form 
(T/An)(dAn|aT), so that, for example, rotations against strain anisotropy give by equa 
to (T/As)(dAs/dT). 

The difficulty with this equation is that there is no way of calculating v,. However, 
if only two magnetization processes are superimposed, it is possible to make certain 
assumptions about 7 and vg which enable estimates of bz to be obtained, from both 
magnetothermal results and coercivity data. We have used the formula (cf. Bates and 
Pacey 1961+) 

T dH. T dh 


= +. 6 

Hetal Wg ahh 
where He is the coercivity. Estimates so obtained for gadolinium appeared to lie be- 
tween (T/y)(dy/dT) and (2T/Io)(dIo/dT). This result suggested that the low field 


magnetization processes might be those described by Goodenough (1954), who gives 
_ an expression for the coercivity of the form 


be 


ay : 
He ~ >—+aaly with y = (AK), 
0 


where aj and az are constants for a given material. In figure 4, the measured coercivity 
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3 compared with that predicted by Goodenough’s theory. An absolute value for the 
jalue of K at 100 °K, Kyo, could not be obtained, but it was estimated to be approxi- 
jnately 5 x 105 erg cm~3. Using this value, the values of a, and ag which gave the best 
lit were, respectively, 1-45 x 104 and 10-8. The agreement is quite good, except that 
jhe theory does not give as big a trough at about 210 °K as the experimental points 
jeem to indicate. 


H_(Oe) 


T(*K) 


Figure 4. Variation of the coercivity of gadolinium with temperature: full line, 
theoretical curve; circles, experimental points. 


The principal process envisaged by Goodenough is that when domains of reverse 
magnetization expand, they are controlled by free pole energy and the surface tension 
of the domain walls. This contributes roughly 13 Oe to the coercivity. The remaining 
2 Oe can be accounted for on Goodenough’s theory as the effect of grain boundaries. 

Before this analysis could be carried out, the temperature dependence of the 
magnetocrystalline anisotropy had to be measured. A torque magnetometer was used, 
but as the specimen was polycrystalline, absolute values of K could not be obtained. 
However, there was sufficient orientation in the specimen to allow satisfactory values 
of (T/K)(dK/dT) to be found. (As mentioned above, K lay between 10° and 106 erg cm™3 
at 100 °K.) Values found for K are given in the table in terms of the value of K at 
100 °x. The differences which were found between the measured values of 6; and 
(T/K)(dK/dT) were all within the limits of the error suggested in § 2. 

Cobalt has a hexagonal crystal structure and a large crystal anisotropy, so that it 
should behave very much like gadolinium. Data obtained for polycrystalline cobalt 
by Bates and Sherry (1955) and Tebble and Teale (1957) were examined, and values 
of be which lay between (7/y)(dy/dT) and (T/K)(dK/dT) were obtained. These speci- 
mens were partially annealed and had coercivities of 28 Oe and 34 Oe, respectively. 
However, Samuel (1928) gives coercivity data for a specimen which was more com- 
pletely annealed, and from which an estimate of bg was obtained in good agreement 
with (T/y)(dy/dT). The coercivity of this specimen, 11 Oe, was of the order of magni- 
tude predicted by Goodenough’s formula. 


§4. CONCLUSIONS 


The magnetothermal measurements described here provided data from which the 
magnetization processes in polycrystalline gadolinium have been identified. In high 
fields, the principal magnetization process is rotation against crystal anisotropy. Below 
about 100 Oe the growth of domains of reverse magnetization, as envisaged by Good- 
‘enough, becomes more important. The magnetization processes in annealed, poly- 
crystalline cobalt are substantially the same. 
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Paramagnetic Resonance of Manganese 


By T. P. P. HALL, W. HAYES and F. I. B. WILLIAMS 
| The Clarendon Laboratory, Oxford 
| Communicated by B. Bleaney; MS. received 27th July 1961 


Abstract. The paramagnetic resonance spectrum of divalent manganese has been 

investigated in the crystals CdF2, KMgFs and CdTe which have cubic symmetry, 

and in the crystals ZnO, MgCle, and CdCle which have axial symmetry. The 

measured cubic field splitting parameter a is compared with values predicted from- 
recent theoretical work. 


§1. INTRODUCTION 


THE THEORY of Watanabe (1957, 1960) stimulated interest in the splitting of the energy 
evels of S-state ions by cubic crystal fields. He concluded that the crystal field para- 
meter a should be determined entirely by even powers of the crystal potential V and 
aence should be positive for both positive and negative values of Dg (for a definition of 
Dg see McClure 1959). It was subsequently pointed out by Powell, Gabriel and John- 
ston (1960, 1961, to be referred to as I) that terms odd in V may contribute significantly 
to a. However, all previous measurements on Mnuiir (3d°,6S5/2) and the isoelectronic 
Felv in cubic environments with both positive Dg (octahedral co-ordination) and nega- 
tive Dq (fourfold and eightfold co-ordination) have yielded positive values of a. (For 
a discussion of some recent measurements see Geschwind 1961). In environments with 
axial symmetry, terms D and F appear in the spin Hamiltonian for d electrons corres- 
ponding to axial fields of the second degree (V2°) and of the fourth degree (V4°). Crystal 
field mechanisms to account for the second-degree axial term have been proposed by 
Pryce (1950) and by Watanabe (1957), the first linear in V, and the second quadratic 
in V (for a review of crystal field theory see Low 1960). Kondo (1960) has extended 
the theory to include overlap and covalent effects in an attempt to explain observed D 
values for Mn in NaCl and LiCl (Watkins 1959). 

Because of the general interest in the spectra of S-state ions we have measured the 
spectra of Mniti present as a substitutional impurity in the cubic crystals CdFo, KMgF3 
and CdTe and in the axial crystals CdCle, MgCle and ZnO. CdFo has the fluorite 
structure and cleaves in (111) planes; each cadmium ion is bonded to eight fluorine 
ions at a distance of 2:33 A. Crystals of KMgFs have the cubic perovskite structure and 
each magnesium ion is surrounded by six fluorine ions at a distance of 1-994 A. The 
CdF2 and KMgFs crystals were grown by the Stockbarger (1949) method. CdTe has 
the zinc blende structure and cleaves in (110) planes; each cadmium ion is bonded to 
four tellurium ions at a distance of 2:78 A. X-ray examination of our CdTe crystals 
disclosed a high degree of mosaic structure. 

CdClg and MgCle have similar structures with R3m symmetry and the unit cell 
dimensions (Wyckoff 1948), with the isomorphous MnCl, included for comparison, are 
given in table 1. 

In CdClz the metal ions and the chlorine ions form planes normal to the trigonal axis 
and the planes of metal ions are separated by two planes of chlorine ions. The bonding 
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between the adjacent planes of chlorine ions is rather weak (Pauling 1960) and the crystals 
cleave easily along these planes. For CdCle, the Cd—Cl distance is 2-74 A, the distance 
between chlorine ions in the same plane is 3-85 A and the distance between nearest 
chlorine ions in neighbouring planes is 3-68 A, implying a compression along the trigonal 
axis of the octahedron of chlorine ions surrounding each cadmium ion. From data 
given by Murray (1955) we find that in MnClz, the Mn-Cl distance is 2-53 & and the 
CI-Cl distance is 3-69 A and here also we have a compression along the trigonal axis of 
the chlorine octahedron surrounding the manganese ion. Equivalent data on the atomic 
spacings in MgCl, are not available. The crystals of CdCl and MgCls were grown by 
dropping an evacuated silica capsule containing the anhydrous chloride powder mixed 
with 0-1% MnCl through a sharp temperature gradient; they are strongly hygroscopic, 


Table 1 : 

ao(A) e | 

CdCle 6-23 36° 02’ | 
MnCle 6-20 34° 35” | 
MeCle 6-22 33° 36’ | 


The ZnO sample, which was kindly supplied to us by Dr. P. B. Dorain, was obtained 
from a naturally occurring deposit. It contained traces of manganese and was pink in 
colour due to continuous absorption in the blue region of the spectrum which, pre-— 
sumably, arises from charge transfer transitions associated with impurities. The sample 
showed the zincite symmetry, Come, in which the Zn ion is surrounded by a tetra- 
hedron of oxygen ions. The Zn—O distance is 1-95 & measured along the trigonal axis 
of the crystal and is 1-98 A measured along the other axes of the tetrahedron, implying 
a slight compression of the tetrahedron along the unique axis. The hexagonal unit cell _ 
parameters are a9 = 3:2426 A and co = 5-1948 A (Wyckoff). There are two inequivalent 
ions in the magnetic unit cell, The measurements were carried out at X and K-band 
in spectrometers of the type described by Llewellyn (1957): 


§2. EXPERIMENTAL RESULTS 


2.1. Crystals with Cubic Symmetry 


The spin Hamiltonian for Mni in an environment with cubic symmetry may be 
written 


H = gBH.S+ AI. $+ halSA+ SA+ SA—$S(S+ 1)(3S2+3S—1)] + >I". An.S. (1) 
n 
Neglecting the final term which describes the hyperfine interaction between the magnetic 
electrons and the nuclei of ligand ions, the positions of the resonance lines are given by 
= +3<>+3  g8H = gBHot 2pa—Amy—a(23—m)2+4mz) 
= ti 42 gBH = gBHo+ §pa—Am;—o(%8—my2+2mz) — ~ (2) 
= 4h -}  gBH = gBHy—Amy—a(38—m,) 


where a = A?/2eBHo, p = 1—54, ¢ = 12m? + m2n2+n2I2, and 1, m, n are the direction 
cosines of the magnetic field relative to the principal cubic axes &, 7, C. 
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In the spectrum of Mn in CdF2 the hyperfine interaction with the neighbouring 
orine nuclei may be separated into an isotropic part As and an anisotropic part Ap 
inkham 1956). Asis greater than the cubic field parameter a and the spectrum consists 
six manganese hyperfine lines, characterized by mz, each with a resolved fluorine hyper- 
e structure, and each of these fluorine lines has a five line fine structure due to the 
bic crystal field. A careful investigation of the spectrum was made at X and K-band 
the [100], [110] and [111] directions but, because of the great complexity of the spec- 
im, it was not possible to obtain a precise value for a. It was possible to assign an 
iper limit of 4x 10-4 cm to |a| but a value less than half of this is more likely. A re- 
vestigation of the spectrum of Mnit in CaF, suggested that the value of 
= +0-6 10-4 cm™ given by Baker, Bleaney and Hayes (1958) should be replaced 
‘an upper limit for |a| similar to that given here for CdF:. The measured constants 

the spin Hamiltonian are given in table 2. Our measurements on KMgFk3:Mn were 
rried out at X-band only. Our results, which are given in table 2, are in agreement 
ith the measurements of Ogawa (1960) within the quoted experimental errors. 
_ Our measurements on CdTe, given in table 2, were carried out simultaneously with 
ose by Lambe and Kikuchi (1960) and agree with theirs. We find, as they did, that 
e spin-lattice relaxation time is unusually short. The line width is 50 c at 300° K; at 
)° the fine structure is resolved and the line width is 17 G; at 20° the line width is 3 G 
id an isotropic interaction As with the nearest neighbour cadmium nuclei is observed 
the Ms = +4<+-—+3 transition. The mosaic structure found in all the available 
mples may explain the failure to resolve the cadmium hyperfine structure in the 
[ly = +$<o+2 and the Ms = +3 <> +} transitions. The resolution of a hyperfine 
teraction with the second nearest neighbours is an indication of the strongly covalent 
iture of this crystal which has a band gap of 1°5 ev. 

The line width and the complexity of the electron spin resonance spectrum often 
ymbine to defeat one in trying to find small a values. In an effort to find an alternative 
iethod we have examined the relative merits of the electron nuclear double resonance 
*eher 1956) and of the usual electron spin resonance techniques. When the magnetic 
eld is not along a principal cubic axis, cross terms appear in the third and fourth order 
etween the crystal field and the hyperfine structure to give a surprisingly large shift 
. the energy levels which is linear in the nuclear magnetic quantum number, but with 
ther a complex dependence on the electronic magnetic quantum number which en- 
sles it to be separated from the nuclear quadrupole and Zeeman terms. Bleaney and 
ubins (1961) have calculated the effects of some of these cross terms between the 
yperfine interaction and a second-degree crystal field with axial symmetry. Calcula- 
ons are given here for a crystal field of general symmetry. We shall assume a spin 
[amiltonian of the form 


H = gBH.S+AI.S+V—gnbnH I 


here V represents the crystal field and may be written (Baker, Bleaney and Hayes 
958) 
V aaa > By™On™. 
n,m 

The cubic field operator ta[SA+S,4+S4—4S(S+ 1)(3.S2+3S—1)] of equation (1) 
ecomes By(O4°+ 504!) in the notation of Baker, Bleaney and Hayes and the second- 
egree axial field operator D[S,2—4S(S+1)] of equation (5) (see § 3) becomes B2802° 
1 the same notation). This general expression for V is much simplified along the 
ymmetry axes of the crystal, but we shall retain the general form since the effect of 
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aligning the magnetic field in a general direction will be considered, and it is more con 
venient to keep the Zeeman interaction diagonal. A discussion of the transformatio) 
of these crystal field operators under a general co-ordinate rotation may be found ij 
Baker and Williams (1961). The positions of the electron nuclear double resonance 
lines are affected by the cubic crystal field through the following mechanisms, wher 
the unperturbed Hamiltonian is Hp) = g8H,S, 


(i) |<Msmz|AI. $|Ms+1 my F1>]2 {(Msg+1 mF 1|V|Ms+1 mF 1) 

— «Ms m7|V|Ms mz} 
(ii) | <Msm7|V|Ms+m mr>|{ (Ms+m m;|AI.$|Ms +m mz) 

— <Msm7|A1.$|Msmz>} 
(iii) | (Msm1|V|Ms +1 mr)|2| (Ms +1 m;|AI.$|Mz mr +1). 


Mechanism (i) reflects the way in which the crystal field helps the Zeeman interactior 
to decouple the electronic and nuclear spins. Mechanism (ti) shows how the crysta 
field destroys Sz quantization and hence alters the expectation value of S,. The las 
mechanism has been considered by Bleaney and Rubins. These mechanisms contributt 
to the energy level characterized by (Mx, mz) as follows: 


peepee Sa 


) DAS(S+1)—Ms(Ms + 1) {U(1+ 1) — mi(mz F 1)} 


———- 


(i ( sat 


x {(Ms+1m_7| > Bn°O,°|Ms+1 mz) 
n 


— <Msm7| >, Bn°0,°|Msmz>} 
n 


|<Msm1| > Bn'™O,'”\|Mg +m my>\2 
n 


(11) Am r2. m(ghED? 


| <Msm_| oe Br10,°|Msm7 >|? 


(iii) Amy 


8Ms(gBH)? : 
It is interesting to note that where Ms = +S, (ii) and (iit) exactly cancel one another 
for m = 1 in (ii). 

A useful figure for comparing the effectiveness of two types of measurement for the 
determination of a parameter is afforded by the ratio of that parameter’s contribution 
to some observed quantity to the probable error in the measurement of this quantity. 
To make this more definite, one may define a figure of merit F for an experiment to 
obtain the value of a parameter x» by measurement of a quantity s, which is in general a 
function of all the parameters x1, ... xp, ... Xn of the problem. We assume that we know 
the value of all these, except x», and that our values are in error by 5x1, ... dap—1, OXptay 
... 6%. Finally let 8s be the probable error in measuring s. Then we define F such that 


os Os >. 
F= vy, | (55 ss =): (3) 
Oxy iAzAp Ox; 


It is assumed that the «; are sufficiently accurately known to justify the neglect of the 
second term in the denominator of (3). Further, since 8s is usually proportional to the 
line width, it will be replaced by the line width in the ensuing discussion. 
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If in an electron nuclear double resonance experiment the line width Ay arises fr 
mechanism (i), i.e. incomplete decoupling of the electronic and nuclear spins, it ma 
be written (Bleaney 1958) 4 


Ay = 3( t 
No.3 
gPH 
if we neglect the nuclear Zeeman term. | 
The electronic line width Ag is assumed to be constant for all transitions, and to be 
independent of variation of the parameters being measured. 
We shall consider measuring the cubic crystal field parameter of Mnirt in a crysta 
with an axial distortion along a <100) direction. If we neglect the fourth degree axia 


crystal field term which is usually small then the Hamiltonian with the x axis along < 
<100> direction is 


H = gBH.S+ AL. $+ B°029+ By(Oy +5012) —gnBynH - I, (4 


j 


)ts(s+ 1)—Ms(Ms+1)+2Mgmz]Ax 


where S = J = §. We then find the most favourable figure of merit for an electror 
spin resonance determination by measuring the splitting of the My = +$<>+3 and the 
Ms = —§<>—3 lines is 


5ba 
Fase = a5 where ba = 60B4. 


E 
The ratios of the above Fxsr to the figure of merit Fgypor for the mechanisms (i), (ii), 
and (iii) for the Ms = +43, my = —3 <> —& nuclear transition are 
(i) 


(ii) + (iii) 
Fenpor 6 bg! 2b9!— byl 
Fusr 65549 A 
where by” = 60B4” and by” = 2Bom 


(iii) 


for |m| =1 


Fuxypor — 2 by? 3b22—4b,2 

Frsn 6559 A 
The first expression does not depend on the parameters of the spin Hamiltonian (4) 
since we have assumed that the ENDOR line width arises from the same mechanism 


as this ENDOR shift. The last two expressions vanish if H is aligned in the [100] 
direction, but if, for example, it lies in a (100) plane at 22-5° to the [100] axis they become 


Fenpor 6 (§a—2-82D) 


for |m| = 2. 


for |m| = 1 
Fesr 13 A 
Fenp OR 1 (0-45D—4a) 
= for |m| = 2 
Fesr 13 A ws 


in the a and D notation. 

It is apparent that the electron nuclear double resonance technique will begin to 
yield appreciably more accurate answers than electron spin resonance only when the 
crystal field splitting exceeds the hyperfine structure (aor D> A). 
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2.2. Crystals with Axial Symmetry 
The experimental results, summarized in table 3, are interpreted in terms of the spin 
amiltonian (Bleaney and Trenam 1954) 


H = gBH.S+AI.S+D[S2—4S8(S+1)] 


+ (-) [SA+S,1+ SA—4S(S+1)(3S24+3S-1)] 


F 
+ (=) [35.S-4—30S(S+ 1)S2+25S,2—6S(S+ 1)+3S2(S4+1)2]. 5) 


[he axes €, 7, ¢ are the principal axes of the cubic field and the [111] axis, referred to 
his basis, is the trigonal axis of the crystal and is labelled the z axis. In the case of 
VigCle and CdCle the hyperfine interaction with the neighbouring chlorine nuclei is 
10t resolyed but contributes to the observed line width (see table 3). 

The axial terms add to (2) the following expressions for the line positions: 


M= +$< +3, F [2D(3 cos? 6— 1) + §Fq] — 3261 + 462 
5 

M = +3$< 4+}, + ee cost 1) - Fa | +48; + 562 

M= +4<-43, 165; — 882. 


Here 0 is the angle between the axis and the direction of the applied magnetic field, 
q = (35 cos 40—30 cos? 6+3) and the second-order terms due to the axial field are 
5; = (D2/gBHo) cos? @ sin? @ and 62 = (D?/4gBHo) sin 40. 

When measurements are made with the magnetic field either along or perpendicular 
to the trigonal axis the term a—F occurs in the expression for the line position and it is 
not possible to determine a and F separately. It is possible to distinguish the effects of 
the terms in a and F by making measurements in other directions, but the interpreta- 
tion of the measurements depends on a knowledge of the position of the €, , ¢ axes. 

In the investigation of Mnt in the hexagonal form of ZnS by Keller, Gelles and 
Smith (1958) the term in a was dropped from the spin Hamiltonian and a value of 
F = —7-5x10-4cm—(—8-1c) calculated from measurements made in directions 
parallel and perpendicular to the trigonal axis. From our discussion it would appear 
that their results indicate a value of a—~F = +7:5x10-4cmt. 

It was not possible to obtain a general orientation of MgClz or of CdCle crystals 
from the external morphology and x-ray methods were not successful because of the 
pronounced hygroscopic nature of the crystals. In the case of ZnO the polycrystalline 
nature of part of the sample imposed a similar limitation. With ZnO there is the further 
complication that the two ions in each unit cell are inequivalent, the directions of the 
axes é, 7, ¢ for one being related to é’, 7’, ¢’ for the other by a rotation of 60° about their 
common trigonal axis. This produces a doublet structure on the M = + 8¢543 and 
the M = +3<++4 lines except in special directions for which the two spectra coincide. 
The smallness of a and the large line width of 18 G, which is due to the poor nature of 
the crystal, account adequately for our failure to observe this effect. We have made 
measurements at 90 °x and at 20 °x which are in agreement within the experimental 
error and the measurements at 20 °K are given in table 3. Dorain’s (1958) definition of 
the cubic crystal field term differs from ours and his a values should be multiplied by 

—3 for comparison with our a values. We then find that his value of a for manganese 
in ZnO agrees with our value within the experimental error, though his D value does not. 
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In calculating the line positions for Mn in MgClz and ZnO it was found necessa 
to include third-order perturbations terms, e.g. terms proportional to 42D and, in th 
perpendicular plane, to D8. It was found that all significant third-order contributions 
were included by expressing the energy denominators in the second-order terms to firs 
order in D and A in place of the zero-order energy differences proportional to eB. 
In the perpendicular plane the separation of the extreme lines in the manganese spectrum 
is (1/g8)[54 +4D +(a—F)] correct to second order in D and A: the third-order correc- 
tions are 3-5 G for MgCle and 10 c for ZnO and are clearly significant in comparison | 
with (1/g8)(a—F). The large value of D made third-order corrections necessary for 
calculations on the measurements of the parallel spectrum in ZnO. The fori 
overlapping of many of the lines in the parallel spectrum in MgClz made it necessary 
to make use of measurements made in the perpendicular plane in order to obtain suf- 
ficient data to evaluate the parameters of the spin Hamiltonian. ! 

Another consequence of the large axial terms, in the case of ZnO, was the appearance 
of ‘forbidden’ transitions, corresponding to Am; = +1, of the type discussed by Bleaney | 
and Rubins. ‘These were observed along the parallel direction for which they are expected 
to vanish; their presence suggested, as was confirmed by X-ray examination, that a 
considerable proportion, perhaps as much as 20%, of the sample was composed of very 
small crystals with more or less random orientation. 

In all of the crystals examined very weak low field spectra were observed but not - 
measured; their position and appearance was consistent with their being ‘forbidden’ 
AMs = +2 transitions. In CdCle there was an additional weak spectrum with a value 
of D of about 330 x 10-4 cm— which is probably due to interstitial Mn ions. 


§3. DISCUSSION 


If the ground state of Mniir were pure ®S5/2 we would not expect an interaction with 
the crystal field since the crystal field has no direct interaction with the spin. However, 
spin-orbit coupling will admix other multiplets of the ground configuration, 3d5, into the 
ground state resulting in a small splitting of the 65,2 manifold into a quartet I's and a 
doublet [7 with a separation 3a. Watanabe in his attempt to calculate this splitting con- 
sidered the effect of the crystal field, spin-orbit interaction and spin-spin interaction 
on the sextet and quartet states of the ground configuration of the free ion. He treated 
the crystal field as a perturbation on the j,4,(e2/ri;) term which describes the electro- 
static interaction between the electrons on the Mnut ion. Powell et al. (1), who use 
the same Hamiltonian as Watanabe, point out, however, that the effect of the crystal 
field is comparable with this term and also show that consideration of the admixture of 
the doublets of the ground configuration into the ground state by the spin-orbit coupling 
is essential. Their method of calculating a does not require the crystal field to be small 
and they conclude that a is most sensitive to the spin-orbit coupling constant A and to 
Dq and varies as A4(Dq)", where n varies from 3 to 6 over the range of Dq values 700 cm 
to 1500cm™. ‘The theory may be applied to crystals with axial symmetry since the 
cubic and axial parts of the crystal field are separable. 

In their initial calculations Powell et al. (1960) used a value of 400 cm— for A but 
pointed out subsequently (Powell et al. 1961) that a value of about 250 cm-! js more 
likely in solid environments. The value of A for iron group ions in solids is found to 
be about 25% less than the free ion value (Owen 1955, Low 1958, Hall and Hayes 
1960) due to screening effects of the ligand electrons (Marshall and Stuart 1961). 
Variations of A with environment are therefore to be expected and will be significant 
since A occurs to the fourth power in the expression for a. 
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Table 4 gives a values (kindly supplied to us by Dr. D. F. Johnston) calculated from 
ie theory of Powell et al. over a range of Dg and A values. These values were calculated 
ssuming the Racah (1942) parameter B = 1000 cm and C = 3000 cm‘; the values 
f B and C were arrived at by fitting the field independent 4I’; level in the crystal at 
5 000 cm-! and assuming C/B = 3 as in the free ion. 


Table 4 
Calculated Values of a(in 10-4 cm_~1) for Mnim 


Dq(cm-") A= SO00cemiet N= PAN Meeore A = 240 cm} Ar 7 Olemes 


300 0-14 0-12 0-09 0-06 
400 0:47 0°33 0-23 0-15 
500 0:93 0-67 0-43 0-29 
780 3-40 231 TSG 1-00 
830 4:17 2-90 aes) 1523 


Powell et al. (1960) predict very small negative a values but only for Dg values in 
the range 0 to +200 cm. Previously measured Dg values for Mnii in crystals with 
sixfold co-ordination lie in the range +700 to +1000 cm (see table 5) and negative a 
values are not expected. Mnit and Fetv in cubic crystal fields of positive and of nega- 
tive Dg and with a variety of ligands have so far always yielded positive a values. It 
must be emphasized that in the measurements quoted in this paper and in many of the 
measurements reported in the literature the sign of a is determined relative to the sign 
of the hyperfine constant A which is assumed to be negative. The sign of A has been 
measured in some crystals (see, for example, Bleaney and Ingram) and found to be 
negative and it seems unlikely that environmental effects will change the sign. In the 
case of symmetries less than cubic, positive values of a have been reported except in 
KCl:Mni where Watkins (1959) gives a tentative assignment of —1x 10-4 cm" to a. 


Table 5 


Dq Values of Mn in Crystal Environments with Sixfold Co-ordination 


Crystal Dg (cm-) Reference 

MnFs2 780 Stout (1959) 

KMnF3 780 Hrostowski (private communication via 

R. G. Shulman) 
MnCle 830 Stout (1960) 
Pappalardo (1959, 1960) 

MnBrez 940 Stout (1960) 
Pappalardo (1959, 1960) 

MnO 979 Pratt and Coelho (1959) 


The optical absorption spectrum of MnCl, (table 5) gives Dg = 830 cm-!. From 
table 4 we predict a value of about 2x 10-4 cm™ for a if we assume A = 250 cm. It 
would be interesting to compare this value of a with the a values in CdClg:Mn and 
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MgClg:Mn but we have been able to determine only values of a—F for these salts, 
However, since a and F are both fourth-order crystal field terms, we expect F to be 
considerably smaller than a if it arises from a small perturbation of the cubic field. This 
is observed to be so in cases for which a and F have been separately determined (e.g. 
Bleaney and Trenam). If we then assume a—F ~ a, we find that our measured values 
are smaller than the predicted value for MnCla. A measurement of Dg and a in the same. 
crystal would be advantageous, but, since optical transitions within the ground con-| 
figuration of Mniut are both spin and parity forbidden the investigation of the optical) 
spectrum is difficult in specimens sufficiently dilute for electron spin resonance, 
measurements. We attempted to grow crystals of CdClz:Mn in which it would be’ 
possible to measure both a and Dg but without success. | 

Powell et al. (1961) using optical data obtained from MnO(ap = 4-435 A) (Pratt 
and Coelho 1959) find that their calculated value of a for Mnur in the ismorphous’ 
MgO(ao = 4:203 A) is considerably smaller than the measured value (Low 1956) and 
suggest that the discrepancy may be due in part to the change in lattice parameter 
affecting Dg and in part to covalency effects. Since fluorine is the most electronegative 
of the elements, fluoride crystals might be expected to give a better check on the theory. 
The optical spectrum of MnF (table 5) gives Dg = 780 cm-! and the theory of I 
then predicts a value of about 2x10-4cm— for a. The electron spin resonance 
spectrum of Mniii present as a trace impurity in the isomorphous ZnF2 has been | 
investigated (‘Tinkham 1956, Clogston et al. 1960) but no value was found for a because 
of the complexity of the spectrum. Dg in KMnFs is 780 cm-, predicting a value of a 
which is identical with that predicted for MnFs. However, we find a = 6:5 x 10-4 cm 
for Mnu1 in the isomorphous KMgF3. Both KMgF3 and KMnFs have cubic symmetry 
and the lattice parameters are aj = 3-987 A and ap = 4-190 A respectively. The fact 
that the a value of manganese in KMgFs3 is greater than predicted from measurements 
in KMnFs3 supports the view of I that the smaller lattice spacing in the diamagnetic 
crystal may be partly responsible. This view is further strengthened by the fact that — 
the a value of manganese in CdClg is smaller than that predicted from optical 
measurements on MnCl since in this case the cation—anion distance in the diamagnetic 
crystal is greater. 

Optical data on Mnim bonded with four or eight ligands are scant. Data on other 
iron group ions are given in table 6 and it is apparent that the crystal field strengths 


Table 6 
Dq Values of Divalent Iron Group Ions with Fourfold and Eightfold Co-ordination 
Ion Co-ordination Dg(cm~) Reference 

ZnO:Co 4 — 390 Pappalardo 

(private communication) 
ZnO:Ni 4 —405 See also McClure (1957) 
ZnO:Cu 4 —500 
CoCl42- 4 379 Orgel (1955) ~~ 
CoBra2- 4 — 360 See also Holm and Cotton 

(1959) 
Col42- 4 — 290 


CaF2:Co 8 — 340 Stahl-Brada and Low (1959) 
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about half those observed with sixfold co-ordination (McClure 1959). We therefore 
iect a Dg value of about 400 cm for Mnii with fourfold and eightfold co-ordination 
|, from table 4, an a value of about 0-3 x 10-4cm™!. We have not been able to put 
rm upper limit on a in the eightfold co-ordinated CaF: and CdF2 because of the 
orine hyperfine structure but Low and Rosenberger (1960) show that a < 1x10 
-1 in the isomorphous SrClz. The agreement here is reasonable but gets worse as 
go to the more covalent ZnO (table 3) and in the very covalent CdTe (a = 27 x 10 
+1) we find a discrepancy of almost two orders of magnitude indicating the inadequacy 
the purely ionic model of I for covalent systems. 

The values of a measured for Felv are in general an order of magnitude larger than 
» values found for Mni and Low (1956, 1957) finds in MgO that a(Mnur) = +18-61 
10-4 cm and a(Fetv) = +205x10-4cm™. A reliable value of for Ferv is not 
tilable but Kotani (1949) suggests that the A value is only about 10% larger than that 
Mout and should not therefore contribute significantly to the increase in a. The values 
Dg for triply charged iron group ions are about twice as large as the Dg values for 
valent ions (Holmes and McClure 1957). In an investigation of the variation of a with 
essure, Walsh (1961) finds evidence which indicates that a for Mnii and Fetv in 
gO varies as (Dg)! in which case an increase of a factor of two in Dg in passing from 
nit to Fetv would more than account for the observed increase in a. 
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Electron—Phonon Interaction by the Method of 


Pseudo-potentials 


By L. J. SHAM 
Cavendish Laboratory, University of Cambridge 
Communicated by J. M. Ziman; MS. received 18th August 1961 


Abstract. The matrix element is calculated (i) for orthogonalized plane waves 
assuming that the ion moves rigidly and (ii) for the equivalent plane waves on the 
assumption that the net effective potential (Hartree-Fock potential plus pseudo- 
potential) moves rigidly with the ion. It is shown that these two results are equival- 
ent if the pseudo-potential operator can be treated as a localized potential. 


§1. INTRODUCTION 


Is very convenient to regard the conduction electrons in a metal or semiconductor 
moving in an effective potential field consisting of the Hartree-Fock field and a 
sulsive potential. The latter arises from the need to orthogonalize the wave functions 
the conduction electrons to the wave functions of the core-electrons. By virtue of 
s near cancellation of these two potentials the wave functions of the conduction 
ctrons can be approximately represented by simple combinations of plane waves. 
is idea has been justified by Phillips and Kleinman (1959) and Cohen and Heine 
61) for the energy states in crystals. Ziman (1961) has suggested that each ion carries 
effective potential around rigidly with it and that the electron-phonon interaction 
y be calculated as if this were true. We wish to prove this in the following sense. 
nsider a solid where the ions are slightly displaced from their equilibrium positions. 
1is gives rise to small changes in the actual crystal potential. We can calculate the 
ctron—phonon interaction from first principles by taking matrix elements for the 
ange of potential between electron states of the unperturbed crystal expressed in 
‘ms of orthogonalized plane waves. On the other hand, we can let the effective poten- 
1 take the place of the actual potential and calculate the matrix elements for the 
ange of this potential between electron states, expressed now in simple plane waves. 
e shall show that if the non-local pseudo-potential operator (Cohen and Heine 1961) 
n be replaced by a local potential function, then these two calculations of the electron— 
onon interaction matrix element yield equivalent results. 


§2. ORTHOGONALIZED PLANE WAVES AND THE PSEUDO-POTENTIAL 

We base the whole calculation on the orthogonalized plane-wave method. Consider 
finite crystal of N cells, each with volume Qo. For simplicity, we restrict ourselves to 
1e atom per unit cell. The Hamiltonian for one electron is 


KH = —V?+V(r) (1) 
here we take the crystal potential in the form 
AY Gah (2) 


running over the N lattice vectors and U(r)= U(r). 
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Following Heine (1957), we take the ‘atomic’ wave functions of the core-electron 
¢(r), as eigenfunctions satisfying 


[—V2+ U(r)]¢¢ = Exh. Q 


| 
Throughout the calculation we shall assume that $(r) is negligible outside the Wigner 
Seitz cell centred at the origin. | 


By the tight-binding approximation, the ‘crystal’ wave functions of the core-electron 
are 


1 | 
Halt) = 3 exp(itelyb(r—D), C 


An orthogonalized plane wave of the form | 


reel") = a explille g)r]- > baal (6 


where g is the reciprocal lattice vector and btxg the orthogonalizing constant given by . 


1 J 
ine = —o- | wn, PLE 8) Fer) ar ( 


Expanding the wave function of a conduction electron in terms of orthogonalized plar 
waves, we get 


Pade) = > Cyxeke(t). ( 


The clue to our method lies in the matrix element of the determinant, which fix 
the energies in the orthogonalized plane wave expansion: 


<Xue'|— ET |Xug> = (K+ 8)°Sge’ + V(g'— g) 


ay > (e— 61) Ong’ bike a Edge" (8 
t 
where V(g) is a Fourier component of V(r), that is, : 
< yi 1 . 
Vi ==] V(r) exp(—ig.r)d3r. 9 
© = ay Jug, Vari.) 
If we define the transform 
a 1 
U(k) = — U(r) exp(—k.r) d3r 
Qo J vo 
Anti n £2 F 
= mal r2U(r)jo(kr) dr (10) 
Qo Jo . 
then 
U(g) = Vg). (11) 


Now the effect of orthogonalization manifests itself in the term 


> (€— &:)ireg’* bike: 
t 
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ppose the effect can be simulated by a local potential V(r) taken in the form 


Var) = 5 Un(|r—I) (12) 


ien its Fourier components have to satisfy 


On(|g’—g]) ~ 2 (E— 61)btug*btxg- (13) 


ir our purpose we need the extension 


> (E-E&i)bicre*bixg = Un(k’ + 2’— k—g) (14) 
i 


aere the two b’s do not belong to the same k-vector. Equation (14) follows from 
uation (13) if we take Ur(r) = V(r) inside the Wigner-Seitz cell and Ur(r) = 0 
itside. Then 


£ Cae. b ‘ 
Up(k) = > re) | exp[i(g—k). r] dr. 
& Qo Q 
rom the Fourier expansion 


1 
exp[z(k—k’).r] = 5 exp(ig’’. yee f exp[z(k— k’—g’’). r] dr 


7 
g 0 


lid inside the Wigner-Seitz cell, we obtain 
Dike = — | exp[7(k+ g). r]¢é;*(r) dr 
me 4/06. 5 0, 
(r) negligible outside the Wigner—Seitz cell, 


1 ; 
= > bigs’ | exp[i(k—k’—g’’). r] dr. 
g’’ Qo Q, 


lence 


> (6 — &:)ben'e* bike 
t 


1 
=> Q | exp[i(k—k’—g”). r]d3r > (€—&) )bic'e*b'sts” 
a’ 0/7 QO, t 


1 
2 Ur(g'—g-2 ae 


Op(k’ + g’— k—g) 


f we can interpolate the values of U(k) from equation (13) or, better still, obtain the 
alues from equation (14), we can get, by the Hankel inversion theorem (Sneddon 1951), 


| exp[i(k— k’— g”’). r] dr 
Qo 


Un(r) = & i - #2U g(h)jo(Rr) dk. (15) 


This provides a practical method for constructing the pseudo-potential using the results 
f an orthogonalized plane-wave band-structure calculation. 


= 
’ 
4 
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From equations (8) and (13), we see that the matrix element on the left-hand side 
of equation (8) satisfies 


<xte'|?— ET |Xug> = <k+8'|-V24 V+ Ve—él|k +g) (16) 
where |k+g) denotes the plane wave (NQo)-1/2 exp i(k+g)-r. The secular equation 
> <Xte’'| 0 — ST |xXeg Che = 0 (17) 

& 2 


is equivalent to 


2 <k+g'|-V!+V+Ve-61|k+g>Cie = 0. (18) 
&g 


This suggests that wé may treat the conduction electrons as if they were moving 
in potential V+ Vp and as if their wave functions were combinations of plane waves 
with the same coefficients as those of corresponding orthogonalized plane waves. 

The assumption made in equation (13) can only be justified by a band-structure 
calculation for a specific metal using the orthogonalized plane-wave method. Note that 
for our purpose we have chosen the repulsive potential VR so that (1) it does not 
involve the wave functions of the conduction electrons and (ii) it does not depend on k 
for a given energy. 


§ 3. ELECTRON-PHONON INTERACTION FOR ORTHOGONALIZED PLANE WAVES 


The next step is to show that the interaction matrix element .S ap (k,k’) (Ziman 1960, 
p. 182) based on the rigid ion model is the same whether we calculate it from ortho- 
gonalized plane waves in potential V or plane waves in potential V+ Vp. The details 
are set out as follows. 


We first calculate 
Foa(k, K) = —Negy. [de® Wade (19) 
N 0 
where 
| Pn b, @er = 1 
NQ, y 
and %, is given by the expansion in orthogonalized plane waves, equation (7). 


Fark, k’) = —Neay. > Crrg*Cig | Xyg*(VU)Xxq ar. (20) 
gg’ NQ, 


Each term 
| X’e’*(V U)xXxg ar 
NQ, ' 
= [ [ (WQ0)-1? expl— i(k’ + 8). F]— Sbewe bey lwo 
- 


x | (NQo)-12 expli(k+g).r]— > Biugibar ]aer (21) 
; i ts ° : 


can be separated into four parts, I+ II+III+ IV; which we attack in turn. 


Electron—Phonon Interaction 


1 f (WV)? expla k’ + 8"). F}(VU)[(V 0)? exphik-+g). r}] ar 
= mak te k—g) | Uexpli(k+g—k’—g').r]d?r | 


i if 
= ie Ss k— g)U(k’ + g’— k-—g), 
7 denoting the Fourier transform of U as in (10). 


-I1 = { [ Sbewe*ben* |(V TU) 20)2? expi( + g). F}] dr 


1 ; 
= ce bre’ | expli(k+ g). r](VU)d* ar, 


ieglecting overlap terms like {VU(r)}¢:(r—1) with 1 4 0. From equation (3), 
(—V?+ U)gr* = brpr* 
(—V2+ U)Vdi*+(VU)di* = EN O¢*. 


Cherefore 


1 
IL = ——(k+g) > Sibir bing + 
N t 


to) Soews | exphi(k-+g). r](V2— U)Ver* dr. 
Similarly, 


— IIL = f [(N0)1? exp{—i(k’ +2’). yuvo)| > buegtx | dr 


K+ 8’) 2, Exbn’e’ ip 


ar bing | exp{—a(k’ +8"). F}(V2— U) Vor abr. 


N 
aN ra Qo 
IV = [| Sbvwe*bew* |(VU)| Dba | ar 
t t 
= a > bie * btn [$e*(VU) pear 
N me g g 
by equation (4) and ‘non-overlapping’ assumption 
1 
Se >. be'g’* bike i} dy*(V2— U+ &:)Vo.a3r 
N tt 


by equation (23) 
= 5B bewe*be [J beX(V8— UNV purr + | (We 4)(02— Upper] 
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(22) 


(23) 


(24) 


(25) 


(26) 
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Combining the second term of II and the second term of IV, we get 
1 
— yy & ewe® | [(N20)-1 expli(ke+g).}— NS bnghi](V2— UV") de 
1/N ra ; t 


1 
= — Ty d bree | Whe*\(V2— Uphag de 


by equation (5), which can be replaced by 
1 
— apd bree | (We) — EDX dr Q 
since H 


> Cree | (Vbe*)(V2— U) yee dr 


= | (Vde*\(V2—U)ed8r by equation (7) ' 


=X Che | (Vhe*)(— Ei )Xeg dre, 


Similarly, the sum of the second term of III and the first term of IV is replaceable 


= | Whe") Cr )ear 
by 


q 
B 
) 


Bs wae be | Xve"*(— Sve)(Vpx) dr, (28) 


Expression (27) can be further developed as 


= 5 bewe’® | (Vbe)| (NOQo)-2? expfi(k+ g).}— NV Dead | ar 


by equation (6). 
Similarly, expression (28) becomes 


ee Ey 
ak ae) 2 ben's” Bites — a » bine * bine | $u*(Vdr) ar. (30) 
For elastic scattering 6, ~ &y (i.e. phonon energy is assumed negligible) 
i 
II+III+IV = nik’ +8'— k=) > (Gu-&)bave’*bie, (31) 
t 
making use of equations (24), (25) and (29), (30) and the fact that 


by equation (5) 

E i Ex : 

= Ty lk + 8) > deve *bice— <> bewe*dine | (Vbe*)be dir (29) 
N t N tt 

| (Wbe*)bed3r+ / dr*(Vdr) d3r = 0. 
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ally, from (21), we get 
Sap(k, k’) = —iegp- > Cwe’*Cue(k’ + 8’— k—g) 
gg’ 


x [O(k +9’ k-g)+ 5 (Ex—&)bie*bing]- (32) 


‘ice that equation (32) is exact within the limitation of the orthogonalized plane-wave 
hod and in its derivation the assumption for establishing the pseudo-potential, 
ation (13) has not been invoked. Observe that transverse phonons as well as longi- 
inal ones contribute to the scattering, even for N-processes (Collins 1961). 


§4. ELECTRON-PHONON INTERACTION FOR THE EQUIVALENT 
PLANE WAVES 


In the pseudo-potential model, we regard the ions as carrying around their effective 
entials U+ Ur so that the wave functions of the conduction electrons are given by 


$x =D Cug(N Qo) 4? expti(k +g). ¥} (33) 
& 
ere Cy, is given in equation (7). The matrix element is then 


Fap(k, k’) = —Neap. | du*V(U+ Un)dud?r 


= —1€qp. > Cre *Cre( k’+ g’— k—g) 
gg 


x [U(k’ + g’— k—g)+ Un(k'+g’—k—g)], (34) 


lowing steps similar to those leading to (22). 

From equation (14) we conclude that equation (34) is equivalent to equation (32). 
1us we have justified the use of the pseudo-potential model in calculating electron— 
onon interaction matrix elements. Here it must be emphasized that the correspond- 
x coefficients in the linear combinations of orthogonalized plane waves and plane waves 
ist be the same, namely C, in equation (7), so that when the wave function of the 
nduction electron is normalized in the expansion of orthogonalized plane waves it will 
t be so in the expansion of plane waves. This is to be expected since the switch from 

orthogonalized plane-wave expansion to a plane-wave expansion is not a one-to-one 
nsformation of two state-vector spaces but only a replacement by a cruder mathe- 
atical analogue. 

Our analysis does not include any contributions to the electron-phonon interaction 
ising from charge shift of the conduction electrons. This effect can be taken into 
count formally by a simple extension of Bardeen’s method (Bardeen 1937) but there 
» some difficult technical points concerning the role of correlation and exchange in 
ch a calculation. This problem is being studied further. 

In conclusion, we shall show the relation of our calculation to an older calculation. 
the case where the cancellation between the crystal potential and pseudo-potential 
nearly complete—i.e. U+ Ur is nearly constant in 0 <r <rg and zero outside— 


ae + 1. rashes 


single plane waves are good approximations to the wave functions 


a | . 
Fapl ky W’) = —iegp.(K’= k)CveC he | °(U + Un)jo(|k’ — kl) dr | 
0/70 q 
2 4a Ts ‘ ; 
= —1€gp.(k’— k)CyoCko[ U(rs) + Ur(rs)] a | 7?I9(|k’ —k|r) dr | 

oJo 
= ~ Fay. (K’— k)CeoCol U(rs) + Un( rs) ]9(|k’ — klrs) | 

where 


-1/2 | 
Ont (1- > Pael . » a 
t 


Comparing this result with Mott and Jones’ calculation based on the rigid ion mode 
using the Wigner-Seitz method (Ziman 1960, p. 185) we see the similarity of the tw 


expressions. CoCo U(rs) + Ur(rs)] simply takes the place of U(rs)—@o where &o i 
the energy at k = 0. 
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Excitation of Helium to the (1s, 2p)’P and (1s, 3p)'P 
States by Proton and Alpha Particle Impact 


By R. J. BELL 
Department of Applied Mathematics, The Queen’s University of Belfast 
MS. received 7th July 1961 


Abstract. The distortion approximation is applied to the processes 

H+ (or He?+) + He(1s2)18 > H+t(or He?+) +He(1s, 2p)!P 

H+ (or He?*) +He(1s?)1S - H+(or He?*) + He(1s, 3p)1P 
cross sections being obtained for incident proton energies in the range 10 kev to 
1000 kev and for incident alpha particle energies in the range 40 kev to 4000 kev. 
For proton impact the maxima cross sections are found to be 0:18 ao? and 0035 zao?, 


at 88 kev and 124 kev respectively; and for alpha particle impact they are found to 
be 0:61 7a? and 0-101 7a? at 511 kev and 935 kev respectively. 


§1. INTRODUCTION 


TES (1959) has given reasons for expecting that the effect of distortion on inelastic 
lisions between heavy systems is greater than might at first be supposed. Detailed 
culations on atomic hydrogen (Bates 1959, 1961) confirm this expectation. 

It was judged desirable to carry out similar calculations on helium, this being the 
yplest atom which lends itself readily to experimental study. Accordingly the 
lowing processes have been treated: 


H++He(1s?)18 > H+ + He(1s, 2p)!P (1) 
H+ + He(1s2)18 + H++He(1s, 3p)!P (2) 
He2+ + He(1s?)}18 > He2+ + He(1s, 2p)!P (3) 
He2+ + He(1s2)1S > He2+ + He(1s, 3p)!P . (4) 


omic units are used throughout the paper. 


§2. THEORY 


Let the target system be situated at the origin of coordinates and let the incident 
stem, with position vector R, move with constant velocity v in the positive direction 
yng a line distant p from the Z axis. It is convenient to choose the zero of time so 
at Z = vt. 

The electronic wave function may be represented as 

V(r, t) = >, Am(t)bm(r) exp(—temt) (5) 
m 
yere r symbolizes the coordinates of electrons, and ¢,,(r) and €m are the unperturbed 
senfunctions and eigenenergies of the target system in the state indicated by the 
bscript. The coefficients am, as well as being functions of the time, are naturally 
30 dependent upon p and v. 
903 
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Application of time-dependent perturbation theory yields the following set 
coupled equations: 


7) 5 . 
to Om(Z) = > a,(Z) Vims(R) exp(—iasmZ) ( 
with : 
sm = (€s—€m)/v ( 
and 
Vne(R) = [ depm*(r)V(r, R)ps(r) ( 


V(r, R) being the instantaneous interaction potential. Taking the initial conditions ; 
(6) to be 


Go(— co) = 1, a;(— 0) = 0 (s # 0) ( 
the probability of excitation from state 0 to state m is 
Pomp) = |4m(co) |? (1 
and the cross section describing the transition is given, in units of zap2, by 
Qom = 2 |” Pom(a)e dp (1 
0 
According to the impact parameter version of the first Born approximation 
i fre a (2 
Gy(0) = — -| Vmo(R)exp( — - | (€o—€m) az)| dZ (12 
OS 5 UJ0 


(Frame 1931); and according to the distortion approximation 


Gyo) 2 : | ~ Vmo(R)fexp( . : i : (<o+ Voo—€m—Vmm) az)| az (13 


(Bates 1959), in which a complex outside factor of modulus unity has been discarded 

The relationship between the two approximations may be appreciated by observing 
that «9 and em, the unperturbed eigenenergies appearing in (12), appear in (13) modified 
by Voo and Vim, their first-order corrections under the perturbation V(r, R). The 
magnitude of Vo9—Vinm at the origin is about 1-5; for close encounters, at the lowest 
energy considered, its presence effects a change of the order of = in the phase of the 
exponential function.+ For medium and distant encounters Vo 
than unity and little change of phase is occasioned. 

Calculations confirm that, for a selected energy, the effects of distortion upon the 
probability decrease with increasing impact parameter; and that, for a selected impact 
parameter, they decrease with increasing energy. 


0— Vimm is much smaller 


§3. CALCULATION AND RESULTS 
3.1. The Atomic Wave Functions 
The ground state of the target system was described by a product of functions 


P(1s?; 1S|r) = so(ri)yo(r2). (14): 


t Note that 1/u = 4-997(M/E)1/2 where M is the mass of the incident proton or alpha particle: 
on the 160 scale and £ is the energy in kev. 


| 
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The analytic form of the orbitals 


o(r) = No[exp(— ar) + @ exp(—Br)] (15) 


as originally suggested by Léwdin (1953), who obtained values for the parameters 
by extrapolation from his results for helium-like ions. The following parameters 
alculated by Green, Mulder, Lewis and Woll (1954) have been chosen as the more 
ccurate: « = 1-455 799, B = 2-911598, a = 0-60. 

The form adopted for the eigenfunctions of the excited states was 


1 
(1s, mp; 1P|r) = valbalran(r2) + en(ra)a(r2)]. (16) 


In this case, the orbitals are due to Morse, Young and Haurwitz (1935) and Goldberg 
and Clogston (1939). Specifically, these orbitals are given by 


ya(r) = Ni exp(—yr) (17) 

with y = 2-0, 
yo(r) = Nor exp(—6r) cos @ (18) 

with 6 = 0-485 
and o3(r) = Ner[r exp(—Ar)+5 exp(—pr)] cos/0 (19) 


with A = pw = 0-325 where No, Ni, No, Ng are normalization constants; 5 is chosen to 
make #3(r) orthogonal to y2(r). 

Using the dipole-length formula, these eigenfunctions give oscillator strengths of 
0-259 and 0-0728 for the (1s?)!S + (1s, 2p)!P and (1s?)!S — (1s, 3p)!P transitions 
‘respectively. These are in satisfactory agreement with the values, 0-255 and 0-0706, 
obtained by Low (1959) who described the ground state by the six-parameter eigen- 
function due to Hylleraas (1929) and the excited states by the eigenfunctions cited 
above. 


3.2. Preliminary Analysis 


Some analysis is required to transform (12) and (13) to a form suitable for com- 
putation. For the processes considered 


2 
V(r, 8) = 2[—-__-___} 20 
OS RO [Ral Ror a 


where & is the charge on the incident system. Expansion of (20) in spherical harmonics 
leads to analytical expressions for the matrix elements involved. We may set 


Z 
Vapas(R) = — 42 (enp— ers) £m(R) (21) 
Vanasas(R) = —42(enp—<1s) E01) (22) 
2Z2— p2 
Vinp.np(R)— Vis,is(R) = Z(enp— cx) ma(R) “ tool RD} (23) 
2p? — Z2 
Vapasinoa(R)= Visa R) = 2 (6xp—e1)[nno(R)+ ee —too(R)} (24) 


where each state is now labelled according to its highest orbital. Equations (12) and 
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(13) may then be rewritten to give the Born approximation 


o ZF 2 
Pris np, = ann | RenlR) sin sn da (25) 
0 


0 . 2 
Pris.nps, = |enpl | Fé) COS &npZ az| (26) 
0 


and the distortion approximation 


(ce) SA . 2 
Pisnp, = \%np& | Rent®) SiN &np{Z + Bnp,(R)}dZ (27) 
0 
ce) 2, 
Pisnps: = |%npL | Final) COS oinp(Z + Bnp,.,(R)}dZ | (28) 
0 
with 
onp = Enp— €1s (29) 
U 
Z 2Z2— p? 
Brn(R) = 2 | [rol "tol R)} az (30) 
and 
Z 2p? — Z2 
Bra(R) = % | (nmol R)+ == t(R)} az (31) 
'  €9n—€1g = 0-7797, €3p—€1g = 0°8484. (32) 


The explicit forms of Enp(R), yn»p(R) and fnp(R) are displayed in the appendix. . 


3.3. Numerical Procedure and Presentation of Results 


The work was done with the aid of a high speed computer. Gaussian quadratures 
were used to evaluate the integrals in (25) to (28) over the range from 0 to Zp) where 
Zo is such that for Z > Zo, Bny,, Bnp,, can be taken as constant, and €np(R) as propor- 
tional to R-*. The range from Zp to co remained. Consider 


I= | AZ) exp ede (33) 
Zo 


’ Repeated integration by parts yields the asymptotic series 
F = {— (ta) “fF (Zo) + (dae) 2f (Zo) — (at) 8f (Zo) + 
ve +(—ta) P-YfO(Zo) + ... }exp(iaZ) (34) 


where bracketed superscripts refer to differentiation with respect to Z. For Z > Zo, 
successive derivatives of (Z/R)&np(R) or (p/R)Enp(R) may be computed by recurrence 
relations based on the properties of Legendre polynomials. This possibility is due to 
the original expansion of V(r, R) in spherical harmonics. The method is applicable 
for all transitions. In the present case, it yields a series whose terms decrease until 
p exceeds «Zo. If the series is truncated before this point is reached, an approximation 
to ¥ is obtained which is correct to the order of magnitude of the last term retained. 

The results, reckoned to be accurate to within 0:5%, are presented: in diagrams 
(a) to (f) as graphs of Oom against E (E is the energy of the ion, in kev, the target system 
being taken as fixed); in diagrams (g) to (7) as graphs of the coefficients 4(co) against 
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for selected values of E; and in diagrams (0) to (7) as graphs of @m(oo) against E for 


elected values of p. Curves for processes (3) and (4) are superimposed on a suitably 


| 


educed scale for ease of comparison. 
| 


§4. DISCUSSION OF RESULTS 


Some effects of distortion are understandable from a knowledge of Bnp, and Bnp,,. 
[hese quantities are comparable with Z near the origin, becoming much smaller than 
inity for distant encounters. Both are positive with the exception that Bnp,, becomes 
iegative for very distant encounters, for which the conclusions drawn below must be 
reversed. 

At low energies the presence of Bnp, and Bnp,, accentuates the already sharp 
yscillation of the trigonometric functions in the integral, reducing probabilities and 
cross sections. 

At high energies, the presence of Bnp, shifts the first peak of the sine function closer 
to the origin. For small p the peak is moved closer to, and for large p farther from, 
the maximum of (Z/R)£np(R), thus successively increasing or decreasing the integral; 
and, since the effects of distortion and the probabilities themselves both diminish with 
increasing p, the cumulative effect should be to increase the 1s—npo cross sections. 
The presence of Bnp,,, by hastening the initial decay of the cosine function, decreases 
the magnitude of the corresponding integral. It is doubtful whether the reverse be- 
haviour shown for very distant encounters will ever compensate sufficiently to prevent 
the 1s-mp.., cross sections from being smaller than those given by the Born approxi- 
mation. 

Although distortion reduces the maximum cross sections for processes (2) and (4) 
more than those for processes (1) and (3), it has not been possible to make any detailed 
predictions concerning excitation to higher p states. The results are similar in their 
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Figure 1. First Born and distortion approximations to the cross sections for: 
(a) H*(or He*+) +He(1s?)18 + H+(or He?*) +He(1s, 2po+1)1P, 
(6) H*(or He?+) +He(1s2)1S > H*(or He®*+) +He(1s, 2po)!P, 
(c) H*(or He?+) +He(1s2)18 > H*(or He?*+) +He(1s, 2p1)!P, 
_(d) H*(or He?*) +He(1s?)18 + H+(or He?*) + He(1s, 3po+1)!P, 
(e) H*(or He?+) +He(1s2)!1S > H*(or He?*+) +He(1s, 3po)!P, 
' (f) Ht(or He?*) +He(1s2)18 > H*(or He?+) +He(1s, 3p..1)!P, 
plotted against logiok for H+ impact, or logioE/4 for He®+ impact where E is the 
energy of the incident ion in key, the target atom being taken as stationary. Curve 
B of each set of three gives the Born approximation to the cross section for H+ 
impact, or 0-25 times the cross section for He2+ impact; curve D(H*) gives the 
distortion approximation to the cross section for H+ impact; and curve D(He?+) 
gives 0-25 times the distortion approximation to the cross section for He2+ impact. 
In diagram (a) the curve D(H*), which is not drawn in full, intersects the curve B 
when E(H*) is about 165 kev, intersects the curve D(He?*) when E(H*) is about 
255 kev, and lies almost midway between these two curves when E(H*) is greater 
than about 450 kev. In diagram (d) the curves B and D(H*) intersect when E(H*) 
is about 750 kev, the curves B and D(He?*) intersect when E(He?+) is about 3600 
key, and the curves D(H*) and D(He?*) intersect when E(H*) is about 1000 key. 


pattern of reduction and increase, and for processes (1) and (3) in the magnitude of 
the reduction at the maxima, to results for the H(1s) + H(2p) transition treated by 
Bates (1961). Arguments given earlier in the section lead one to expect the similarities 
in pattern to occur for other s - p transitions. 2 

The reductions are less marked for all of the above cases than for the H(1s) + H(2s) 
transition (Bates 1959). Bates has already stated (1961) that the distortion approximation 
to the cross sections should be closer to the Born approximation for optically allowed 
transitions than for optically forbidden transitions. The difference arises because of 
the greater dependence of the cross sections for optically allowed transitions on distant 
encounters where distortion effects are small and because the effects of distortion at 


0:10 


Figure 2. Asymptotic coefficients @np)( ©) (diagrams on left) and 4np_,,() (diagrams 
on right) plotted against impact parameter p. The energy of the incident ion is as 
indicated. Diagrams (g) to (j) refer to processes (1) and (3); diagrams (k) to (m) 
refer to processes (2) and (4). Curve B of each set of three gives the first Born 
approximation for H* impact, or 0-5 times the first Born approximation for He?+ 
impact; curve D(H*) gives the distortion approximation for H* impact; and curve 
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D(He?*) gives 0:5 times the distortion approximation for He*+ impact. 
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Figure 3. Asymptotic coefficients 4np (0) (diagrams (0) and (p)) and 4np.,( 0) 

(diagrams (q) and (r)) plotted against logio E for H+ impact or logio E/4 for He2+ 

impact; E is the energy of the incident ion in kev, the target atom being taken as 

stationary. In the npo case the impact parameter is chosen to be zero (head-on 

collision) and in the mpi case it is chosen to be 2ao. Diagrams (0) and (q) refer to 

processes (1) and (3); diagrams (p) and (r) refer to processes (2) and (4). The 
designations on the curves are as in the preceding figure. 


high energies are in opposite senses for the two components of the transition so that 
cancellation occurs. 

Since excitation probabilities for processes (1) to (4) are small,+ the neglect of 
back-coupling should not have led to serious inaccuracy. Recent calculations by Skinner 
(1962, to be published) indicate that’ the effect of npo-"p.1 coupling is also unimpor- 
tant. The results may, however, require modification at low energies to allow for the 
resonance capture processes ; 

He?+ + He(1s?)18 + He(1s?)1S + He2+ 


He®+ + He(1s, mp)!P > He(1s, mp)!P + He2+ 


and to a lesser extent, to allow for the various non-resonance capture processes which 
are possible. The cross sections may also be influenced by the effect of polarization. 
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APPENDIX 


Given below are the explicit forms of Enp(R), nnp(R) and Enp(R) for m = 2 andn = 3. 
(i) n = 2. 
fop(R) = R-*{1-04523 — (1-00838 + 1-008387) + 0:5041971? + 0-12605 713) exp (— T1) 
— (003685 + 0-03685 T2 + 0-01843 To? + 0-00461 7%) exp (— T2)} 
nop(R) = R-H(1-28251 + 0-9618873 + 0-32063 Ts? + 0-05344T3*) exp (— Ts) 
+ (1-28251 + 0:64125 74) exp (— T4) — (1:83143 + 0-9157175) exp (— Ts) 
—(0-65117 + 0:32559T¢) exp (— Te) —(0-08241 + 0-04121T7) exp (— T7)} 
fop(R) = R-3{—8-17839 + (8-17839 + 8-17839T3 + 4-0892073? + 1:3630773? 
+ 0:34077 T34 + 0:05679T3°) exp (— T3)} 


ith 
fh = t;R 
nere 
ty = 1:940799 ty = 4-0 
to = 3-396598 ts = 2-911598 
tg = 0:97 tg = 4-367397 
t7 = 5:823196 
(ii) 2 = 3. 


Esp(R) = R-2{0-488172 — (0-468672 + 0-4686727's + 0-234336 Ts? + 0-0488087s8 
— 000977674) exp (— T's) — (0-019500 +.0-01950079 + 0-009750T 92 
+0-902275 T93 — 0-000163 94) exp (— To)} 
nap(R) = R-H(1-17868 +0-98142 Tio + 039208 Tio? + 0-09782T io? + 0-01623 Trot 
+0-008227105) exp (— Ti0) 
+ (1-17868 + 05893471) exp (— Ts) — (1-68316 +0-841587%) exp (— 75) 
— (0-59846 + 0:29923 Ts) exp (— Ts) — (0-07574 + 0-0378777) exp (—T1)} 
Cap(R) = R-3{—44-61266 + (44-61266 + 44-61266 119 +22:30633 Tro? + 7:435447 10° 
4. 1-85886Tyo2 +0-348247 10° + 0-03843 Tio® + 0-01945 7197) exp (— Tio)} 


here 
tg = 1:780799, to = 3-236598, tio = 0°65. 
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The Radiative Capture of Protons by Neutrons at 50 mev 


By N. C. BARFORD, R. B. PALMER anp B. TALLINIt+ 
Imperial College, London 
MS. received 31st May 1961 


Abstract. By using an internal lithium deuteride target in the Harwell cyclotron, 
and ‘hardening’ the resulting scattered neutrons with polythene, a low intensity 
beam of neutrons with an energy peak at 50 Mev was produced. This beam passed 
through a 9 cm hydrogen bubble chamber and produced in it reactions of the type 


n+p>d+y 


which were distinguished by the range—angle distribution of the deuterons from 
the background of elastic n—p scatters. A cross section of 110 +60 ubn was found 
for the process. 


§1. INTRODUCTION 


NO MEASUREMENTS of the cross section for the radiative capture of neutrons bj 
protons, 
n+p >d+y, 


have previously been made except at thermal energies (Stooksberry and Crouch 1959) 
The inverse process of photodisintegration of deuterium has been investigated for 
protons of a wide range of energies (for example Allen 1955), and, from these results, 
using detailed balance arguments, one may predict the capture cross section to be 
20 +4 «bn for 50 Mev neutrons (Palmer 1960). 

A neutron experiment of such low cross section is feasible even with quite small 
bubble chambers, because of the absence of beam tracks in the chamber. It was found 
in preliminary proton experiments with the Imperial College 9 cm hydrogen chamber 
that simple nuclear reactions could be observed and measured against a background of 
about 20 beam proton tracks crossing the chamber. For the neutron capture experiment 
there are, of course, no beam tracks and the only significant background is caused by 
those proton tracks arising from elastic n—-p scatters. At 50 Mev the cross section for 
this is 155 mbn, from which one may show that up to about 500 neutrons per pulse 
could be allowed to enter the chamber before the scattered proton tracks would give a 
background equivalent to the 20 beam protons found permissible in the preliminary 
experiments. 

Hence, to observe 100 neutron captures, 36 000 photographs (stereo-pairs) would 
be required. We may note that a proton experiment of the same cross section would 
require 900 000 photographs. 


§2. THE NEUTRON BEAM 


The experiment would be best performed with a parallel monoenergetic beam of 
neutrons, At 50 Mev these would form deuterons giving tracks in the liquid hydrogen 
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length 3 cm at angles up to 5° to the beam direction (Palmer 1960). These tracks 
uld be easily observed and distinguished from those of knocked-on protons of the 
ne angular spread whose range would exceed 15 cm. 

Such a neutron beam could be obtained from a thin deuterium target placed in an 


ternal proton beam of adequate flux. Unfortunately, this method was impracticable 
the Harwell cyclotron. 
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Figure 3 


Instead, a lithium deuteride target was used in the circulating beam and neutrons 
vere taken off tangentially (see figure 1). These neutrons were far from monoenergetic. 
‘irstly, the neutrons from the lithium in the lithium deuteride have a wide energy 
pread, even when the incident protons have a precise energy. Secondly, these protons 

9 
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do in fact have an energy spread of 15-20 mev caused by radial oscillations in t 
circulating beam and energy losses in the target itself, which increases with targ 
thickness. A target 20 mm thick was chosen .as giving the best compromise betwe 
overheating the lithium deuteride and unduly degrading the incident proton energy. 

With a circulating beam intensity of approximately 1010 protons per pulse t 
total forward neutron intensity was approximately 4 x 108 neutrons per steradian. T) 
energy spectrum of these neutrons is shown in figure 2. Since the flux was in excess 
what the chamber could utilize it was possible to sharpen this energy spectrum by passit 
the beam through hydrogenous’ material, thus preferentially scattering out the lo 
energy neutrons. After some trials with various lengths of polythene, a 50 cm leng: 
was chosen. The resultant ‘hardened’ spectrum is shown in figure 3. The total forwai 
flux remaining was then 2x 107 neutrons per steradian, giving six neutrons per pul: 
per cm? in the chamber. A typical photograph obtained using this flux is shown | 
figure 4 (plate). The number of tracks is small and well below the number that coul 
be tolerated. The unwanted background illumination was negligible. We were abl 
therefore, to economize both in film and scanning effort by photographing three expal 
sions on each negative. In the example shown in figure 5 (plate) the number of track 
is reasonable and the threefold superposition of optical background quite tolerabl 
A trial run showed that only when five exposures per negative were used, did tt 
optical background seriously obscure the tracks. 


Shee CHAMBER OPERATION AND PHOTOGRAPHY 


Beam pulses of 100 usec duration were obtained from the Harwell cyclotron at 
rate of 100 per second. This repetition rate was far too great to be matched by th 
bubble chamber and its camera, which were operated conveniently at 20 cycles pe 
minute. An electronic gating system (Palmer 1960) was used to lock the chambe 
expansion and photography to one in approximately every 300 of the cyclotron pulses 
To avoid the overheating and consequent decomposition of the lithium deuterid 
target by the unwanted proton pulses, the cyclotron was set to accelerate proton 
only for a few pulses around the one photographed. 

Photographs were taken as stereo pairs on a single reel of 35 mm film, using Dall 
mayer ‘Serrac’ 3 in. lenses. These were 30 cm from the chamber and provided a stere 
angle of 15° and demagnification of 1:3. With a Siemens SF 7 light source, usin, 


20 joules per flash at 4kv, good quality photographs were obtained after a bubbl 
growth time of 1 msec. 


§4. SCANNING AND ANALYSIS 


For scanning and measuring the film a simple projection system was used that 
gave an image 20x magnified of the negative on a horizontal opaque screen. This 
image was located on the screen by means of fiducial marks and the cartesian coordinates 
of the ends of the tracks were measured using a pantograph. An estimate of the accuracy 
of the method was made by measuring 100 proton-proton scatters, whose included 
angle should be 90°. The overall error, after three-dimensional reconstructién, was 
found to be equivalent to a measurement error of 10 » on the film or to an uncertainty 
of 0-3° in the direction of a 3 cm track in the chamber. 

In order to determine the neutron spectrum 100 pairs of negatives were selected 
from the beginning and end of the film, and every track on these was measured without 
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y attempt to identify corresponding pairs in the two stereo views. The coordinates 
the ends of the tracks were typed directly on to punched tape; this was later fed into 
MERCURY computer, which identified corresponding tracks and reconstructed them 
space. A single track image could be measured and typed out in a minimum of 
seconds and an average of 15 seconds. From the reconstructed tracks, we selected 
ly those satisfying the following conditions: firstly they were required to lie in a 
ctangular volume 5-6 cm x 7°7cm x 5-6cm, which was visible to both cameras; 
condly the event represented by the track must have been caused by a beam neutron 
aich, apart from passing through the 6 mm aluminium wall of the bubble chamber 
cuum tank, had passed only through the 3 mm copper wall of the chamber itself. 

Because of the very small cross section, only one in 7000 of the selected tracks 
presented a neutron capture event; the rest were scattered protons. It was thus legiti- 
ate, in determining the neutron spectrum, to take all tracks to be protons and to 
Iculate an energy distribution of the corresponding neutrons, using known cross 
ctions for elastic n—p scattering (P. H. Bowen et al., to be published). A correction 
ctor, which arose from the restricted selection of proton tracks, was calculated exactly 
a function of energy and was then applied to this distribution to give the true 
sutron energy spectrum, shown in figure 3. 

Four thousand pairs of photographs were examined for examples of deuteron 
rmation. Since the directions of deuteron tracks make only small angles with beam 
sutrons (see § 3), and since the beam was well collimated, we were able to restrict the 
ection of tracks considerably. Only those were chosen whose images, in both stereo 
hotographs, lay within 10° of the beam direction. This did, however, involve the 
‘entification of corresponding images during the scanning. This criterion selects all 
acks whose directions in space are within 10° of the beam, as well as a readily calculable 
roportion of those at greater angles. Consequently, we were able to construct an 
agular distribution of tracks up to about 30°. 

If, as will be shown in § 5, most of these tracks are caused by protons arising from 
lastic n—p scatters, we would expect the main angular distribution to show a constant 
umber of tracks per steradian (in the centre-of-mass system) at all angles. ‘To show 
eviation from this we have accordingly divided the number of tracks in each angular 
iterval by dQe.m. = 47 sin 2M1ap dian to give the distributions shown in figures 6 (a, b 
adc). The track length ranges of 0-8-1-8 cm, 1-8-3-1 cm, and 3-1-4:8 cm used for 
1ese distributions correspond to energies Ew (lab.) of 10-15 Mev, 15-20 Mev and 20-25 
(ev respectively, where Ew (lab.) is that energy of a neutron in the laboratory frame 
f reference which would elastically scatter a proton having the observed track length. 
‘he corresponding values of neutron energy Ey? (lab.), which would give deuterons 
1 these range intervals are 27-40 Mev, 40-54 Mev, 54-67 Mev. 


§5. INTERPRETATION 


Restricting the discussion for the moment to figure 6(b), we can say that particles 
iving the tracks may arise in one of the following ways. (i) They are deuterons formed 
y collimated beam neutrons in the energy interval 40-54 Mev; figure 3 shows that this 
aterval accounts for about 50% of all beam neutrons. (ii) They are protons knocked- 
n by collimated beam neutrons in the energy interval 15-20 Mev; this includes only 
%/, of all beam neutrons. (iii) They are protons knocked-on by neutrons not in the 
ollimated beam, which have been scattered out of the beam by the hydrogen or other 
arts of the apparatus. (iv) They are deuterons formed from such scattered neutrons. 
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(v) They are charged particles of any kind from interactions of beam neutrons wi 
impurities in the liquid hydrogen. 

We should expect the intensity only of the.deuterons in category (1) to vary rapid 
with angle, since they will all be concentrated within 5° of the beam direction. TI 
intensities of the particles in all the other categories should vary only slowly up 
about 30°. Moreover, since the cross section for deuteron production is so small, # 
deuterons of category (iv) will be negligible in comparison with the protons of catego: 
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Figure 6 


. 


(ili) and, since the impurities in the hydrogen are small (~ 0-02% deuterium, for 
example), particles of category (v) will be negligible in comparison with the protons 
of category (ii). Consequently, we may expect to see an angular distribution of tracks 
which varies only slowly up to 30°, arising almost entirely from protons, on which is 
superimposed a peak below about 5°, caused by deuterons. 
The presence of such peaks is evident in figures 6 (a, b and c). One might construct 
for each histogram a curve through all the points except the first, extrapolate this te 
the left, and subtract it from the experimental value at the smallest angle to give th 
magnitude of the peak there. On this basis, for example, practically all the tracks show: 
at 3-5° in figure 6(c) would represent deuterons. However, no reasonable explanatio 
has been found for the distribution of proton tracks in the range 0 < Oan <°30° to 
differ by more than a few per cent from that given by isotropic scattering in the centre- 
of-mass system, Assuming isotropy, the proton background averaged from the obser 
vations is shown as the dotted line in each figure. 'The resulting estimates of the number 
of neutron captures in each energy range are given in the following table, together wi 
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number of elastic n—p scatters. From these and the cross sections for n-p scattering 
H. Bowen et al., to be published), the capture cross sections were derived. 


Neutron energy (Mev) 27-40 40-54 54-67 
Elastic n—p cross section (mbn) 265 170 130 

Number of elastic scatters 16 800 31 800 21 700 
Number of neutron captures 845 20 + 10 Uz 5 
Capture cross section (ubn) 126 + 80 107 +50 42 +90 


weighted mean of these gives for the neutron capture cross section the value 110 wbn 
er the range of neutron energies considered, with a statistical error of +45 wbn. 
hen the effects of other errors, such as those due to uncertainty in the neutron spectrum, 
: included, we obtain a final value for the cross section of 110+ 60 »bn. This appears 
her high, but the errors are such that no definite discrepancy with theory can be 
serted. 

In spite of the limited number of photographs examined, the present work establishes’ 
2 value of the hydrogen bubble chamber for neutron experiments. Events with a 
yss section in the 10-100 zbn region can be studied with good statistical accuracy 
ing less than 50 000 photographs. 
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On the Momentum Spectrum of Cosmic-ray Muons 


at Sea Level 


By A. L. RODGERSt 


Department of Physics, University of Manchester 
MS. received 18th April 1961, in revised form 31st May 1961 


Abstract. The Manchester spectrum of muons arriving vertically at sea level is 
discussed in terms of the processes leading to the formation of the sea-level hard 
component of cosmic radiation. Evidence is presented to show that above amomen- 


: tum of 20 Gev/c there are particles, probably muons, at sea level which cannot be 
explained in terms of 7—p decay only. 


§ 1. INTRODUCTION 


THE Manchester cosmic-ray spectrograph, described by Hyams et al. (1950) an 
Holmes et al. (1961a), has been used to measure the momentum spectrum of singl 
muons arriving vertically at sea level in the East-West plane at a latitude of 57 °x 
The results are described by Owen and Wilson (1955) and Holmes et al. (1961b) 
together they form a continuous momentum spectrum from 0-5 Gev/c to an upper limi 
in the region of 1000 Gev/c. 

In order to ascertain how far a single 7-4 decay mechanism explains the observe 
sea-level variation of muon intensity with momentum, the measured sea-level momen 
tum spectrum is compared with one derived from the accepted primary proton spectrum 
the Fermi-~Landau multiplicity model and a first-order process to describe the diffusio1 
of the mesonic component in the atmosphere. Information is obtained on the primary 
collision in the primary energy range 108 to 104 Gev from the comparison in the sea: 
level momentum range 50 to 500 Gev/c. 

It is assumed that the momentum variation in the sea-level spectrum may be 
adequately defined by the primary proton spectrum alone, the primary charge spectrum 
in terms of energy per nucleon, remaining constant with energy. It is however known 
that the primary alpha-particle spectrum may fall more rapidly with energy than does 
the proton spectrum. The effect on the conclusions of this investigation is to increase 
the observed insufficiency of a single 7—~ decay process to explain the measured sea- 
level spectrum at high momentum. 

From considerations of the shape of the primary proton spectrum and Fermi- 
Landau theory of secondary particle production it is expected that beyond a secondary 
momentum of 5 Gev/c the contribution to the muon generation spectrum from non- 
primary nucleons and parent mesons other than those arising directly from the primary 
nucleon-nucleon collision is small, and accordingly, only primary nucleons and first 
generation mesons are considered. It is expected that the error introduced by this 
assumption is 3% at 5 Gev and decreases rapidly with increase in energy. The proposal 
is to some extent substantiated by the fact that the observed maximum in the sea-level 


charge ratio of muons, which is interpreted as ending the influence of secondary pro- 
cesses, is not much different from 5 Gev/c. 
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Because the investigation is indirect the conclusions are subject to the confidence 
ich may be placed in the parameters which occur in the processes leading to the 
|-level component. It would seem, however, that the low statistics in present direct 
servations limit the usefulness of the information which may be gained from them 
j that a continuous description of the energy dependence in the characteristics of 
: primary collision may only be afforded by indirect observations of the present type. 


§ 2. THE CALCULATED SEA-LEVEL MOMENTUM SPECTRUM 


2.1. The Pion Spectrum at Production derived from the Primary 
Proton Spectrum 


The pion spectrum at production is determined from the accepted primary proton 
ectrum. The experimental primary spectrum is taken from Barrett et al. (1952), 
e slope s of the integral proton spectrum being given by 


= 1:35+0-04 In (1) 


Ep 
a2 10? 
t Ey > 109 ev where E) (ev) is the proton energy. 

It is assumed that high-energy pions are created according to the Fermi~Landau 
eory of multiple meson production, i.e. the mean number of pions produced in 
e primary collision is given by 

n= RE, (2) 
‘average energy E, = KE,34. 
_ The constant of proportionality in equation (2) is determined by making use of 
arrett’s observation that muons of mean energy 800 Gev are associated with primaries 
* mean energy 4 x 104 Gev, viz. 


E. \4/3 
= 8:62 x 1029( “| 
1910 


For a multiplicity process which varies as the fourth root of the primary energy 
ie exponent 7 of the pion production integral spectrum is related to s by 


= 
T= 
ia 
E, 
= 1-65+0-07 n( 5] (3) 


here E, is measured in ev. 
The differential momentum spectrum at production S’(z, p) of the pions is accord- 


agly given by 
S'(m, p) dp, = (2:65 +0-33 log p,) exp[— 6-1 log p,, + 0:38(log p,,)?] dp, (4) 


vhere p,(ev/c) is the momentum of the pion. 


2.2. The Sea-level Spectrum in terms of 7- Decay only 


_ An exact analysis leads to a diffusion equation of extreme complexity and the 
ollowing determination is regarded as a close approximation. 
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The depth of the atmosphere is taken to be 1000 gcm™~ and it is assumed th 
pions are produced at a unique pressure level of 100 g cm~2 below the top of the atm 
sphere by the total absorption of the primary proton component of geometrically nucle 
interaction cross section. Duperier (1951) has shown that such an assumption leads 
only a small error in the numbers of mesons surviving to sea level. It is expected th 
the maximum effect in the whole of the momentum range investigated is less ths 
10%, the discrepancy being greater at low momentum. 

It is assumed that the momentum of the muon is always 0-8 of that of the pare: 
pion and that the subsequent rate of energy loss for muons in excess of 1 Gev 
2-2 Mev g- cm2, 

In the absence of a suitable computer at the time of calculation the process « 
meson diffusion was treated numerically, the lower 900 g cm-2 of the atmosphe 
being divided into nine equal homogeneous layers, of density corresponding to th: 
of the mean depth of the layer. The variation in density with depth for the Standar 
Atmosphere is taken from Rossi (1948). This method is considered to be sufficientl 
accurate in view of the overall uncertainties involved in the analysis. 

The rate of capture of pions in the incremental layer dZ g cm™ is proportional t 
1/A, where X, is the pion nuclear interaction length in air. The rate of decay of pion 
in dZ g cm~ is proportional to 1 /L where L is the mean range before decay and i 
equal to 5-13 x 10-6 p, cm for pions of momentum Px ev/c. 

For a layer of atmosphere of mean density 6 g cm-$ bounded between the depth 
4, and Z2 g cm-2 the number of pions interacting in the incremental layer dZ g cm 
distance Z g cm-2 from Z, is N(x, Z) dZ/A,, and the number decaying is N(x, Z) dZ/L, 
where N(z, Z) is the number of pions surviving at depth Z gcm-2, 

The fraction of pions lost by decay and interaction is therefore given by 

dN(z, Z) 1 1 
= =(-+;-) az 
N(x, Z) A,. £6 


The number of pions surviving at Z2, N(x, Zz), is found by integrating betweer 
the limits Z, and Zo: 


(5 


Nw, Z2) = N(x, Z1) exp| SZ a) me Falk (6 


T 


The pion spectrum at sea level is found by using equation (6) to determine the 
. . Pet 0) . ; 
fraction of pions surviving at the lower boundary of successive homogeneous layers, 


In terms of the production spectrum S’(z, p) the sea level spectrum S(z) is 
ee deal 
S(7) = S"(x, p) exp| 100 +— > =| (7 
Ni © Lay; 


where ; is the mean density of the th layer. 
The survival probability P(x) is, from equation (a. 


Si 7900 =3-1x 1011 
(ae H0n = exp| = + eae (8 
S'(7, p) », Pn + Po 
where po = 2:2 x 109 ev/e. ip 


Numerical analysis shows that, due to the competing processes of interaction an 
decay, S(7) passes through a maximum at Px = 100 Gev/c, the absolute value of intensit 


being dependent on the magnitude of the ‘constant’ pion cross section for nuclea 
interaction, 
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The production spectrum of muons is determined by considering the contribution 
N(, 4Z) from an incremental layer dZ g cm™: 


dZ 
dN(p, dZ) = N(x, Z)— 
Lp 


there 
1 1 
N(x, Z) = N(x, 21) exp| —(Z1-2)(- + =)|. (9) 
A) aoe 
The number, N(u, Z1, Zz), of muons produced by the decay of pions in the layer 
Z—Z2) gcm-2 is obtained by integrating equation (9) between the limits Z, and 
fog cm™?: 


ite Zu, Za) = we = exp — (Zi Zs)( = + allt (10) 


Rewriting equation (10) in terms of the probability function P’(u);, the muon 
»roduction spectrum S’(); in the ith atmospheric layer is 


P'(u)yi = 5 = exp — 100{ = allt exp| 100( allt (11) 


The sea-level muon spectrum is found by summing equation (11) for the nine 
homogeneous atmospheric layers and correcting for p-e decay. The sea-level muon 
spectrum S(u), derived from considerations of the pion component only, and a single 
decay mechanism, is given by 


i=9 
S(u) = 2. S"(u)ip(#) (12) 
= 
where p(u) is the probability of u-e decay and is given by 
100-91 
Hu) = exp] - > > =. (13) 
r=1 Pi 


M is the mean range before decay of muons whose sea-level momentum is 0°8 that of 
the parent pion, less the momentum lost by ionization in traversing the residual amount 
of atmosphere to sea level. 


§ 3. DISCUSSION AND CONCLUSIONS 


The probability functions (8), (11) and (13) are displayed in figures 1, 2 and 3 
respectively. Figure 4 shows the calculated ratio of pion flux to muon flux at sea level 
with momentum on the assumption of a single 7-1 decay mechanism. In the absence 
of information on the interaction of very high energy pions the expected variations 
appropriate to a pion nuclear interaction cross section of geometric and 0-3 geometric 
are shown, the corresponding curves being denoted A and B respectively. 

It would seem unlikely, however, that the pion is a weakly interacting particle at 
higher energies, and the discussion is confined mainly to the expectations realized by 
a nuclear geometrical interacting pion. 

The sea-level spectrum S(u, 7) composed of pions and muons only, and derived 

“from the sum of equations (7) and (12) relevant to a constant pion cross section of 
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Figure 2. Muon production per layer expressed as a fraction of the muon production 
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Figure 3. Muon survival probability to sea level. 
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aclear geometric, is compared with the measured sea-level spectrum S(p) in figure 5. 

For ease of comparison with other workers it is convenient to relate the evidence 
) the production level. Thus figure 6 shows S’(z, p), the pion spectrum derived from 
le primary proton component, together with S’(z, s), the spectrum derived from the 
veasured sea-level spectrum S(p) and the first-order diffusion model. There is good 
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Figure 4. Ratio of pions to muons at sea level from 7—p decay. 
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agreement over the momentum range 4 Gev/c to 20 cev/c. Between 6 Gev/c and 20 Gev/c 
the two spectra agree to within 1% and at 4 Gev/c the discrepancy is 5%, which is to 
be expected from the approximations used in the analysis. A comparison of S’(z, p) 


with the results of Puppi (1956) shows good agreement from 3 Gev/c to his upper limit 
of 40 cev/c. 
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The conclusion of the investigation is subject to the validity and approximations o 
the parameters in the model adopted. Basically two experimentally determined spectr: 
are available which are linked by the statistical model of meson production and a first- 
order meson diffusion process. However, the good correlation between the two spectra 
of figure 5 for secondary momenta below 20 Gev/c suggests that, provided the unlikely 
situation does not exist in which the approximations entering the analysis are completely 
self-balancing, the observed sea-level spectrum for momenta less than 20 Gev/c is 
adequately explained in terms of 7 decay only, the pion cross section for nuclear 
interaction remaining sensibly nuclear geometric. In particular, the conclusions add. 
some argument in favour of a multiplicity process which does not greatly differ from. 
the predictions of the Fermi theory, and provide some validity for the model adopted 
in § 2.2, the two inferences being complementary and mutually dependent. 

For secondary momenta above 20 Gev/c the evidence suggests that, provided the 
Fermi theory is still valid and the pion—nuclear interaction remains unchanged from. 
geometric, there are particles surviving at sea level which cannot be explained by the 
single process of m- decay. The excess at sea level is shown in figure 7, where R” 
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Figure 7. Ratio of the excess muons at sea level to the number expected from 7—- 
decay only. 


is the ratio of the excess particles to those expectéd on 7—y decay only. The statistical 
errors in this figure, arising from the measured uncertainties of the sea-level obser- 
vations, are appropriate to curve A corresponding to nuclear geometric interaction of 
the pion. Curve B is displayed to show the effect on the excess if the pion becomes 
less strongly interacting at very high momenta. 

If we relate the conclusions to curve A of figure 7 we expect that both high energy 
proton and pion flux at sea level are small. Provided that the proton interaction cross 
section remains nuclear geometric it is expected that protons constitute less than 0-1% 
of the total particles at sea level above 20 Gev/c.. This is substantiated by the fact that 
there is no considerable increase in the charge ratio of particles at sea level (Holmes 
et al. 1961b). Pions at sea level are excluded on the grounds of the probability function, 
equation (8) (see figure 1), and electrons are eliminated in the spectrograph measure- 
ments. Because of the short heavy meson lifetime it is expected that negligible 
numbers of heavy mesons survive to sea level even if the interaction cross section falls 
to a small value at high energies. It is concluded, therefore, that the excess particles 
at sea level are muons arising extraneous to 7-1 decay. The inclusion of the expected 


On the Momentum Spectrum of Cosmic-ray Muons at Sea Level 925 


imary alpha-particle spectrum would cause an increase in the numbers of excess 
iticles at high energy. 

Alternatively, to explain the difference in terms of predominant 7-p decay it is 
scessary to examine the relevant assumptions which are made in the analysis. 

A primary proton spectrum of smaller slope than that given by equation (1), or a 
‘oton cross section for nuclear interaction which decreases with increasing energy, 
ould tend to reduce the difference between the observed and calculated spectra. Both 
fects would, however, have to be considerable to obtain correlation in terms of 7 
scay only. Cudakov et al. (1958) have measured the collisional mean free path of 
sry high energy protons in nitrogen nuclei and find that it is substantially nuclear 
sometric. It would be difficult to reconcile a decreased slope of the primary proton 
yectrum with the observations at much greater energies. 

The evidence in favour of the Fermi theory is that Cocconi (1954) has shown that 
1e characteristics of a large number of relativistic showers in cosmic radiation may be 
itisfied by the ‘tunnel’ effect when the Fermi model is used to predict the multiplicity 
. a single nucleon-nucleon collision. Cocconi concludes that the Heisenberg (1949) 
todel, in which the range of nuclear forces is not limited, would not explain the observed 
ases of low nuclear excitation. McCusker and Roesler (1957) have confirmed this 
eneral agreement with more recent experimental observations. 

Referring to the present investigation it is apparent that to explain the measured 
2a-level spectrum in terms of pion production only beyond 20 Gev would imply a 
wultiplicity which decreases with increasing primary energy. Such a process is un- 
snable theoretically, and is experimentally inconsistent with shower observations and 
ne observed sea-level charge ratio variation with momentum. 

It is concluded therefore that, conditional upon self-balancing approximations, 
here are muons surviving to sea level whose origin cannot be explained on the 7—-» 
ecay process only. The excess at sea level may be attributed to decays arising from 
harged heavy mesons, either directly or through an intermediate pion. 

Compared with other extended measurements of the sea-level muon spectrum of 
igh upper momentum limit the Manchester spectrum is in agreement with the results 
f Pine et al. (1959) and with Ashton e¢ al. (1960) up to a momentum in excess of 
00 cev/c. 


REFERENCES 


\sHTON, F., BROOKE, G., GARDENER, M., HAYMAN, P. J., Jones, D. G., Kispasamy, S., Lioyp, 
J. L., Tayior, F. E., West, R. H., and WOLFENDALE, A. W., 1960, Nature, Lond., 185, 364. 

3aRRETT, P. H., BoLLincer, L. M., Coccont, S., EISENBERG, Y., and GRrEIsEN, K., 1952, Rev. 
Mod. Phys., 24, 133. 

Yoccont, S., 1954, Phys. Rev., 93, 1107. 

Supakoy, A. E., et al., 1958, Nuovo Cim., 8, 737. 

Duperier, A., 1951, J. Atmos. Terr. Phys., 1, 296. 

EISENBERG, W., 1949, Z. Phys., 126, 569. 

oimes, J. E. R., Owen, B. G., and RopcErs, A. L., 1961a, Proc. Phys. Soc., 78, 496. 

—— 1961 b, Proc. Phys. Soc., 78, 505. 

4yams, B. H., Mytror, M. G., Owen, B. G., and Wizson, J. G., 1950, Proc. Phys. Soc. A, 63, 
1053. 

McCusker, C. B. A., and Rogster, F. C., 1957, Nuovo Cim., 5, 1136. 

Owen, B. G., and Witson, J. G., 1955, Proc. Roy. Soc. A, 68, 409. 

Ping, J., Davisson, R. J., and GREISEN, K., 1959, Nouvo Cim., 14, 1181. 

Puppi, G., 1956, Progress in Cosmic Ray Physics, Vol. 3 (Amsterdam: North-Holland), p. 341. 

Rossi, B., 1948, Rev. Mod. Phys., 20, 537. 


PROC. PHYS. soc., 1961, vo. 78 


Existence of Energy Gaps in One-Dimensional Liquids 


By R. E. BORLAND 
Mathematics Division, National Physical Laboratory, Teddington, Middlesex 
Communicated by P. Dean; MS. received 31st August 1961 


Abstract. It is shown that a definite energy gap exists in a one-dimensional liquid 
provided that the maximum deviation of the distance between atoms is less than 
a critical value. Higher gaps successively appear as the disorder is further reduced. 


§1. INTRODUCTION 


§2. CHAIN OF NEGATIVE DELTA FUNCTIONS 


To simplify the proof we consider first the special case of a chain of 5-functions of 
strength —ko. The extension of the argument to a general atomic potential will be 
discussed later. Hence we are concerned with the eigenvalues E of the Schrédinger 
equation for an infinite chain 


d2 
[- ahd a(e—x) |p =iR) (1) 


with appropriate boundary conditions, and subject to the condition that 


a < Xi — ay < a+b: 


We shall restrict ourselves to positive electron energies and write E = k?. 

It has been shown by James and Ginzbarg (1953) that the number of eigenstates 
N(E) per atom with energy less than E is equal to the average phase increase per atom 
divided by 7. The phase ¢ is defined by \ 


'(E, x 
tan dG pe 
WE, x) 
and the condition that ¢ changes continuously with x, c being an arbitrary positive 
constant. In this case ¢ is chosen as 1/k in order that the phase increase from the right 
of the ith 6-function to the left of the (+ 1)th 5-function is equal to R(xi41— 44). 
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The phase ¢;’ immediately to the right of the ith 6-function can be related to the 
ase ¢; immediately to the left of the 5-function by integrating equation (1) from 
-e to x;+€ and taking the limit as « tends to zero. 

We obtain 


tan¢’; = tan¢di+a (2) 
ere a = Ro/k. 
We shall now prove that the integrated density of states is equal to unity for the 
ige of k satisfying the inequalities 


a—2q < ka < w—hb, (3) 


iere g is the principal value of arctan 3. 
Clearly an integer m exists for which the phase ¢j; lies either in the interval 


ma—q < $i < mr+ yr (4) 
‘in the interval 
mr— tr < di < mr—q. (5) 


yr reasons which will become obvious we call the interval (4) a stable phase interval 
id the interval (5) an unstable phase interval. 

Consider first the situation in which ¢; lies in the stable interval (4). Using equation 
) it follows that 4’; lies in the interval 


mr+q < $4 < mr+4r, 


nce d; equal to mm—q gives ¢;' equal to m7+q. Provided that the inequalities (3) 
‘e obeyed di: lies in the interval 


(m+1)r—q < ditt < (m+1)r+30 
ad by repeating the argument ¢;+1 lies in the interval 
(m+ M)r—q < dim < (m+M)r +37. 


*herefore the average phase increase is 7 per 6-function giving an integrated density of 
tates (EZ) equal to unity. 

Now consider the alternative that ¢; lies in the unstable phase interval (5). In this 
ase there is a tendency for the phases to the left of successive d-functions to drift 
ito a stable phase interval. To see this it is necessary to consider equation (2). This 
quation shows that the phase increase ¢’—¢ across a 5-function is a monotonically 
ncreasing function of ¢ in an unstable phase interval, and a monotonically decreasing 
anction in a stable interval. Hence any tendency for successive phases to slip back, 
n the sense that dj41—7 < Gi, is accelerated when ¢;+1 lies in an unstable phase interval 
nd retarded in a stable phase interval. 

This is of course not a rigorous argument and it is possible to construct chains for 
vhich ¢; lies in an unstable phase interval for all 7. However, even for these unlikely 
hains the average phase increase is still equal to 7 if the inequalities (3) are obeyed. 
tor this to be otherwise it would be necessary either that successive phases 4; and 
41 lie in the same unstable phase interval or that at least one empty unstable phase 
nterval separates ¢; and ¢j+1. The former case would require that ka < m/2—g and 
he latter would require that ka+kb > 7. Both these requirements conflict with the 


nequalities (3). 
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The inequalities will in general hold over a range of k provided that the ratio o 
6 to a is sufficiently small. For this range of energy N(E) is equal to unity and con 
sequently no states can exist within this range. 

By a trivial modification of the argument it follows that energy gaps will exist fo 
all integers for which the following inequalities hold over a range of k 


na—2q < ka < nn—Rb. (¢ 


The second and higher energy gaps become smaller or non-existent. 


§3. GENERALIZATION OF RESULT TO ARBITRARY ATOMIC POTENTIALS 


If we take the atoms to be represented by 8-functions of strength+ ko instead o 
—ko, then similar reasoning applies. Equation (2) becomes instead 


tand;’ = tandi—«. (7 


The phases to the left of succeeding 5-functions drift into and are trapped in the phas 
intervals 


ma —4a < pi < ma + q (3 
for the energy ranges for which the following inequalities hold 
nr < ka < nr+2q—kb. (9 


Again these inequalities will hold over a range or ranges of energy provided that th 
ratio of b to a is sufficiently small. 

Finally we consider the general problem in which we have a chain of potentials al 
identical, which are separated by regions of zero potential which have a maximun 
deviation of length 6. Again the phase ¢’ immediately to the right of an atomic potentia 
will be some function $'(¢, E), where ¢ is the phase immediately to the left of the 
atomic potential, but ¢’ will of course be a different function from that given by equatior 
(2). However, as we prove in the Appendix, it is always possible for a fixed positive 
electron energy E to replace the atomic potential by a 5-function surrounded by twe 
regions of zero potential which together have the same transformation properties a: 
the atomic potential upon the wave functions to the right and left of it. Thus the 
phase increase ¢’—¢ for the substitute atomic potential will be the same function o! 
¢ as given by the original atomic potential apart from an additive integral multiple ot 
a. ‘This multiple is determined by the condition that the phase is a continuous functior 
of x, and the only consequence of this addition is to alter the integrated density of 
states by an integer. Thus for a fixed energy a problem involving arbitrary atomic 
potentials can always be transformed into one involving only 5-function potentials. 
In the transformed problem the distances between adjacent atoms have to be increased 
(or decreased) by a constant amount. 

It is clear from the foregoing work that if the deviation of the original nearest 
neighbour distances is sufficiently small it is in general possible to find a range or ranges 
of energy for which the transformed problems give rise to an integrated density of 
states equal to an integer. These ranges of energy are therefore forbidden bands. 


§4. CONCLUSION 


The conclusion to be drawn from this work is that forbidden bands in one-dimen- 
sional crystals depend essentially upon short range order. Any solution to the wave 
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| 


tation in the forbidden band has a tendency to adjust itself in order to keep in step 
th the atoms, so that there is only one node between atoms for the first gap, two 
des between atoms for the second gap, and so on. 
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APPENDIX 


Assume the atomic potential is some function of x between two points x and x2, 
id that there is a region of zero potential to the left of x; and to the right of x2. The 
lution of Schrédinger’s equation in the region of zero potential to the left of «; can 
2 written as 


wi = Ay exp[ik(x—«1)]+ Bi exp[—ik(x—«1)] 
id to the right of x2 as 
bo = Az exp[ik(x—«2)]+ Be exp[—tk(x—xe)]. 


Since the specification of js and its derivative at a point is sufficient to determine 
ie solution of a second-order differential equation, and as 


ms 1 feel 
fis D) = (, .)( ‘ (10) 
ob’ (01) ik —4R, By 
- follows that the vector, whose components are the amplitudes of the waves travelling 


o the right and left, is sufficient to determine the solution. 
We can therefore represent the atomic potential from x) to xz by a transformation 


natrix as follows: 
(,) Bs BI ba (11) 
Bo T21 T21 By 
We wish to show that we can replace the atomic potential by a 5-function surrounded 
yy two regions of zero potential which together give the same transformation matrix. 
first we need to know the general form of the transformation matrix for an arbitrary 
itomic potential. 
Regarding the atomic potential as a scattering system we have at the point x; an 
ncident wave of amplitude A; and a scattered wave of amplitude By. Similarly at x2 


we have an incident wave of amplitude Bz and a scattered wave of amplitude dz. We 
can therefore express the vector of scattered wave amplitudes in terms of the vector 


10 
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of incident wave amplitudes by means of a scattering matrix for the potential 


(=) r le bd (2) fl 
A Ser Sa} \ Bo)” | 
It is well known that for such a system described by a real Hamiltonian the scatterir 
matrix must be unitary and symmetric as a consequence of conservation of probabiliti 


and time reversal symmetry. These restrictions give the following relationships betwee 
the scattering matrix elements: 


Sig = So (13, 
Sir = Sp2*|,S| (13, 
— Sig = Sh9*|S| (13, 


where the asterisk denotes the complex conjugate and 
[S| = SipS2o— S492. 


On solving equation (12) to obtain equation (11) we find that 


[S| See 
es f= —— 
Sie y iS 
Su 1 
Tx = -—, T22 = —. 
21 cn 22 So 
Using equation (13c) we find that 
1 
Ti = rat To3*. (14 
Equations (13d) and (13c) give 
Soo 
Ta = =slipt. 15 
21 Sut 12 (15 


One further restriction on the elements of the. transformation matrix is imposed by 
the condition that the determinant of the matrix must be equal to unity, since 


1— So9So0* 
T11T22— Ty2T21 = Cte 


Si2Si2* 
_ (1—S22Si1/|S]) or S12? a 
Si2S12* |S|Si2Si0* 


We see therefore that the transformation matrix for an arbitrary atomic potential is 
of the form 


ee Tie a 
T3* Tut)’ 


where Ty Ty* — T12T2* =a Uk, 
Now let us attempt to represent the transformation properties of this atomic potential 
by a potential which going from left to right consists of a region of zero potential of 
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zth g, a 5-function of strength p and finally another region of zero potential of length 
The transformation matrix representing a length g of zero potential is 


eka 0 
(; e-tkg ) 


note the wave function immediately to the right and left of the 6-function by 
i _ respectively. We have on integrating the wave equation across the 6-function 
strength pw and assuming continuity of 


Ce) = (aN) 


ing the equation analogous to (10) in both its direct and inverted form we obtain 


| As, i /-tk —-1\/1 O\/1 1\ (A 
, ie) he a “ibe a | Ue) 
nce on multiplying the matrices we see that the transformation matrix for the 
‘unction of strength pu is 
1—ip/2k —ip|/2k 
( + iu/2k ee 


aerefore the transformation matrix for the combined potential is 
etkh 0 1-7 —inr\ /etk9 0 
(; a +ir i! es) f, 32) 
rere A = p/2k. 


a multiplying these matrices we find that the transformation matrix is 


(1 —2A) ef* (oth) —1A etk(g-h) 
is eik(g-h) (1+:A) santa 


ow by choosing a value of z in the range —oo to 0 or 0 to +00, the modulus of A 
n be made equal to the modulus of Tip, and 7; and 72 can be given their correct 
1ase factors by an independent choice of g+h and g—h. Hence we have shown that 
is possible to represent the transformation properties of an arbitrary atomic potential 
; a §-function surrounded by two regions of zero potential. 
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The Absorption of Ozone in the Ultra-violet and Visible 
Regions of the Spectrum 


By A. G. HEARN+ 
Cavendish Laboratory, Cambridge 
MS. received 18th May 1961, in revised form 27th July 1961 


Abstract. The absorption coefficient of gaseous ozone has been measured for the 
mercury lines at 2537, 2894, 2967, 3021, 3342, and 5770 A, by measuring the optical 
absorption and the pressure as the ozone decays in a sealed quartz absorption tube. 
This avoids the chemical determination of the ozone. The determination gives 
independent and absolute values of the absorption coefficients, and their standard 
deviations are 2$% or less. Previous measurements of the absorption coefficients : 
disagree by as much as 25%, but the present results generally agree within the 
limits of error with those of Inn and Tanaka. 


§1. INTRODUCTION 


‘THE ABSORPTION band of ozone in the ultra-violet is of great interest to meteorolog 
but the measurement of the absorption coefficients is difficult because of the unstab 
nature of gaseous ozone. The absorption coefficients have been measured on sever 
occasions, but the most detailed studies are those by Ny and Choong (1933), Inn an 
Tanaka (1953) and Vigroux (1953). Their results are illustrated in figure 1. TI 
absolute values disagree by up to 25% and the coefficients throughout the absorptic 
band have been found not to be self-consistent (Vassy 1937, Walshaw 1957). TE 
absorption coefficients at the wavelengths of six mercury lines have been measured 1 
try to resolve the differences between these determinations. The method yields absolu 
values of the absorption coefficients and the individual measurements are independen 


§2. THE PRINCIPLE OF THE DETERMINATIONS 


The method is a modification of that used by Lauchli (1928). If pure ozone is seale 
into an absorption tube and maintained at a constant temperature, then as the ozon 
decays into oxygen the pressure increases reaching a final pressure one and a half time 
the original when all the ozone has decayed. The absorption coefficient & is given by 


P 7 dL ail a a 
= xL = — —pyp——(cmnrtp)- 
Oi Te dieu ee 

where po and To are standard pressure and temperature, p and T are the pressure an 
temperature of the gas, / is the length of the absorption tube, x is the molecular absorp 
tion coefficient, L is Loschmidt’s number and D is the optical density measured to th 
base 10. > 

So the absorption coefficient may be obtained simply from the rate of change of th 
optical density with pressure of the gas mixture while the ozone decays. 


+ Now at the Atomic Energy Research Establishment, Harwell, Berks. 
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There are several assumptions implicit in the derivation of this relation. Firstly, 
2 absorption coefficient is independent of pressure. This has been investigated by 
ssy (1936a), Strong (1941), Barbier and Chalonge (1942) and Vigroux (1953), who 
found no significant effect of pressure. Secondly, intermediate products must not 
cumulate during the decay of the ozone. The work of Benson and Axworthy (1957), 
sidt (1935) and Heidt and Forbes (1934) show that their lifetimes are very short. 


— 
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Figure 1. The absorption coefficients measured by Ny and Choong, Vigroux, and 
Inn and Tanaka. 


‘hirdly, all the ozone must be converted to oxygen and none must be lost by chemical 
saction with the apparatus, which requires the apparatus to be designed so that contact 
£ the ozone with substances such as tap grease is avoided. Fourthly, no ozone must be 
ist by physical adsorption onto the surface of the apparatus. Preliminary experiments 
idicated that this was prevented by using absorption tubes made of fused silica. 


§3. THE APPARATUS 


The optical system is shown in figure 2. A mercury vapour lamp was used as the 
ght source and its intensity was stabilized by means of a vacuum photocell controlling 
ye current through the lamp. The lamp was under-run, which reduced the width of 
xe resonance line at 2536 A to 0-9 A. The widths of the other lines were less than 0-1 A. 
“he fine structure of the absorption band of ozone was examined by Chalonge and 
vefebvre (1933) using a six metre concave grating spectrograph in the region from 
603 to 3395 A and they found no structure finer than one or two Angstroms. 

The light from the mercury lamp was split into two beams, one of which passed 
hrough the absorption tube, and the other was used as a reference beam. The two 
eams were selected by a rotating shutter and passed, each in turn, into a quartz spectro- 
yeter. Their intensities at the required wavelength were compared by means of a 
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photomultiplier. To reduce the error caused by reflections at the windows of 
absorption tube, the beam was allowed to traverse the absorption tube only once. 
Chance OX7 ultra-violet transmitting filter was placed in front of the mercury la 
so that stray light coming from the visible region would be removed. The spectrogra 
was a Hilger El instrument, which is a quartz Littrow spectrograph with a prism 
4-9 cm base and a focal length of approximately one and a half metres. The plate hol 
of the spectrograph was replaced by a carriage holding the photomultiplier. The opti 
system was arranged so that the two beams fell as nearly as possible onto the same p 
tion of the photocathode in order to remove the effects of differential changes in sen 
tivity across the surface of the photocathode. 

The anode current of the photomultiplier was measured by comparing the volta 
developed across a ten megohm resistor with a potentiometer using a valve voltmet 


Experimental 
beam 


K 


Figure 2. The optical system: A, mercury lamp; B, quartz plate; C, photocell ; 

D, diaphragm; FE, quartz lens; F, OX7 filter; G, quartz beam splitter; H, rotating 

shutter; J, absorption tube; K, concave mirror; L, concave mirror; M, beam 
splitter; N, spectrometer slit. 


as a null detector. Two potentiometers were used, one for each beam. The phot 
multiplier was selected for low dark current, which was sufficiently constant for it t 
be subtracted from the measurement by adjusting the zero of the valve voltmeter. 

A Mazda 27M3 photomultiplier was used, which has a window transmitting do 
to 2200 A. The h.t. supply to the photomultiplier was stabilized by the circuit describe 
by Fellgett (1954). The current drawn from the photomultiplier did not exceed 0- 
microamp. In view of the investigations into the linearity of photomultipliers of th 
931A and similar types made by Engstrom (1947), Kortum and Maier (1953), an 
Hermann (1957), there is no reason to doubt the linearity of its response. 

The grid current of the valve voltmeter was 10-12 a. The faintest intensity measure 
during the work was represented by an anode current of 10-9 a. 

Three absorption tubes were used for the measurements. They were made fro 
fused silica and were nominally 15, 10 and 0:75 cm long. The pressure of the mixtur. 
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ached to the free end. The most sensitive spiral had a sensitivity of about 10 cm per 
_Hg pressure at a distance of one metre. ‘The spiral manometers were kindly supplied 
the University Chemistry Laboratory in Cambridge. 

The decay of ozone releases 34-2 kcal (g mol)-1. To ensure that the temperature 
the gas did not rise excessively, a thermocouple was sealed into the absorption tube. 
1e thermocouple was made from two alloys, 10% iridium with 90% platinum and 
% palladium with 60% gold. The calibration remained constant during the experi- 
‘nts indicating that the ozone had no action on it. 

The apparatus was housed in a cellar, the temperature of which was thermostatically 
atrolled. 


§4. THE EXPERIMENTAL PROCEDURE 


The ozone was prepared by the method described by Vigroux (1949). Dried cylinder 
ygen was passed through a silent discharge ozonizer, and the products liquified in a 
uid nitrogen trap. The oxygen was fractionally distilled away by reducing the pressure. 
iere is no evidence of an azeotropic maximum of ozone and oxygen (Jenkins, Di Paolo 
d Birdsall 1955). Liquid ozone is quite stable at liquid nitrogen temperatures, and 
was kept in a bulb for several months without appreciable decomposition. The ozone 
quired for an experiment was distilled into an appendix on the absorption tube, which 
is then sealed. The ozone was allowed to evaporate, filling the absorption tube. By 
is method contact with grease during the determination was avoided. 

Impurities cause an error in the determination only if they decompose during the 

easurement contributing to a change of pressure or of optical density. The only un- 
ible impurities likely to be present are the oxides of nitrogen which are formed during 
e ozonizing process from the nitrogen impurity in the oxygen. Except for nitrous 
ide, all the oxides of nitrogen are immediately oxidized by the ozone to nitrogen 
mtoxide. This was estimated by means of its absorption line at 740 cm and it was 
und that the ozone contained less than 0:1°% nitrogen pentoxide. This could not cause 
ly significant error. 
Preliminary experiments using a pyrex absorption tube indicated that ozone was 
sing desorbed from the walls during the later stages of the determination. This 
1enomenon had been investigated by Vassy (1936b, 1937). To estimate the desorp- 
on of ozone from the quartz absorption tubes, the 0-75 cm absorption tube was filled 
nearly atmospheric pressure with ozone, and after an hour the gas was pumped away 
id the tube sealed. During the following eight hours no evidence of desorbed ozone 
as found using the large absorption of the mercury resonance line at 2536 A. The 
‘periment was first tried with the 10 cm tube, but while the ozone was being pumped 
vay it exploded, completely shattering the absorption tube. 

The effect of the desorption of ozone would be most serious for those experiments 
quiring a low pressure of ozone. For three of the six determinations of the absorption 
yefficient at 2536 A, for which a pressure of only 1 cm Hg was required, a side arm of 
te absorption tube was filled with quartz wool having a surface area equivalent to five 
mes that of the absorption tube. The difference between the two sets of measurements 

not significant, nor is the standard deviation greater in one than the other. 

The decay of the ozone in a quartz absorption tube was very slow. Since this is 
ainly a surface effect, it suggests that the interaction of the ozone with the quartz is 
tuch less than with pyrex. The decay was hastened by illuminating the absorption 
ibe with light from two extra mercury lamps. It was necessary to allow time for the 
eat generated by the decay of the ozone to dissipate. 


936 A. G. Hearn 


One of the potentially most serious sources of error in a photometric system is str 
light. It was possible to estimate the stray light and to correct for its effect. It cou 
only come from the mercury lines transmitted by the OX7 filter, The absorption ¢ 
efficient of ozone varies so rapidly between these lines, that the wavelengths short 
than that being measured are heavily attenuated and should not contribute to the str. 
light; whereas the longer wavelengths are barely attenuated and their contribution 
the stray light predominates; and because of the low absorption coefficient, it remaii 
approximately constant over the range of ozone partial pressures used. The effect 
the stray light may be calculated if it is independent of the optical density of the ozo1 
and if it is small in intensity compared with that of the required wavelength. If D is tl 
true optical density, D’ is the measured optical density and 7 is the total pressure | 
the gas in the absorption tube then 


where Jo is the intensity of the measuring beam before entering the absorption tuk 
and S' is the (constant) intensity of the stray light. So the effect of the stray light 

that the measured optical density plotted against the pressure is no longer a straight lin 
In practice the curvature cannot be detected over the range of optical densities use 
but the error in the slope of the graph when fitted by least squares is equal to the err 
determined at the middle point of the optical density range. For most determinatior 
the density range was from 0-2 to 0-8 or 1-0 so that the error due to the stray light is 


aD! ~ aD" 3S"aD 
dp ..dp. Io, dp 


By starting with a high concentration of ozone, the deviation from the straight line be 
comes measurable, and the ratio S/Ip can be deduced, since as the optical density be 
comes very large, the measured optical density tends towards log (S/Io). This estime 
tion of the effect of stray light is only approximate, but the precautions taken reduce 
the stray light to a level where only an order of magnitude determination of its effec 
is required. The largest correction required was OES Or. 


§5. THE RESULTS 


The slope of the optical density and pressure relation was found from the experi 
mental results by the method of least squares. The results of separate determination 
were combined by taking the unweighted mean, and these are given with their standare 
deviations in table 1. The absorption coefficients at some wavelengths were determine 
using two different absorption tubes, and these are quoted separately. 

The determinations at 2967-3 and 3021-5 A made at high pressures with the shor 
absorption tube are much less accurate than those made with the longer absorptios 
tube. There is no significant difference between the mean values. If it is assumed tha 
the pressure dependence of the absorption coefficient is of the form kp = ko(1+ap 
where kp and ko are the absorption coefficients at a pressure p and at zero pressur 
respectively, then the pressure coefficient a is less than 0-002 (cm Hg)-! at 2967:3 
and less than 0-0015 (cm Hg)-1 at 3021-5 &. Because of the poor accuracy of the absorp 
tion coefficient determinations at high pressure, this is not a sensitive method of deter. 
mining the effect of pressure. The two sets of results have not been combined for thi 
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Table 1 


Summary of the Experimental Results 


Tube Mean R.M.S. Number of 
Wavelength length abs. coeff. deviation determinations 
(a) (cm) (cm NTP)“) (%) 
2536°5 0-744 133-9 1-05 6 
2893-6 10-09 ilgfp) 1:8 2 
29673 10:09 6-948 0:24 6 
2967-3 0-744 6-93 ho) 5 
3021-5 10-09 3-308 0-24 6 
3021°5 0-744 3-300 2-3 4 
3341°5 10-09 0-:0498 1-4 13 
5769-6 14-991 0:0555 16 4 


yest estimate of the absorption coefficient, but those obtained with the 10 cm tube have 
yeen taken by themselves. 

Only two determinations were made at 2893-6 A and the standard deviation given is 
only an estimate. 

In addition to the random error of the mean, there are further errors contributed 
‘rom the measurement of the length of the absorption tubes and the calibration factors 
of the McLeod gauge and spiral manometers. These are shown in table 2 together 
with the total random error of the mean from all sources. Errors due to the variation 
of the temperature of the ozone-oxygen mixture during the experiment are quite 
negligible. 

In addition to these random errors, there are two sources of systematic error. The 
errors caused by stray light were estimated and the appropriate corrections to the 
absorption coefficients are shown in table 3. It was not possible to estimate the effect 
of the stray light for the determinations at 3341-5 and 5769-6 A because the absorption 
coefficient is so small and a sufficiently high optical density could not be obtained. It 
is probable that the error involved is very small because the main contribution to the 
stray light comes from light of other wavelengths, and these two lines are particularly 
strong. A second source of systematic error which affects only the measurements at 
3021-5 A is the presence of companion lines which are unresolved by the spectrometer. 
This line has three companions at distances of +2-5, +6:5, +9:5 A. The nearest line 
has an intensity of one quarter of the principal line, and the other two are less than 1%, 


Table 2 
Analysis of the Random Errors 
McLeod Spiral 
Wavelength Mean Tube length gauge gauge Total S.D. 

(A) (%) (%) (%) (%) (%) 
2536-5 1:05 0°54 0-81 — 1-4 
2893-6 1:8 0:20 — 0:29 1:8 
2967-3 0-24 0-20 — 0:29 0-43 
3021°5 0-24 0-20 — 0-29 0-43 
3341°5 1-4 0-20 — 0:29 1-4 
5769-6 1-6 0-00 0-81 0-00 1:8 
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so that they are negligible. The effect of a companion can be calculated if the ratio o 
the absorption coefficients at the two wavelengths is known. If &; and kg are the absorp- 
tion coefficients for the principal line and the companion respectively, and j is the ratio 
of the intensity of the companion to the principal line, then the absorption coefficien 


k which is measured by the spectrometer is related to the true absorption coefficient b 
the relation 


(j+1)10-F = 10-* 4 j10-Hi/m 


where m is the ratio k1/k2. This ratio obtained from the results of Ny and Choong, Inn 
and Tanaka, and Vigroux is 1-042, 1-034, and 1-041 respectively. 1-040 was chosen for 


this ratio and the equation was solved graphically. This correction is also included in 
table 3. 


Table 3 
Systematic Errors 
Mean uncorrected Correction for Correction for 
Wavelength abs. coeff. stray light companion 
(A) (cm NTP) (cm NTP)-1 (cm NTP)? 
2536°5 133-9 +0-0 — 
2893 -6 17-2 — — 
2967°3 6-948 . +0-021 — 
3021°5 3-308 +0-003 +0-029 
3341-5 0-0498 — — 
5769-6 0-0555 — — 


The absorption coefficient at 3021 & has been published (Hearn, Walshaw and Wor- 
mell 1957), but the value given of 3-310+0-009 (cm NTP)! did not include this cor- 
rection for the effect of the companion. There is no other difference between the two 
results. If a mercury lamp, run under similar conditions to those used for these deter- 
minations, is used for the measurement of ozone, then the uncorrected value should be 
used, since it is the effective absorption coefficient for the line and its companion. The 
corrected value is the best estimate of the monochromatic absorption coefficient at 
3021 A. 

The best estimates of the monochromatic absorption coefficients are given in table 
4. For convenience the equivalent molecular absorption cross section is also given, 


Table 4 


Best Estimates of the Absorption Coefficients 


Molecular 
Absorption absorption 
Wavelength coefficient \ cross section ‘Temperature 
(A) (cm NTP)-1 (10-49 cm?) (°c) 
2536°5 133-9 +1-9 114-7 £24 22 en 
2893-6 17:2 +0-3 14-7 =+0°3 19 
2967°3 6-969 +0-030 5-971 +0-026 22 
3021-5 3-340 +0-014 2-860 +0:011 20 
3341°5 0:0498 + 0-0007 0-0427 + 0-0006 20 


5769-6 0-0555 +0-0010 00476 +0-0009 21 
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§6. DISCUSSION 


For comparison the absorption coefficients measured by Ny and Choong, Vigroux, 
id Inn and Tanaka are shown in table 5. Inn and Tanaka made the measurements 
hotoelectrically and the others photographically. They all used a continuous source, 
id the values quoted are interpolations from the absorption coefficients measured at 
iaxima and minima. Since no information is available regarding the shape of the 
»sorption bands, the interpolation of these results is rather arbitrary. 


Table 5 


Other Measurements of the Absorption Coefficients (em NTP) 


Wavelength (A) Ny & Choong Vigroux Inn & Tanaka Present work 
2536°5 142-6 124-3 133-1 133-9 
2893-6 21-6 18-2 17etl 172 
2967-3 8-19 6-83 6:72 6-969 
3021-5 3°72 329. Besa 3-340 
3341°5 0-067 0:058 0-061 0:0498 
5769-6 = 0:0553 0-052 0:0555 


Inn and Tanaka state that the maximum deviation from the average value of the 
bsorption coefficient was about 5%. The others give no indication of the accuracy of 
heir measurements. The results of Ny and Choong are some 10% higher than the others 
nd possibly this is due to the side reactions in the chemical estimation which are des- 
ribed by Juliard and Silberschatz (1928). 

With the exception of 3341-5 A, there is no significant difference between the present 
neasurements and those of Inn and Tanaka; whilst for those of Vigroux at 2536-5 and 
8936 A, the differences are significant. The value obtained for 3341-5 A is much less 
han that of any other worker. This discrepancy appears to be due to the difficulty of 
nterpolating the absorption coefficients of Vigroux and Inn and Tanaka. Also, compared 
vith the wavelengths given by Vigroux and Ny and Choong, those given by Inn and 
Tanaka are 1A wrong. If the interpolation of Inn and Tanaka’s coefficients is made 
vith the aid of the values given by Ny and Choong, in which the detail is greater be- 
ause of the higher resolution of their spectrograph, then it is found that the result is 
10t inconsistent with the present determination. Support for this low value comes from 
neasurements of the infra-red absorption of ozone using the ultra-violet absorption for 
sstimating the ozone (Walshaw 1957). 

It appears that for general purposes, the absorption coefficients of Inn and Tanaka 
ire the most accurate and self-consistent. The accuracy which the authors claim for 
heir measurements corresponds to a standard deviation of about 2% in the absorption 
oefficients. The Cary recording spectrophotometer is designed for measuring the 
bsorption across the ultra-violet band with an accuracy in the wavelength of a few 
Angstrém units. The wavelength measurements of Ny and Choong are probably the 
nost reliable, and it seems that the results of Inn and Tanaka could be improved 
lightly by checking the wavelength calibration against the results of Ny and Choong. 
For laboratory measurements of ozone, the use of the emission lines of a mercury vapour 
amp has the advantage that the wavelength is clearly defined and that an interpolation 
‘rom continuous measurements of the absorption coefficients is not necessary. 
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The Inversion of Specific Heat Curves 


By R. G. CHAMBERS 
H. H. Wills Physics Laboratory, University of Bristol 
MS. received 30th June 1961 


Abstract. It is shown that the methods proposed by Montroll and Kroll for 
deriving the lattice frequency spectrum from the experimental specific heat curve 
will in practice yield only a ‘smoothed’ spectrum, averaged over a range of 1-6: 1 
or more in frequency. Any practicable improvement in experimental accuracy will 
reduce this smoothing only slightly. The same smoothed spectrum can be derived 
more simply by a procedure involving only one quadrature, and a still simpler trial- 
and-error method is also described and illustrated. 


§1. INTRODUCTION 


NUMBER of authors have considered the problem of determining the lattice vibration 
ectrum g(v) from the specific heat Cy(7), either by approximate methods (Grayson- 
mith and Stanley 1950, Katz 1951, Hwang 1954, Barron, Berg and Morrison 1957, 
Teiss 1959, Barron and Morrison 1960, Hovi and Pautamo 1961) or by formally exact 
version techniques (Montroll 1942, Kroll 1952, Taylor 1956). Several of these methods 
reviewed by Blackman (1955). The solutions of Montroll and Kroll both involve 
vo successive quadratures; in this note we derive a solution which involves only one. 
he ‘exact’ solution so obtained is of purely formal significance, because the integrand 

oscillatory and divergent, but this difficulty can be overcome if we are content to 
valuate a smoothed spectrum g(v), averaged over a certain frequency range. The 
ethods of Montroll and Kroll will in practice only yield a similarly smoothed spectrum, 
» that the present method will yield the same information with less labour. A still 
mpler approximate method is also discussed, which is probably adequate for all 
ractical purposes. 


§2. ANALYTIC METHOD 


If the spectrum obtained by inversion is to be of any significance, the specific heat 
ata must first be corrected for the effects of thermal expansion and anharmonicity, 
nd any other extraneous effects, as stressed by Katz and by Barron e¢ al. Writing 
= IkT, « = hy, we then have 


Cx(p) = 3R | : #(<)E(Be) de (1) 


yhere RE(Be) is the Einstein specific heat function for a single oscillator, and g(e) is 
ormalized to give 


fr g(e) de = 1. 


ro derive g(<), we need to work with some function of which vanishes at high tempera- 
ures, e.g. (Be)"E(Be), or more generally F; ‘n,n(Be) = (—)™(Be)™*™ dmE/d(Be)™. Writing 
941 


: 


: 
Lim ,n(B) = (—)mBmtndm(Cy/3R)/dB™ and Gn(e) = €1-%g(e), we find from equation (1 
dropping the subscripts, that 
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be : de | 
1B) = | ORG) = C 
Changing variables to « = —In B, 7 = Ine, we can write this in the form 
ive) 
La) = [Gl Fla—n) dy @ 


so that the measured function L(«) is simply the convolution of the required functior 
G(n) with the known function F(«—7), as noted by Taylor (1956). The ‘unfolding’ of 
I(«) to find G() is a familiar problem in spectroscopy, where L(«) is the observed 
line-shape, G() the true line-shape, and F(«—n) the instrumental broadening factor 
It has been discussed by many authors (e.g. White and Millington 1928, Shull 1946, 
Stokes 1948), and it is easily shown that if L(x), G(x) and F(x) are the Fourier trans- 
forms of L(«), G(n) and F(«—7), the solution is G(x) = L(x)/F(x).+ This is essentially 
Montroll’s solution, which thus requires two quadratures: first to find L(x) from L(a) 
and then to find G(n) from G(x). : 

If, formally, we define H(n—- a) as the function whose. Fourier transform is 
H(x) = 1/F(x), then formally the inversion follows at once from a single quadrature: 


Gln) = J Le) —x) dx () 


Now in fact for large |.|, 


F'n,n(x) ~ T(m+n+2+ix) 


l2 


(277) ¥/2 |x |m+"+9 exp( —dar|ce|) exp i[x ln x— x + dn(m+n+38)] 


so that H(«) diverges and this result is of no practical significance. If, less ambitiously, 
we seek to evaluate not G(7) itself but a smoothed spectrum G(7), formed by the convolu- 
tion of G(n1) with a weighting factor W(y-™), we need a function Hy such that 


G(n) = | 3 G(m)Wm-—m) dm = ic L(«)Hyp(n—«) da. (5) 


The Fourier transform of equation (5) gives G(x)W(x) = L(x)H w(x), so that 
Hy(x) = G(x)W(x)/L(x) = W(x)H(x). Thus if W(x) falls more rapidly than exp(— $7|x/) 
for large |x|, Hy(x) will tend to zero for large |x|, and Hy(n—«) will be well-behaved. 
If for instance W(x) = exp(—ax2), W(n) = (47a)-12 exp(—7?/4a); if W(x) = 1 for 
|x| < xo, zero for |x| > xo, W(n) = sin(7x9)/7. But if W(n) has a half-width less than 
about 0-4 in 4, Hy(x) still rises to extremely large values before falling to zero, and 
correspondingly Hy(n—«) becomes a rapidly oscillatory function of very large ampli- 
tude. Extreme accuracy would therefore be required in the measured values of L(«) 
to obtain a close idea of G(y) in this way, as we shall see below. a 


+ Since g(<) ~ e? for small «, we need n < 3 if Gn(m) and Lm,n(«) are to remain finite as 


7,%-> —0o. If nm = 3, we can avoid singularities in L(x) and G(x) by cutting off L(«) at some 
large negative «. ; ty 
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If we put G(m) = (7), equation (3) gives L(«) = F(«), and then equation (5) becomes 


Wo) = | F@)Hy(n—) de (6 


ris also follows at once from W(x) = F(x)Hw(x).) Thus Hy is that function which, 
ied with the relatively broad function F, produces the narrower function W. As an 
srnative to the analytic approach, we can replace Hw by a set of delta-functions of 
sngth H; located at the points 7—« = yi, and attempt by trial and error to choose 
and »; so that the sum & AjF(yn—yi) = W(n) is as narrow as possible. It is difficult 
this way, however, to produce a function W with a half-width less than 0-6 in , 
responding to a range of 1-8 : 1 in frequency. This is not a great deal less than for F 
If: for instance, Fo,2, Fi, and Fi,3 have half-widths in y of 1:33, 1:13 and 0-93 
pectively. This result merely confirms the conclusion from the analytic approach. 
Thus the prospect of analytic inversion using equation (5) appears unpromising. 
mntroll’s method, though in principle free from convergence difficulties, will in 
wctice be no more useful, when experimental inaccuracies are taken into account, 
4 since essentially the same limitations apply to all inversion methods it is worth 
cussing them in a little detail. 


§3,. EFFECT OF EXPERIMENTAL ERROR 


Suppose for example that the experimental data consist of N values of Cy, equally 
aced over the relevant range of «, and each having a standard error o(Cy) = sCv. 
1 the function Lo, = Cy/3RRT used by Montroll, the resultant standard error in 
+ Fourier transform L(«) is approximately o(L(x)) ~ 1-1N~1/2sL(0), independent of x. 
ere and in what follows, L(0) signifies L(w = 0).) But the actual magnitude of 
(x)/L(0)| will fall rapidly with increasing |x|; in fact it will be comparable with or less 
an |F(x)/F(0)|, since G(x) = L(x)/F(x) converges. ‘The value of L(x) and so of G(x) 
ll therefore become increasingly uncertain for large |x|, and will have to be set equal 
zero beyond some point xo say. This is precisely equivalent to using a smoothing 
netion W(n) = sin(yxo)/7, of width 27/x9 between zeros, and half-width approxi- 
ately 7/xo. 

Thus if N = 100 and s = 10-2, for example, we have o(L(x)) ~ 10-8(0), while for 
e function Fo,1 we have |F(x)/F(0)| = 10-2, 10-8, 10-4 at |x| ~ 5-5, 7-4, 9-2. Thus 
en if |L(w)/L(0)| falls no faster than this, we shall need to cut off the transform at some 
int x9 < 7. The experimental data can therefore only yield a spectrum smoothed 
er a half-width of at least z/xo = 0-45 in 7, i.e. a range of 1-6 : 1 in frequency. If the 
imber and accuracy of the experimental points are increased to N = 1000 and 
— 10-3, we shall still need x9 < 9, corresponding to only a small decrease in the range 
‘smoothing. Some advantage might be gained by working with the function Ly,3(«) 
stead of Lo,1(«), because Fi,3(«) and therefore L1,3(x) fall off a little more slowly with 
|: for Fi,3 we have |F(x)/F(0)| = 10-2, 10-8, 10~ at [x| ~ 8-3, 10-5, 12-5. But this 
lvantage will be largely offset by the reduced accuracy of L4,3(«) and hence of L4,3(x), 
cause Ly ,3(«) involves dCy/dT rather than Cy. 

We need not discuss Kroll’s method in detail: it is somewhat similar to Montroll’s, 
1d suffers from precisely the same limitations. Finally, it is easily seen that the single- 
1adrature method of equation (5) involves exactly the same combination of the experi- 
ental data as Montroll’s method with a cut-off at |x| = xo, so that again the same 
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limitations apply. In other words, equation (5) will yield exactly the same informati 
as Montroll’s method, with the use of only one integration intead of two. 

The information obtainable by inversion techniques is of course limited basica 
by the breadth of the functions F and L. Replacing G by G is equivalent to replaci 
L by a similarly smoothed function L: 


Lea) = [7 Hea) an) das = f” GenyRe—n)dn = {* Gea) Fla—n) dy 


where the last form follows when the smoothing is applied to F instead of G. Clearly 
will be impossible to distinguish G from G if the resultant smoothed function L(«) 
experimentally indistinguishable from L(«). Now it is easily shown that the differen 
dF (x) between F and F will be imperceptible if the smoothing function sin(yx9)/mn h 
a half-width z/xo less than about 0-4. (In fact |SF(«)/Fimax(«)| < |F(xo)/F(x = 0) 
Since L(«) is effectively already a ‘smoothed’ and therefore broadened version of F(« 
it will be even more difficult to distinguish L(«) from L(«) (corresponding to the fa 


that L(x) falls off even more rapidly than F (x)), and no method of inversion can circur 
vent this difficulty. 


§4. TRIAL-AND-ERROR METHOD 


Perhaps the most practical method of estimating G() along these lines is to retut 
to the basic equation (3), and simply attempt by trial and error to find a form for G( 
which reproduces the observed L(«). This method, though inelegant, is quite rapi 
and has the merit that the uncertainties in the resultant spectrum are readily apparen’ 
more sophisticated techniques may obscure these uncertainties, and give a spurious a 
of accuracy to the results. 

Of the possible functions F'm.n we choose F,3 because this has the smallest hall 
width, and because the resultant frequency spectrum G'3(e) = g(e)/e2 gives directly th 
departures from a Debye spectrum. The corresponding specific heat functio 


I1,3(8) = —B* d(Cy/3R)/dB can be derived from the usual plot of the equivalent Deby 
temperature 6(T) by using 


é d(Cy/3R) _ 4: d(In @) 0 g 
Iy,3 = (RT)? dD) = (R60) eft “= dn n|2(7) (7 
where the function 
2 ] a ieee 
(T) T/ d(6/T) 


gives the value of (k0)8Z1,3 for a Debye solid. Values of B(6/T) = B(Bep), derived fron 
Beattie’s (1926) table of Cy/3R as a function of 6/T, are given in the table, together witl 
values of F,3(8e). For a Debye spectrum, G3(<) = 3/ep3 for « < ep and G3(e) = 0 fo: 
€ > ep, and in equation (7), k = ep is independent of temperature, so that from (2 
we have ep dB/d(Bep) = 3F,,3(Bep). 

A plot of Z1,3 against —In B = « now gives at once, from equation (3), a qualitative 
indication of the form of G3(n). To proceed further, we rewrite equation (3) in the 
form 


La) = > Gi(m)F(a—na)ins (8 
in which G(») is approximated by a set of rectangular blocks of height G; and widtk 


The Inversion of Specific Heat Curves 945 


Be; Be; 

Bep F1,3(Be) B(Bep) Bey F,3(Be) B(Bep) 
1:0 0-151 0-09 7-0 76-950 150-4 
1:5 1-015 0:65 75 72-381 165°8 
1:8 2-299 1:51 8-0 66-048 179-4 
2-0 3-627 2-43 8-5 58-738 190:8 
255 9-011 6-42 9-0 51-030 200-1 
3-0 17-594 13-49 9°55 43-445 207-7 
3:5 28-971 24-11 10 36-328 213-85 
4-0 41-824 38-21 11 24-216 222-45 
4:5 54-522 55-22 12 15-286 227°55 
5-0 65-501 74-22 14 5-366 232-05 
5°5 73-510 94-12 16 1-654 233-30 
6-0 78-077 114-0 18 0-461 233-65 
6°5 79-075 132-9 20 0-118 233-75 


; centred on the points 7, and F is the average of F over a range 57; about 7. A set 
parameters G;(7nj) satisfying equation (8) can be found quite simply and rapidly by 
aphical trial-and-error methods; at the same time the latitude in the choice of these 
rameters can readily be estimated. At low frequencies (y > —0), G3(m) tends to 


€2Gs(q)/3 


10° 10" 


v/v. 


Figure 1. Full line: the spectrum Ga(7) for a simple cubic lattice (derived from 

Blackman 1937). Histogram: approximation to Ga(y) derived from Blackman’s 

6(T) curve, using equation (8). Dashed curve: smoothed version of histogram. 
Chain curve: Debye spectrum giving the same low-temperature 0. 


1e constant value 3/e93, where «9 = Avo = kOo, and Oo is the low-temperature limit of 
‘T). It is convenient to renormalize G(n) and L(«) using this factor, and to take as 
ariables y—7o = In(v/vo) and «—no = In(T/60). 

To test this method, we have attempted to re-derive a known lattice spectrum from 
1e resultant specific heat curve, using for the purpose the results of Blackman (1937) 
st the simple cubic lattice. Figure 1 shows the spectrum G3(n) so derived from Black- 
1an’s (7) curve, together with Blackman’s original spectrum. The low-frequency 
nd is not too badly reproduced, but the narrow peak at the high-frequency end is lost. 
Jnfortunately, when we draw a smooth curve through the histogram and convert from 


It 
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G(n) to g(c), this lack of detail is seen to be disastrous (figure 2). The result would : 
be improved appreciably by enforcing normalization of g(<) to give 


ty ge) de = 1; 


this has not been done here. All inversion techniques will fail in this way, basice 
because the relevant variable in the inversion procedure is Inv rather than vp itst 


0 | 
€/€.-viv, 


Figure 2. Full line: the spectrum g(e) for a simple cubic lattice (Blackman 1937). 
Dashed line: approximation to g(e) derived from smoothed histogram of figure 1. 


and because the function F(Be) = F(hv/kT) spreads over a very wide ratio of fr 
quencies. For the same reason, increased accuracy in the experimental measurement 
Cy will improve the situation very little. 

Most of this work was carried out four years ago, but left unpublished when it w: 
found that Lifshitz (1954) had already derived and discussed the inversion equatio1 
(4) and (5). It is published now partly to draw attention to Lifshitz’s paper, which 
apparently unknown to workers in this field, and partly to point out the limited practic 
value of inversion techniques generally, and to suggest that the information obtainab 
in this way may be most simply derived by the trial-and-error method outlined her 
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Abstract. A method is described for determining the inter-electrode gas temperature 
at any chosen time following the current interruption of an arc discharge, using a 
rotating mirror camera to measure the velocity of a shock wave passing through the 
gas. From a series of such measurements the rate of temperature decay may be 
found, and results are given for times between 100 usec and 1 sec after interrupting 
arcs in air between carbon electrodes. The average rates of decay of the mean core 
temperature during 1 msec following current interruption were 1-5 deg psec-1 for 
an 8mm gap (10 or 40 a) and 2-8 deg psec-! for a 2mm gap (40 a). The tem- 
perature decay subsequent to a 40 a arc has also been calculated from a knowledge 
of the gas properties and with the assumptions of cylindrical symmetry and energy 
loss by thermal conduction only. 


§1. INTRODUCTION 


‘THE TEMPERATURE decay of the inter-electrode gas following the interruption of an a: 
discharge is of basic interest in the general study of electrode gap properties under vary 
ing applied electrical conditions. From a knowledge of the temperature distributic 
as a function of time assistance is given to the determination of the variation of oth 
properties such as the total electrical conductivity, energy content, and the voltag 
required for arc re-ignition by either thermal or spark breakdown. 

A direct investigation of the decay of arc gas temperature has been carried out b 
Wienecke (1955, 1956) on a 200 a carbon are. From the known temperatures of the ar 
core and the boundaries of aureoles produced by CaO and CN molecules, he was abl 
to record the temperature decay following current interruption by photographing th 
arc every 4:8 usec. Indirect information of temperature decay has been obtained b 
Crawford and Edels (1960) from their measurements of re-ignition voltage agains 
time; Paschen’s law is used to estimate mean axial temperatures at decay times greate 
than 10 msec when the re-ignition voltage depends on gas density. 

The temperature decay measurements described in this paper were obtained fron 
the velocity of a shock wave which passed through the electrode gap. This method ha 
been previously used by Edels and Whittaker (1957) to determine the temperature o 
the luminous core of a steady arc discharge. The shock wave may be considered as ; 
moving probe whose speed is related to the gas temperature at each point in its path 
A rotating mirror camera records the shock propagation which is shown by an increasec 
brightness of the arc; in the non-luminous regions surrounding the arc the shock is dis- 
played by means of a Schlieren system. In order to calculate the temperature, the 
shock strength as well as the shock speed must be known. The variation of the:shock 
strength with the local gas temperature may be calculated for a plane wave from < 
theoretical relationship, and the attenuation introduced by the convexity of the wave 
front may be allowed for empirically, 
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When applying this shock wave technique to time-dependent temperature distribu- 
ms it is desirable that the temperature changes are small during the time taken for the 
gh speed ‘probe’ to traverse the region of interest, so that the derived temperature 
stribution may be considered as an instantaneous picture. Because the passage of the 
ock alters the temperature distribution and its subsequent decay it is only possible to 
‘tain one distribution at one chosen time for a given recovering arc. However, by 
‘obing a series of recovering arcs at various times after current interruption a set of 
dial temperature distributions with time as a parameter may be obtained, on the 
sumption that each arc recovers in the same way. 

The steady state radial temperature distribution may be calculated independently 
‘measurements for a given arc current and electrical field strength if the electrical and 
termal conductivities of the arc gas are known functions of temperature. The temp- 
‘ature decay following current interruption may then be calculated if the enthalpy 
id gas density are also known as functions of temperature. This paper describes both 
le measurement and independent calculation of post-arc temperature decay. 


§2. SHOCK WAVE THEORY 


The analysis by which arc temperatures are obtained from shock velocities has al- 
eady been treated in detail (Edels and Whittaker 1957), but a summary of this treatment 
allows. 

An arc discharge can be considered to present a series of infinitesimal contact dis- 
ontinuities to a shock wave travelling normal to the arc axis. At each of these dis- 
ontinuities the incident shock wave results in the production of a transmitted shock and 

reflected shock or rarefaction. The Rankine-Hugoniot shock wave equations and the 
quation governing the mass flow through a rarefaction wave may be applied in differ- 
ntial form to the interaction. The result of this analysis is a differential equation in 
erms of the incident shock velocity u, incident Mach number M and local ratio of 
pecific heats y. This relation fails to satisfy the integrability condition but insertion 
f typical experimental values shows that the change of y across the shock front may be 
eglected. Integration of the remaining terms results in an equation of the form 


uF(M, y) = 1/c 


where 


1 2 \1/2 y — 1y 1/27 yD? 
F(M, y) = ( 1-5) (e+) aa (me- ee ) 


PyM2—(y—)P2—[y— M+ 27-2 
* yM2= (y= DE? + [— M+ 2p? 


ind c is a constant for a given shock. This relation is shown graphically in figure 1. 

The value of c is found for each shock by measurement of its velocity at a point of 
<cnown temperature outside the arc. The gas temperature at any other point may then 
ye determined by measurement at that point of the velocity of the same shock. 

In the original paper it was suggested that the value of y to be used throughout the 
nalysis was the steady-state value obtaining in front of the shock. However, measure- 
nents by Blackman (1956) have shown that the relaxation time of the vibrational degrees 
of freedom in nitrogen at 5500 °K is 5 psec, and extrapolation of his results suggests 
hat this time is reduced to 3 psec at a typical steady-state arc temperature of 6500 °K. 


(1) 
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This is the value for the relaxation time relating to a high pressure arc in air as the oxygel 
component is completely dissociated. In the work described in this paper the shoel 
front passed through the are in 2 usec and hence it would seem reasonable to assume tha 
only processes which occur within 2 psec of the passage of the shock influence the ar 
temperature measurement. The vibrational degrees of freedom may therefore be con 
sidered as inert during the immediate shock transition. Such a consideration applie 
only to a relatively weak shock, in which the temperature rise across the front is small 
In practice, the value of y chosen is not critical because of the parallelism of the family 
of y curves in figure 1 for say m less than 2. Hence the results of Edels and Whittaker 
are virtually unaffected by the assumption that the vibrational degrees of freedom are 
immediately active during the shock transition. 


a(irwsis 
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2 12 > 
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H aw 
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Figure 1. Variation of Mach number Figure 2. Attenuation of shock 
with shock velocity. passing through arc channel. 


The foregoing analysis applies only to the propagation of a shock front which remains 
plane throughout its passage. It is this planarity which allows the determination of the 
Mach number and shock velocity at any one point to define directly the value of the 
constant ¢ at all other points. However, in the practical measurement of an arc temp- 
erature by the passage of a shock front through the discharge and its immediate surround- 
ings the wave front becomes convex and the shock strength attenuates. The convexity 
is set up by normal spherical expansion of the shock front while outside the arc, and also 
by interaction with the radial temperature distribution of the discharge while within 
the arc boundaries (Poritsky and Suits 1935). : 

The attenuation caused by the open-atmosphere expansion of a shock wave can 
often be represented for many gases at various temperatures and pressures by the 
empirical relation 


M,-1 X2Q— Xz : 
(2) 
M2—1 d 


where d is a constant of the order of 5 cm (Edels and Whittaker 1957). However, a 
though this equation describes attenuation when the initial Mach number is less than 
about 2:6, it underestimates the effect at higher shock strengths. Hence an upper limit 
of Mj) = 2-6 was placed on the shock strength used in temperature measurements. 

As expected the arc produces additional shock attenuation because of its radial 
temperature distribution. The effects of attenuation are depicted in figure 2. Thus in 
a constant-temperature gas, shocks would attenuate according to equation 2 along, for 
example, line 1,5 or 4,6. Within the arc, however, a velocity distance curve 1,2,6 is 
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tained. If now the stream lines which exist in the arc were followed in a constant- 
mperature gas then some curve such as 1,3,6 would be obtained. If these lines were 
otted with the ordinate linear in log(M-— 1) then lines 1,5 and 4,6 would be straight 
id parallel. The exact position of line 1,3,6 will depend on the spatial details of the 
‘tra attenuation caused by the arc, but fortunately little error will be produced by an 
accurate guess and a convenient and not unreasonable assumption is that it too is 
raight. Hence at point 3 when a fraction f of the distance x¢—.«; has been traversed, 
[z is obtained from M3—1 = (M,—1)!-4(Me6—1)f. As ug, M3 and ug are now known the 
irves of figure 1 may be used to find Mz and hence the velocity of sound and temperature 
: point 2. The radial temperature distribution may thus be found by allowing f to 
ary, and the core value obtained when f = 3. 


§3. EXPERIMENTAL METHOD AND RESULTS 


The increase in density occurring across a shock front which is traversing a self- 
iminous gas is accompanied by an increase in luminosity. The propagation of this 
icreased luminosity through a horizontally burning d.c. arc is recorded by a rotating 
iirror camera, as indicated in figure 3. The correction for shock attenuation and the 
pplication of the plane wave theory require a knowledge of the shock velocity at two 
oints outside the arc. This information is obtained by the inclusion of a Toepler— 
chlieren system, which also serves in the measurement of the shock velocity within the 
rc when the self-luminosity of the discharge has decayed. The shock wave originates 
rom a spark gap at the back of a shock tube, the mouth of which lies 2 cm from and 
erpendicular to the arc axis. The arrival of the shock in the arc is synchronized with 
he correct rotating mirror position by reflection of light from an auxiliary mirror on 
he main shaft into a photomultiplier PMj, the output of which trips the shock-generating 
park. The electronic flash tube constituting the Schlieren source is synchronized with 
he generation of the shock. 
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Figure 3. Schematic layout of optical system. 


The are under investigation is initiated by spark breakdown of the inter-electrode 
pace. Current from the d.c. mains supply follows through and an arc discharge is 
sstablished. After 150 msec of current flow the discharge is interrupted within 5 psec 
yy the diversion of the current through a mercury thyratron connected across the arc. 
[he delay time at which the gas temperature is made is then determined by an electronic 
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delay unit which is activated by the input pulse to the diverting thyratron. The outpi 
of the unit operates the shutter, thereby triggering the shock wave and allowing a sing 
exposure of its passage through the decaying arc plasma. For post-extinction times le 
than the period of rotation of the mirror (3-3 msec), the delay between arc extinctio 
and shock production is provided by a second photomultiplier PM2. This is operate 
by light reflected from a second auxiliary mirror and the output trips the diverting thyre 
tron. ‘The decay time at which temperature measurements are made is therefore detet 
mined by the relative positions of the two auxiliary mirrors on the rotating shaft. 

All events in the experimental cycle which do not require precise timing, such 2 
initiation of the arc and its extinction on the longer delays, are controlled by a rotar 
cam system. 

Temperature measurements are made with the mirror rotating at a predetermine 
speed. ‘This speed is monitored by a third photomultiplier PM3, the output of which i 
displayed oscillographically against a standard oscillator. Measurement of an angle o1 
the streak photograph and a knowledge of the constants of the optical system give th 
shock velocity at any point in the field of view. 

Figure 4 (plate) shows a set of rotating mirror photographs of the passage of a shocl 
front through the decaying hot gas at various times after interrupting the current of 
horizontal 10 a d.c. arc between 4 mm diameter spectroscopic carbon electrodes 8 mn 
apart in air at one atmosphere pressure. The results presented in figure 5 are meat 
temperatures across the arc core. They were obtained at the longitudinal mid-point: 
of d.c. arcs burning horizontally between spectroscopic carbon electrodes. No tempera: 
ture measurements could be made in the range from 5350 °K to 3400 °x as the self- 
luminosity of the arc was too weak and the Schlieren sensitivity was insufficient at the 


Temperature(’K) 


°OF 10 100 700 
Time from Arc Interruption (msec) 


Figure 5. Decay of mean core value of arc gas temperature. Horizontal arc in air 
at 1 atmosphere pressure between 4 mm diameter spectroscopic carbon electrodes. 


low gas densities. As the camera was operating at its optimum performance (Edels and 
Whittaker 1955) this gap in the measurements ‘could be best filled by increasing the 
sensitivity of the Schlieren system. The present system can detect only a deflection 
of about 10-2 radian at 3400 °K, which is in accordance with theoretical expectations. 
It is possible to build a Schlieren system to detect easily angular deflections of 10-4 
radian, but with the difficult conditions of a steady state arc in the light path this is 
increased to 10-8 radian (Sperling 1950). The sensitivity of the present system could 
be improved by either increasing the focal length of the second Schlieren lens or 
reducing the unobscured width of the static Schlieren source image at the knife edge. 
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; latter method may not be useful because of increasing diffraction effects, although 
acing the knife edge by a graded filter could help (Holder and North 1953). 

[he estimated errors in the temperature values are +3% for those lying above 
)°x, +5% for values between 3000 °K and 1000 °K and +10% for values below 
)°x. The error in the measurement of decay time does not exceed + 2% through- 
the whole range. 

[he variation of temperature with radius at any required time may be determined 
a the rotating mirror photographs by measuring the variation of shock velocity as 
isses through the arc, The best records were measured in detail at points correspond- 
to every 4:5 mm along the arc diameter (0-45 mm on the photographic record), and 
r allowing for shock attenuation as described in § 2 the radial temperature distribu- 
| may be obtained. However, the accuracy of these measurements is at present poor 
\pared with the average core temperatures because of the difficulty of measuring 
les over short distances on the photographs, and so only the steady state distribution 
_the axial temperatures of the decaying arc are shown in figure 8, 

In order to check that the discharges under investigation had reached complete 
ilibrium before interruption some steady-state temperature measurements were 
de both on arcs which had been burning for 150 msec and on arcs which had burned 
several seconds, The results obtained for these two arc conditions agreed well with- 
the experimental errors. 


§4, THEORETICAL TEMPERATURE DECAY 


The energy balance equation for a gas which has an electrical input due to an applied 
d strength E and losses caused by thermal conduction and gas flow may be written 


oh op 
cE? = -V.AVT+0(—- +0.¥h)— (2 +0.¥p| (3) 


ere T, p, h and p are the gas temperature, density, enthalpy and pressure, o(7’) and 
[) are the electrical and thermal conductivities of the gas, and v is the gas velocity. 
In a steady-state well-stabilized arc which is convection-free and cylindrically 
nmetric the arc current J and the tube radius R at a temperature TR completely 
termine the radial temperature distribution for a given gas. The axial temperature 
is a monotonic increasing function of JE, and ER is a slowly varying function of J/R. 
: analytic solution for the temperature distribution of this model may be obtained from 
> simplified energy equation which is derived from equation (3) by putting 0/dt = 0 


dv = 0, thus 

1d dT 

ee -—_(rk ) (4) 
vr dr 


we choose new variables x = Er and S = {kdT from T, to T (where Ta is an arbitrary 
mperature), and take a piecewise linear function to approximate to the actual non- 
ear relationship between o and S a solution may be obtained in terms of Bessel func- 
ns (Maecker 1959, Goldenberg 1959). Pelzer (1958) calculated for a carbon are in 
- that the contribution of radiation to the total energy loss is small, and therefore its 
nission from equation (4) will not cause a large error. 

After current interruption there is no power input, and the gas cools to the ambient 
mperature. A direct consequence of this cooling is a reduction of pressure towards 
e axis, which causes gas to flow radially inwards. The pressure gradient necessary 


to produce the gas flow is quite small, and may be neglected as far as the assoc 


energy is concerned. The equation of the conservation of mass gives the contra 
velocity as 


where the gas density is related to the tem 
The combination of the inward flowin 
the rate of cooling at any given radi 
conditions 
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perature on the assumption of constant press 
g gas and the radial temperature gradient incre. 
us. ‘The energy equation becomes for these d 


oh i) =| oh : 
ea r 1 pUr—. 

Pot ror, ar)? “or 
Substituting for vy from equation (5) the equation in terms of one dependent vari 
h is : 


ch la ( oh\ 10h pr rp ss 
ot Teor | of oa é 
where « = dh/dS = Cy/k and B = — pdh/dp. In this non-linear differential oe 


a Or r or 


we have the three non-linear coefficients a, B and p. The equation states that the r: 
of decay of enthalpy at a given radius equals that due to thermal conduction plus th 
caused by the gas contracting. If we consider these two effects taking place alternat 
instead of simultaneously the radial temperature profile shown by curve a in figure 
would change to curve b after some small time because of the conduction loss, and 
contraction effect would then alter the profile to curve c. By use of equation (4) 1 
obtain a steady state profile, the change during a small time interval may be calculate 
numerically using iterative processes based on equation (7) (Whittaker 1960). 
For air at a pressure of 1 atmosphere the values of «, 8, p and 7 as functions of 
are given in figure 7 (7' and p from Predvoditelev 1958 and ‘Treanor and Logan 195¢ 
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Figure 6. Temperature decay Figure 7. Variation of «, B, p and T with h for air at 
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data for « from Wienecke 1956). In order to compare a calculated temperature 
y with a measured result of § 3 the experimental conditions of the 40 a arc with a 
length of 8 mm were chosen as best suiting the theoretical assumptions of a cylin- 
il arc cooled by conduction. A theoretical steady-state radial temperature distribu- 
was calculated to fit the measured temperatures at the axis and at 4:5 mm radius, 
is shown in figure 8 at time t = 0. Normally the variation of electrical conductivity 
_ temperature would be required to draw this curve, but as this data is not well 
blished for air it was necessary to assume a reasonable shape for no(T), where n is 
inknown constant. The total power dissipation is obtainable from the calculated 
| curve, for at any radius where the electrical conductivity is zero we have 
= —2nrk dT/dr. As the experimental arc current is known, the field strength, total 
ductivity of the arc column, and the value of m may be calculated in turn. ‘Tempera- 
: profiles subsequent to current interruption are given in figure 8 with time as a 
meter. 
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Figure 8. Decay of radial temperature distribution for a 40 a arc in air. 


It is appropriate to comment on the importance of the contraction of the gas on the 
oling arc, as the solution of equation (7) would be considerably easier if the last term, 
presenting contraction, were omitted. The equation would then be similar to that 
the cooling of a solid rod where contraction is negligible and for which series solutions 
2 available. A comparison of the numerical solutions which include and omit this 
ntraction effect for the arc already considered is shown in figure 9. It is seen that the 
mperature decay at large radii is considerably underestimated when contraction is 
glected, and the error at the axis, although initially zero, has become appreciable at 


)0 psec. 


§5. DISCUSSION 


Figure 5 shows that for the 8 mm gap length the temperature of the 40 A arc is 
itially higher than the 10 arc, and remains higher throughout the decay period. 
his result is as expected, for both the initial power input and the thermal energy stored 
the arc column are higher for the 40 a arc. 
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Comparison of the 2mm and 8 mm gap length characteristics of the 40 a arc sha 
clearly that the initial rate of temperature decay is much more rapid in the 2mm g 
The average rates of decay for the first millisecond are 2:8 and 1-5 deg psec-1 7 
tively. This considerable influence of the proximity of the 4 mm diameter electr . 
to the whole plasma has also been revealed by work on re-ignition phenomena (Ed 
and Crawford 1957). Carbon electrodes operate at temperatures in the region of 4000 | 
It follows that, in the initial stages of plasma temperature decay, the electrodes help 
cool the gas by thermal conduction. The shorter the gap, the greater is the influen 
of the electrodes on the plasma as a whole. Because of the much greater thermal = 
of the electrodes compared with the intervening gas, they cool considerably more slow. 
Hence a point will be reached in the decay at which the electrodes begin to slow doy 
the. cooling of the inter-electrode space by returning thermal energy to the gas. 
intersection of two characteristics of arcs of different gap length is therefore to 
expected and is, in fact, revealed in figure 5 at the reasonable gas temperature of 2200 ° 
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A temperature decay curve derived by Crawford and Edels (1960) from their re 
ignition voltage characteristics using Paschen’s law is shown in figure 10. There ar 
large differences between this derived curve and that obtained by the shock wave - 
nique for decay times up to 100 msec. This will be mainly due to the shock wave meas 
ing the gas temperature midway between the electrodes, whereas the temperature deriv. 
from the re-ignition voltage assumes the gas density is longitudinally uniform and s 
gives a mean axial temperature. As the gas approaches the ambient temperature thes 


two methods of measurement agree, giving about 690 °K at 100 msec and 450 °x 
1 sec. 


On comparing the theoretical calculations with the experimental results for the 40 
arc, 8 mm gap, figure 8 shows that for the initial fall of the central temperaturé fro 
7400 °K to 6000 °x the theoretical rate of decay is about 4 deg sec-1 whilst the measure 
rate is 2 deg psec-!, This discrepancy would be slightly increased by some effe 
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siderable flow of hot gas upwards, rather like a hot vertical slab of gas with the heat 
it near the lower edge, instead of the cylindrical model which was analysed. The 
retical figure of 4 deg psecé! for a cylinder would possibly be reduced to 3 deg 
1 for such a slab—the initial rate of decay would be halved at the centre, with smaller 
ictions towards the boundaries. The remaining discrepancy is probably due to 
isurement errors which would affect both the observed rate of temperature decay 
the initial radial temperature profile used for the calculated decay. As reliable data 
the electrical conductivity of air is not available it is not possible to check the initial 
file against the experimental arc current, and unfortunately the calculated rate of 
ay depends strongly on this profile. 


§ 6. CONCLUSIONS 


A shock wave may act as a convenient probe to investigate the temperature of the 
ling gas following arc interruption. Mean core temperatures in the range 8000 °K 
ambient temperature have been measured. Radial temperature measurements were 
de with only poor accuracy because of limitations in the resolving power of the optical 
tem and photographic emulsions. From the temperature measurements and theo- 
ical calculations we conclude that the axial temperature decay of a horizontal 40 a 
bon arc in air, 8 mm gap length, is from 2 to 3 deg psec + during the first 500 usec 
er current interruption. The measured rates of decay of the mean core temperature 
re 1-5 deg psec™! for the 8 mm gap (10 or 40 a) and 2:8 deg psec! for the 2 mm 
» (40 a), averaged over 1 msec following current interruption. 
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The Effect of a Thermal Gradient upon Charge 
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Abstract. The apparatus and method are described by which the separation of 
electrostatic charge between similar polyethylene spheres, initially at different 
temperatures, during an impulsive contact has been observed. 

The amount of such a charge separation varies during a series of observations 
both progressively and randomly. A component of this charge separation is shown 
to depend upon the direction of the thermal gradient across the interface. The 
progressive variation in charge separation with number of impacts is shown to be 
consistent with a transfer of ‘active centres’ from one surface to the other. The 


quantity of charge which separates between two surfaces is also shown to vary 
with different contact areas on one surface. 


§1. INTRODUCTION 


AN ILLUSTRATIVE theory of charge separation between surfaces not quite in contact, br 
close enough for charge carriers to pass from one to the other, has been proposed 
Henry (1953a), taking account of differences between the two surfaces in affinity fo 
and abundance of, charge carriers, and in temperature. 

This model was further developed (Henry 1957), to show that if the surfaces were ; 
different temperatures a component, due to kinetic processes, of the charge densit 
formed over the contact area on separation, would be given by o where 


eae , Va-WVat Ps) RAT 
K L RT D 


in which Vj, V2, Vm are potential energies, relative to an arbitrary zero, of charg 
carriers at equilibrium on surface 1, surface 2, and at the point of maximum energ 
between the surfaces respectively, T is the mean temperature of the surfaces, AT th 
temperature difference between the surfaces, D the distance between the surfaces anc 
e the charge on a carrier. is a constant of value between } and 2, K the effectiv: 
dielectric constant between the surfaces and k is Boltzmann’s constant. Each of thes 
parameters is determined at that instant during the separation of the surfaces wher 
carriers just cease from crossing the gap at a significant rate. (See, e.g., Harper 1951) 

The term AT/D in this equation represents a temperature gradient across empty 
space between two flat surfaces that have been assumed in the model in order to make 
calculation simple. In reality the two surfaces will not be flat, and the distance between 
them when carriers are able to cross will be a few dngstréms only, comparable with 
the dimensions of the atoms of which they are made. Under these conditions it is 
impossible to assign definite positions and temperatures as for the model surfaces, but 
the notion of a temperature gradient across the interface remains useful. We may 
suppose that with a more sophisticated model temperature gradient would enter the 
equation for o in a similar way to AT/D. 


958 
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This theory was invoked by Henry (1953b) to explain the observation of a separation 
ycharge between like surfaces on being rubbed together. Such a separation has been 
jserved by Shaw (1927), Gruner (1953) and Henry (1953b) between two similar rods 
bed together asymmetrically, that is to say the small contact area of rod A rubbed 
ing the length of rod B and vice versa. The rod contributing the smaller area to the 
bing process was observed to acquire a particular polarity whether it was A or B. 
h the basis of the above theory the small contact area which during rubbing becomes 
) balance warmer than the other rod is supposed to lose a greater number of charge 
‘riers than it gains. Henry (1953b) further demonstrated that charge also separated 
tween like surfaces rubbed together in an apparently symmetrical manner. In this 
se the asperities on each surface presumably acquired a higher temperature than the 
st of the opposing surface and lost carriers to it. 

_ These observations suggested that a charge separation due to a temperature gradient 
»uld be measurable when separated from other effects. 


| §2. DESCRIPTION OF EXPERIMENT 


A steep temperature gradient is obtained by bringing two spherical specimens to- 
ther, initially at different temperatures, for a brief interval. They are mounted as 
e bobs of two pendula and one is allowed to fall through a pre-determined arc to 
ike the other once, after which they are kept apart. 

Before each collision the spheres are discharged in ionized air. Charge on either 
here is measured by deflecting it into one of two Faraday cylinders connected to a 
brating reed electrometer described by Thomas and Finch (1950) and modified to 
generate external input capacitance. ‘These give a measure of charge repeatable to 
x 10-14 coulomb; this is about an order of magnitude smaller than the repeatability 
f the production of charge by a collision. 

Polyethylene was chosen as the experimental material on account of its high surface 
ssistivity, chemical simplicity, inertness to water, toughness and easy machinability. 
t had also been used to demonstrate charging by both asymmetric and symmetric 
abbing by Henry (1953b). The material sets a limit on the maximum temperature 
shich may be used on account of variation in the proportions of amorphous and crystal- 
ne regions above 80 °c as shown by Bunn and Alcock (1945). 

An electrically screened oven below the point of suspension of the pendula allows 
ither bob to be heated to a reproducible temperature when required. In this way the 
ight-hand bob R at room temperature can be drawn aside and released to strike the 
ft-hand bob L hanging inert in the oven, which can be heated or not, or vice versa. 


2.1. Apparatus 


The essential parts of the apparatus are shown in figure 1. All the apparatus, save 
nly the oven element, insulation, pendulum trunnions and rods, is of brass in order to 
void local electric fields due to contact potential differences, which can cause currents 
o flow when the air in the apparatus is ionized to discharge the specimens. The pendu- 
um head assemblies are mounted in ball bearings in adjustable supports which allow 
he axes about which the pendula swing to be made parallel. Each pendulum may be 
djusted in length and rotated about its axis to any of eight positions determined by 
n indent mechanism on the pendulum head assembly. The pendula are adjusted so 
hat on collision their contact areas are perpendicular to the direction of their relative 


notion, i.e. the bobs collide squarely. 
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Figure 1. Schematic diagram of apparatus. 


The oven has a hard glass tube with a longitudinal slit to allow the passage of t 
pendula. The tube supports an electrical heating element of a single layer of ‘Aquad: 
and electrodes of ‘Burnish Silver’ fired on. This element is insulated from a thin bra 
lining by a sheet of mica as shown in figure 2. This lining is bonded to the earthed bra 
of the apparatus in order to extend into the oven the equipotential space in which t 
specimens are discharged. One junction of a thermocouple is soldered to the oven lini 
and the other held near a brass screen on the apparatus. ‘The e.m.f. generated is measure 
with a potentiometer to give a measure of the temperature difference between the ove 
lining and room. At each end of the oven removable brass flaps are fitted to redu 
convective cooling of specimens being heated within the oven. 


SILVER 


< HARD GLASS 
~_ ELECTRODE 
= 


SUPPORT 


RESISTIVE 
—~ ELEMENT 


t 
BRASS MICA 
LINING INSULATION 


Figure 2. Construction of carbon film oven. 


The Faraday cylinders are arcuate brass tubes of circular cross section held on poly 
ethylene supports. They have longitudinal slits to allow the pendulum bobs to ente 
and are enclosed in earthed brass screens. A well insulated lead is taken from eact 
cylinder to a junction box and thence to the electrometer. The input resistance of the 
electrometer is kept at a nominal 1012Q and charge is measured on one of a selectior 
of capacitors of 10 pr or more. The charge on a pendulum bob is measured by observing 
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. change in potential in millivolts across one of these capacitors when the bob is 
ung into or out from a Faraday cylinder and is recorded in units of 10~™ coulomb. 
ie constant of proportionality between the charge on the bob and the charge induced 
the measuring capacitor has not been accurately determined, but is not very different 
im unity. 

The duration of contact between the colliding bobs was measured in a separate 
periment on the same spheres as were used for the charge separation measurements. 
fine copper wire was fused into the surface of each bob near the support tube and a 
st opaque film of aluminium was evaporated on in vacuo. ‘These films gave a conduct- 
jz path between a wire and about a third of the equator of each bob. During contact 
signal was conveyed from a battery to an oscilloscope where it was compared with 
ne marker pips from a crystal controlled oscillator. 
| The magnitude of the thermal gradient obtained through the interfacial region on 
paration may be estimated using the analysis of Carslaw and Jaeger (1947) for semi- 
finite bodies at temperatures of T+© respectively and brought together at time 
= 0 over the plane x = 0. The thermal gradient is given as 06/0” where 


00 (2) ( x2 ) 
| wr Ceo le > 
Ox (a«t)1/2 Act 


is the thermal diffusivity of material 1-4 x 10-8 cm? sec for polyethylene, ¢ the time 
‘separation of bobs 253 + 8 psec and 2@ the difference in temperatures of bobs before 
apact = 2442 deg. 

Substitution gives 06/@x = 1-0 x 104deg cm! and shows that over 90% of this 
terfacial value is maintained up to a distance of 3 x 10-4 cm from the interface. 


2.2. Preparation of Samples 


With experiments in air, dielectric breakdown of the gap between separating surfaces 
mits the observed charge density to about 5-10 e.s.u. cm™. This corresponds to about 
ne electronic charge per 106 A? of surface area, so clearly a minute amount of active 
npurity can be of importance. Cleanliness of this order would probably be impracticable 
sr experiments done in the air of a laboratory. In the present work, therefore, the aim 
as been rather to form surfaces in a reproducible state of ordinary cleanliness. This 
rate has been preserved for as long as possible by enclosing the apparatus in a glass 
ase with a sliding door to allow access. In addition the air around the specimens is 
ept ionized whenever a charge measurement is not being made in order to dissipate 
harges and avoid the attraction of matter from the air. 

Polyethylene rod as received by us was found to be somewhat molecularly oriented, 
robably during an extrusion process. This orientation causes distortion of a cut rod 
s it is softened, thereby showing evidence of internal stresses. 

The internal stresses of the polythene to be used for making specimens are first 
elieved by melting the rod in a container and allowing the melt to cool very slowly. 
spheres are then machined out of this material, scrubbed with soap and water, rinsed 
n tap water and three changes of distilled water and then extracted with ethyl alcohol 
n a Soxhlet apparatus during about three minutes. These cleaned spheres are then 
teeped in distilled water for at least an hour and allowed to dry in an ionized atmosphere 
luring several hours. The surface of the sphere is then made smooth by immersing 
+ for a second or two in a small tubular electric oven closed at one end. The walls of 
he oven are at a temperature of 900 °c or thereabouts and the surface of the sphere 
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melts quickly while the centre remains solid. Surface irregularities and machining marl 


disappear to leave the sphere glossy and smooth. The above cleansing procedure 
then repeated. 


2.3. Method of Operation 


A freshly prepared, or newly cleaned, pair of spheres is mounted on the tubuk 
pendulum arms by means of short lengths of screwed duralumin rod. They are adjuste 
in position and discharged by ionizing the air around them by means of an 80 uc radiut 
source for several hours. 

The radium source is withdrawn and either pendulum is drawn aside to a deflectio 
stop.whence it is released to collide with the other within the oven, which may be heate 
or not, at a definite velocity. Twenty minutes are allowed for a change in temperatur 
to be established in a sphere and five minutes for a temperature to be restored after a 
impact and measurement. 

A charge on each sphere is measured both before and after a collision. The incre 
ment of charge on each sphere due to the collision is recorded, and a mean of the tw 
(with the sign of one reversed) is taken to give the mean charge separated due to th 
collision. This is arbitrarily given the same polarity as the increment of charge obtaine 
by specimen R and is represented by the charge separations ¢,, Gp» Fy> Jp according t 
the type of collision (see below). Readings of room temperature and oven thermocoupk 
e.m.f. are also recorded. During the period between observing the charge and the nex 
collision the air around both spheres is ionized by the Ra source for a minimum of three 
minutes. In this way charge is measured after each of four types of collision between the 
same pair of spots on the spheres. The types of collision are defined and symbolizec 

by «, B, y, 6, where: 


« Rstrikes L; both at room temperature 
B R strikes hot L; R at room temperature 
y L strikes R; both at room temperature 


6 L strikes hot R; L at room temperature 


’ 


where R, L are used to denote the right-hand and left-hand spheres as seen from the 
front of the apparatus. 


. 


: 
3.1. Treatment of Results : 


It is found that, after having been newly cleaned, a pair of spots suffers a chang 
which progressively alters the charge separation between them for any type of collision. 
In order to be able to eliminate this effect the types of collision are intermingled suc- 
cessively so far as is practicable. Two successions of collision types are possible an 
each was used. They are 


a, y, a, ¥, B, B, 6, 5,0, y, a, y, B . 
Y> & ¥; %, O, 0, B, B, 7; Os V7, %. O. . - 
It is too time-consuming to intermingle B, 5 singly owing to the time taken in establish- 
ing a temperature change. 
Observations were taken in this manner in groups. Each group contained observa- 
tions limited to one particular spot on each sphere and is subdivided into a series of 
runs, each run being made on a different day. The groups are separated by the spheres 
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ng dismounted from the support tubes, washed, remounted and re-aligned. ‘Thus it 
orobable that each group represents charge developed between a different pair of 
ts. 

The effects of a thermal gradient may conveniently be separated from disturbing 
scts of comparable magnitude by plotting the observed charge separation against 
sition in the succession of observations. ‘The observations of group 3 run (a) are used 
illustrate this in figure 3. In this case the succession of observations was f, B, 6, 5, «, 
x, y and so on. Adjacent observations of a given type are then joined by straight lines 
form a track. The progressive effect which is then manifest for each type of collision 
y now be eliminated by forming the quantities ps, Pys where 


Pup = Ip—Ya = separation between f and « tracks 
Pys = Is—Y = separation between 5 and y tracks 
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Figure 3. Explanatory diagram of method of displaying the results. 


These quantities are then plotted serially in a similar manner to the q’s. The 
versible effect due to a temperature gradient is then shown by the lines joining ad- 
cent Pag points being more positive than those joining adjacent p,; points throughout 
\eir run, or vice versa. 


3.2. Results and Conclusions 


These are presented diagrammatically in figure 4 according to the scheme defined 
ove. From examination of this figure it may be seen that 
(i) several factors combine to give the charges measured as go, Gg, Gy» Ys (see Appendix 


I), 
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(ii) there is at least one mechanism dependent upon temperature gradient, as shoy 
by f., being more positive than Pys in all cases, 

(iii) if the mechanism of charge separation is one of thermal diffusion then the carri¢ 
responsible for the separation of charge observed are predominantly positively charg 
(see Appendix I), | 

(iv) there is an effect which operates to bring Ga» 4, Vy) Ys asymptotically towar 
separate values as the number of collisions increases. It is this number of impac 
which matters rather than, for example, time since cleaning as the charge separatio 
do not show discontinuities during an early overnight rest (e.g. between adjacent ru: 
in group I). This is discussed further in Appendix II. 
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APPENDIX I 


The separation of charge due to a temperature gradient described above may be 
produced by either of two mechanisms: 

(1) a variation with temperature of the affinity of the surfaces for carriers, 

(2) the thermal diffusion of carriers in the interfacial temperature gradient. 

A sure choice can not at present be made between these mechanisms. Howeve 
if thermal diffusion is predominant, it is useful to consider the behaviour of free particl 
in a temperature gradient over areas on two surfaces which come into contact for th 
period of an impact. Particles are thermally emitted from each surface at a rate dependen: 
upon the temperature of the surface and the energy required to eject the particle. Thi 
energy is diminished by the close proximity of another surface so that the therma 
emission of particles can proceed at ordinary temperatures. 

If we confine ourselves to mobile charged particles, that is to say carriers, they may 
carry either positive or negative charge so that the rate of loss of charge from a surfac 
due to thermal excitation will be given by a curve from figure 5 according to whether 

(A) high density of predominantly positive carriers is available at a given temperature, 

(B) lower density of predominantly positive carriers is available at a similar tempera- 
ture, 

(C) carriers are predominantly negatively charged. 


: 
: 
: 
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At two particular temperatures 71, T> the rates of loss of charge from a surface of 
e A are (A);, (A)z respectively denoting the appropriate curve and temperature. 
us if two solids are brought together the initial net rate of loss of charge is given by, 
example, (A);—(B); for an L sphere with a surface of type A in collision with an R 
vere having a surface of type B, both at temperature 7}. 


ie an 


RATE OF LOSS OF CHARGE 


TEMPERATURE 


a 


Figure 5. Rate of loss of charge from a surface due to the thermal emission of 
charged particles. 


Charges separate between the surfaces and superimpose an electrostatic field which 
odifies the A and B curves so that at equilibrium the relevant rates of loss of charge 
y each surface are the same. It is sufficient for the present purpose to note that whether 
juilibrium is reached or not the sign of the final charge density is determined by the 
olarity of the initial current. For simplicity we assume proportionality between the 
1ermally induced parts of the final charge separation and initial current, in which case: 


quX(A)i—(B) qpX(A)2—(B)1 
q,<(A) —(B) gso(A)i—(B)2 
Thence 
Pap = 1p— Ia = (A)a-(Ant 
Pys = Vs Cy — (B)i—(B)e. 
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By inspection of figure 5 it is clear that p, n and p,,s are of opposite sign when surface 
A, B collide and of the same sign when surfaces A, C (or B, C) collide. Thus if p, fan 
Pys are found to be of opposite sign we conclude that the major part of the thermal 
induced charge separation is due to carriers of similar polarity from each surface, an 
vice versa. 

In the case of the present experiments p, is seen to lie above Pys in all cases, so | 
is indicated that a positively charged carrier predominates in the thermally induce 
part of the charge separations observed. 


APPENDIX II 


From figure 4 it is evident that more than one mechanism is responsible for thi 
amount of charge observed to separate during a collision. There is a significant differ 
ence between g, and q,, which at first sight should be the same. There is also a progres: 
sive variation in any particular q with increasing number of collisions. 

It has also been observed that the surface of a sphere is not homogeneous with respect 
to charge separation. This has been demonstrated by conditioning a particular pair o} 
spots by a series of «-type collisions until g, remained approximately constant. Pendu- 
lum L was then rotated about its longitudinal axis to each of seven other indexed posi- 
tions. At each position a single value of g, was obtained, pendulum R remaining in its 
original position. In this way the conditioned spot on R may act as a proof spot to test 
the properties of the surface of L in seven unconditioned spots. Observation of g, with 
L again in position 1 indicated the stability of the proof spot. The observations are sho 
in table 1. 


Table 1 
; 
Position of L i 2 3 4 5 6 1 y/ 8 
da 4-35 8:3) = 2d —112 —254 +8 —30 —15 


Thus it is to be expected that the actual spots used in the principal experiment wer 
probably very different electrically in spite of the consistency of the effect of a temperatur 
gradient. 

It is tentatively suggested that the variation in surface properties shown by table 1 
may be due to a differing abundance of carriers at different parts of a polyethylene sur. 
face. In the neutral state these would be localized near fixed charges of opposite polarity, 
or active centres. During the collision carriers are rearranged between the two surfaces 
in contact to give the charge separation obsetved. In the present experiments the 
maximum observed charge density is of the order of one electronic unit per 2x 10? A2 
of surface area. Thus the density of easily separated centres and carriers in the,poly- 
ethylene surface is very small. Before much progress can be made in this subject fair 
identification of the carriers and centres is necessary. 

The transferability of activation centres between surfaces on collision has been 
studied. It was arranged that, after two spots were conditioned as before, the proof 
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t on R collided with each of two adjacent spots on L in the following sequence 
Bieoeeiet 2.01, 1, 1,2) 1's. ..and so on. 

This provides alternative values for g, developed with spot 1 under two conditions: 
(i) the intermediate collision is with spot 1, 

(ii) the intermediate collision is with spot 2. 

Spot 2 was chosen as convenient and because q, with spot 2 was very different from 
with spot 1. Runs were made on two separate days with the same spots and gave the 
ults shown in table 2. 


Table 2 
Mean Standard Number of 
deviation observations 
qua 203 34 57 
qu 462 79 18 
39s +9 25 20 
8qp —20 35 16 


lere 
Gay» Yaz = Value of q,, for collision with spot 1, 2 on L respectively, 
Sgs = increment in g,, with similar contact between, 
8gp = increment in q,, with dissimilar contact between. 


From these results we find that the probability of the observed difference between 
; and 8gp being due to chance is less than 1% and deduce that a collision with spot 2 
uses the proof spot on R to gain less positive charge when it next collides with spot 1. 
so we see that spot 2 on sphere L lost more positive charge to (or gained less positive 
arge from) the proof spot on R than does spot ip 

These findings show that a collision with spot 2 on L makes the proof spot more like 
ot 2. This is in agreement with the general trend visible in figure 4 where the quantity 

charge separating is greater in earlier collisions than later ones during a group of 
servations. 

Now, since the carriers are neutralized after each observation this means that either 
a transfer of active centres between colliding surfaces is possible or (ii) negative ions 
llected from the air during neutralization persist and act as active centres. 

In the present case (i) is preferred because if (ii) were operative then égs and d¢p 
ould both be negative since g,, and g,, are both positive. 
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Abstract. A description is given of apparatus designed to measure the crack 
propagation energy of plastics under conditions where they are brittle. This includes 
a brief history of the work leading up to the present studies and details of a novel 
type of instrument suitable for measurements over a range of temperatures. Use of 
these techniques is illustrated by typical results on Perspex, polystyrene and 
polythene. 

In addition, some of the interesting features found on the surfaces of cracks are 
described. The patterns found on cracks in polystyrene are illustrated and their 
possible origins are briefly discussed. Finally the colours found on freshly formed 
cracks in Perspex are described. 


§1. INTRODUCTION 


THE OBJECT of the paper is to present work done during the past two years on crac 
propagation in plastics. Most of the measurements were made during short term invest 
gations, and represent a development of work on the physics of fracture started ; 
the Akers Research Laboratories. The paper is not written at the completion of a 
investigation but is more in the nature of an interim progress report. 

To set the work in perspective the history of the subject is briefly summarized an 
a short discussion is given of the relation between brittle behaviour and specimen siz 
Apparatus being used at present is described and results on some polymers are giver 

Finally, some of the interesting structural features and colour effects found o 
fracture surfaces are described. 


§ 2. THE GRIFFITH THEORY OF FRACTURE 


The papers of Griffith (1920, 1924) have exerted a profound influence on the stud: 
of fracture processes. Two separate, fundamentally new ideas were contained in hi 
work. One was the idea of ‘flaws’ or minute defects which act as stress raisers and explai 
the difference between the observed, macroscopic and relatively low strength of solic 
materials, and the high strength values predicted from the known strength of chemica 
bonds. 

The other idea originated by Griffith was of an energy balance as the controllin; 
Jaw of crack propagation. He assumed that the balance was between the surface energy 
(or surface tension) of the newly created fracture surface on the one hand and th 
elastic energy stored in the stress field on the other. He tested this hypothesis by 
measuring the bursting strength of glass tubes in which cracks of varying length hac 
first been made. 

During the last thirty years or so most of the work done on fracture has been planned 
with Griffith’s ideas in mind, but it is only recently that new and more accurate experi- 
ments have been done to test the basic validity of his theory. A review of work up to 
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‘se new developments has been given by Orowan (1948). Up to the time covered 
Orowan progress had been made in two directions. It was realized that the quantity 
ving the dimensions of a surface tension, which appears in the Griffith energy balance 
terion, may in practice exceed the true specific surface energy by a large factor. 
is was explained as the effect of a layer of plastically deformed material. 

In addition, attempts were made by Mott (1948) to include, in the energy balance, 
namic terms to take into account the stress waves created by the fast moving crack. 


§ 3. STABLE FRACTURES 


Although some experiments involving stable fractures in mica were made by 
sreimoff (1930) the explicit introduction of this concept is due to Roesler (1956). 

his work on cone cracks he showed under what conditions brittle fracture can be 
ible (i.e. it can be propagated at an arbitrarily slow speed). His measurements on 
ne fractures in glass verified the functional form of the energy balance theory, but 
e numerical value of the fracture energy was found to be larger than a true surface 
asion can be. This shows that even in brittle materials such as glass the fracture 
ocess involves energy dissipation. More recently experiments on cone cracks in 
sed silica by Benbow (1960) have produced similar conclusions although the precise 
lue of the fracture energy of fused silica has not yet been calculated. 

The application of stable fractures to more practically important materials such as 
astics was described by Benbow and Roesler (1957). By introducing an auxiliary 
mpressive stress parallel to the crack, its direction and speed can be controlled. 
sing this technique it is possible to produce stable fractures in sheets or strips of 
astics. (At the same time the method has the advantage of using easily available 
ecimens.) The original apparatus has been improved and refined and many more 
easurements have now been taken. In addition a much simpler instrument based 
1 the same original ideas has been developed which is more suitable for routine measure- 
ent of fracture energies rather than for precise tests of the energy balance criterion. 
ecently Svensson (1961) has described a very similar apparatus, which has been 
veloped independently and he has given results for Perspex and polystyrene over a 
nge of different temperatures. 


§ 4. THE EFFECT OF SPECIMEN SIZE ON BRITTLENESS 


If the energy balance theory is even approximately valid it has important con- 
quences in the practical use of materials because it predicts that the size of the sample 
sing tested may determine whether a material is brittle or not. The theory predicts 
at, provided the specimen is large enough, the external stresses at a large distance 
om the crack tip can be arbitrarily low. 

The energy balance theory gives a relation of the same form between the externally 
»plied stress and the specimen size, for all the systems which have been considered. 

This is: 


(1) 


RET\1/2 
CF) 


here o is the applied stress (at which the’ crack just propagates), E the elastic 
odulus relevant to the system and 7 the fracture energy per square centimetre. 
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The parameter k is a numerical function of the geometry of the system involve 
and has been given for particular cases in the references quoted. The quantity 4 is 
characteristic dimension of the stress field. 

In a cleavage experiment of the type which will be described later, b is the wid 
of the sheet and E is Young’s modulus of the material. Since, in general, Young 
modulus depends on the rate of strain. the value appropriate to the bending of bot 
halves of the split specimen must be used since this determines the stress at the crac 
tip. If b is small the stress required to propagate a crack may be so large that toug 
failure occurs before the critical value for fracture is reached. Conversely, if b is ver 
large the tendency for a material to show brittle behaviour will be increased. Howeve 
because the critical stress depends on the Square root of the characteristic dimensio 
the transition from tough to brittle behaviour is not likely to be very sharp. 

Brittleness measurements are made on plastics for two main purposes, namely t 
provide a basis of comparing one material with another and to determine the con 
ditions under which a fracture is initiated. These objects are achieved independentl 
from the energy balance theory provided the samples tested are all of a similar size 
The importance of the energy balance theory arises in respect to the engineering appli 
cations of plastics and the scaling up of tests on small samples to provide data relevan 
to large structures. Transitions caused by temperature or rate of strain variations ar 

well known in plastics but important transitions can also be achieved by geometric 
changes alone. When measuring the properties of materials it is desirable to expre 
the results in terms of quantities which are characteristic of the material and not depen 
ent upon the apparatus or the dimensions of the specimen, although this does n 
imply that the quantity chosen is necessarily constant under all conditions. In th 
case of brittleness the specific fracture energy is such a quantity. The instruments 
which have been developed to test the energy balance theory and to measure the specific 
fracture energy have resulted in the elimination of several undesirable features which 
occur in more conventional methods of measuring brittleness. For example, in th 
case of impact tests it is difficult to avoid much of the measured energy being imparte 
to the broken specimen in the form of kinetic energy. 


§5. DEVELOPMENT OF EXPERIMENTAL METHODS 


Details of the method used to test the energy balance theory for plastics togethe 
with a description of the original apparatus, have already been given by Benbow an 
Roesler. On the basis of experience gained with this apparatus a second more robus 
apparatus was made. he principles involved were the same in both cases but in the 
new apparatus the compression force was applied through heavy ball races. A photo- 
graph of this is shown in figure 1. Many different materials have been studied wit 
this instrument; most of these were plastics, but stable fractures have also been measured. 
in plates of glass and cast iron. 

To establish the applicability of the energy criterion to plastics it was essential to 
use a wide range of sample sizes and in particular the width of the specimen 6 had to 
be changed as much as possible. Consequently, the size of the apparatus was also rather 
large and not very suitable for routine measurements since the amount of material is 
often limited. _ 

Another important factor is that measurements at different temperatures and in 
‘different environments cannot be readily obtained with such a large apparatus. On the 
other hand, the size of the sample can only be reduced to a certain extent because 
otherwise tough failure will tend to occur rather than brittle fracture. A useful criterion 
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‘ensure that 4 > S/b > 1 where S is the crack length. Bearing these considerations 
nind, a new apparatus has been designed which uses specimens 1 in. wide and 
shly 6 in. long. The chief difference between this and those previously made is 

two symmetrical cracks are produced simultaneously. Diagrammatically the 


Figure 1 


tem used is that shown in figure 2. The initially rectangular specimen has a slot 
- into it along the centre line parallel to the long edges and extending about 1 in. 
o each half. Both ends of this slot are cut to a ‘swallow-tail’ with a fine saw (see 
ure 2 for details). 


from A 


Figure 2 


The compression force required to centralize the cracks can now be applied at the 
ed ends, and thus no complicated bearings are required. This feature allows the 
paratus to be greatly simplified. ‘T'wo clamps are fixed to the specimen by 4 B.a. bolts, 
d are themselves mounted in a slot which allows them to move outwards but prevents 
tation. A wedge is screwed between the clamps so that they are forced outwards 
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by amounts which can be measured in terms of the travel of the wedge. One forn 
the apparatus is shown in figure 3. This particular apparatus was designed for 

mersion in a thermostatically controlled vessel with provision for the position of 
wedge to be altered and measured externally. This new apparatus is thus in esse 
the same as the original, but two samples are mounted back to back and cracked sin 
taneously. The lengths of these cracks are usually measured directly with a steel ru 


Figure 3 


although when making measurements at high temperatures more elaborate techniqt 
are used. 

The type of clamping arrangement described is that which has proved most sat 
factory. Earlier attempts to use a method in which rotation was permitted at the cent 
of the specimen were unsatisfactory because if one crack became crazed or did r 
grow uniformly for some reason, the symmetry of the system was destroyed, and t 
other crack grew more than it would normally have done. If this system had worke 
the amount of time spent preparing the samples would have been reduced slight. 
but it is doubtful if this is of major significance, since the cutting of the slot takes t 
greatest amount of time. With the system now used, four holes have to be drilled 
each specimen, but these do not affect the results at all, since the lengths of the crac 
are measured from the edge of the clamps; the material under the clamps is held rigid 
by them. 


§ 6. RESULTS 


6.1. Acrylics “1 


Samples of Perspex (polymethylmethacrylate) have been examined at temperatur 
ranging from 0 to 80 °c in the new symmetrical apparatus. ‘The results are given 
table 1 and it will be seen that there is very little change in the fracture energy as tl 
temperature is varied. At the higher temperatures there is a slight tendency for JT’ 
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rease but the smallness of this change can be seen in perspective by comparing the 
alts obtained for several different polymers, tables 1, 2 and 3. 


Table 1 
Effect of Temperature on the Fracture Energy of Perspex 
Temperature (°c) Sere O0nS2), 43045 50) 62° 76 780 


Fracture energy x 10° (dyn cm~+) 5-7 50 4:2 43 3:3 4:3 4-7 63 63 8-0 


Table 2 
Polystyrenes of Various Molecular Weights 
Sample Mol. Wt. Type of fracture Nature of surface Fracture energy 
A 26000 Fast Rough (Fig. 5(a)) 3-0 x 10° 
Slow Laminated 1-9 x 108 
B 130000 Fast Rough (Fig. 5(6)) 1:5 105 
Slow Laminated (Fig. 5(a)) 6-1 x 10° 
Cc 80000 Fast Rough (Fig. 5(c)) 1:5:x10° 
Slow 1:7 x 105 
D 60000 Slow Smooth, mirror-like ~3-0 x 104 
Table 3 
Typical Polythene Results 
Type of polythene Melt index Density Fracture energy 
High pressure, intermediate density 11-6 09317 S35) BAO 
High pressure, low density 20 2-71 x108 
Low pressure process 29 1-7 x 108 


An interesting effect has been found by wetting the tips of cracks in Perspex with 
ater. In general, cracks in Perspex grow very smoothly with no tendency to jerk. If 
ich a smooth crack is wetted the crack immediately stops growing and the clamped 
1ds of the specimen can be separated by a considerable amount before the crack jumps 
ward again. When the crack jumps forward it is travelling in dry material and 
aches the position it would have had in the absence of water, see figure 4. ‘The 
yparent fracture energy can be raised to four times that of the dry material by the 
{dition of water. It is well known that the absorption of water in Perspex takes place 
ery slowly but such an immediate effect does appear to have been unknown previously. 


6.2. Styrene Polymers 


The original work on the propagation of stable cracks in polymers involved a 
etailed study of commercially available polystyrene sheets. One of the outstanding 
satures of this material is that two types of crack can be produced in it, one slow, the 
ther fast. It was found that the fracture energy of slow cracks was higher than that 
f Perspex, whereas that for fast cracks was slightly less. Measurements have now 
een taken on other styrene polymers but particularly interesting results were obtained 
n four specially prepared specimens (supplied by D. Ridley) having number average 
nolecular weights (determined by osmometry) of 260 000, 130 000, 80 000 and 60 000 
espectively. These samples were free from residual stresses and contained virtually 
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no monomer. ‘The results obtained are summarized in table 2, As the molecu 
weight falls there is a marked decrease in the fracture energy, a change in the type 
fracture surface obtained and the tendency to form fast and slow cracks becomes 
until with the lowest molecular weight the cracks behave very like those in Pers 


when only smooth mirror-like cracks can be obtained without any tendency to fo 
fast and slow cracks. 


6.3. Polythenes 


Many low density, ‘high pressure’ polythenes are too tough for cracks to be proj 
gated in them at room temperature. A small number of measurements have been ma 
on high density, high melt index polythenes made by the high pressure process, a 
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Figure 4 


also some high density low pressure materials have been examined. However tl 
number of results is too small to provide more than a few typical results which a: 
useful only for comparison with other polymers (see table 3). 


§7. FAST AND SLOW CRACKS 


Two types of crack can be produced readily in high molecular weight polystyrer 
and biaxially stretched Perspex. Invariably the cracks of higher velocity have th 
lowest fracture energy. The physical reason for the two types of crack is not full 
understood but their nature does offer an explanation of the fact that the slow crack 
have higher fracture energies. The surfaces produced by slow cracks in high moleculz 
weight polystyrene for example, have a number of subsidiary cracks below the mai 
surface and have a flaked appearance (see figure 5(d)). Since the true surface area 
many times that deduced from the length of the main crack the apparent value c 
T (slow) will be high even if the true value is equal to T (fast). It is possible that th 
true value of 7 is the same in both cases. A similar tendency to laminate is found ii 
biaxially stretched Perspex sheet. At low percentage stretch the fracture energy in 
creases with the amount of stretch but above about 5(° © the fracture energy of fas 
cracks falls steeply until it is eventually below that of the unstabilized material. Howeve 
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hese high extensions slow cracks can also be produced with laminated surfaces and 
h apparent fracture energies. Under practical conditions involving sudden impact 
it is the fast crack which is relevant. 


§ 8. SURFACE EFFECTS 


The surfaces of freshly cracked specimens of plastics show many interesting features. 
ese can be divided, for convenience, into two main classes, namely surface patterns 
1 colours. 
Surface patterns are produced readily when fast cracks are propagated in high 
lecular weight polystyrenes. Figures 5 (a, b, c) show the surfaces of the four poly- 
renes already referred to. 
At first sight the patterns look like deep ridges but they are in fact well defined 
ernate regions of smooth and rough patches and are probably Wallner (1939) lines 
», periodic marks on the crack faces thought to be caused by interaction between the 
ick front and ultrasonic stress waves). As the molecular weight decreases the spacing 
the lines also decreases, see figures 5 (a, b, c). The sample of lowest molecular weight 
) 000) showed no surface patterns at all when viewed with low magnification; the 
nes of the cracks were highly polished and similar to those in Perspex. 
“Tf it is assumed that a high frequency (~ 5-10 Mc/s) stress wave is generated by 
e travelling crack, it is possible to explain the surface patterns formed (Andrews 
59). On the other hand, the fact that the spacing of the lines varies with molecular 
sight, even though the modulus of elasticity is virtually constant, cannot be easily 
conciled with this stress wave theory. 

Colour effects are found on the surfaces of stable cracks in polymethyl methacrylate. 
hese second-order colours are seen when the surface is viewed by reflected light and 
e probably caused by interference since electron microscope photographs of the 
rfaces show that there is no structure present which could produce diffraction. 
ymewhat similar effects have been reported by Busse, Orowan and Neimarkt, 
‘olock, Kiess and Newman (1959) and Berry (1960), but when stable cracks are used 
e colours are uniform in colour over large areas (several square centimetres) and the 
ours on opposite sides of the crack are identical when the cracks are propagated 
owly. Berry reports that he obtains complementary colours on corresponding parts 
the crack faces but I have only found this with extruded ‘Diakon’ sheet in which 
e crack faces are often rough. 

It is quite easy to remove the ‘colour’ by wiping the crack faces with a dry fabric 
- by placing the sample in a vacuum. If the sample is cracked, with water filling the 
ack, no colours appear. If dry Perspex is cracked and then washed, with water, the 
ylours disappear. 

Interference colours are also seen when high molecular weight polystyrene sheets 
e cracked slowly, so that the laminated type of surface is formed. In this case there 

interference between the light reflected at the top surface crack and that reflected at 
ib-surface cracks. 


§ 9. CONCLUSIONS 


Several points arise out of this work. Some of the more important of these can be 


ynveniently summarized as follows: 
1. The brittleness of plastics can be compared without reference to the energy 


+ Morphology of Fractures in Polymethyl Methacrylate, Lecture presented at the American 
hysical Society, March 1957. ’ 
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balance theory but results which are characteristic of a material can only be found 
introducing the energy criterion. 


2. Materials which obey the energy balance criterion can be brittle or not depen 
on their size, and the concept can be important in the practical application of plas 


3. The specific fracture energy of plastics can be easily measured in the appara 
which has now been developed. 


4. Stable fractures, if necessary produced at arbitrarily slow rates of cracking, provi 
excellent means of studying surface features on polymer faces. A detailed study 
these effects would probably lead to a better understanding of the causes of brittlen 
in plastics and possibly enable tougher materials to be produced. 
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Abstract. The friction, wear and surface deformation in abrasion of typical very 
plastic non-metallic materials, AgCl and AgBr, are investigated, on emery papers 
at 200-500 g load. They are strikingly similar in form and magnitude to those of 
metals of comparable hardness. The wear rate M is related linearly to the friction 
coefficient » when the emery particle diameter D is greater than 20 microns, but 
on finer abrasive the (M,,) locus curves to lower p, as for soft metals. 

Optical microscopic study of single abrasion grooves shows the wear to be mainly 
by a cutting action like that of a lathe tool, but that much plastic flow occurs; and 
it indicates a high adhesion component of the friction. 

Electron diffraction shows a backwardly tilted (110 orientation in the abraded 
surface region. Its form, and its preferred azimuthal range, shows its close relation 
to the rolling texture and to the compression texture when extensive lateral flow is 
permitted. The correlation between the tilt 3 of the orientation axis from the 
specimen normal and p is discussed. 


§1. INTRODUCTION 


IE PHYSICAL process of abrasion is important in shaping materials. It is also a promin- 
t cause of friction and wear in machine bearings, where it often arises from adventi- 
us hard abrasive particles (Barwell 1956, Duckworth and Forrester 1957, Burwell 
58) but sometimes from the presence of a hard phase in the bearing metal itself, e.g. 
arlite in the ferrite matrix in steels (Piggott and Wilman 1957), and often also from 
> presence of hard oxide or other surface layers which become fragmented under the 
plied load. 

Although many experiments have been made on the friction and wear of metals, 
le clear evidence has so far been obtained on the behaviour of non-metals, which are 
w increasingly used in certain kinds of bearings as coatings or impregnating constitu- 
ts. The experiments described below in § 2 and § 3 show that at least the more highly 
astic inorganic non-metallic materials behave in a way closely similar to that of metals 
ring abrasion. 

For aluminium and harder metals abraded unidirectionally on bonded abrasives 
ch as emery papers, at load W of the order of 0-2 to 2 kg, the mass loss M (i.e. wear) 
r centimetre of sliding distance, at the final equilibrium stage of pick-up of abrasive 
ticles, is related linearly to the coefficient of friction p: M = kW(u—p0), where k 
d po are constants (Goddard, Harker and Wilman 1959, Avient, Goddard and Wilman 
60). M and p are practically constant when the abrasive particle diameter D is 
eater than 70 microns, at least up to 220 microns. Our theoretical results (Goddard, 
arker and Wilman 1959, Goddard and Wilman, to be published) account well for 
ese observations, and the quantitative data show that the ploughing component pp is 
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a large part of the total friction, ». The linear (M, }) relation indicates that the fractij 
fee, of the total load, carried on emery/emery contacts at this equilibrium stage | 
pick-up is practically constant, independent of D. | 
Further results (Avient and Wilman, to be published) on abrasion of the ve) 
soft metals tin, lead and zinc, have also shown a linear (M, ») relation on emery pap 
having D > 20 microns, but on finer grades the (M, }) locus curves markedly to low, 
values, indicating that an increasing part of the load is on metal (+ oxide)/met 
(+ oxide) contacts, and a lower fee applies. } 
The experiments described below now show for the first time the relation betwe 
vu, M and D in abrasion of typical very plastic soft non-metals, namely AgCl and aa 
We find this is closely similar to that for very soft metals. This exemplifies in a quantit:, 
tive manner the close analogy between silver halides and metals in their high plasticit) 
which was indeed emphasized by Nye (1949) who referred to AgCl as equivalent to, 
transparent metal. | 
The nature of the surface deformation caused in the AgCl and AgBr by such un) 
directional abrasion is also seen from our electron diffraction observations to involv 
a high degree of re-orientation. We find, as in metals (Scott and Wilman 1958, Avieni 
Goddard and Wilman 1960, Wilman 1960) and in graphite (Porgess and Wilman 1960) 
a pronounced one-degree orientation is developed, the orientation axis being tilted awai 
from the surface normal, back towards the direction from which the abrasive particle: 
came. Comparison of these results for AgCl and AgBr with our recent determination: 
of their compression and rolling textures (King and Wilman 1961) shows clearly thy 
close relationship of the ‘abrasion texture’ with both of these. ; 
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§2. EXPERIMENTAL 


The silver chloride and silver bromide were obtained from Messrs. Hopkin & 
Williams Ltd., and the purity was stated to be 99-8°%. Specimens of 1-6 cm diameter 
and 0-3-0-6 cm height were prepared by melting and resolidifying the halide in glass 
moulds. Some specimens were also prepared by compression of the original materials 
(granular, 0-1 to 2mm diam.) at 32 tons/in? in a steel die 0-5 in. diameter (giving 
specimens 0-2 to 0-5 cm thick). ; 

The flat surfaces of all the specimens were examined by electron diffraction in a) 
Finch camera, at 50-70 kv and 47 cm camera length. Patterns were recorded before 
abrasion, then after unidirectional abrasion under about 500 g load for sufficient distance 
to produce no further change in form of the surface; and at various stages of removal 
of the abraded surface material by etching in a 0-1% aqueous solution of KCN. This 
solution etched away the halide at about 2400 A min—! when freshly prepared. 

The friction and wear experiments were made on the resolidified specimens, sliding 
on emery papers of various grades as abrasive, since these represent at least approximately 
defined degrees of surface roughness. Emery papers having a mean particle diameter 
D of 5, 10, 15, 35, 40, 70, 100 and 150 microns (grades 0000 to 3) were obtained from 
Messrs J. Oakey and Sons Ltd., and of approximately 15 to 35 microns (gradés 000, 
00 and 0) from Messrs Hubert. Each 25 cm stroke was over a fresh emery surface. The 
effect of sliding the silver halides under load on filter paper (Whatman No. 1) was also 
investigated, at 200 g load and at about 5 cm sec-. The wear rate M (mass loss/cm) 
was determined directly by estimation to 0-01 mg, using an Oertling semi-microbalance, 
the specimens being lightly brushed with a soft brush to remove any loose wear particles 
before weighing. The frictional force exerted on the specimen to cause non-accelerated 
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‘iding at about 5 cm sec! was determined as simply as possible by the weight required 
¢ the end of a thread passing over a low-friction pulley. The coefficient of friction u 
‘as measured at the same time as the wear rate, so that the abrasion conditions for the 
wo measurements were identical. 

| Before determinations of M and pu were made on any grade of emery paper, the halide 
urface was filed gently to remove any embedded emery particles from previous abrasion 
n other grades. Friction and wear measurements were made until they attained con- 
tant values (after a few hundred centimetres). At this final equilibrium stage of pick- 
'p of emery particles, the mass loss/cm was then the actual rate M of removal of halide 
vy the abrading particles. 

| The Vickers diamond-indentation hardness number Hp of the resolidified specimens, 
fter dry 4/0 emery abrasion, was determined using a GKN hardness tester, with 30 
nd 100 g load. For the AgCl, Hp was 9 kg mm~, and for the AgBr, 10 kg mm=?. 


§3. RESULTS 


3.1. The (u, D), (M, D) and (M, 1) Relationships for AgCl and AgBr 

Abraded Unidirectionally on Dry Emery Papers 
Figures 1 and 2 show the friction and wear results for abrasion of resolidified AgCl 
on dry emery papers under 200 g load, at the final equilibrium stage of pick-up of emery 
particles by the specimen surface. The friction values and the wear volume rates of 
AgBr were practically identical with those of AgCl on the same grade of emery. This 
agrees well with our observations that the hardnesses of the surfaces after abrasion on 
4/0 emery paper, were about the same for AgCl and AgBr, namely 9 and 10 kg mm-2 
respectively. 
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Figure 1. Observed (u, D) and (M, D) Figure 2. Observed (M, yp) relation 

relation for resolidified AgCl abraded on for abrasion of resolidified AgCl as 

dry emery papers at 200 g load, at the final stated in figure 1. 
equilibrium stage of pick-up of abrasive. 


. was practically constant, 0-82, for both halides (see figure 1), on emery grades 
having D > 70 microns. On finer grades » decreased rapidly with decreasing D to 
about 0-52 on 4/0 emery paper, due to an increasing proportion of the load being borne 
on contacts (mainly in the front region of the bearing surface) between the halide 
specimen and the halide worn-off, which partly clogs the emery paper (cf. Goddard, 
Harker and Wilman 1959, Avient, Goddard and Wilman 1960). For comparison, the 
uw of halide on halide was found to be 0-32 for lightly filed surfaces rubbed together 
until smooth, under a load of a few hundred grammes. 
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‘The wear rate varied with D in a roughly similar manner, but still increased slight 
at large D. Experiments were also performed using specimens which, after filing, we: 
surfaced by abrasion on the emery grade concerned, wet with propyl alcohol. The di) 
abrasion of these surfaces on the same grade of emery paper then led to the same fin 
M and p values as did the dry abrasion directly on the filed surface. 

Figure 2 shows that at the final equilibrium a straight-line M / locus is observed fc) 
emery grades for which D > 20 microns. However, for finer grades, the locus curve 
markedly towards lower jx values. | 


3.2. Short-stroke Abrasion Experiments with Silver Halides under 200 g Load 


A very short sliding distance of the order of 2 mm was used to facilitate the examina’ 
tion of individual abrasion grooves in the Vickers projection microscope. The specimen; 
were smoothed by abrasion on 4/0 emery paper wet with propyl alcohol, and then ¢ 
short abrasion stroke was made at 200 g load, perpendicular to the direction of the initia) 
smoothing, on the particular grade of emery (dry) under consideration. 

In the abrasion on relatively coarse emery (e.g. grade 0 or coarser), material was 
displaced by plastic flow to form lateral ridges at the sides of the grooves created by the 
ploughing emery particles, as figure 3 (plate I) shows. Also, some of the material was 
removed in the form of coiled or wavy strips by the emery particles, by a cutting or 
chiselling process similar to that caused by a lathe tool in a turning operation. Such 
adherent strips would be removed normally as wear particles during further abrasion. 

On the finer emery, little cutting action is observed, but considerable pile-up of 
material occurs at the sides of the grooves, due to the displacement of material mainly 
by plastic flow. 

Short-stroke sliding experiments were also performed on ‘Scotchlite’ reflective 
sheeting, which consists of an almost close-packed array of glass spheres of mean dia- 
meter about 125 microns, bonded to a thick paper backing. Figure 4 (plate I) shows a 
smooth groove of curved cross section, so formed. Some pile-up at the sides is seen, 
but there is a marked absence of wear debris. Some of the surfacing marks normal to 
the grooves are still seen traversing the groove, but are curved forward there. Similar: 
forward curvature has been observed for copper and silver (Avient, Goddard and Wilman. 
1969), but is not observed in polycrystalline graphite (King 1960) | 


3.3. Electron Diffraction Examination of the Surface Structure of Unidirectionally 
Abraded AgCl and AgBr | 


After unidirectional abrasion of resolidified AgCl on dry 4/0 emery paper under a 
load of 500 g, a pattern characteristic of the face-centred cubic AgCl structure was 
observed, with many extra rings, identified from the ASTM file of X-ray powder pattern : 
data (1955) as due to diaspore, «-AIOOH, which we find is always a component of the 
emery. Although no orientation of the halide was observed at the freshly abraded sur- 
face, a backward-tilted one-degree <110) orientation was found after etching in 0:1% 
KCN solution to a few hundred Angstréms depth. The mean axis of this orientation 
was inclined by an angle 8 ~ 20° from the outward normal of the abraded surface, to- 
wards the direction from which the abrasive particles came. Figure 5, obtained after 
etching to 1200 A, showed the diaspore almost exclusively, indicating partial embedding 
of the emery in the silver halide surface region. The emery particles themselves (corun- 
dum, Al,O3, containing about 15° Fe2O3 and other small amounts of impurities) are 


so large as to be mainly opaque to the electrons, and thus contribute almost nothing to 
the diffraction pattern. 
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i Abrasion of the halides on emery papers wet with propyl alcohol reduced the pick- 
up of abrasive particles to a negligible amount. For example, a tilted <110) ‘fibre 
orientation’ with 5 ~ 8° was observed, figure 6 (plate II) (cf. figure 9), from resolidified 
AgBr abraded on 4/0 emery paper wet with propyl alcohol, and there was no indication 
of presence of any emery (or diaspore). 

Finer abrasion than was caused by 4/0 emery paper was obtained by sliding both 
compressed and also resolidified specimens of the halides on filter paper (Whatman 
No. 1). The patterns from these surfaces showed a backwardly inclined ¢ 110 orienta- 
tion, with 5 ~ 8°. The degree of orientation became more pronounced at depths of a 
few thousand angstréms, exposed by etching and yielding figures 7 and 8 (plate II), 
but 6 remained practically unchanged at about 8° down to 4000 A. Patterns recorded 
with the beam in an azimuth 30° from the perpendicular setting showed little change 
in the relative intensities of the arcs, thus a practically continuous azimuthal range of 
orientation round the <110> axis was present. The relative intensities of the arcs in 
figures 7 and 8, particularly the absence of the 400 arcs at the level at which h+k = 4 
(see figure 9), whereas the 222 arcs are strong, indicates, however, an azimuthal prefer- 
ence such that in the mean either a [001] direction is along the abrasion direction (with 
more than +55° spread from the mean), or else a direction such as [112] is along the 
abrasion direction (with more than +35° spread). 

When the electron beam was parallel to the abrasion direction a uniform ring pattern 
was always obtained, evidently because the beam then grazes also part of the side faces 
of the grooves, whereas in the perpendicular setting it only penetrates the tips of the 
edges of the grooves. 


§4. DISCUSSION 


4.1. The (u, D), (M, D) and (M, ) Relations for AgCl and AgBr Abraded on Dry 
Emery Papers 


The variation of both the coefficient of friction w and the wear rate M, with abrasive 
particle diameter D, for the silver halides (figure 1) is similar to that observed previously 
for many metals (Goddard, Harker and Wilman 1959, Avient, Goddard and Wilman 
1960) and various graphites (Porgess and Wilman 1960, King 1960). ‘The approximately 
constant value pmax, equilin, of « at the final equilibrium, at D > 70 microns, is expected 
for these angular abrasive particles, since theoretically ~ is concluded to be independent 
of D for such particles of conical or pyramidal shape (Goddard, Harker and Wilman 
1959, Goddard and Wilman, to be published). ‘The grooves formed by the abrasion 
of the silver halides are indeed seen to be markedly angular in section. 

The value 0-82 found for pmax. equitiv, of AgCl and AgBr (for which the hardness 
Hp ~ 10), is close to that for the comparably soft metals such as tin (Hp ~ 15 for the 
4/0-emery abraded polycrystalline surface; jsmax. equilib. ~ 0°86). This y value is larger 
than pen of ploughing emery/halide contacts, because it corresponds to part of the load 
being carried on emery/emery contacts having jee ~ 1 (Goddard and Wilman, to be 
published). jen was estimated to be about 0-76 by sliding a ‘tripod’ of sparsely dis- 
tributed groups of emery particles (~ 215 microns diameter) firmly fixed to a metal 
base with sealing wax, on a relatively smooth surface of silver halide prepared by fusion 
and resolidification on a flat glass plate. This wen value is also similar to the wem of 
such emery particles ploughing along a metal of similar hardness, e.g. tin (cf. Avient, 
Goddard and Wilman 1969). 

Since the ploughing component pip can be expected to be about the same for materials 
of the same hardness, it appears that for the emery/halide contacts the adhesion 
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Figure 9. Ring positions and theoretical diffraction positions for face-centred 
cubic crystals in a one-degree orientation with a <110) axis inclined at an angle 3 
away from the surface normal. 


component pa of the total friction en has a value close to that for the emery/tin 
(+ oxide) contacts. That the adhesion component is a considerable part of the total yu is 
indicated by figure 4, showing the pronounced forward drag of the halide by the sliding 
particle, in this case a glass sphere. The forward drag is rather more than we observed 
with Cu and Ag (Avient, Goddard and Wilman 1960). In graphite it was negligible, 
corresponding to the low adhesion friction (ugg = 0-14) (King 1960). 

The p of halide on halide pnp is found to be 0-32, and is very similar to the values 
of approximately 0-3 found for metal (+ oxide)/metal (+ oxide) in the case of Cu and 
Ag (Avient, Goddard and Wilman 1960) and Sn (Avient and Wilman, to be published), 
and for CuzO on CugO (Porgess 1960). The s/pm values for these materials (s = shear 
force/unit area of the shearing contact, and pm = flow pressure of this shearing region) 
are thus similar, although these materials have widely different pm and Hp values; 
for example, for Cug0, Hp ~ 240-260, and for AgCl and AgBr, Hp ~ 10. We note, 
however, that for CuzS on Cud§, # ~ 0:5 (Bowden and Tabor 1950, Porgess 
1960). 

The slight increase of M with D at D > 70 microns, is similar to that observed for 
tin, lead and zine (Avient and Wilman, to be published), although for Al and harder 
metals M was practically constant at D > 70 microns (Avient, Goddard and Wilman 
1960). 

The (M, 4) locus shown in figure 2 is a straight line for D > 20 microns, ice. 
M = R(u—po), where k and ju are constants and po ~ 0-62. However, for finer emery 
grades (D < 20 microns) the locus curves towards lower » values. Here again the silver 
halide properties are strikingly similar to those of a metal of similar hardness, because 
this form of locus is the same as was found for the very soft metals Pb, Sn and Zn 
(Avient and Wilman, to be published). The curved lower part indicates that in this 
region the fraction fee of the load supported on emery/emery contacts is progressively 
less than the practically constant fee value which applies over the upper straight region 
(Goddard and Wilman, to be published). It seems that, for D < 20 microns, many of | 
the picked-up emery particles become more or less submerged in the soft halide bearing 
surface, as was indeed indicated by the electron diffraction photographs from the | 


: 
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surfaces after etching (§ 3.3 and figure 5). This, together with the rapid clogging of 
the emery paper in these finer grades, leads to more of the load being supported on 
halide/halide contacts, for which nn = 0-32 (see above). One reason why these smaller 
partly embedded abrasive particles tend more to become submerged than larger particles, 
is probably that the frictional heating of these particles as they contact the opposing 
emery sheet over a considerable distance of sliding, must raise their temperature to a 
higher value than that reached by the larger particles. This will tend to soften the 
material in which they are embedded, so that deeper embedding of the smaller particles 
occurs. 

The pick-up of emery has the effect of reducing the wear rate and increasing 
compared with the value for an emery-free surface. We have, as yet, however, no 
estimate of fee for the silver halides, because of the difficulties caused by the rapidity 
of pick-up of emery by the surface. 


4.2. The Surface Re-orientation and its Relation to the Compression Texture and the 
Rolling Texture 


For comparison with the above results we have determined the compression textures 
of these silver halides (King and Wilman 1961), by x-ray and electron diffraction. The 
initial granular materials compressed as described in § 2, showed a <100 > texture with 
axis along the compression axis (together with a moderate proportion of ¢ 110 > orienta- 
tion with axis inclined by up to 30° away from the compression axis). When, however, 
resolidified specimens in the form of rectangular blocks about 0:5 x 0-5 x 0:2 cm, were 
compressed. between polished, flat stainless steel plates (lubricated with oil) in a vice, 
only a pronounced <110> one-degree orientation with axis along the compression axis 
was observed. The reduction in thickness was more than 80°%, i.e. to less than 20% 
of the initial thickness. The same <110 texture was also observed in specimens which 
ifter compression in a die were further compressed between the steel plates. 

Resolidified AgCl rolled from about 0-5 cm diameter and 0-3 cm thickness to about 
)-01 to 0-03 cm thickness (in about 20 stages, in the same rolling direction), then showed 
yasically a strong <110 > one-degree orientation, azimuthally limited, and with additional 
111} twinning. The rolling direction was concluded to be (112), in the mean, as in 
the {110}<112> rolling texture of face-centred cubic metals. 

It is thus clear that the nature of the compression texture depends on the extent to 
vhich the material can flow laterally during compression. Compression with freedom 
or extensive lateral flow is seen to correspond in effect to rolling the material in all radial 
lirections simultaneously. Similarly in abrasion there is extensive laterally directed 
low as the material is displaced by the indenting particles, and the (110) texture de- 
veloped is in accordance with the <110) compression and rolling textures. 

In the abrasion, the mean azimuthal orientation developed is (like that we find for 
ace-centred cubic metals) with either <001) or a direction near this, such as <112), 
varallel to the abrasion direction, and is thus probably the same as that in rolling, <112). 
Chis close correspondence to the rolling texture seems to be due to the indenting emery 
varticles being mostly very obtuse tipped so that in the abrasion the flow under the 
mery particles is indeed not much different in type and direction to the plastic flow 
inder the roller in rolling. At the final contact with the abrasive particles the flow is 
hen parallel to the groove direction. 

The main difference in nature between the conditions in abrasion and rolling is that 
a abrasion the tangential frictional force (including both the adhesion and ploughing 
omponents) is large. ‘The resultant of this force and the normal load is inclined away 
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from the specimen normal by an amount related to the friction coefficient u, and th 
orientation axis of the abrasion texture developed is correspondingly tilted away fron 
the normal by an angle 8. 


4.3. The Surface Re-orientation in Relation to the Friction 


Previous studies of the relation between 8 and p for the hexagonal metals berylliun 
and magnesium (Scott and Wilman 1958) and graphite (Porgess and Wilman 1960 
showed that the angle of tilt 8 of the [001] orientation axis in the abraded surface regions 
is about equal to tan. For face-centred and body-centred cubic metals a backward- 
tilted <110> orientation, and a mixed tilted <100>+ <211> orientation respectively, 
were observed (Harker 1958, Goddard 1959, Avient, Goddard and Wilman 1960), 
However, near the surface of these metals the tilt was often considerably less than 
tanyumo-mo, Where mo-mo is the friction coefficient of the metal (+ oxide)/metal 
(+ oxide) contacts. Etching to several thousand angstroéms depth revealed a more tilted 
<110> one-degree orientation in the face-centred cubic metals, 6 then approximating 
to tan™1em, where em is the p of the ploughing emery/metal (+ oxide) contacts, the 
region of which, near the bottom of the grooves, is then accessible to the electron beam, 
at this stage of etching. 


evidently be attributed to the effect of the forward motion of the indenting abrasive 
particles, additional to the oblique resultant compressive force, and be associated with 
the forward drag of the material by the adhesive frictional force between the ploughing 
particles and the halide in the way shown in figure 4. The adhesion causes a tension in 
the material behind the ploughing particles, and this may cause further deformation 
with lattice rotation resulting, reducing 6. In the abrasion of graphite, on the other 
hand, the close agreement of § with tan“! (Porgess and Wilman 1960) is evidently 
associated with the low adhesion between the graphite and the emery particles, as is 
indicated by the absence of any forward curving of the surfacing striae across rounded 
grooves caused by sliding graphite on ‘Scotchlite’ glass spheres as for figure 4 (King 
1960). 


~~ 


§5. CONCLUSION 

The above results show conclusively the extensive and quantitative correspondence 

of the friction and wear properties of these non-metallic materials in abrasion, to those 
of metals of comparable hardness. Further results have now also been obtained (Dobson 
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nd Wilman, to be published) showing that this extends also to the case of abrasion of 
YaCl (both polycrystalline and single-crystal), in spite of its more brittle and cleavable 
ature. The above results on the nature of the surface re-orientation make clear the 
ependence of this orientation type on the occurrence of extensive lateral flow of the 
aaterial displaced by the indenting abrasive particles. Abrasion textures are concluded 
9 be generally largely analogous to the rolling texture, and also closely related to the 
ompression texture which is observed when lateral flow is permitted. 

These results thus provide a useful basis for a satisfactory understanding of the 
riction, wear and surface deformation of such non-metals. 
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Radio Wave Scattering from the Lunar Surface 


By Via Ae HUGHES} 
Royal Radar Establishment, Malvern, Worcs. 
MS. received 19th May 1961 


Abstract. This paper describes some recent measurements on the angular scattering 
properties of the lunar surface at the wavelength of 10 cm. The scattering law of 
the surface is shown to be P(6) = oo exp(—10-26) over the range of # from 4 to 
13° and a comparison with other results shows that it is independent of wavelength 
up to A = 1-5 metres. For angles up to 30° the scattering law deviates from an 
exponential but is still independent of wavelength up to at least \ = 75 cm. Evi- 
dence is given to show that the surface may be considered as rough at radio wave- 
lengths. : 


§1. INTRODUCTION 


SINCE the first successful radar contact with the moon by the United States Signal 
Corps and, independently, by Bay in Hungary in 1946, radar observations have been 
considerably extended. Most of the original work was carried out with radars develop- 
ing comparatively low powers and to make it possible to detect the returned signal 
very long pulses or c.w. were used such that the whole of the lunar surface was illumin- 
ated. ‘The c.w. measurements by Kerr, Shain and Higgins (1949) at the wavelength 
of 15 metres revealed the presence of two fading rates, a large slow period fluctuation 
together with a much more rapid one. It was suggested that the slow period was pro- 
duced by Faraday rotation of the linearly polarized waves and Murray and Hargreaves 
(1954) showed how the moon echo technique could be used to measure the total electron 
content of the ionosphere. However, the more rapid fluctuations were attributed to 
the interference between signals scattered from the various regions on the surface 
which have relative motion due to lunar libration. By a method of pulse-to-pulse cor- 
relation Brown et al. (1956) determined the frequency spectrum of the fading and by 
relating this to the expected Doppler shifts Evans (1957) derived the scattering law of 
the lunar surface. These results showed that at a wavelength of about 1 metre the 
lunar surface scattered in a very directional manner. | 

Later measurements with microsecond pulses by Trexler (1958) at a wavelength of 
about 1-5 metres, by Yaplee et al. (1958) and by Hey and Hughes (1959) at a wavelength 
of 10cm and more recently by Leadabrand et al. (1960) and by Pettengill (1960) at 
the wavelength of 75 cm, have all confirmed this highly directional scattering and have 
led to a more detailed study of the variation in echo strength as the pulse moves across 
the surface of the moon; in fact the higher powered radars at the wavelength of 75 cm 
have detected the weak scattering that exists out to the limb of the moon. 

It has been suggested by Senior and Siegel\(1960) that the lunar echo is due to 
specular reflection from a small number of isolated regions and the term quasi-smooth 
has been used to describe the surface. However, the signal takes the form of a large 
number of discrete echoes, each of a duration equal to the pulse length, which fade in 
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| random fashion but with frequencies which are closely related to the expected Doppler 
hifts. Previous measurements at the wavelength of 10 cm (Hey and Hughes 1959) 
1ave shown that no region of the moon with dimensions corresponding to the pulse 
ength of 5 psec gives a consistent echo, and this suggested to the author that the results 
ught to be interpreted as scattering from a rough surface. The later results by Petten- 
ill (1960) have in fact shown that a very large number of scattering areas exist and that 
here is no correlation of the ‘radar picture’ of the moon over intervals of about one 
ninute. 

The object of this paper is to describe some measurements on the angular scattering 
roperties of the lunar surface at the wavelength of 10 cm and to show that the results 
re compatible with reflection from a rough surface which has deviations large in com- 
arison with the wavelength such that a large number of regions will contribute. 


§ 2. THE RADAR EQUATION FOR PLANETARY STUDIES 


The signal scattered back from a radar target and received at the focus of a radio 
lescope is given by the well-known radar equation 


PrA2c 
P= GaeRt 


(1) 


here Py is the power transmitted from the aerial, A is the effective aperture of the 
lescope, R is the range and a is defined as the effective scattering cross section of the 
rget. In general there will also be losses in the transmission lines and in propagation 
irough the atmosphere but for the present purposes the atmospheric losses which will 
= small have been ignored. However, the more appreciable transmission line loss aq 
ill reduce the transmitted power such that if the power developed by the transmitter 
P, then that radiated at the aerial is given by P = opPr. 

The power received at the focus of the telescope will also pass along the trans- 
ission line to the receiver and the performance will be measured at the receiver output 
_terms of the ratio of the signal power to the total noise power. If there were no 
ss in the transmission line then the noise power at the receiver output would be 
Juivalent to 


Py = [(N—1)To+ Ta]kof (2) 


here N is defined as the noise factor of the receiver, k is Boltzmann’s constant, Sf is 
e bandwidth of the receiver and To and T4 refer to room temperature (290 °x) and 
e effective aerial temperature respectively. T'4 of course includes both the effective 
mperature of radiation received from celestial radio sources and that of radiation 
om the ground and nearby objects. The effect of losses in the transmission line is 
degrade the noise factor of the receiver by an amount «7, and the receiver can then 
- considered to produce a noise power 


Py’ = [(apN—1)To+ T.4]k6f. (3) 
1e signal-to-noise ratio in the simple case is then given by 


1 le Aa 


a ee 4 
dak walla 1)To+ Tay) PRE @) 
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In practice, providing there are no large Doppler shifts, the bandwidth is normally 
chosen such that 5f = 1/tp where tp is the pulse length, and equation (4) becomes 
A2 
S= eee! (5 
where 


(Ki) = 4ck a[(arN—1)To + Tu] 


and the signal-to-noise ratio is proportional to the total energy in the transmitted pulse. 


2.1. The Effective Scattering Cross Section 


The above derivation of the signal-to-noise ratio assumes that the target or the 
region of the target that scatters the radiation is small in radial dimension. However, 
if the target scatters in depth, the power returned will be a function of the pulse length; 
then for rough surfaces it is more convenient to define an effective scattering cross 
section per unit area oo(@), which will bea function of aspect angle, or in the case of, 
say, scattering from the atmosphere a cross section per unit volume. The scattering 
cross section will then be increased by increase in the pulse length, but at the expense 
of loss in range resolution. For the case of the moon the scattering cross section is 
given by integrating over the area of surface A illuminated by the pulse : 


c= | o0(6) dA (6) 
A 


where 6 is the angle of incidence at element dA, and has an upper limit when the pulse 
illuminates the whole of the surface. 

Hence with comparatively low transmitter power but using very long pulse lengths, 
it was possible in early experiments at metre wavelengths to detect the integrate 
power scattered back from the whole of the lunar surface. The more recent develop- 
ment of short pulse and higher peak power transmitters at shorter wavelengths has 
made possible a more detailed study of the scattering mechanism of the lunar surfa 
by making use of the improved range resolution. 


2.2. Integration 


The previous derivation of signal-to-noise ratio considered the case of a single 
pulse, but in general the radar will be sending out a train of pulses, so that it is possible 
to integrate the signal over an appreciable number of pulses. Also if the returned echo 
is measured over a range interval by means of a range gate it is possible to increase the 
signal but at the expense of range resolution. Now the noise can be considered as a 
number of discrete readings each of duration 1 /8f, so that if the duration of the range 


gate is tg and the pulse repetition frequency is F, during the time constant of integration 
7 there will be 


n = tg5fFr: 


independent readings. Hence the uncertainty in the value of the noise power will be 


reduced by the factor 71/2 and the signal-to-noise ratio becomes a 


A2 
S = KePty ol teif Fr)! (7 
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vhere the constant K3 contains, besides Kj, factors which are dependent on the shape 
f the receiver bandwidth and on the type of integration. 

These are the principles that have been used in the design of the equipment for 
ise with the radar for studying lunar echoes. 


§3. THE RADAR EQUIPMENT 


The equipment used for the experimental investigation on lunar scattering was 
asically as has been described previously (Hey and Hughes 1959), consisting of a 
adar with the following parameters: 

Wavelength A = 10 cm, peak pulse power P = 2 x 106 w, pulse length tp = 5 x 10-8 sec, 
ulse repetition frequency F = 250 per sec, receiver noise factor N = 7-5, receiver 
and with 6f = 2 x 10° c/s, aerial diameter D = 13-7 metres. 

Originally the method of recording was to photograph an intensity modulated time 
ase which was swept slowly across the cathode-ray tube, thus obtaining a range time 
isplay with integrated signal amplitude showing as a variation in brightness on the film. 
lowever, the method suffered from a number of disadvantages including a restricted 
ynamic range in signal amplitude, extraneous light produced a shift in the mean level, 
nd despite frequent calibration, the film required careful and controlled development. 
‘o improve the method of recording a range gate unit was developed which allowed 
nore accurate measurement of the signal and longer time constants of integration. 
‘he unit produced a pulse 20 usec long (corresponding to 3 km of the time base) which 
ampled the receiver output after each transmitter pulse. The delay between trans- 
utter pulse and range gate could be preset to integral values of 100 sec (15 km) and 
lso automatically swept over a further delay of 700 psec (100 km) in a period of about 
min. ‘The output from the range gate was passed through an integrating unit, and 
fter amplification was displayed on a recorder on which was also marked the range- 
ate delay. 

With a time constant of integration of 2 sec it was possible to measure signals at 
‘vels down to about 3° of the noise power. 

During the observation the pointing of the aerial was controlled by means of an 
nalogue computer which converted the celestial coordinates to azimuth and elevation. 
‘he computer was set for the correct geocentric latitude and frequent adjustments 
‘ere made in elevation to correct for lunar parallax in altitude. 


§4. THE RESULTS 


Thirty-one runs were analysed for the period 27th November to 11th December 
159, consisting of about four records obtained on each of a number of days. For each 
in the delay was set to bring the range gate near to the front of the lunar echo, the 
itomatic swept delay was switched on and a record taken of amplitude against time- 
ise range as the gate moved across the echo; a typical record is shown in figure 1. 
wing to the fluctuating nature of the radar return, the time constant of 2 sec was not 
und to be sufficient and additional smoothing was applied by taking a running mean. 

If the area on the surface of a large sphere of radius a illuminated by a short radar 
ilse of duration equivalent to a range on the time base of rp is Ap then Ap = 2zarp 
d is independent of the distance travelled by the pulse after first contact; hence the 
rplitude of the echo at any distance from the leading edge will be directly proportional 
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Figure 1. Typical recording of the lunar echo at Figure 2. Angular scattering law 
the output of the integrating unit. the lunar surface at the wavelength « 
10cm. The dashed line corresponds t 

P(8) cc exp( —10-26). 


to the angular scattering properties of the surface at that point, which we shall cal 
f(®). If then the conversion 
a-—r 


cos§ = (8 
a 
is made where r is the distance behind the leading edge the results obtained will shoy 
the angular scattering in terms of the angle of incidence 0. 

Each of the 31 records were converted in this way and the mean of all the record: 
is shown in figure 2, together with the straight line corresponding to exp(— 10-26) 
The agreement is so close that we shall assume that between angles of incidence of a 
least 4° and 13° the law of scattering of the lunar surface is given by 


f (8) = exp(— 10-26) 9 


4 


where 4 is in radian measure. For angles of incidence less than 3°, an attempt was mad 
to correct for finite width of the range gate, but owing to the very slow period fading 
of the front edge of the echo and to the inaccuracies involved in the corrections né 
great reliance could be placed on this part of the curve. However it appeared that t 

scattering law for values of # near to zero might fall slightly below the exponential law. 


4.1. Comparison of Results with Short Pulse Observations at the Wavelength of 1-5 Me 


Most of the radar measurements at longer wavelengths have been made with*c.w. 
or very long pulses, apart from those by Trexler (1958) at the wavelength of 1-5 metr 
These results for a pulse length of 12 psec are given in terms of percentage of 
total energy received as a function of time. To compare the scattering law at the 
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vavelengths, the 10 cm results were integrated assuming the scattering law exp(— 10-26). 
Che amount of energy returned after time ¢ is then given by 


y 
IAC) = 2nary | exp(— 10-20) dé (10) 
0 
vhere 7p is the pulse length as defined previously, a is the lunar radius, and 
ct 
cos@ = 1—— 
a 


(2) is plotted in figure 3 together with the values derived by Trexler, in terms of range 
1 kilometres after the leading edge. The agreement is not exact, probably due to 
rrors in reducing the values by Trexler, but up to angles of incidence of 14° is sufficient 
) suggest that the scattering law for small angles of incidence is sensibly independent 
f wavelength over the range 10 cm to 1-5 metres. 


4.2. Comparison with Measurements at 400 Mes 


More recent measurements by Pettengill (1960 and private communication) at the 
avelength of 75 cm and a pulse length of 70 usec have shown directly that the scattering 
om the lunar surface follows an exponential law at the small angles of incidence, but 
ver a range of @ from 7° to approximately 50° may be represented by 


99 exp(— 10-5 sin 6) + op cos3/2@ where op = 9/160; (11) 


has been suggested that the term involving op may represent a diffuse scattering 
mmponent. ‘To determine if the op component is also independent of frequency, the 
sitivity of the 10 cm equipment was further improved by increasing the duration of 
€ range gate to 100 usec (15 km), by other improvements in the sensitivity of the 
ceiver, and by increasing the range of the automatic sweep of the range gate. It was 
ily possible to obtain 13 runs during 21st and 22nd December 1960, but the results 
e shown in figure 4 for values of 8 up to 30° together with the empirical law determined 
r Pettengill. Again the agreement is remarkably good, and though the 10 cm results 
ive not been obtained at all angles of libration, they are sufficient to suggest that any 
ffuse component of scattering is also independent of wavelength for angles of incidence 
» to about 30°. 

No attempt will be made here to explain why the suggested diffuse component is 
oportional to cos?/2 6. This will be discussed in a later paper where it is shown that 
e theoretical law with the addition of a diffuse scattering term, proportional to cos 0 
n lead to the empirical law of equation (11). 


4.3 Comparison of Lunar Scattering with Scattering from Rough Surfaces 


A direct comparison can be made between the scattering law as derived from the 
2sent experiments with that obtained from various types of surface on the earth. 
om optical observations the lunar surface appears to have a nearly uniform reflectivity 
2x its surface and measurements on the thermal radiation at radio wavelengths greater 
in 3 cm show that the surface must have a highly absorbing layer. Hence it is also 
sonable to assume that the reflectivity over the surface is constant though small at 
varticular radio wavelength. The closest comparison with terrestrial surfaces from 
: point of view of angular scattering properties would then be either with desert 
ions or with the sea, and for the present purpose a comparison will be made with 
ttering from the sea. 
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Figure 3. Comparison of results obtained at the wavelength of 10 cm with those by 
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the wavelength of 1-5 metres. A = 10 cm, pulse length 5 usec; A = 1-5 m, 
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Figure 4. Comparison of angular scattering law at the wavelength of 10cm with 


that obtained by Pettengill at the wavelength of 75 cm. 
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The earliest measurements on sea returns obtained at a wavelength of 3-2 cm have 
een collected by Goldstein (1951). They show an angular scattering law which varies 
ith the state of the sea, but in general the intensity decreases rapidly at angles away 
om normal incidence, such that at an angle of 20° the effective scattering area has 
len by a factor of 10-20 ds from the value at normal incidence. The largest decrease 
srresponds to the case of a ‘slight’ sea, but even under these conditions the amplitude 
' waves and ripples is expected to be much greater than the wavelength. The corre- 
sonding decrease in scattering area of the moon at an angle of incidence of 20° is about 
} ds. Measurements of the effective scattering area for the average sea at shorter 
avelengths have also been made by Grant and Yaplee (1957). They show that over 
wavelength range from 8-6 mm to 3:2 cm the scattering law remains sensibly the 
me and is of a similar form to that obtained for the moon, including the flattening 
f of the curve at comparatively large angles of incidence. Hence the results are in 
reement with scattering from a lunar surface which is rough in the same way as the 
face of the sea is rough, implying random variation of the surface with amplitude 
eater than the radar wavelength. 


4.4. Bistatic Radar Measurements on the Moon 


Further indications of a random lunar surface which contributes many reflecting 
ints was obtained in a joint experiment with the University of Texas (Straiton 
d Tolbert: Hughes 1960). The signals transmitted from Malvern, England, were 
ceived at Austin, Texas, after reflection from the moon and at an angle of about 
® to the incident direction, corresponding to the angle subtended at the moon by 
e Malvern—Austin base-line. In this case the mean level of the signals showed a 
adual increase over a distance of about 7 km, in comparison with the initial sharp 
e observed at Malvern. This is as would be expected on the rough scattering theory 
ice from considering the geometry of scattering with the short pulse lengths the echo 
iplitude is proportional to the area of the moon seen to be illuminated from Texas 
d this increases more gradually. In fact the increase is expected to take place over a 
stance of about 9 km but the initial rise would be lost in the noise level. 

To summarize it is suggested that over representative annular areas of 8000 km?, 
rresponding to the area of the lunar surface from which signals are received at a 
Ise length of 5 psec, the moon would appear to consist of a large number of random 
itterers, as for an undulating random surface, and this will be assumed in future 
cussions. Further evidence that this is consistent will be shown from the theoretical 
atment of scattering from rough surfaces in a later paper. 


$5. VARIATION OF SCATTERING CROSS SECTION WITH WAVELENGTH 


To compare the echoing area of the moon at different wavelengths and different 
lse lengths the angular scattering law of the surface has to be taken into account. 
short pulse lengths are used, then the effective echoing area of the moon is given by 


2rar,[oo exp(—108)+ op cos3/20] 

ere 7p = }tpe is half the length in space of the transmitter pulse, @ is the lunar 
dus, 69 and op represent the scattering cross section per unit area of the moon for 
two empirical scattering components and 6. is the angle of incidence. of the pulse 
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at the lunar surface. If the moon is illuminated with c.w. then the total echoing are 
will be given by 


1/2 
op = 27a? | [oo sin 8 exp(— 108) + op sin @ cos3/2 6] d@ 
0 


= 7a?[2 x 10-2094 8 x 1040p] 
= 2:5 x 10-2zra2a9 (12 
where it is assumed that op = 60/160. Taking the value og = 0-85 for the wavelengt! 


of 10 cm which has been corrected from the one previously obtained (Hughes 1960 
this yields a figure of 


op = 2:1 x 10-27ra?. (@s 


A comparison of the results at different wavelengths, for ot/7a? and oo is giver 
in the table. 


Wavelength Pulse length Reference or/7a? oo 
(metres) 
0-1 5 psec 2-1 x 10-2 8°5 x 10-4 
0:62 c.w. (Blevis & Chapman 1960) 5:0 x 10-2 2:0 
0-7 c.w. (Fricker et al. 1960) 7:0 x 10-2 2°8 
0-75 70 usec (Pettengill, 7:0 x10-2 2:8 
private communication) 
1:0 c.w. (Trexler 1958) 7:0 x 10-2 2°8 
15 c.w. (Trexler 1958) 8-0 x 10-2 3-2 
2°5 30 msec (c.w.) (Evans 1957) 1-8 x 10-1 4-5 


Most of the measurements give a value for the integrated scattering cross section 
for the moon which lie in the region 5-10 x 10-2 wi“ the exception of the results ob- 
tained at the wavelength of 10cm. However, since these latter measurements are 
derived by extrapolat'ng the results obtained for small angles of incidence, and only 
a small amount of scattering at the large angles could make an appreciable contribution, 
they may in fact be an underestimate. It may be concluded that though the total 
scattering cross section may vary slightly with wavelength, the amount of variation is 
probably small, especially so when it is considered that the accuracy of the readings 
is probably only +50%. 


§ 6. CONCLUSIONS 


The main object of this paper has been to describe in more detail the measurements 
that have been made on radar echoes from the moon at the wavelength of 10cm. The 
results show that the scattering law of the lunar surface at least for angles of incidence 
from about 3 to 13° is sensibly independent of wavelength over the range 10 cm to 
1-5 metres, and there is evidence that for angles up to 30° the scattering law at the 
two wavelengths is sensibly the same. The empirical law would appear to be exponential 
with argument proportional to @ (or sin 6) with the addition of a small component 
proportional to cos3/2 @ as determined originally by Pettengill. It is not suggested that 
any physical interpretation may necessarily be applied to these two components, andl 
a theoretical treatment is left to a further paper. 
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The highly directional form of the scattering law led Senior and Siegel to the con- 
lusion that there must be about 20 or 30 smooth regions on the moon and the term 
uasi-smooth has been used to describe the surface. However, various factors have 
een shown to indicate that the results are compatible with scattering from a rough 
irface, by which is meant one which has deviations large in comparison with the 
avelength, and in fact a similarity exists between the scattering law for the lunar 
irface and the surface of the sea. 

An important difference between the quasi-smooth and rough theories arises when 
1 attempt is made to derive the reflectivity of the surface. The quasi-smooth theory 
redicts that the reflectivity may be obtained by measuring the amplitude of the signal 
ceived from the front edge of the moon since this is reflected from a smooth spherical 
gion which is greater than the first Fresnel zone and of radius approximately equal 
the lunar radius; on the other hand, as will be seen in a future paper, the rough-surface 
leory predicts that the reflectivity may only be obtained by integrating the radiation 
attered from the whole of the lunar surface. The value of the reflectivity determined 
om the two theories may differ by as much as 100 times. 
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Synthesis of Interference Filters 


By J. S. SEELEY 
Queen Mary College, University of London 
MS. received 29th May 1961 


Abstract. A method of synthesizing electrical circuit filters to transmit prescribed 
functions of frequency in a specified pass-band is applied to dielectric interference 
filters containing up to four half-wave layers. The method relies on an approximation 
that the half-wave layers are the only parts of the filter which are sensitive to fre- 
quency. The reflecting quarter-wave multilayers are described by a single para- 
meter whose values are deduced in the synthesis. The transmission functions are 
either maximally flat in the pass-band or contain equal ripples. The rate of transi- 


tion from the pass-band to the stop-band is increased rapidly by increasing the 
number of half-wave layers. 


The synthesis is applied to filters specified to transmit an 8% bandwidth within 
which the transmissivity is not less than 0-91. The exact transmission character- 


istics of these examples show excellent agreement in the pass-band with the simple 
functions. 


The method can be applied to the design of filters of moderate bandwidth for 
any spectral region. 


§ 1. INTRODUCTION 


ELECTRICAL FILTER networks of lumped inductive and capacitive elements may b 
synthesized by the classic method of Darlington (1939) to pass a band of frequencie 
following a simple type of transmission function. The method is based on the synthesi 
of an equivalent low-pass filter consisting of a ‘ladder’ arrangement of unequal element: 
The elements of the band-pass filter are readily deduced from those of the low-pas 
prototype with a suitable transformation of the frequency variable in the transmissio1 
function. 

Structures having similar general Properties to the ladder networks can be built it 
distributed circuits by loading an appropriate waveguide with suitably spaced reactiv 
obstacles. The application of the synthesis for band-pass filters to distributed circuit: 
is hindered by the dependence on frequency of the transmission properties of the circuit 
themselves and by the magnitude and the dependence on frequency of the reflection: 
from the obstacles. Various methods for the approximate synthesis of waveguide filter: 
with a high degree of isolation between the pass-band and stop-band have been des- 
cribed. Their accuracy deteriorates for filters of bandwidth greater than 10%, as dis- 
cussed by Cohn (1957), Seidel (1957) and Levy (1957) amongst others. The length: 
of waveguide which separate the reflecting obstacles are designed to have an effective 
phase shift of 7 at the mid-band frequency. These are the principal elements sensitive 
to frequency and, together with the obstacles, form a cascade of half-wavelength 
resonant cavities. A Q-factor is associated with each cavity and can be related to the 
reflectivities of the obstacles. (This expresses the ratio of the resonant frequency to 
the frequency interval for which more than half the incident power is transmitted, i.e. 
half-width.) The Q-factors for the cavities are deduced from the lumped elements of 
a low-pass prototype synthesized by the Darlington method to a simple transmission 
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unction. The synthesis only predicts behaviour in the fundamental pass-band of the 
Iter and requires that all the cavities should be resonant at the central frequency. 

The dielectric multilayer type of interference filter (Polster 1952) is based on the 
‘abry—Pérot etalon which behaves in a similar manner to the waveguide resonant 
avity when the variation of the wave impedance with frequency is considered. It is of 
nterest to apply the Darlington method of synthesis to structures consisting of a cascade 
f Fabry—Pérot resonant cavities based on dielectric multilayers. In addition to providing 
method of designing an interference filter to transmit a prescribed function over a 
noderate bandwidth the synthesis will indicate how the multilayers which are already 
sed in various spectral regions can be deployed to the best advantage in band-pass 
Iters. 


§2. THEORY OF THE SYNTHESIS 


2.1. External Description of Multi-cavity Filters 


The filters are symmetrical arrangements of dielectric multilayers containing more 
han one half-wave layer (Smith 1958, Turner 1952) as represented in figure 1. We 
vill consider the transmission of a plane wave through this arrangement for normal 
ncidence. All absorption and dispersion in refractive index of the dielectric materials 
orming the layers will be neglected. The wave impedances of the layers will be normal- 
zed with respect to that of the external medium. If this is air the impedances for normal 
ncidence are therefore simply the reciprocals of the refractive indices of the layers. 

The amplitudes of the electric and magnetic vectors in the waves crossing the inter- 
aces AA and BB can be written, following for example, Born and Wolf (1959), Heavens 
1960) and Weinstein (1954) 


fe laced ~ Lenore o 


vhere the matrix [MM] is the transfer matrix of the structure between AA and BB. The 
oundary conditions are 


t BB bee mars 
Hgp = Ee/Zo 
m2 
Exa = E;+E; = ( myit ~~ )Es 
Zo 
t AA 


me 
Haa = (E;— Er)/Zo = (ma =) Ee. 
Lo 


The amplitude reflection coefficient at AA when the wave impedance Zo is put 
qual to unity is 
Er, my + my2— M21 — Mee 


=: 2) 


Ej mytmi+ mei + mee 


The amplitude transmission coefficient at BB is 


=- : @) 


Ej 9 my + my2+ m1 + Mee 


The matrix [JM] is the ordered product of the matrices of the individual layers and 
sompletely represents the structure. The elements in the matrix of a symmetrical 
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n-ne poms ae 


Dielectric i 


Dielectric I 


Figure 1. Arrangement of dielectric layers in a generalized filter. There are n half- 

wave layers of wave impedance Z/Zo = z. @ = 7w/wo where wo is the central 

frequency of the pass-band of the filter. The multilayer systems numbered (1) and 

(n+1), (2) and (n) etc. are identical. They consist of alternate quarter-wave layers 

of two dielectric materials. There are N +1 layers of the dielectric with the higher 
refractive index. 


structure are related by mym22—m2m21 = 1 and mj, = moo. The transfer matrix of Z 
single layer is 
cos d jzsing 
jsing 
z 


cos d 


when there is no absorption, ¢ being the optical thickness and z the normalized wave 
impedance. 2 is wholly real for dielectrics without absorption so that my = jMye, 
mz) = JMz1, my, Mig and Mg all being real numbers. 
The reflection and transmission coefficients of (2) and (3) can now be expressed 
more simply in this particular case by 
Er, = j(Miz— Mz) E. 2 


- and == - 
Ei = 2my,+j(Mi2+ Mo1) E; = 2my,+j(Mi12+ Mo1) 
so that the reflectivity and transmissivity are therefore 


(4) 


Ra E, eL) (My2—Mo21)? a (Mi2— M21)? 5) 
Ej! 412+ (Mi2+ Mo)? 4+(Mi2— Mo)? 

= E. poe 4 2 l ‘ (6) 
Ey!) 401? + (My2+Moi1)® 1+4(Mi2— Mai)? 


Either (5) or (6) is sufficient to represent the behaviour of the filter because R+ T = 1 
for no absorption. Equation (6) is more convenient to use than equation (5) and the 
expression for the reciprocal of the transmissivity, 1+43(Mi2—Mb21)2, is widely used in 
the synthesis of electrical circuit filters free from energy loss. We will use it to predict 
the behaviour of the arrangement of multilayer resonant cavities shown in figure 1. 


2.2. The Transfer Matrix of the Filter 
2.2.1. The reflecting multilayers. 3 


The transfer matrix of reflecting multilayers consisting of two dielectric materials 
I and II is r 


cosz9 jzrsin3@][ cosd@ jz sin40 cos$0 jz sin40 
j sin36 j sin36 (7) 


een eee eo 
[M’] = | jsind0 A Fj 
a cos 46 Coss Ul ee cos 40 
RI : SII N times SI 
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where @ is the optical thickness of the half-wave layers. When the angular frequency 
» is equal to the central frequency wo the product [M’] reduces to 


’ 211 
[M}=| | 
oo Ve Saran 
RI SI 
Seay 
It is convenient to put —( =| =r. (9) 
BI SI 


The matrix product of the structure shown in figure 1 must be simplified before 
;quation (6) can be used for synthesis to a prototype transmission function. As a first 
tep we can represent the reflecting multilayers by the matrix of equation (8) 


[; 


it all frequencies within the fundamental pass-band of the filter. This approximation 
gnores two properties of the multilayer. The most important is that the optical 
thickness is subject to a frequency-dependent phase shift from the central value 
2N + 1)47; the other is that the effective transformation ratio only reaches the value r 
when the phase shift is (2N+1)47. A multilayer is more accurately represented by (8) 
for a band of frequencies centred on an angular frequency w9 by increasing r, An 
important consequence of the simplification of (8) is that the optical thicknesses of the 
half-wave layers become the only elements of the filter which are sensitive to frequency. 


2.2.2. The multilayer resonant cavities. 
The transfer matrix of a half-wave layer bounded by multilayers represented by the 
approximate matrix of (8) is 
cosé = jz sin® 


[M”] = E id jsind 


‘ ea (10) 


cos 6 is 0 


The matrix of the half-wave layers must be simplified before the product represent - 
ing a sequence of resonant cavities can lead to equations in the parameter r which are 
capable of simple solution. By restricting the fundamental pass-band to about O-1lwo 
we can put cos @ ~ —1 in (10) (in fact cos @ will vary as about (1 — w/wo)?n?/2—1 near 
wo, cos 46 in (7) will vary as about (1—w/wo)7/2). It is also necessary to put sin g@~0 
in the 21 term in (10) which only increases the half-width of the Fabry—Pérot resonant 
cavity represented by (10) by a factor of about 7r?/(r+— 1)1/2, involving an error of less 
than 1% provided that 7 is greater than 2-5. 

The matrix product which we therefore propose for an approximate band-pass 
synthesis is 

m M. 0 jirnjf—-1 jzsiné 

1 Gena eae a aera 

jMa1 M1 Jv. 0 0 —1 


le he le jz | 0 eg 
x 
ra AO kek SG -1 Jind 0 J(1) 


n is the number of cavities in the filter, 7n41 = 71 ,%m = 12, etc. 
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2.3. The Prototype Transmission Functions 
Equal ripple (Tchebyshev) and maximally flat (Butterworth) functions are use 
extensively as transmission functions in the synthesis of electrical filters. The trans 
missivity written in terms of these functions is 


1 
= —____ (12 
1+[fn(@)P 
where @ is a transformed frequency variable. 
The equal ripple function is 
In(@) = hT (2) (13 
where 
cos( cos! @) for |a| < 1 
T,(@) = | 3 . 
cosh(n cosh) for |a| > 1 


The Tchebyshev functions T;,(@) are more conveniently expressed as polynomials 
which are valid for all values of &, as follows 


Tn(@) = 1 for n= 0 
= @ i ll 
= 62-1 ee A tends to anton for 

. large values of . 
= 403-30 ee 
= 804—882+1 n= 4 
The maximally flat function is 
In(@) = (a')". (14) 


The two functions are compared in figure 2 which shows 1 /T plotted against & for 
n = 2,3 and 4. The parameter #2, which is the amplitude of the ripple, has been set 
equal to unity for the comparison making @’ equal to w. It should be noted that trans- 
mission of the equal ripple type is specified over the bandwidth for which T is not less 
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Figure 2. The prototype functions 1/T = 1+[fn(@)}2, shown for h2 = 1; (a) for 
n = 2, (6) for n = 3, (c) for n = 4. I, the equal ripple function of equation (13). 
II, the maximally flat function of equation (14). 
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than 1 |(1+h?), @ having the values of +1 at the band edges. The bandwidth of the 
maximally flat function is specified in the same way but the value of a’ at the band edges 
depends on the chosen value of h?. 

The requirements of any particular filter will determine which of the prototype 
functions is most suitable. If the transmissivity can have a value as low as 1/(1+h2) 
at any frequency within the pass-band then the equal ripple function should be used 
since it has a more rapid transition from the pass-band than the maximally flat function. 
For large values of &, (T'n(@)) is increasing more rapidly than @” by a factor of 27-1, 
In contrast the maximally flat function always shows complete transmission when 
@ = 0 and T is nearly equal to unity for a large central part of the pass-band. The 
number of cavities which are necessary will be determined by the rate at which the 
transmissivity is required to fall with frequency outside the pass-band. 


2.4. Synthesis to the Prototype Functions 
The simplified product of (11) has been evaluated for filters consisting of two, three 
and four cavities; the terms in the matrix [M] being summarized in table 1. Synthesis 
to the prototype functions requires that 


1 
ce —1 = 3(Mi2— Mai)? = [fr(@) PP. (15) 


(Mj2— Mp1) is a polynomial function containing the terms sin”0, sin”-26, etc. with co- 
efficients in the values of r. Since we have restricted (11) to filters of moderate band- 
width 


sin@ = sin ~ , 


(16) 


wo wo 


The frequency variable in the equal ripple function must equal #1 when w = w 
or 2wp—w where «; defines the edge of the pass-band so that @ can be defined in 
terms of w as 


W— wo 


o= (17) 
The maximally flat function (@’)?” must have the value h? if T is specified to be 1/(1+h?) 
when w = w 1 or 2wo— so that since @, as defined in (17), is equal to $1 at these 
frequencies 


WO WL 


Ca hing fimo (18) 


wo— wy 
sin 9 can be related to the variables and ’ 
: T7(wo—w p 
sin# ~ nee?) = to or ta (19) 

wo 
where the scale factors ¢ and ¢’ are given by 

= n(w0 01) | , 

t = ——_——_——__ for the equal ripple function, 
wo 

— (wo — 


Bi) for the maximally flat function. 
h1/nao 
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The polynomial functions in Mjz.—Mo1 can now be written in terms of t(@) o 
t'(@’) by substituting for sin 6. 

Synthesis to the equal ripple function is completed by equating the coefficients a 
sin” etc. with those of (a/t)" etc. in the polynomial expansion for hT;,(a@/t) given i 
(13). Synthesis to the maximally flat function requires that the polynomial function o 
sin 6 must equal (’)” for all values of w&’. The coefficient of sin” in My2— Mb cat 
therefore be put equal to 1/(z’)” and the coefficients of all lower powers of sinf put equa 
to zero. 

The values of the parameter 7 in the synthesized filter are given in terms of h and | 
or ¢’ by simultaneous equations obtained from equating the coefficients in (15). The 
equations and the unique real solutions for r are indicated in table 2 for n = 2, 3 and 4 
The solutions are no longer simple when n is greater than 4 because the simultaneous 
equations contain mixed polynomials in 71, r2 and r3. This problem does not arise ir 
the synthesis of electrical ladder network filters because the values of the circuit elements 
are deduced from general recurrence formulae such as those given by Belevich (1952) 
and Orchard (1953); the synthesis of interference filters with more than four cavities 
requires the development of a general formula for r. 


§3. APPLICATION OF THE THEORY 


The accuracy of the synthesis described in § 2 is illustrated by comparisons between 
the exact transmission characteristics and the prototype functions of some particular 
filters. The examples are chosen to transmit an 8% bandwidth with a value of T not 
less than 1/1-1 (ie. h2 = 0-1, t = —0-047). Two, three and four cavity filters have 
been synthesized to the specified equal ripple and maximally flat functions using the 
equations of table 2. The reflecting multilayers of the example filters have been assumed 
to consist of single layers. This restriction, as well as simplifying the calculations of the 
exact transmission characteristics, was imposed to demonstrate the effect of the varja- 


tion with frequency in the optical thickness of the multilayers. The other approximations. 
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Figure 3. Details of the filters chosen to illustrate the synthesis. T is specified to 
be not less that 1/1-1 over an 8% bandwidth. The reflecting systems (1) etc. are 
assumed to consist of a single dielectric layer, the refractive index of which is given 
by the values of 71 etc. shown below. 6 = 7 w/wo 


Filter Values of 7 obtained from table 2 
for h? = 0:1,t = —0-047 
Equal ripple Maximally flat 
TL r2 73 T1 7T2 73 
(a) 2 cavities 3:22 7:68 2:50 6-30 
(b) 3 cavities 3-45 10:3 2°33) 765 


(c) 4 cavities 3:52 dO) 13-4 2:13) 7-07 1160 
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Figure 4. ‘Transmission characteristics of filters chosen as examples, for which 

2? = 0-1, t = —0-047. (a) 2 cavities, (b) 3 cavities, (c) 4 cavities. Broken line, 

prototype functions, T = 1/(1+[fn(#)}2), full line, exact transmission of filters 

represented in figure 3. (i) for equal ripple transmission, (ii) for maximally flat 
transmission. 
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in the theory are rigorously tested by the comparatively small value selected for he}. 
Details of the example filters are illustrated in figure 3; the transmission characteristic 
are compared with the prototype functions in figure 4. 

The exact transmission characteristics shown in figure 4 follow the prototype func 
tions very closely for the greater part of the specified pass-band. The rate at which th 
transmissivity falls with frequency outside the pass-band also agrees very well with th 
behaviour of the prototype functions. The only difference between the exact and th 
simplified characteristics is that the actual bandwidth for which the transmissivity i 
less than 1/(1+4?) is reduced from the specified value of —2t/m in all the examples 
The reduction varies from about 18% for the maximally flat two cavity filter to abou 
7% for the four cavity filters. The width of the transmission characteristic measure: 
at smaller values of transmissivity are reduced by similar percentages. This effect cai 
be associated with the omission from the theory of the variation with frequency in th: 
phase shift across the reflecting multilayers. It can be reduced in any particular cas 
by increasing the value of r either by using a higher order filter or by increasing th 
value of h2/t. 

It is appreciated that the method of synthesis cannot be applied with the same free 
dom of choice to interference filters as it is to the design of electrical circuit filters. Th 
parameter 7 is restricted to combinations of the refractive indices of the dielectrics usec 
in the reflecting multilayers. ‘The situation would be improved considerably if more thar 
two materials were available with refractive indices forming a convenient numerica 
sequence. ‘The extent to which a particular filter will transmit the specified prototyp 
function will depend on the accuracy with which the required values of r can be achieves 
with practicable multilayers. For two cavity filters it would be a simple matter to mak 
a reverse calculation of h? and t from the values of r which are actually to be used. Filter: 
of higher order will require an iterative calculation to ascertain which practicable value: 
of r will lead to a transmission characteristic nearest to the specification. Decisions o 
this kind will be assisted by remembering that the transmissivity of any arrangement i: 
easily calculated at w = wo by eliminating the half-wave layers. Further, a transmissior 
characteristic intermediate to the equal ripple and maximally flat functions would bs 
expected if the practicable values of r are intermediate to the synthesized values fos 
both functions. The equations of table 2 will provide a quick assessment for the bes: 
deployment of quarter-wave layers in a particular filter when, for example, either the 
overall thickness or the number of layers is fixed. 
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Abstract. Polycrystalline specimens of InAs—In2Se3 and InSb—InaSes alloys have 
been prepared by suitable annealing of ingots. Measurements have been made of 
the room temperature values of Hall effect, conductivity, thermoelectric power 
and infra-red absorption over the whole of the available range of solid solution, and 
hence values of carrier density n, mobility » and optical energy gap Eg determined. 
It is found that the behaviour is similar to that of the corresponding InzT'es alloys 
in that the alloys rich in A™BV are n-type and highly degenerate. The observed 
values of n for the four systems concerned (A™!B Y—Az!™B3V!) are compared, and 
possible explanations of the results in terms of solubility of tellurium and selenium 
in the A!™BY compounds, or the band structure of the A™BY compounds are 
discussed. The use of thermoelectric power data to give values of the Fermi level 
is considered, and it is shown that to give consistent results in the composition range 
where ionized impurity scattering occurs, a scattering relation of the.form 7 « E*+/? 
must be used. The results suggest that the InAs—In2Ses system may show a change 
in conduction band minimum at a composition of low InzSes3 content. 


§1. INTRODUCTION 


UNLIKE THE compounds IngT'e3, GazTe3 and GagSeg which have a defect zinc blende 
tructure, IngSe3 has a more complicated structure of lower symmetry. It has however 
1 tendency towards the defect zinc blende structure, as is shown by the relatively large 
range of solid solution not only in the corresponding Ag'™B3¥! compounds but also 
in the zinc blende type A™!BY compounds such as InAs (Woolley and Keating 1961). 
Thus these alloys of IngSe3 with AUIBY compounds can be conveniently compared 
with the corresponding alloys between IngTe3 and A™!BVY compounds and similar 
alloys of GagSes. 

The electrical and optical properties of the alloy systems InSb—IngTe3 (Woolley, 
Gillett and Evans 1960, to be referred to as 1), InAs—IngTe3 (Woolley, Pamplin and 
Evans 1961, to be referred to as II), and GaAs—GazSeg (Nasledov and Feltin’sh 1959, 
Feltin’sh 1960) have recently been described. It is found in each case that the addition 
of a small percentage of Ag™B3V! to the AMIBV compound produces an alloy which 
is n-type with a large carrier density (~ 1018-1029 cm~3). In the case of InAs—IngT es, 
where complete solid solution occurs at all compositions, it has been shown (II) that 
this large carrier density is retained until some 50 mol % IngTegt is reached, but that 
‘or larger InyTe3 content the carrier density falls rapidly to a value of the order 1012 cm™ 
‘or IngTez itself. The values of electron mobility in alloys of this system show a rapid 


+ Now at A.E.I. (Woolwich) Limited, Harlow, Essex. 

t In calculating mol. % in systems composed of one A™'BY compound and one Az™Bs¥? 
sompound, the molecules have been taken as As!!!Bs3¥ and Ag'!Bs Yt, i.e. the percentage is strictly 
the percentage of BV and BV! atoms on the B sub-lattice. 
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fall from the value for InAs as small amounts of InzTe3 are added and then a slowe 
rate of fall to the low value associated with IngTeg. 

In the case of InAs—IngSez alloys the range of solid solution from 0 to approximateh 
80 mol % IngSeg enables a comparison to be made between the results obtained witl 
the zinc blende type alloys of this system and those of the InAs—IngTeg system. Th 
InAs—IngSez3 results are presented here, together with those for the InSb—IngSes alloys 
where only a very limited range of solid solution of In2Se3 in InSb occurs (~2-5 mol ¥ 
IngSes). 


§2. PREPARATION OF SPECIMENS 


The details of preparation of the alloys have already been given (Woolley and 
Keating 1961). The alloys were made by melting together appropriate amounts ot 
the compounds concerned. The IngSe3 was prepared from 99-999% purity indium 
and commercial high purity selenium which had been repeatedly distilled to give better 
purity, the InAs was of high purity having approximately 1016-1017 carriers/cm3, and 
the InSb was zone refined material with approximately 3 x 1016 carriers/em3. All of 
the ingots were annealed under vacuum in solid form, the InAs—InzSe3 alloys for 
350 hours at 720 °c and the InSb—IngSe3 alloys for 1000 hours at 490 °c, previous 
investigations having shown that these treatments gave good equilibrium material. 
The mechanical condition of the ingots varied with composition. Those with small 
IngSeg content were solid and mechanically sound, containing no blow holes etc. In 
the InAs alloys the condition of the ingots became worse as the IngSe3 content increased, 
particularly in the range 40 to 60 mol % IngSes, but the condition in the range close 
to 75 mol % IngSe3, where some type of ordering appears to occur, was good. With 
care however suitable specimens for measurement could be cut from the various ingots. 


§3. METHODS OF MEASUREMENT AND RESULTS 


Room temperature values of conductivity and Hall coefficient were obtained for 
alloys of various compositions, the methods used for the measurements being the same 
as those described previously for the IngTe3 alloys (I and II). For these highly de- 
generate materials, the electrical results are found to be independent of temperature, 
and hence the room temperature values were taken to be characteristic of the materials. 
For the InAs alloys, conductivity values were obtained out to 75 mol % IneSes, 
but owing to the low conductivity of the InzSe3-rich alloys, values of Hall coefficient 
were obtained out to 50 mol % IneSe3 only. Similar conductivity and Hall coefficient 
measurements were made over the 2-5 mol % range of solid solution in the InSb 
system. The variations of carrier density (assuming that Ra = 1/ne), conductivity 
o, and Hall mobility ~ ( = oR) obtained from these measurements are shown in 
figures 1-4. 

Optical measurements were also made on various alloys to determine the value of 
optical energy gap Eg at room temperature, and again the method was the same as 
described previously (I). The variation of Eg with composition in the two systems 
is shown in figures 5 and 6. > 

Measurements were made also of the thermoelectric power OQ of the alloys up to 
the limit of solid solution in each system, using the method described previously (Gui). 
In these highly degenerate materials Q would be expected to vary linearly with 7. 
Measurements made in the range 100-400 °x with InAs—IngSe3 alloys containing 
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‘1 mol %, 10 mol % and 75 mol % IngSeg respectively confirmed that this behaviour 
as obtained. With the other alloys, the value of O/T required later was obtained from 
yom temperature measurements only. Figures 7 and 8 show the variation of room 
mperature thermoelectric power with composition. 

It is seen from figures 1-8 that the variation of the parameters n, 4, o, Eg and O 
ith composition is very similar to the results for the corresponding IngT es alloys (I 
nd II). Again for the InSb alloys and in the range 0-60 mol % IngSe3 of the InAs 
loys, the material is highly degenerate and the results show a considerable filling of 
1e conduction band. Thus in particular the optical results do not give the intrinsic 
nergy gap, but this latter may be obtained in certain cases, if the optical data are combined 
ith the results of the thermoelectric power measurements. 
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§4. DISCUSSION 


If the results for alloys of low IngSe3 content are considered, it is seen that these 
agree with what seems to be a general result that, whenever defect A2MB3 VI compounds 
are alloyed with normal zinc blende type A™IBV compounds, a large electron density 
of the order 1019-1020 cm-3 occurs in the conduction band at very low AsHIB3VI per- 
centages. It appears that some of the BV! atoms are acting as donors in the B sub-lattice 
and that the observed high carrier density is probably due to the fact that the number 
of lattice vacancies occurring in the A sub-lattice is considerably less than the, value 
to be expected from the alloy composition. As indicated in the case of the IngTeg 
alloys (I and II), the results at very low IneTeg content are the same as those obtained 
by doping the A™IBV compound with tellurium, and it appears probable that when 
large amounts of tellurium are added to the AUIBV compound, some lattice vacancies 
occur similar to those in the AUIBV_InsTes alloys. The same results are obtained’ 
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when A™MIBV—InoSeg alloys are compared with selenium-doped AMBV compounds. 
It is assumed that the excess arsenic or antimony atoms are segregated to grain boun- 
daries or lost as a vapour phase, but this has not been experimentally confirmed. Recent 
work by Parrott (1961) has shown that such behaviour in these alloys is to be expected 
on the basis of thermodynamic arguments. 

As indicated in II, the maximum observed values of » may be determined by one 

of two factors. One possibility is that this value of m represents the limit of solid solu- 
bility of tellurium (or selenium) in the A™!BV compound or the composition at which 
further addition of IngTes (or IngSes) produces a stoichiometric number of lattice 
vacancies. Alternatively it is possible that this observed maximum value of 7 is deter- 
mined by the band structure of the AMJBV compound. In this latter case, it would be 
postulated that solid solution of tellurium (or selenium) continues beyond the value 
corresponding to ”max but that the electrons from these resulting donor atoms enter 
the conduction band in a region where they have considerably larger effective mass than 
‘the electrons in the normal band minimum, and hence would contribute very little to 
the Hall coefficient and would effectively not be observed. ‘The maximum values of n 
‘observed are 9x 1018 cm~-3 for IngTe3 in InSb, 9x 1018 cm for IngSeg in InSb, 
'5 x 1019 cm-3 for IngT eg in InAs and 7 x 1019 cm-? for IngSe3 in InAs. Although it is 
possible that the solid solubilities of tellurium and selenium in the A™IBV compound 
are practically identical for both InAs and InSb, the close agreement in the values of 
‘max for a given AI1BV compound would tend to support the second suggested explana- 
tion. As indicated in II, there is some evidence from density measurements to support 
this also. If, in terms of this band structure explanation, it is assumed that the electrons 
of larger effective mass are in subsidiary conduction band minima, then the height 
of the Fermi level above the main conduction band minimum when 7 is maximum 
should give some indication of the energy separation of the main and subsidiary con- 
duction band minima. The method of estimating Fermi energies from thermoelectric 
power data is discussed below. 
__ If the assumption that the observed maximum value of 7 is due to the effect of a 
second conduction band minimum is correct, the observed values of Eg at the corre- 
sponding composition should give an indication of the height of this minimum above 
the valence band maximum. The values obtained are: 


InSb—IngTe3 0-44 ev InSb—IneSe3 0-43 ev 
InAs—IneTe3 0-85 ev InAs—IngSe3 1:0 ev 


Recent work by Cardona (1961, private communication) indicates that the energy 

pacing between the valence band maximum and <111) minima is about 0-5 ev for 

InSb and 0-8 ev for InAs. This gives very good agreement with the present results, the 

discrepancy in the InAs—In2Seg value possibly being due to the effects discussed below. 

For degenerate material the thermoelectric power Q is related to the absolute 

emperature 7’ and the height of the Fermi level above the conduction band minimum, 
, by the equation (Ehrenberg 1958) 


ka? kT 145(= a) 
cieikew al 3\ 7 dE) pe 


and if it is assumed that 


7 oc Es 


+ Reported at the Institute of Physics and Physical Society Conference on Thermoelectricity, 
Durham, July 1961. 
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then 


The determination of ¢ from O thus requires a knowledge of s, which depends upo 
the particular scattering mechanism concerned. The two scattering mechanism 
expected to predominate in these materials are ionized impurity scattering at loy 
IngSeg content and alloy scattering at higher IngSes content. The Brooks—Herrin 
(Brooks 1955) and Conwell—Weisskopf (1950) analyses of ionized impurity scatterin: 
give s = } while Sclar (1956) obtains s = 3, 4 or — under various conditions o 
concentration etc. For experimental determination of s, with pure semiconductors i 
is possible to write E = kT and hence mobility-temperature measurements give s 
But this method is not valid in the degenerate case. One method of determining s i1 
this latter case is by comparison of thermoelectric and optical data using equation (1) 
This method has been used by Barrie and Edmond (1955) for InSb heavily doped witl 
tellurium but large discrepancies were found between experiment and theory. Since 
however, these discrepancies may well be due to the theoretical analysis, it was decidec 
to attempt to use here the comparison of thermoelectric and optical data to find ; 
satisfactory value of s. 
A relation between Fermi level ¢ and observed optical absorption edge Eg of the 
form 
C = Eg+4kT-E,,, (2 


4 


where Eg, is the intrinsic energy gap, has been assumed as in previous work (Barrie 
and Edmond 1955, Burstein 1954). The relation will not be accurate, as the 4kT term 
may differ from this value depending on the transition conditions, while the definition 
of Eg is somewhat arbitrary in the case of polycrystalline materials of unknown reflectivity 
(Woolley and Evans 1961). In the interpretation of the present optical results for the 
InSb alloys Eg was taken as the value corresponding to a change in absorption coefficient 
of 300 cm7! above background, while for the InAs alloys a change of 100 cm-! was used, 
these values being those required to give the accepted value for Eg in the corresponding 
pure A™BV compounds. Even under these conditions it is considered that the in- 
accuracy in Eg, should be well below 0-1 ev and therefore is sufficient here. 

Using the above method for correlating the optical and thermoelectric data, values 
of Eg, have been calculated for both InSb and InAs alloys containing up to 2 mol. % 
IngSeg3 using the various values of s suggested for ionized impurity scattering. It has 
been assumed that over this range of composition little change in the intrinsic energy 
gap should occur, and hence the values of Eg, should be close to that for the appropriate 
A™BYV compound. It is possible that this assumption is invalid in that the presence 
of an impurity band may greatly affect Eg, or, as indicated by Aigrain (1961), the presence 
of a high density of donor atoms in the lattice may reduce Eg,. Nevertheless the above 
assumption has been used to determine the best value of s over this composition range. 
It is found that for alloys with 1019-1020 carriers/cm3, the use of s = 3 gives values 
of Eg, very different from the value of the corresponding A™!BV compound, in some 
cases giving Eg, ~ 0, while the use of s = —4 gives results which are little better. Good, 
agreement between alloys and compound is obtained however if s is taken as +4. It) 
appears that within the limits of the assumptions made above s = + is the appropriate 
value to use for ionized impurity scattering in these alloys. The same result was obtained 
with the InAs—IngTeg alloys (II). It is perhaps worthy of note that the Sclar resonance 
method gives s = +4 and that Domenicali (1960) has treated metal alloys at low tem- 
peratures by resonance methods. 
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For alloys of higher IngSeg content, alloy scattering is assumed to apply. In this 
ise a value of s = —} is appropriate (Nordheim 1931, Brooks 1955) but the above 
ethod for checking is not available in this case since no values of Eg, are known. 
lowever in the case of InAs—IngTeg the use of s = —# for the alloys of higher IngTes 
mntent were found to give consistent results out to the composition where the alloys 
ere non-degenerate and the optical results gave a value of Eg, directly. 

For alloys of both the systems InAs—IngSe3 and InSb—IngSeg values of ¢ have been 
ilculated, using s = +4 at lower IngSeg content and, in the InAs alloys, s = —4 
rr higher IngSeg content. These results are shown in figures 6 and 9. In the InSb 
loys ionized impurity scattering is dominant throughout the limited range of solid 
lution, but in the InAs alloys it is apparent that between approximately 2 and 10 mol % 
12Se3 neither scattering mechanism is dominant, and in this range an interpolated value 
r € is indicated. These values have then been used, together with the optical data, 
) give values of Eg, from equation (2) and the resulting values of Eg, are shown as 
function of composition in figures 5 and 6. 


+ Assuming s = +'/2 
O Assuming s =—'/p 
Ai 


Z (ev) 


0 20 40 60 80 
In, Ass Mol.%/o In,Se, 


Figure 9. Variation of Fermi level ¢ with composition for InAs—In2Ses alloys. 


The form of the Eg—composition curves are very different for the two IngSeg3 
ystems concerned. With the InSb alloys, the value of Eg, stays approximately constant 
t 0:17 ev to 1 mol % IngSeg and then increases slowly to the limit of solid solution 
~ 2-5 mol %). In the case of the InAs alloys however Eg, rises rapidly from 0-33 ev 
t InAs to 0-60 ev at 4 mol °% IngSeg and then increases slowly up to 0-92 ev at 75 mol 
4, IngSes3, the alloy of largest IngSe3 content for which measurements were made. 
‘he form of this curve is very similar to that for the Ge-Si system, where a change in 
lope in the Eg composition curve occurs when the lowest conduction band minima 
hange from the «100 minima characteristic of silicon to the ¢111> minima character- 
tic of germanium. This suggests that possibly a similar band change occurs in the 
nAs—IngSe3 alloys, where the discontinuity in the Eg, curve at 4 mol. % IngSe3 would 
spresent a change in lowest conduction band minimum from the 000 minimum 
haracteristic of InAs to some other set of minima, possibly the <111) as in germanium. 
xtrapolation of the curve from compositions above 5 mol % IngSe3 would give a 
alue of Eg, for these minima in InAs itself of approximately 0-60 ev, a value rather 
ywer than that quoted above. However, this suggestion that the second conduction 
and minimum in the InAs—IngSe3 alloys may fall below the 000 minimum is not 
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inconsistent with the explanation put forward above for the maximum value of observ 
with these alloys. Thus even when the 000 minimum is at a slightly higher enen: 
than the other set of minima, provided the electrons in the 000 minimum have a mu’ 
smaller effective mass, these would be the carriers observed by Hall effect measuremen), 
The discrepancy in the values of Ez, mentioned above could indicate that both Se 
of conduction band minima were filled to a considerable extent when maximum | 
occurs. | 

The density of states effective mass my is given by the relation | 


82 / 2mn \3/2 
ie + ) (3/2 
3\ AB 


where my is related to the effective mass tensor components by the equation 


my = N?3(mymyzmpx)'?, 


N being the number of equivalent minima. This equation, however, only has meanin, 
when electrons in a single type of band minimum are considered. Thus for the Ind 
alloys this is approximately true only for very low IngSe3 content where the 000 mini 
mum is the only minimum appreciably filled, and, assuming the band change postulate: 
above, at large IngSe3 content where it may be assumed that the contribution of th 
000 minimum is negligible. Using equation (3), in the composition range 0 to 1 mol. % 
IngSe3 the values of my are about 0-05—0-06 mo in reasonable agreement with the result: 
of Stern and Talley (1955) for InAs, while at 40-50 mol °% IngSe3 my ~ 0:30 mo whicll 
is rather lower than the value for electrons in the (111 > minima of germanium. Substi: 
tuting the values for the InSb alloys into equation (3), a value of mn ~ 0-06 mo i 
obtained at 1-5 mol °% IngSeg but the value falls with reduced IngSe3 content and 
extrapolates to a value of 0-035 mo for pure InSb. 
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Growth and Decay of Luminescence Intensity under Cathode 


Ray Excitation 


By M. SAYER 
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Abstract. Expressions for the growth and decay of cathodoluminescence intensity 
are derived for phosphors which show exponential decay schemes under ultra-violet 
excitation. A model is used in which excitation of luminescence centres can take 
place either by direct interaction with primary electrons or indirectly by transfer 
of energy from excited lattice electrons. Two systems are considered: (i) with 
monomolecular recombination in the lattice and monomolecular recombination in 
the centres, (ii) with bimolecular recombination in the lattice and monomolecular 
recombination in the centres. Comparison between the theory and published experi- 
mental data indicates that such a model with bimolecular recombination in the 
lattice is compatible with many of the available experimental results. 


§1. INTRODUCTION 


RADIATION Is emitted by a luminescent material from luminescence centres situated at 
specific sites, or impurity atoms, in a host crystal lattice. In general, the number of 
such centres is a small fraction of the total number of atoms present. If the crystal is 
illuminated with ultra-violet radiation of a wavelength longer than that corresponding 
to the absorption edge, energy may be absorbed directly by the luminescence centres 
with little interaction with the atoms of the host lattice. For many materials such as 
zinc oxide, tungstates and manganese activated phosphors, this gives rise to a centre 
recombination process described by monomolecular kinetics, with exponential growth 
and decay processes of a time constant characteristic of the material. 
Cathodoluminescence is again produced by the decay of excited centres, but for a 
particular phosphor, both the emission spectrum and the growth and decay processes 
may be altered significantly from those observed under ultra-violet excitation. Simul- 
taneous changes in both emission spectrum and growth and decay processes may be 
explained in terms of the preferential excitation of different luminescence centres con- 
tained in the same material (Froelich 1953). However, a number of phosphors have 
been reported (Einstein 1957, Feinberg 1959, Arkangel’skaya and Tolstoy 1958) which 
show a considerable change in the growth and decay processes with no significant change 
in the emission spectrum. This applies both for a change from optical to electron 
excitation and for an increase in electron excitation. In the latter case, the primary 
electrons interact impartially with both lattice atoms and luminescence centres, pro- 
ducing ionization and excitation in both the lattice and the centres. The energy of 
the excited lattice atoms may be dissipated either by phonon generation, or by transfer 
to luminescence centres. If the latter process occurs, part of the total emission must 
be determined by the interaction between the host lattice and the luminescence centres. 
Thus a phosphor with a monomolecular type of growth or decay process under ultra- 
violet excitation may be expected to show a more complicated behaviour under cathode 
1017 
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ray excitation. The characteristics to be expected from such a system are the subjec 
of this paper. | 


2.1. Theory 


The situation may be described in terms of a model originally proposed by Bri) 
(1949). Figure 1 shows the transitions possible between energy levels of both the 
lattice and the centres. Suppose that there are N luminescence centres per cm and <z 
beam of electrons J a cm~ is incident on the surface such that an electron density of 
J electrons per cm? is produced over the excited region. 


Excited states 


n 
v ies od lis 
AS> 
Ground states 


Lattice Centre 
transitions transitions 


uh 


Figure 1. Model for the cathodoluminescence process. 

A set of transition probabilities may be defined, viz. «the number of excited lattice 
atoms per incident primary electron, B the probability that the energy of an excited 
lattice electron is lost by phonon generation, y the probability for energy to be trans- 
ferred from a lattice electron to a centre, A the number of luminescence centres excited 
directly by a primary electron and 8 the probability for a radiative transition within the 
centre. ‘l’o simplify the analysis, the probability for a non-radiative centre transition is 
assumed to be zero. 

It will be assumed that all parameters are uniform over the excited region. This is 
a reasonable assumption for 8, y, N and 8, but it is less satisfactory for «, Aand I. The 
electron density I electrons per cm? at a distance dcm below the surface is given by 
an expression J = (J/R)f(d/R) where J(a cm™*) is the primary electron current at the 
surface, R is the range of electrons in the crystal, and f(d/R) is a function describing 
the distribution of electrons with depth. Both this expression and those for the excitation 
probabilities « and A are complex functions of electron energy, so that an exact calcu- 
lation of the product «J presents severe difficulties. Errors may therefore be introduced 
from this source and the analysis can yield no accurate information regarding the 
luminescence characteristics as a function of electron energy. For changes in current 
density at constant primary electron energy, it will be assumed that J is proportional 
to J. 

The recombination process in the centres is assumed to remain monomolecular and 
a lattice recombination of either monomolecular or bimolecular kinetics will be con- 
sidered. 


on 


2.2. Monomolecular Lattice—Monomolecular Centre 


Suppose that at a given time ¢ there are my excited lattice electrons and nz excited 
luminescence centres. To simplify the analysis,  < N under all conditions. 
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.2.1. Rate equations. 


dny 
=, ~ tl (BtyN (1) 
dt 
i Nis 2 
en yNn—6n2. (2) 
solving equation (2) for ; and substituting 
d2ng dng 
ie TO LRN) +6(B+yN)ng = (alyN+Ral). (3) 
Vriting 
(B+yN) =k alyN = Z 
quation (3) has a solution of the form 
(Z+RAI) 
Oe aa + A exp(—kt)+ B exp(— 62) 


vhere A and B are constants. 


2.2. Growth process. 
nserting boundary conditions and simplifying, 


i a0) iio) 


m= [1+ \+ 5 owl-m)-[Ga + afew] 


1.2.3. Decay process. 


Z+kxI 
i =.0 ng = 
ok 
Z+krAIT k ss ) ht 5 
mg = | exp(—81)-  exp(—)]. (5) 


(he characteristics of the growth and decay processes described by the above equations 
nay be summarized as follows: 

(i) The overall process is a combination of two exponential components with time 
ionstants 6 and B+ yN sec™! respectively. 

(ii) For no direct excitation, the proportion of each component is inversely pro- 
sortional to the time constant. If direct excitation is included, the proportion of the 
i process is increased, and the time constant of the growth process is greater than that 
f the decay process. 

(iii) Increase in current density introduces no changes in either the proportions or 
he time constants of either process. 


2.3. Bimolecular Lattice—Monomolecular Centres 
).3.1. Rate equations. 


dn, 

—- = al—(B+yN)n? (6) 
dt 

dno 

— = N+yNnj?—6no. (7) 


dt 
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2.3.2. Growth process. 
Solving equation (6) for n 
ny = No tanh nokt 


where | 
et\ 12 | 
ri (+) hk = (B+yN). 


Substituting in equation (7) 


dno Nol 
= + 8m = M+ tanhe(aThyU? t, 3 
Writing 
(alk)1/2 = 5 yNol = Z 
the solution of equation (8) may be reduced to the form 
AI Z, t 
no = sil —exp(—64t)]+ = exp(— dt) | exp(6t) tanh? bt dt. (9 
0 
The maximum value of ng is given when 
ESM SOF tanh2b¢t + 1 
‘ Z+kAI 
1.€, n= 5 
5k 


2.3.3. Decay process. 
Let I = 0 in the rate equations and solve (6) for my, 
no 
n= . 
1+20kt 


Substituting into equation (7) 


di Nol 1 
pence beg [ |: (10) 
dt k 1+ (alk)1/2 ¢ 
Solving for mz and introducing the boundary conditions 
Z+kAI 
t= 0 na = 
5k 
“| any mn ecm anil at (11) 
nz = - exp(— dt); —— -+— , 
eR BCE re oleae bob Jo 16 p 


The integrals which occur in equations (9) and (11) have no analytical solution and 
were computed graphically. The solutions for the growth and decay processes are 
plotted in figures 2 and 3 respectively, calculated for a fixed value of 8 and different 
values of b and assuming no direct excitation of luminescence centres (A = 0). 
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gure. 2. Luminescence growth process for 

fferent values of parameter }/5. Plotted as 

—no(t)/n2(max). No direct excitation of lumi- 


na(t)/ng(max) 
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Figure 3. Luminescence decay process for 
different values of parameter 5/8. No direct 
excitation of luminescence centres (A = 0). 


nescence centres (A = 0). 


2.4. Summary 


The forms of both processes are determined by the relative magnitude of the 
rameters 6 and 6. If b/5 > 1, both growth and decay are exponential with a time 
stant which approaches an upper limit 6 as 5/5 +o. If 6/8 < 1, the processes 
e non-exponential, the departure from the exponential form being greatest over the 
itial part of the curve and being greater for smaller values of b. ‘This is most marked 
r the growth process and further examination of equation (8) indicates that the 
ginning of the curve over a small interval of time is proportional to the time squared. 
t larger times, both processes approximate well to an exponential form with a time 
mstant less than Ssec-l. The time constant most often measured experimentally 
/7, where 7 is the time to attain 1/e of the maximum value) is shown as a function of 
in figure 4. This indicates that the relation between the time constant and the current 
snsity is complex, although in the region where 6/6 < 1, the time constants for both 
‘ocesses are proportional to log 6 and hence log J. The decay constant is seen to be 
eater than the growth constant over the same range. 

The direct excitation of luminescence centres introduces an extra term 


(AR/yNa) exp(—6t) 


to equations (9) and (11). The importance of the additional term is again determined 
; the magnitude of 5/5. If 6/8 > 1, the term is effective over the entire growth and 
-cay, which results in an approximately exponential process of time constant increased 
ove that calculated for the lattice process above. If 5/5 < 1, the term is of most 
\portance over the initial part of the growth and decay and if of sufficient magnitude, 
ay replace the initial square law section predicted for the growth process by an 
ponential process of time constant approaching that of 6sect. This is shown in 
rure 5. Note that an increase of electron density J increases the time constant of the 
ttice process. This may be interpreted experimentally as an increase in the proportion 
‘the process due to direct centre excitation. 
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Time Constant (sec) 
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fo 
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0-46 
Decay 
0265 
Growth 
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b/6 
Figure 4. Time constant for growth and Figure 5. Composite growth process including 
decay processes plotted against the para- excitation via the lattice and direct cent 
meter 5/3. ‘Time constant measured as 1/7, excitation. Curves plotted for b/8 = 0-1 ané 
where 7 is time to attain 1/e of maximum different values of Ak/«Ny. 
value. No direct excitation of centres 
(A =0). 


§3. DISCUSSION 


Much of the experimental data reported in the literature may be explained in 
terms of this analysis. Many authors have shown that the growth and decay processes 
are non-exponential under electron excitation (Arkangel’skaya and Tolstoy 1958) 
Strange and Henderson (1946) have described the decay schemes of a range of materials 
in terms of two exponential processes—the A and B processes. On the present analysis 
the A process is a result of the direct excitation of luminescence centres by primary 
electrons, the B process is due to indirect excitation via the lattice. The arbitra y 
classification of phosphors into two classes used by these authors is explicable if it is 
assumed that under the conditions of measurement: 


Manganese class. (8 10-103 sec); b/8 > 1, i.e. the overall time constants are fixed at 
the upper limit 5 sec— and the B process alone is apparent. 


Silver class. (8 104-108 sec“); 6/8 < 1, i.e. the value of 6/8 is small so that two com 
ponents are observed. This suggests that the value of B+yN is about 105sec-! for 
most phosphors. The relative proportion of the A process was reported to increase 
with increased current density. It has been shown in a previous section that such an 
observation may be due to a change in the effective time constant of the lattice process. 

Theoretically the characteristics of both growth and decay processes are determined 
by the parameter («Jk)!/2. The overall lattice transition probability k = B+yN appears 
both in the above expression and in that for the maximum luminescence intensity 
Z/dk. Pfanhl (1961) has reported experimental data for zinc oxide phosphors whick 
show that an increase in time constants is accompanied by a decrease in luminescence 
efficiency. Feinberg (1959) and Einstein (1957) have shown that the decay constant is 
less than the growth constant at low current densities in agreement with theory. Einstein 
has measured the time constants as a function of current density and has obtained a 
relation of the form 1/r = Ci” where C is a constant and is 0-4 for the growth process 
and 0-3 for the decay process. An attempt was made to fit these results to theoretical 
curves but it was not possible to obtain agreement over the entire range of observations 
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he theory predicts less of a difference between the exponents for the growth and 
scay curves than is observed experimentally. However, at low primary currents 
here 6/6 < 1-0, tangents drawn to the theoretical curves have slopes between 0-2-0-3 
hich is of the same order as the experimental values. 

For the same material, the time constants measured under electron excitation 
iould be less than those under optical excitation. Data published in the literature 
dicate that this relation is valid for many phosphors, the principal exceptions being 
ttain of the phosphors activated by manganese. In the latter case, increase in current 
msity increases the time constants to values in excess of those obtained either under 
tical excitation or at low current densities (Garlick and Sayer 1961, Einstein 1957). 
his may be attributed to an increase in the centre transition probability § due to in- 
eased electron density within the crystal. 

Note that the analysis breaks down at very large primary current densities when 
~ N. Such a breakdown will be shown experimentally by saturation of the lumin- 
cence intensity and will cause the differential equations of § 2 to be non-linear. 


§4. CONCLUSION 


It has been shown that a relatively satisfactory model of the cathodoluminescence 
‘ocess may be set up if the mutual interaction and the recombination kinetics of both 
e host lattice and the luminescence centres are considered. A satisfactory description 

the growth and decay processes as a function of current density is obtained, but a 
ore complex treatment is required for a discussion of the voltage dependence. 
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Abstract. Relative integrated photoelectric intensity measurements have been 
made upon each of the v’ = 0, v’” = 9-19; v’ = 1, v” = 8-12; 16-20; v’ = as 
v = 7-9, 15, 16, 19-21, bands of the Schumann-Runge System. These measure- 
ments have been interpreted, with the aid of Franck—Condon factors Qv'v'’ and 


y-centroids 71’, to determine the variation of electronic transition moment R-(r) 
with internuclear separation 7 as 


Re(r) = const. (1 —1:1807r +0-3504772); 1-44(A) <r <1-76(A). 
A ‘smoothed’ array of relative vibrational transition probabilities 
pow’ = Re2(Fo'v)qu’v"’ 


and band oscillator strengths fv»’ have thereby been determined for all bands of 
the system between 2450 and 5000A. 


§ 1. INTRODUCTION 


THE SCHUMANN-RUNGE band system (B32Xu — X3Z¢°) of Og and its associated photo 
dissociation continuum play an important part in the absorption spectrum of t 
atmosphere (Goldberg 1954) also in the emission spectrum arising from missile re-ent 
(Meyerott 1958) and possibly in the spectrum of high altitude nuclear explosion 
(Griggs and Press 1961) observed over long atmospheric path lengths. It has therefo 
been thought worth while to make photoelectric intensity measurements in emission 0 
as many bands as are easily accessible in order to obtain an array of relative vibration 
transition probabilities for the system. 

Owing to the large change Ar.(~ 0-44) in equilibrium internuclear separation, th 
band system is very extensive. The bands lie between 1700 and 45004 and the photo 
dissociation continuum lies between 1300 and 17504. The bands are wide and severel 
overlapped. Their locations and structure are well known. (Lochte-Holtgreven an 
Dieke 1929, Curry and Herzberg 1934, Knauss and Ballard 1935, Feast 1948, 1949 
1950, Brix and Herzberg 1954, Hébert and Nicholls 1961). 

Many of the studies upon the system have involved absorption through cold oxyge 
although some work on absorption through hot oxygen (Garton and Feast 1950, Treano: 
and Wurster 1960) has been done, and studies have also been made on the emissio 
spectrum of Og in high voltage high pressure arcs (Feast 1948, 1949, 1950). 

Nearly all of the previous work on intensity measurements of the system has bee 
concerned with intensity measurements upon the v’’ = 0 progression in absorption 
Ladenberg and Van Voorhis (1933) measured integrated absorption coefficients of th 
continuum between 1300 and 17504 using photographic photometry. Watanabe, In: 
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id Zelikoff (1953) made photoelectric measurements on absorption from 1050 to 
OOA in oxygen. ‘They specifically measured partial oscillator strengths of bands 
tween 1750 and 19104 and the continuum between 1750 and 1300A. Ditchburn and 
eddle (1953, 1954) made photographic intensity measurements upon the continuum 
id also upon the bands of the v’’ = 0 progression assigning oscillator strengths to 
ch. Bethke (1959) made an accurate photoelectric intensity measurement in absorption 
bands lying between 1750 and 20004 with pressure broadening. He inferred oscillator 
rengths for each band and an effective oscillator strength for the whole system. ‘Treanor 
id Wurster (1960) using flash absorption through shock heated oxygen and photo- 
ectric photometry made oscillator strength measurements upon the bands v’ = 0, 

= 10-17; » =1, v’’ = 9-12, 16-18; v’ = 2, v’’ = 9, 15, 16; and assigned an 
cillator perenetth to ae whole system. 

Very little work has been done on emission intensity measurements. Keck, Camm, 
ivel and Wentink (1959) made photoelectric measurements by a number of repetitive 
periments on shock excited air in emission over the wavelength range 3300 to 47004. 
| view of the strong CN impurity features in their spectra the quantitative aspects of 
eir results must be left in some doubt. They interpreted their measurements using 
ranck—Condon factors calculated upon the basis of a very crude approximation. 

In the present work, photoelectric intensity measurements have been made in 
fission pon the bands v= 0, 0’ = 9-19; oo = 1, wv’ = 8-12,16-20; vo’ = 2, 

= 7-9; 15, 16, 19-21. 

The bands studied lie between 2400 and 4500A. They are degraded towards the 
d and exhibit extensive overlapping due to the high gas temperature in the high voltage 
c through oxygen at atmospheric pressure in which the system was excited. The 
iplet splitting of the lines was not resolved at the dispersions used, and the bands 
ypeared to have a! X—1® structure. 

The heavy overlap between adjacent bands precluded the use of simple intensity 
easurement techniques such as the fractional band intensity method or the method 
‘separation of contour’. Thus the ‘rotational line intensity intercept method’ (Robin- 
n and Nicholls 1961) which is described more fully below was used. 


§ 2. THEORY 
It is well known that the intensity J," of a band may be represented by 
Ty = DNy Ep RE(Fo'e)qo'v” (1) 


here D is a constant associated with the units and the geometry, N’ is the population 
‘the v’ level, Ey» is the energy quantum of the band, R,(7) is the electronic transition 
oment of the system (Fraser 1954), gy» is the Franck—Condon factor and 7yy’’ is 
e r-centroid. 

Provided that computed arrays of 7») and gy» and measured values of Jy» are 
railable this equation may be used: 


(i) To infer the variation of electronic transition moment with internuclear separa- 
mn from plots of (Iyy/qv'n Ep) against 7» for each v’’ progression, with 
ypropriate rescaling to account for the variation of the Ny term. 

(ii) To obtain a smoothed array of relative vibrational transition probabilities 


Pov’ = Re2(Fy'v'’)Qv'v’" (2) 
the whole band system. 
16 


=| 

| 
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(ii) In some cases to obtain the variation of Ny with v’ from the rescaling fact 

of (i). ' 
oe method has been previously applied to a number of band systems, most 0 
which have exhibited unoverlapped bands so that measurements of I,y/y" were not, it 
principle, difficult to make (see for example Nicholls 1956, 1958, Dixon and Nicholl 
1958, Robinson and Nicholls 1958a, b). Bands of the Op» Schumann—Runge system howev: 
overlap strongly and thus recourse has been made in this work to the rotational lin 
intensity intercept method to measure Jy». The basis of the method is as follows. — 
The intensity ([x’x) in emission of an individual rotational line of a band is, 
assuming thermal equilibrium, % 


— 


Ny 4 Ee he Erot 
IK = const FV Fg SKK REF yy’) Go'n"’ exp( —— 
Q RT rot 


where the constant depends upon the geometry and the units employed, O is th 
rotational partition function of v', vx... is the wave number of the line, Eyot is th 
rotational energy term of the wv’, k is Boltzmann’s constant and Trot is the rotation 
temperature. Dividing equations (1) and (3), 


TKK Sia , (== 
Tyry' Q 


if the justifiable approximation Ex’ x = Eyy be made (Fraser 1958). Thus i 
thermal equilibrium is maintained in the source, a plot of In Ix: K’|Sk-K agains! 
Eyot is linear, of slope — 1/kT and has a relative intercept on the ordinate axis of In Tyy|O 
If such a plot is made for each band of the system (using sufficient line intensity measure 
ments to establish the plot for each band), relative integrated intensities I,-y- may bi 
determined from relative differences on the ordinate scale. 

For some band systems it is sufficient to use B,K(K+1) for Eyot in the abov 
plots. For the Schumann—Runge system the more complete expression 


B,K(K +1)—D,K{K+1)2 
was necessary. 
The method has previously been used by Robinson and Nicholls (1958a, b, 1960) 


for the NO £ and BO «, B systems and by Treanor and Wurster (1960) in absorption 
measurements on Schumann—Runge bands. 


§3. EXPERIMENTAL PROCEDURES 


3.1. Excitation 


The band system was excited in a 900-1000 volt a.c. arc between 3/16 in. Pt-Rh 
electrodes in flowing oxygen at a pressure of a few millimetres above atmospheric in 
a 1 litre round-bottom flask. Tungsten rods were mounted in ball and socket joints 
attached at diametrical points to the flask and Pt-Rh tips were attached to the ends of 
the rods by barrel connectors. The current in the circuit was controlled by a Variae 
and limited to 400 ma-by a 5000 ohm ballast resistance. At this current the electrode 
tips became white hot and emitted electrons thermionically. The spectrum was com 
parable in intensity to that of an iron arc at 2500 °K. The source was similar to that used 
by Feast (1950). 
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3.2. Identifications 


A complete photographic survey was made of the spectrum of the source prior to 

king photoelectric intensity measurements on it. A Baird—Atomic 3 metre Eagle 
unting grating spectrograph was employed and the spectrum of interest between 
80 and 45004 photographed in the second and third orders of a 15 000 lines in-! con- 
ye grating at a reciprocal dispersion of about 2-7 and 1:7A mm 1. They were 
otographed in three sections: 42480-30004, including the 0-10, 11; 1-9, 10, 11, 
: 2-7, 8, 9 bands, A3000-37004, including the 0-12, 13, 14, 15, 16; 1-11, 12, 16, 
; 2-15, 16 bands and A3700-4500A including the 0-14, 15, 16, 17, 18, 19; 1-16, 
, 18, 19, 20; 2-20, 21 bands. 

Identifications of individual lines were made from large scale prints of spectrograms 
th the aid of the analyses of Lochte-Holtgreven and Dieke (1929) and of Feast (1950). 
le previously unanalysed band, the (0, 9) at A2763-4A has been analysed (Hébert 
d Nicholls 1961). 


3.3. Intensity Measurements 


After development of a stable source, and a complete identification of all of its 
ectral features, a calibrated Leeds and Northrup scanning spectrometer (Fastie 
52) was employed to measure relative intensities of lines in each of the bands men- 
ned in the previous section. The 1P28 photomultiplier of the instrument was sensitive 
er the wavelength range 2100 to 7000A. The instrument had a 10, entrance slit 
d a 20 p exit slit. 

The response of the instrument was calibrated with respect to a Philips tungsten 
ip filament lamp. Spectral emissivity EZ,,7 data of Larrabee (1959) and of de Vos 
)54) were used respectively in the wavelength ranges 3500-45004 and 2400-35004. 
1e black body distribution tables of Lowan and Blanch (1940) were also used to rectify 
e response R x’ x” (as read from the trace of the spectrometer record) into line intensity 
K through the equation 


Tex = Rex E,rIp,|Rwy (5) 


iere Rw, is the response to the emission from the standard lamp at the line wave- 


igth 2. 


§ 4. RESULTS 


4.1. Line Intensities 


The spectral line profiles were planimetered for as many lines per band as were 
ectively non-overlapped. On the average, twenty to thirty lines per band were 
cessible. For each line, the resulting area under its profile was multiplied by the 
tIp,/Rwa from equation (5) to give the line intensity Ix’ x”. 


4.2. Band Intensities 


Semi-logarithmic plots of In Ix: x” /Sxx against ByK’(K’+1)—D,K’'(K’ +1)? 
re made for each of the 29 bands mentioned in § 1. The B,: and D,’ values adopted 
sre those of Curry and Herzberg (1934) and of Feast (1950). That is Bo” = 0-813 cm-, 
‘ = 0-798.cm-1, Bo’ = 0-7845 cm=1, D,, = 4:38 x 10-6 cm for v’ = 0,1,2. Sx. = K 
: the P branch and K+1 for the R branch. An example of the disposition of points 
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on such a plot is shown on figure 1 for (1, 10). It has a clear linear trend. Straig! 
lines could be fitted to the plots for all bands except (1, 16), (2, 16) and (2, 19) for eae 
of which rather few isolated spectral lines could be measured. A best ‘least square 
straight line was fitted to each of the other 26 bands using an I.B.M. 650 comput 
programme at the University of Western Ontario, Computation Centre. The slope 


50 


bead 
(=) 


In Igige/ Sk” 


2 


| ile 
0 1000 2000 3000 4000 5000 
Rotational Energy (cm') 


mls eal 


Figure 1. InJxx’/Sx-x against By’ KK’ +1) —D»’K”(K’ +1)? for the (1, 10) 
band. 


; 
were almost identical, consistent with a rotational temperature of 2150 °k existing in 


the arc. This is some confirmation of the adequacy of the procedure. 

In the case of the (1, 16), (2, 16) and (2, 19) bands, severe line overlap prevente 
measurement of sufficient line intensities to yield enough points for a linear semi: 
logarithmic plot. The following procedure was therefore adopted. The centroid of 
the plotted points was calculated in each case and a straight line of the same slope a 
that determined for the other 26 bands, was placed through it. 

The intercepts on the ordinate axis of each of the 29 linear semi-logarithmic plot 
were then measured and subtracted from that of the most intense (2, 8) band. In thi 
way an array of relative J,» values were determined as described in § 2 and these ar 


displayed in table 1. They are integrated relative vibrational intensities determine: 
band by band. 


4.3. Electronic Transition Moment and Smoothed Relative Vibrational Transition 
Probabilities 


The set of Ty," derived band by band in the manner described above can be inter 
preted as described in § 2 with the aid of the Franck—Condon factors Qv’y’ and r-centroid: 
7y'y’ to provide information upon the variation of R(r) with r, and thereby by use 
equation (3) to provide a smoothed array of relative vibrational transition probabiliti 
Pv'v”’ for the whole band system. 
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Franck—Condon factors gy» (Nicholls 1960) for the transition were computed for 
a Morse model by direct integration of the wave functions using an I.B.M. 704 com- 
puter at the U.S. National Bureau of Standards, Computation Laboratory. r-centroids 
were calculated by W. R. Jarmain. Both of these quantities are displayed in table 2. 

A plot of (Ler ov’ viv)? against 7»’»’ was made for bands of the v’ = 0, 1, 2 
progressions. Plots of log(IytyAv'n! Guin) ¥2 against 7y’y for each progression are 
shown in figure 2. It will be noted that the curves (one for each progression) are parallel. 
As is clear from equation (1) they are separated in relative ordinate by a factor which 
is proportional to log N,1/2. The curves were ‘rescaled’ by simple linear displacement 
on the ordinate axis. The equivalent linear plot of (LyyAvv’/qu’'v)¥_ against Fyy 
was then made of the rescaled points and is shown in figure 3. A best ‘least squares’ 
parabola of the form R.(r) = a+br+cr? was fitted to the points and found to be 


Re(r) = const(1 —1-1807r+0-35047r2) 1-44(&) < r < 1-76(8). (6) 


No superlative accuracy is to be inferred from the large number of significant figures 
carried in the coefficients. They are required to overcome cancellation. 
The array of smoothed relative vibrational transition probabilities 


Po'v' ‘= Re2(Fy'y)Qv'v"" 


or ‘band strengths’ derived from equation (3) are also displayed in table 2 together, 
for comparison, with values of intensities at infinite temperatures [ = Porv'’[Aorv"’- 

The relative displacements (log Ny1/2) of the curves of figure 2, lead to the ratio 
No : Ni: No : 1000 :57:26, from which an effective vibrational temperature of 
1460 °K can be inferred. 


§ 5. DISCUSSION 


The probable error in measured relative intensity of each band was estimated and 
the overall effect of this upon the plots leads to probable errors in py’y values of 5% 
for bands on the vw’ = 0 progression, 11% for bands in the v’ = 1 progression and 
12%, for bands in the v’ = 2 progression. Exceptions to these estimates were the 
(0, 10), (0, 17), (0, 18), (0, 19), (1, 16), (1, 17), (1, 18), (1, 20), (2, 18), (2, 22) bands 
for which estimated errors (°%) are respectively 8, 6, 12, 14, 19, 19, 20, 24, 22, 18. 
Treanor and Wurster (1960), results of whose photographic photometry on the system 
are discussed below, estimate their error at 25%. 

Treanor and Wurster (1960) inferred Reig = poy = R2(Fv'v)gv'v” in absolute 
atomic units band by band in wv’ = 0, 1, 2 progressions from heterochromatic photo- 
graphic absorption measurements upon lines of the Schumann—Runge system in shock 
heated oxygen. A band oscillator strength fy» can be derived from the equations 


8a?mc 5 822mc é ; 
how’ = een a ee = ape Re eam ane (7) 
302 ‘ 4 
= Ry vy’ (atomic units)”. (8) 
(A) 


They also took an average value for Re? of 0-51 atomic units from the bands which they 
studied and thereby assigned an ‘effective’ oscillator strength to the whole system 
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Figure 2. Comparative plots of In(w'vw:Ady’/quo)1/? against Fu» for the v’ = OF 2 
progressions. 
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Figure 3. The electronic transition moment R.(r) as a function of r. 


through the equation “ 
Same. | 
3he2 

The limitations of the concept of an effective oscillator strength for a complete baad 


system which should be treated with great caution and which has also been used by 
other workers, are discussed below. | 


Emission Intensities of the Schumann—Runge System 1033 


A very useful comparison can be made between Treanor and Wurster’s absolute 
values of py», which were obtained band by band, and our smoothed relative values 
derived from measurements on the whole system. In figures 4, 5 and 6, in which are 
plotted py» against v’’ for v’ = 0, 1, 2, the two sets of data are compared. Our measure- 
ments, on the whole show smooth, undulating variation of py» with v’’ as would be 
expected. Treanor and Wurster’s data are a little more fragmentary, but show good 
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Figure 4. Smoothed relative vibrational transition probability py» against v’”’ for the 
v’ = 0 progression compared with |Ri-»| of Treanor and Wurster (1960). 


general agreement in trend with ours for the v’ = 0 progression. Agreement is poorer 
in the v’ = 1, 2 progressions. Their points for small values of v’’ (corresponding to 
wavelengths less than about 30004) seem to be consistently low; possibly as an artefact 
of heterochromatic photographic photometry. 

It is possible to make our values absolute by scaling them to agree with Treanor and 
Wurster’s over a large segment of the v’ = 0 progression. The band oscillator strengths 
which can be assigned to Treanor and Wurster’s measurements are 


foro = 302R3y]A(4) 


and the scaling procedure when applied to our data gives smoothed band oscillator 
strengths 


foo” = 45 7py'y/A(A). 


In table 3 are displayed the oscillator strengths thereby derived from our measurements 
scaled onto the v’ = 0 progression of Treanor and Wurster. Bethke (1959) has made 
a study in absorption through cold oxygen of intensities of the v’’ = 0 progression of 
bands and has also derived a series of oscillator strengths band by band for this pro- 
gression. His data are also incorporated in table 3. 
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It was mentioned above that the results of the increasingly common process of 
averaging or summing in certain ways band oscillator strengths fy» to provide an 
effective electronic oscillator strength fe1 for a complete band system, should be treated 
with some reserve. In such work the assumption is often made that 


fei = fo'v' Eo0|Quiy' Evry. 


Weber and Penner (1957), Bethke (1959), Keck, Camm and Kivel (1958), Keck, 
Camm, Kivel and Wentink (1959) and others have used such a process to assign oscil- 
lator strengths to complete band systems in discussions of the molecular contribution 


to the emissivity of hot gases. The above relation may be formally derived by asserting 
that 


fei = > foo 


performing the summation over v’ in equation (7) and dividing equation (7) by the 
result. 

The sweeping assumptions made in such a derivation are (i) constancy of R.(r) 
over the whole system, (ii) summability of fy, and (iii) the adequacy of Epo to represent 
the average energy quantum of the whole transition. We have shown that R-(r) is by 
no means constant over the whole system. The adequacy of Epo as an average, parti- 
cularly in extensive systems is also open to question. 

Thus although the fy» are of great quantitative value in the interpretation of 


spectral intensities, the applicability of fei to better than a rough order of magnitude 
guide is open to serious question. 


Note added in proof.—It has been pointed out by J. W. Chamberlain of Yerkes Observatory 
in private conversation that Pu'v” could properly be called ‘band strength’ rather than the 
cumbersome, dimensionally incorrect though conventional ‘relative vibrational transition 
probability’. 
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Abstract. Three photon annihilations of ortho-positronium in gases as a function 
of pressure have been investigated using a scintillation spectrometer technique. 
Quenching -rates per atmosphere were determined for argon (0-035Ao0), neon 
(0-0240), helium (0:014.0), oxygen (3X0), nitric oxide (400Xo), and carbon dioxide 
(0-080), the last three being only very approximate. Xo is the natural annihilation 
rate of ortho-positronium, 0-7 x 107 sec-!. The high quenching rates in oxygen and 
nitric oxide are attributed to ortho-to-para conversion by electron exchange. The 
order of magnitude of the smaller quenching rates is understandable if the positron- 
ium atom annihilates with an electron of a gas molecule during collision (pick-off 
quenching). 


§1. ANNIHILATION PROCESSES 


Two kinbs of annihilations of positrons emitted into a gas are possible: (i) free annihila- 
tions, or annihilations in flight, (ii) bound annihilations, i.e. from the bound states of 
an electron—positron pair (positronium). In both cases the spins of the pair may be 
parallel (triplet) or anti-parallel (singlet). 

It follows from invariance under charge conjugation that the singlet state of a pair 
annihilates into an even number of photons and the triplet state into an odd number. 
Conservation of energy and momentum require that at least two photons are created 
per annihilation. The probability of annihilation decreases very rapidly the greater the 
number of photons created. Therefore for all practical purposes singlet states decay 
into two photons, triplet states into three. The cross section for free singlet annihila- 
tions between unpolarized electrons and positrons has been shown (Dirac 1930) to be 


c 
loo, = T1192 — 
Uv 


for free positrons of non-relativistic velocity v, where 79 is the classical electron radius. 
After allowing for the greater statistical weight it is found (Dirac 1930, Radcliffe 
1951) that annihilations from the free triplet state are 1115/3 ~ 372 times less likely 
and can therefore be ignored in what follows. 
The rate of free annihilations in a gas is therefore 


~~ 


Ay = Nelogyv 


where ne is the electron density in the path of the positron. If N = Loschmidt’s number, — 
p = pressure in atmospheres, and K = effective number of electrons per atom, me 
= KNp and A; = 7KpNro2c. (High energy positrons are repelled by the field of the 


: 
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§ Now at Physics Department, University of British Columbia. 

1038 


Measurements of Quenching of Ortho-positronium in Gases 1039 


om so that K < Z, the atomic number; slow positrons polarize the atom so that 
a Z.) 


It is convenient to define A; the free annihilation rate per atmosphere of gas 
Ay 
At = aK Nro2c ar 
P 


The annihilation rates from the bound states of positronium can also be calculated: 
(i) From singlet or para-positronium 


Ap = 4nelo2,yv 
there me is again the density of electrons in the path of the positron, and so 
Ap = (4|¥-0|2 )102,2. 
‘or S states with quantum number 7 this reduces to 
1/ me? \3 Cc 
Ap = — A4nro2 —v 
ar \ 2nh2 v 


= 0:8 x 1010-3 sect, 


(ii) From triplet or ortho-positronium the annihilation rate is 1115 times smaller 


; mn 
1115 2 
= 0:7 x 107n-3 sect. 


do = 


In a two-photon annihilation the total energy of the pair is shared equally between 
he photons. If annihilation is from rest the photons are emitted in opposite directions; 
Iternatively the angle between the emitted photons is a measure of the momentum of 
he pair before annihilation. In the three-photon case Ore and Powell (1949) have 
alculated the energy spectrum of the photons, which are coplanar for annihilation 
rom rest. 


§2. QUENCHING 


The term ‘quenching’ was initially applied to the conversion of ortho-positronium 
© para-positronium. As the latter, singlet, form has a lifetime so much shorter, this 
ffectively resulted in the destruction or quenching of the positronium. The term is 
ere applied more generally to any process whereby two-photon annihilation replaces 
hree. There are a number of possible quenching processes. 

(i) Exchange quenching. Atoms and molecules with an unpaired electron (e.g. atomic 
rydrogen, alkali atoms, nitric oxide) may exchange an electron with a positronium atom 
luring a collision, and in some of these exchanges ortho- to para- will occur. The prob- 
bility of conversion is one per four collisions (as the statistical weights of triplet and 
inglet states are in the ratio 3:1) and the cross section for quenching is therefore one 
juarter of the elastic cross section. (The energy difference between the ground states 
f ortho- and para-positronium is 8-5 x 10-4 ev which is negligible compared with the 
<inetic energy of the positronium atom even at thermal energies.) The exchange quench- 
ng cross section is therefore energy dependent, increasing rapidly at low positronium 
energies (Massey and Mohr 1954). _ 
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(ii) Angular momentum processes. It has been suggested (Gittelman and Deut 
1955-1956) that one of the quenching processes effective in oxygen (in addition to s 
exchange) may be triplet-singlet conversion of the positronium atom with a reorien} 
tion of the angular momentum of the oxygen molecule. 

(iit) Chemical quenching. This is the enhanced annihilation rate of ortho-positroni 
when it is bound to another atom to form a molecule. The observed high quench 
cross section of chlorine (Deutsch 1953) is believed to occur in this way. A rela) 
process is the attachment of free positrons which is believed to have been observed. 
freon (CCl2F2) (Deutsch 1953). 

(iv) Pick-off quenching. During any collision between a positronium atom and a 4 
molecule the positron of the former is temporarily in a region of higher electron dens, 
and so is more likely to annihilate. The time spent in the region of higher electron dens) 
is inversely proportional to the velocity of the positronium atom (assuming no scatterir 
and so also, therefore, will be the pick-off quenching cross section, while the quenchi 
rate will be velocity independent. It is possible to make crude estimates of pick-« 
quenching rates similar to the free annihilation rate estimate above. 

(v) Spin reversal. Reversal of spin of either component of the positronium ato 
during a collision by interaction with the magnetic moment of the gas molecule is possib 
but is expected (Massey and Mohr 1954) to have a cross section at least an order 
magnitude smaller than those observed. 

A quenching rate Aq = Npoqv can be defined for each of the above processes, tl 
rates being additive where more than one process is taking place. For the particul 
case of pick-off quenching which occurs universally (though it is masked by the mu 
more effective exchange quenching where this occurs) the quenching rate is expect 
to be nearly independent of positronium energy. Since quenching rate is proportion 
to gas pressure it is appropriate to express experimental results as quenching rates p 


atmosphere of gas Aq. 
SOURCE 
n positrons created in unit time 
jn 
emitted into gas 


} gfn form 
ortho positronium 


(1—f)n 
annihilate within 
sourceholder 


(1—g)fn 
remain free 


3 gfn Aq 
¥(Xo + Aq) 
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4(Ao + Aq) 
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~~ 


Bfn(do + 4Aq) 
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annihilate into 2 photons 


(1—f)n+(1—g)fn+ 


Figure 1. Fate of positrons in a gas (simplified). 
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| For a mixture of gases the quenching contributions from the different gases are 
additive so that the resulting quenching rate for the mixture is 


Ng — para — pit per2+ sae 


where the p’s are the partial pressures in atmospheres of the gases and the Aq’s their 
quenching rates per atmosphere. 
Figure 1 is a block diagram to show the fates of positrons emitted into a gas. 


§3. METHOD 


The purpose of the observations reported in this paper was to measure quenching 
rates in a variety of gases in order to provide evidence for the existence of at least two 
distinct quenching mechanisms. 

Two possible distinct methods are available: (A) The multiplicity of the annihilation 
radiation can be observed either by using counters in coincidence (DeBenedetti and 
Siegel 1952, Wheatley and Halliday 1952, Pond 1952) or by measuring the energies of 
the photons (Deutsch 1953, Lewis and Ferguson 1953, Hughes, Marder and Wu 1954). 
(B) Alternatively the lapse of time between the creation of a positron (which must be 
marked by the emission of a nuclear gamma ray) and its annihilation can be measured 
by using counters in delayed coincidence (Deutsch 1953, Lewis and Ferguson 1953, 
Daniel and Stump 1959). Three mean lifetimes should be distinguishable: (1) the free 
positron lifetime inversely proportional to gas pressure and equal to Ag+; (ii) the para- 
positronium mean lifetime of Ap~! ~ 10-10 sec, which is negligibly short for our pur- 
poses; (iii) the ortho-positronium mean lifetime Ag-t = (Ao+ Aq) which is pressure 
dependent. 

Both ‘multiplicity’ and ‘lifetime’ methods have been used by other workers. In this 
paper the work described has all been carried out using the multiplicity method. 

The source of positrons was approximately } mc of sodium 22 sandwiched between 
two mica sheets 6 mg cm~? thick and 2 cm in diameter and held in the centre of the gas 
chamber (figure 2). Sodium 22 emits 1-3 mev gamma rays and 560 kev positrons and 
has a half-life of 2-6 years. Referring to figure 1, if m nuclei decay per second, fn posi- 
trons escape into the gas, gfn form positronium, }gfn being ortho-positronium, and if a 
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Figure 2. Diagram of the pressure chamber and gas purifier. 
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proportion 7 only is detected the rate of three photon annihilations detected by th 
counter system would be gfny without quenching. When there is quenching at a rat 
Aq the fraction of ortho-positronium annihilating by three-photon emission is 


Ao do 
dog Ao 
and the observed three-photon rate is 
R = 3gfny\o Ag 


Ne \-2 
= nA( 1 +e] where A = 3gfn. 


§ is constant for a particular gas or mixture of gases; f is constant for the source used; 71 
was effectively constant in these measurements. It follows that 


1 eA 1 
pat spt : (1) 
A ro nA 


If » is independent of p a graph of 1 /R against p should be a straight line with an inter- 
cept —Ao/Aq on the pressure axis and intercept 1/74 on the 1/R axis. 

The experimental problem is to measure R, i.e. to separate three photon events from 
the background. The authors employed a sodium iodide scintillation spectrometer 
technique (block diagram figure 3). The positron source was mounted at the centre of 
an aluminium alloy cylindrical gas chamber 6 in. long x 4 in. diameter x ¥ in. wall thick- 
ness. The scintillation counter (1 in. thick x 13 in. diameter sodium iodide (TI) crystal 
optically coupled to an EMI 6260 photomultiplier) was placed sufficiently far, 60 cm, 
from the gas chamber for its detection efficiency for an annihilation event to be sensibly 
independent of where in the chamber the event occurs. ‘This is necessary in order thag 


7 should be independent of p. 


Figure 3. Block diagram of electronics. 
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Figure 4 shows the observed spectrum. The broken curve is the spectrum when the 
chamber contained only argon at a pressure sufficient to stop most of the positrons in 
the gas. The solid curve is the spectrum when sufficient nitric oxide (3%) had been 
added for exchange quenching to be so strong that there were no three-photon events 
observed. The accuracy of these measurements was limited only by the stability of 
the defining voltages of the spectrometer. ‘The second D.P.H.A. shown in figure 3 was 
arranged to count only pulses occurring in a narrow range halfway up the side of the 
annihilation line photopeak. Any instability caused a change in ratemeter reading. 
Series of readings in which such instability occurred were abandoned, the apparatus 
readjusted, and a fresh series commenced. 
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Figure 4. Scintillation spectrum of annihilation radiation. 


It is apparent from the two curves that the addition of the nitric oxide has removed 
‘hree-photon annihilation counts from the region between 300 kev and 440 kev and 
sroduced a corresponding increase in the photopeak. The apparatus was adjusted to 
ecord only pulses with heights in a range corresponding to 300—440 kev. If Rp is the 
counting rate in the gas at pressure p and Rp is the rate in the same gas contaminated 
with 3% nitric oxide, then R = Rp—Ro is a measure of the amount of ortho-positronium 
jecaying by three-photon emission in uncontaminated gas. Since 


R poe +(=2+1)+e 
Dae] iN Moar ‘Ao 


where 73 is the efficiency of the counting apparatus for three-photon events, 72 is the 
fficiency of the system for two-photon events, and C is the background of other events 
free positron annihilations in the gas, annihilations in the walls source and sourceholder, 
and 1:3 Mev nuclear gamma rays) and, with nitric oxide added and all positronium 
decaying by two-photon events 
4A 
Ro = n2 3" +C 


we find 
( Ao 
R = A(y3— 72) No 


which can be stated in the same form as (1) above: 
i 1 Na 1 
—= p+ 
R_— (m3—72)A 20 (1372) A 


(2) 
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The similarity between equations (1) and (2) is to be expected. While quenching doe 
not always result in the loss of a count from the 300-400 kev range (double Compto 
scattering in the crystal for example will restore some of the possible losses) the chang 
in the counting rate in this range is nevertheless proportional to quenching rate. 


§4. MEASUREMENT OF QUENCHING IN ARGON AND CARBON DIOXIDE 


Ry and Ro were measured for carbon dioxide for pressures up to twenty atmospheres 
The counting rate with the chamber evacuated to a pressure of 10-2 mm Hg was als 
observed and found to agree with Ro. As effectively all positrons annihilate in the alu 
minium walls when the chamber is evacuated this confirms the efficacy of the 3% nitri 
oxide in quenching. 

The curve shown in figure 5 is for 1/R against p. The minimum in any curv 
corresponds to a maximum unquenched ortho-positronium decay rate and presumably 
occurs when all the positrons, or at least most of them, are stopped within the gas. Fo 
higher pressures the graph is expected to obey equation (2). The best straight line wa: 
fitted to this region. The intercepts —Xo/Aq and 1/An provide a value of Aq in terms o 
Ao and a relative measurement of the amount of positronium formed. In this way wi 
find (Aq)co, = 0-08 ro. 


4 
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Figure 5. Quenching in carbon dioxide. Figure 6. Quenching in argon. 


At this stage in the work considerable improvement of the apparatus was carried 
out. A more stable counting system (enabling the second D.P.H.A. and ratemeter to 
be dispensed with), better resolution, a strengthened gas vessel (permitting pressures 
up to 32 atmospheres) and a cleaner system with faster pumping and better ultimate 
vacuum (less than 5 microns Hg pressure) were developed. With this improved appar- 
atus revised data for argon were obtained and are shown in figure 6. The best straight 
line was fitted to the points for pressures above 16 atmospheres, and the intercepts 
calculated by the method of least squares. The standard deviation of the pressure 
intercept (+2%) was also calculated by the method of least squares giving 


(Aq)a = 0:0352A9 atm=1 + 2%. 
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SIE) MEASUREMENT OF QUENCHING IN NEON AND HELIUM 


The stopping power of neon for $ Mev positrons is appreciably smaller than that of 
argon. A quenching rate for neon was therefore extracted from a measured rate for a 
neon—argon mixture. The mixture was formed of two parts argon and one part neon. 
The accuracy with which the mixture was formed was estimated to be to about 2%. 
The results are plotted in figure 7, whence using the later value of (Ag), determined 
above we find 


(Aq)Ne = 0-024» atm-1 + 40%. 
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Figure 7. Quenching in neon (4) argon Figure 8. Quenching in helium 
(3) mixture. (4) argon (3) mixture. 


Similarly quenching by a mixture 2 parts argon, 1 part helium was measured. The 
results are shown in figure 8 and from the intercepts we find 


(Aq)He = 0:014A9 atm-2 + 50%. 


§ 6. MEASUREMENT OF QUENCHING IN NITRIC OXIDE AND OXYGEN 


Nitric oxide and oxygen quench too powerfully for the same method to be used. 
Instead very weak constant proportion mixtures of these gases with argon were used. 
In each case sufficient of the strong quencher was added to argon to reduce the three- 
photon rate by about one-half (0-03% nitric oxide, 1-6% oxygen). Curves of 1/R 
against p were obtained from these mixtures (figures 9, 10) and quenching rates for the 
strong quenchers alone extracted from those obtained for the mixtures using the value 
for argon: 


(Ag)no = 400Ap atm 
(Aq)o, = 3X9 atm. 


All the gases used, with the exception of the nitric oxide which was produced in 
the laboratory, were British Oxygen Company commercial gases. 


§7. DISCUSSION 


The method essentially measures Ag in terms of Ap where Apo is the natural or un- 
quenched annihilation rate of ortho-positronium. Ore and Powell (1949) and Radcliffe 
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Figure 9. Quenching in argon, nitric Figure 10. Quenching in argon, oxygen 
oxide (0-03%) mixture. (1:6%) mixture. 


(1951) have calculated the natural annihilation rate from the ground state of ortho- 
positronium (Ao1), and if we assume that all our positronium is in the ground state before 
annihilating we can then use Ag = Ao, = 0:7 107 sec and we can write down the 
absolute value for Ag. In addition, by making an assumption about the energy distribu- 
tion of our positronium atoms at annihilation we can deduce a mean cross section for 
quenching oq from Ag. Assuming that the positronium has reached thermal equilibrium 


with the quenching gas we can take mean positronium speed to be 6-6 x 106 cm sec7, 
leading to the results in table 1. 


Table 1 

Aq oq x 1071(cm2) 
Helium 0:014A0 0:-624+50% 
Neon 0:024Ao 1-1 +40% 
Argon 0:0352Ao LEYS I 


The helium result is in agreement with that found by Daniel and Stump (1959) 
using a lifetime method (0-00939). The argon quenching rate is appreciably lower 
than that found with this apparatus in its original form (unpublished) and we bélieve 
that the previously higher quenching rate must be attributed to residual oxygen. The 
fact that we were able to observe the lower quenching rates of helium and neon suggests 
that any oxygen remaining is having only a very small effect. 

The observed increase in quenching rate with atomic size is good evidence in sup- 
port of the pick-off process as the important quenching mechanism in the inert gases. 
For more quantitative evidence we need calculations of pick-off quenching cross sections 
and measurements of the distribution of positronium energies at annihilation. 
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The results obtained for carbon dioxide, oxygen and nitric oxide are clearly only 
provisional and give an indication of order only. These measurements are being re- 
peated with the improved apparatus and will be published when complete together with 
estimates of the relative yields of positronium in the various gases and gas mixtures. 
Again assuming thermal equilibrium, these provisional results can be summarized as 
in table 2. 


Table 2 
Xa oq X 1021(cm2) 
Carbon dioxide 0-08Ao 3°5 
Oxygen 3X0 130 
Nitric oxide 4000 18 000 


The quenching rate per atmosphere in nitric oxide is very different (a factor of fifty 
times less) than that determined by Gittelman and Deutsch (1955-1956). This dis- 
agreement is puzzling. However the cross section is clearly large, confirming spin 
exchange as the mechanism. Quenching in oxygen could also be by spin exchange, or 
else by the related reorientation of molecular angular momentum process, or both. 
The quenching rate in carbon dioxide is low enough to suggest that as with the noble 
gases pick-off is the major process. 


ACKNOWLEDGMENTS 


The authors wish to thank Professor Sir Harrie Massey for his advice and en- 
couragement and for facilities given in his department. The authors are indebted to 
the Department of Scientific and Industrial Research and to the London County Council 
for considerable financial assistance. 


REFERENCES 


DanieEL, T. B., and Stump, R., 1959, Phys. Rev., 115, 1599. 

DEBENEDETTI, S., and SreceL, R. T., 1952, Phys. Rev., 85, 371. 

Deutscu, M., 1953, Progr. Nucl. Phys., 3, 131. 

Dirac, P. A. M., 1930, Proc. Camb. Phil. Soc., 26, 361. 

GITTELMAN, B., and Deutscu, M., 1955-1956, Massachusetts Institute of Technology Progress 
Report, June 1955—May 1956, p. 152. 

Hucues, V. W., Marper, S., and Wu, C. S., 1954, Phys. Rev., 95, 611. 

Lewis, G. M., and Fercuson, A. T. G., 1953, Phil. Mag., 44, 1011. 

Massey, H. S. W., and Monn, C. B. O., 1954, Proc. Phys. Soc., 67, 695. 

Ore, A., and PowELL, J. L., 1949, Phys. Rev., 75, 1696. 

Ponp, T. A., 1952, Phys. Rev., 85, 489. 

RapvcuiFFe, J. M., 1951, Phil. Mag., 42, 1334. 

WHEATLEY, J., and Hatuipay, D., 1952, Phys. Rev., 88, 424. 


PROC. PHYS. soc., 1961, voL. 78 


Radiation Damage in Well Oriented Pyrolytic Graphites 


By L. C. F. BLACKMAN,} G. SAUNDERS anv A. R. UBBELOHDE 


Department of Chemical Engineering and Chemical Technology, 
Imperial College of Science and Technology, London, S.W.7 


MS. received 28th March 1961 


Abstract. Graphite formed by cracking methane under various conditions has been 
exposed to neutron irradiation. Changes in electronic properties were measured: 
(i) after radiation damage by neutron doses of the order 101? neutrons/cm2, 
(it) after ‘mild’ annealing around 470 °c, and (ili) after ‘strong’ annealing at 
2200 °c and above. Effects of radiation damage are proportionately greatest in 
specimens whose properties are initially nearest to those of ideal graphite. Some 
discrimination can be made between the types of disorder originally present, and 
the disorder added by irradiation. 

Changes of thermoelectric power of graphite in the direction of the c axis 
show ‘latent’ increases attributed to disorder frozen in until after mild annealing. 


§1. INTRODUCTION 


WELL-ORIENTED pyrolytic graphites have certain properties close to those of ideal 
crystals. When conventional x-ray methods become insufficiently sensitive to give 
detailed information about crystal disorder for such near-ideal specimens, various 
electronic properties still give much information, although effects of disorder can be 
quite complex. Crystal disorder inherent in graphites prepared at different cracking 
temperatures has been discussed elsewhere (Blackman, Saunders and Ubbelohde 1961). 
The present paper deals with the additional disorder introduced in a series of well- 
oriented specimens by exposure to neutron irradiation. 

Previous studies on effects of neutron irradiation on graphite have mainly dealt 
with polycrystalline specimens (cf. Hennig and “Hove 1956). The density of such 
materials (1-5 to 1-8 g cm”) involves up to 35% porosity and an extensive internal 
surface. The primary effect of neutron irradiation is to displace carbon atoms from 
network sites into interstitial positions, leaving network vacancies, but various locations 
are possible for the displaced atoms. This complicates both structural and electro- 
magnetic consequences of neutron irradiation in polycrystalline graphites. By using 
well-oriented graphites, as in the present work, fewer alternative sites are available at 
intercrystalline boundaries or surfaces of internal pores for the displaced atoms, and 
the effects of damage are perceptible for much smaller irradiation than is normally 
used, and should be more readily interpreted. Two main consequences of disorder are 
the creation of electron traps, and a general increase in scattering of charge carriers. 
By comparing effects of neutron damage on various electronic properties for a stries _ 
of specimens of different inherent disorder some discrimination between the main 
consequences becomes possible in the predominant direction of the a axis. As is dis- 
cussed below, effects in the predominant direction of the c axis are at present less 
easily interpreted partly because a satisfactory theory of electronic properties of graphite 
in this direction is not yet available. 
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§ 2. EXPERIMENTAL 


Pyrolytic graphites were prepared by cracking gaseous methane at 10 cm Hg pres- 
/sure, using a flat former of polycrystalline graphite (Morgan EY9A) heated electrically 
|at controlled temperatures in the range 1950-2200 °c. This gives graphites whose 
| crystallites have the predominant direction of their a axes parallel to the flat surface 
/of the former, and of their c axes perpendicular to it. As the temperature of the prepar- 
ation is raised, various measurements described elsewhere (Blackman, Saunders and 
| Ubbelohde 1961) show that the disorder becomes progressively less. The resistivity 
|can be used as an approximate measure of this disorder. Recrystallization at 2700 °c 
| of pyrolytic deposits formed at 2200 °c gives graphites even nearer to ideal single 
crystals in their physical and electronic properties. 

For electrical measurements in the predominant direction of the a axes, specimens 
/2cem x 0-5 cm x 0-05 cm were cut from the pyrolytic deposits with three side arms so 
jas to permit measurements of the Hall effect. To minimize mechanical action on the 
| specimens, cutting was effected by a jet of powdered corundum (airbrasive). In the pre- 
dominant direction of the c axes, circular specimens were cut similarly 0-5 cm x 0-05 cm; 
)four contact measurements of the resistance and measurements of thermoelectric 
| power were made using methods previously described (Blackman, Mathews and 
| Ubbelohde 1960, Blackman, Dundas and Ubbelohde 1960). Densities were greater 
| than 2-2 g cm~ in all cases which indicates a bulk porosity of less than 3%. At room 
/temperature specific resistances in the direction of the a axis ranged from 33 to 
)3-8 x 10-ohmcm. They are used as an empirical parameter to characterize crystal 
disorder in what follows, and to display the results in a convenient manner 
| graphically. 

| Neutron irradiation was carried out in a hollow fuel element in the reactor BEPO 
for seven days. Specimens sealed in vacuo in a silica vessel received a total dose of 
about 3x 1017 neutrons cm~? (thermal velocity) and 2x 101? neutrons cm-? (fast, 
above 1 Mev energy). This amount of irradiation is considered to be approximately 
equivalent to a dose of 1 Mwd (cf. Hennig and Hove 1956). In accordance with previous 
findings (Bacon and Warren 1956) the interlayer spacing of a near-ideal specimen in- 
creased only slightly from 3-3538 + 0-0003 A to 3-3545 +0-0005 A. 

In the direction of the a axis measurements of the electrical resistivity, magneto- 
resistance and Hall coefficient were carried out (cf. Blackman, Saunders and Ubbelohde 
1961) at the two temperatures 293 and 77 °x. Measurements of the thermoelectric 
|power were made at various temperatures down to 77 °K. In the direction of the c 
axis measurements were carried out on electrical resistivity and thermoelectric 
power. 

Annealing operations were carried out under a pressure of less than 10-3 mm Hg 
to minimize any attack by oxygen on carbon atoms made labile by neutron damage 
(Montet, Hennig and Kurs 1956), and on the graphite network itself. From exploratory 
trials, it was found that annealing of damaged specimens at around 470° led to changes 
that reached limiting values in a convenient period of time, about 20 hours. This 
temperature was therefore used in ‘mild’ annealing operations; to permit more profound 
structural reorganization (‘strong’ annealing), specimens were heated for a few minutes 
‘to temperatures above 2000 °c in a rapidly acting induction furnace (Blackman, Dundas, 
‘Moore and Ubbelohde 1961). After this treatment only changes in the direction of 
‘the c axis could still be measured conveniently, since each successive measurement on 
‘the same piece of graphite weakened it mechanically, particularly in the direction of 
‘the a axis. 
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§3. RESULTS 


For graphites of various initial resistivities, results in the direction of the a axis 0} 
the specimens are presented in figures 1, 2 and 3. Measurements of thermoelectric 
power are given in the table for both crystal directions. The variation of c-axis resistivity 
with temperature, plotted in the form log p against 1/7 for a typical sample of well- 
oriented graphite is given in figure 4. 
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Figure 1. Electrical resistivity of graphites before treatment, after neutron 
irradiation and after subsequent mild annealing, plotted as a function of the 
initial room temperature electrical resistivity: (a) at 77 °K, (6) at 293 °K. 
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Figure 2. Hall coefficient of graphites before treatment, after neutron irradiation, 
and after subsequent mild annealing, plotted as a function of the initial room 
temperature electrical resistivity: (a) at 77 °K, (6) at 293 °x. Key as figure 1. 
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Figure 3. Magneto-resistance of graphites before treatment, after neutron 
irradiation and after subsequent mild annealing, plotted as a function of the 
initial room temperature electrical resistivity: (a) at 77 °K, (6) at 293 °K. Key 
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Figure 4. c-axis electrical resistivity of a near-ideal graphite (initial a-axis resistivity 

3-8 x 10-5 ohm cm) measured after neutron irradiation and after subsequent mild 

annealing, plotted as a reciprocal function of absolute temperature. Key 
as figure 1. 


§ 4. DISCUSSION 


For any particular specimen of graphite the sequence of measurements, untreated, 
nnealed after damage and neutron-irradiated, may be expected to give results for 
ncreasing defect concentration. The Hall coefficient is affected primarily by the 
lumber and sign of the charge carriers. From figure 2 it follows that in the annealed 
amples the number and sign of the charge carriers must lie quite close to their original 
alues. Radiation damage produces a large increase in positive carriers, but most of 
hese are removed by mild annealing. This increase of defects is most pronounced 
n the specimens whose resistivity is nearest to ideal graphite, to the left of the figures. 
‘rom the illustrative example in the table, it will be seen that changes of thermoelectric 
ower in the direction of the a axis are reversed by mild annealing in a similar way to 
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Dependence of Thermoelectric Power of Graphite at 20 °c on Crystal Defects 


c axis direction 


Sample Treatment pV (deg)-1 
Pyrolysis of methane at Initial 9-60 
1950 °c After neutron bombardment 11-4 
Anneal 23 hours at 670 °c 43-35 
Anneal 1 hour at 2200 °c 43-4 
Anneal 30 min at 2800 °c 16-0 
Pyrolysis of methane at Initial a7! 
2000 °c After neutron bombardment 7A 
Anneal 17 hours at 500 °c 45-2 
Anneal 1 hour at 2200 °c 39-9 
Anneal 6 min at 2550 °c 18-35 
Anneal 30 min at 2800 °c 11-45 
Pyrolysis of methane at Initial 40 
2150 °c followed by After neutron bombardment 39-3 
recrystallization at Anneal 23 hours at 650 °c 34-6 
2750 °c Anneal 1 hour at 2200 °c 34-1 
Anneal 6 min at 2550 °c 11-9 
Anneal 30 min at 2800 °c 8-4 


a axis direction 


Pyrolysis of methane at Initial approx. —8 
Z2ISOSC After neutron bombardment approx. +4 
After annealing 17 hours at 470 °c —2 


changes in the Hall effect. Tentatively, it may be thought that the carbon atoms dis- 
placed by neutron damage first move to interlamellar sites. Both the interlamellar 
carbon atoms, and the network holes they leave, then act as electron traps and thus 
increase the proportion of positive carriers. In this sense an electron trap is any dis- 
turbance which reduces the number of mobile carriers in the 7 band, through alterations 
in the binding energy where the resonance of ideal graphite is decreased. This includes 
effects due to buckling of the layers. On mild annealing these traps are reduced in 
number. A proportion of the interlamellar atoms probably migrates to the edges of 
the crystallites leaving the network holes, and the remainder return to the original 
sites thereby closing up network holes. 

The electrical resistance of graphite is affected both by changes in the number of 
carriers, and, to a more marked extent than the Hall effect, by changes in the scattering 
probability. Inspection of the behaviour of the resistivity (figure 1) shows that scattering 
makes a marked contribution to the effects of neutron damage in the near-ideal graphites, 
which is not removed to any great extent by the reduction of traps on mild annealing. 

This conclusion is confirmed by measurements of the magneto-resistance which is 
even more strongly dependent on the scattering probability (approximately as the 
inverse square according to some theories); figure 3 shows that most of the increased 
scattering due to neutron damage remains unaffected by the mild annealing. 

Before discussing the findings in the direction of the c axis, which are less extensive 
because of physical difficulties in making certain types of measurement with the speci- 
mens available, it seems useful to outline a model for damage that could help to interpret 
results in the direction of the a axis. When a carbon atom is displaced from a network 
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site, the networks will buckle locally (i) to accommodate the interstitial atom between 
them, and (ii) to allow for any bond rearrangements at a network ‘hole’ (cf. Ubbelohde 
1957). 

Figure 5 illustrates schematically that buckling of the network, for example at a 
network hole, need not involve major pushing aside of the neighbouring networks, 
since their normal distance of separation (3-4 A) is quite large. On the other hand, to 
accommodate extra atoms between the networks requires a considerable local expansion 
of the normal separation between networks. Both network holes and interstitial carbon 
atoms act as traps, but the interstitial atoms are much more labile since their bonding 
is not stabilized by resonance. On mild annealing, those interstitial atoms which have 
not been removed too far by neutron damage can return to the original sites and heal 
the network. Others that are more remote from their origins preferentially migrate to 
sites where they can form cross links between the edges of macro-aromatic networks, 


Figure 5. Sketch of buckling of networks around the network hole and an interstitial 
atom. 


with bonding types well known in organic chemistry. Through the removal of the 
interstitial atoms the number of valency defects (and hence positive carriers) is dimin- 
ished, but scattering irregularities due to network holes are stabilized. These can only 
be removed by strong annealing above 2000 °c, which permits rearrangements of 
aromatic C-C bonds. 

Types of disorder originally present in the pyrolytic graphites involve disturbances 
of crystal regularity and the presence of traps, which have been stabilized at the high 
temperatures of formation. Although consequences of such original disorder are for- 
mally similar to those arising from the disorder produced by neutron damage with or 
without mild annealing, geometrical aspects obviously differ. As the proportion of 
original defects increases, the distinctive role of neutron damage defects discussed in 
this paper rapidly becomes less prominent and becomes swamped beyond a limit for 
initial resistivities greater than about 1-5 x 10-4 ohm cm (figure 6). 

In the direction of the c axis, near-ideal samples decrease in resistivity and show a 
less steep negative temperature coefficient after neutron bombardment (figure 4). The 
‘thermoelectric power also becomes more positive (table). If it is assumed that the 
carriers in this direction are mainly positive these changes are consistent with the 
model described above; the effect of mild annealing is relatively greater on the resistivity 
than on the thermoelectric power, but interpretation of this peculiarity awaits a satis- 
factory band model for the c-axis direction in graphite. 
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Brief comment may also be made about two further aspects of these experiment 
results. 

The table illustrates the fact that for less perfect specimens of pyrolytic graphite 
the maximum increase in positive thermoelectric power, resulting from neutron damag: 
remains latent until after mild annealing. If the proposed model is used to interpre 
this unusual result, it would imply that in the direction of the c axis scattering effect 
due to interstitial carbon atoms mask increases in thermoelectric power resulting fron 
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Figure 6. Swamping of neutron damage effects by general disorder in pyrolytic 

graphites as illustrated by the ratio of the electrical resistance after and before 

neutron irradiation (plotted as a function of the initial room temperature electrical] 
resistivity). 


an increase in positive carriers to an exceptionally strong degree. This could arise if 
contributions from lattice vibration to thermoelectric power, such as phonon drag and 
especially Umklapp processes, are particularly prominent in the direction of the ¢ axis 
in graphite. Verification of this suggestion awaits the development of alternative 
means of studying lattice vibration contributions, such as measurements of thermal 
conductance which are being made. 

Calculations can be made of the approximate number of additional positive carriers 
created in near-ideal pyrolytic graphite by the production of electron traps, following 
procedures outlined by McClure (1958). In a typical example, it is found that originally 
there are 4-5 x 1018 negative and 1-5 x 1018 positive carriers per cm3, 

After neutron irradiation, the specimen gave a Hall coefficient at 77 °K of 
0:43 cm? coulomb-! which did not vary with field strength. This indicates that con- 
duction is wholly by positive carriers whose concentration is estimated as 17x 1018 
per cm’. This may be compared with estimates for neutron damage in polycrystal- 
line graphite made by Hennig (1958), which yield approximately 9 x 10-5 traps per atom 
or 10 x 1018 traps per cm? per Mwd. 
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Determination of the Fierz Interference Term From the 


K-Capture/g* Ratio for the Pure Gamow-Teller Decay of *Co 


By B. R. JOSHI anp G. M. LEWIS 
Department of Natural Philosophy, The University, Glasgow 
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Abstract. A direct determination has been made of the Fierz interference term 5 
for the pure Gamow—Teller decay of 58Co. The K/f+ ratio has been determined by 
an internal source scintillation counter coincidence method. The value obtained 
was 4:92 +0-09. This may be compared with the recent predicted value of 4:87. 
Allowing for the variation in the theoretical value arising from B+ end point un- 
certainty this yields a value for b of (+0-6+2-3)%. Two interpretations of the 
result are possible on the basis of two-component neutrino theory. If, as is custom- 
arily assumed, Ca = Ca’, Cr = —Cr’, then b should vanish identically; and the 
small experimental value for b confirms the theory. If alternatively, Ca = Cy’, 
Cr = +Cr’ then the experimental result requires that Cr, Cx’ be very small. 


§1. INTRODUCTION 


THE SIGNIFICANCE of the Fierz interference term 5 has changed in recent years, following 
the introduction of the two-component neutrino theory and the increase in B-decay 
data. Experimental studies of allowed f-spectral shapes and K/B* ratios have shown 
that b is not large. The subject has been reviewed by Konopinski (1958). ‘T'wo-compon- 
ent neutrino theory and recent data now demand either that b should vanish identically 
or that the scalar and tensor coupling constants Cs, Cs’, Cp, Cy’ should be small. 

The expression for b which arises from the combination of different coupling 
constants can be written 


239 [CsCy* + Cs'Cy’*]|F/? + [CrCa* + Cr’Ca’*] |G? (1) 
[lCsP + |CvP + |Cs'P + |Cv' PIF P+ [|Crl+ |Ca?2+ |Cx' 2+ [Ca’ IGP 

where F and G are the Fermi and Gamow-Teller matrix elements (cf. De Groot and 
Tolhoek 1950, Lee and Yang 1956, 1957). 

For the determination of 6 the experimental K/8+ ratio can be compared with the 
theoretical value (K/B*)p-0 by the relation 
K 1+b K 

b=0 


ae Ce. 


BY 1—yb(1/W)av 


Z \2%1/2 
= ts — 
‘ | i 
and W is the Bt energy. 


Restricting attention at this stage to Gamow-Teller transitions, the experiments by 
Herrmannsfeldt et al. (1958) on 6He have shown that [|C'4|?+ |C'4’|2] is large compared 
with [|Cp]?+|Co’|?]. For time inversion invariance the coupling coefficients will be real. 
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(2) 


where 
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For the two-component neutrino theory to hold consistently with polarization experi- 
mental data, the relation C4 = +Cy4’ holds for the dominant coupling coefficients. 
Both Cy = —Cy’ and Cp = +Cy’ are consistent with two-component neutrino theory. 
The combination of the coupling constants in the form C4 = Ca’, Cp = —Cr’ requires 
the identical vanishing of b while the form Cy = Cy’, Cp = +Cry’ does not. 

Experimental values of b are therefore necessary to establish the validity of the two- 
component neutrino theory if Cy = —Cy’, or to delimit the maximum magnitude of 
Cy and Cy’ if Cp = +Cy’. It is also perhaps relevant to point out that for electron 
polarization methods designed to determine the validity of the theory, the expression 
for the electron polarization contains 6 explicitly (cf. Jackson, Treiman and Wyld 1957). 
It is therefore desirable, from this view point too, that b be specified experimentally. 

The magnitude of 5 obtained from beta-spectral shape studies is not as closely 
defined as that from the K/8+ ratio work. The theoretical K/8* ratios have been re- 
calculated by Perlman, Welker and Wofsberg (1958) and, more recently, with second 
order corrections for the positron wave functions, by Nguyen—Khac (Depommier, 
Nguyen-Khac and Bouchez 1960). The experimental work on the ratio of orbital 
capture to positron emission has been reviewed extensively by Perlman, Welker and 
Wofsberg (1958), Konijn et al. (1958), and Depommier, Nguyen-Khac and Bouchez 
(1960). The majority of the experiments have been done by indirect methods. These 
generally involve considerable instrumental uncertainties, such as the assessment of 
detection efficiencies with solid external sources. Further, to estimate the K/B* ratio, 
a knowledge of (L+ M+ ... )/K capture ratios has to be presumed. In many cases the 
Fermi Gamow-Teller admixtures of the nuclei investigated are unknown. In order that 
the results on d can be readily interpreted it is desirable to consider transitions that are 
either pure Fermi or pure Gamow-—Teller. 

The first assessment of 6 from the K/f*+ ratio for the Gamow-—Teller radiator 
*2Na was made by Sherr and Miller (1954) by an indirect technique. They found 5 
to be (—2+4)%. A direct observation of the K/8* ratio, free from escape effects, was 
carried out by Drever, Moljk and Scobie (1956) for the Gamow-—Teller transition 18F. 
They used a gaseous source and a wall-less proportional counter technique, and this 
gave b = (0-8+4)%. A similar technique was used by Scobie and Lewis (1957). They 
obtained 6 = (—3+10)% for the predominantly Fermi transition UC. 

A direct experimental measurement of the K/f* ratio, free from escape effects, can 
readily be made for intermediate and high Z nuclei with an internal source scintillation 
counter technique. This method permits coincidence counting to be used, and this 
helps to eliminate background effects. The K-capture and 8+ events are separately 
recorded, and the K/f*+ ratio follows directly. The present paper reports an experiment 
carried out by this method to measure the K/f* ratio for the allowed decay of 58Co which 
leads directly to the first excited state (810 kev) of 58Fe. The recorded K-capture and 
B+ events were observed in coincidence with the 810 kev y-ray of 58Fe. The result was 
used to find an upper limit to the value of b. 

The decay scheme of 58Co is shown in figure 1 (cf. Frauenfelder et al. 1956). The 
predominant decay process which proceeds to the first excited state at 810 kev of 58Fe 
has been shown to be essentially pure Gamow—Teller by the alignment experiments 
of Dagley et al. (1958), with a Fermi admixture of less than $%. The spectrum of 
positrons for this main branch has been investigated by Deutsch and Elliott (1944) and 
Cheng, Dick and Kurbatov (1952). They found the positron end-point at 470+ 15 kev 
and 472 + 6 kev respectively. These give a log ft value of approximately 6-6. The K/f+ 
ratio was calculated to be 4:87 by Nguyen-Khac (Depommier, Nguyen-Khac and 
Bouchez 1960), assuming a 472 kev end point energy. Previous experimental results 
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on the total electron capture/B+ ratio of 58Co by external source methods are shown 
table 1. 


Table 1 
Total electron capture 

Author to B* ratio 
Good, Peaslee and Deutsch 1946 5-8 +0-2 
Cook and Tomnovec 1956 5-9 +0:2 
Grace, Jones and Newton 1956 6:7 +1:3 
Konijn et al. 1958 5-67 +0-16 
Ramaswamy 1959 5-48 +0-25 


To derive a value for the K/8+ ratio from these results, it is necessary to use eithe 
the predicted value of the ratio of L-capture to K-capture, 0-092 (Brysk and Rose 1955 
or the recent measured value of this ratio, 0-108 + 0-004 (Moler 1961). 


58 
ee Co (7Id) 


EC, B+ 
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99%o 05%o 
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Figure 1. Decay scheme of 58Co. 


§2. EXPERIMENTAL PROCEDURE 


The °8Co was prepared by the 58Ni (n, p) reaction, and was supplied by the Amer- 
sham authorities as a separated carrier free chloride. The 60Co content was specified 
as less than 0-5%. In order to establish the purity of the source, the y-radiations were 
checked, using an external source and 2 in. diameter x 2 in. Nal(TI) scintillation counter 
with a C.D.C. multichannel pulse height analyser. Aluminium sheet was used to absorb 
the B* radiations, and the source—detector gap kept at 3 in. Except for the two promin- 
ent peaks at 810 kev and 510 kev, no other radiations were observed in the region from 
100 kev to 2 Mev. To confirm still further the absence of 6°Co, an external source was 
examined in a 2 in. diameter x 2 in. well-type Nal(Tl) crystal. It was found that the 
60Co activity was certainly less than 0-1% of the total activity. 

In order to analyse the K-capture and B* events, a thallium-activated sodium iodide 
crystal approximately 1 cm diameter x 1Z cm was grown with a trace of the source by 
the Bridgman method (1925). Harshaw Nal(Tl) chippings were used. To help to 
eliminate possible surface effects, the crystal was cut and polished to an area of 4 mmx 
8 mm and a thickness of 2mm, and mounted in an aluminium container fitted with a 
thin glass window, with magnesium oxide as reflector. An E.M.I. 9514S phototube 
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was used. The K capture events produced K x-rays and K Auger electrons which would 
9¢ almost wholly absorbed in the active crystal. The 8* particles would be, mostly, 
wholly absorbed in the crystal. A few per cent of these liberated near the surface would 
ye recorded in the crystal before being absorbed in the crystal assembly. This would 
not affect the total 8+ counting rate. After amplification in a non-overloading amplifier, 
the pulses from this counter were fed by delay cable into a gating unit. This gate was 
controlled by the y-ray counter described below. Pulses from the activated crystal 
which were in coincidence with the peak of the 810 kev radiation in the y-ray counter, 
were passed to a multichannel kicksorter. 

_ The y-ray counter consisted of a 2 in. diameter x 2 in. Nal(T]) scintillator mounted 
yn another E.M.I. 9514S phototube. A gap of 3 in. lay between this scintillator and 
the small active crystal. Amplified pulses from the y-ray counter led to an I.D.L. 
single-channel kicksorter with the channel set to receive the 810 kev peak. The limits 
of this channel are shown by the arrows in figure 2. The output of the single channel 
sicksorter was passed to a univibrator which generated a 5usec gating pulse. Those 
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Figure 2. Total gamma ray spectrum of 58Co ina 2 in. diameter x 2 in. Nal(T))'crystal 
obtained in coincidence with K-capture and f+ events in the thin active crystal. 
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K-capture and f+ events from the small crystal which were in coincidence with the 
810 kev peak were displayed in separate runs. The stability of the system was checked 
throughout the runs at regular intervals. This was done by noting the counting rate 
at the single channel output and by taking the spectrum of the y-ray gating pulses; no 
gain shifts were observed. 

Typical spectra of K-capture and f+ events in coincidence with 810 kev radiation 
are shown in figures 3 and 4 respectively. The B+ spectrum is of course distorted, in 
particular by partial absorption in the crystal of the associated annihilation radiation. 
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Figure 3. K-capture peak of ®8Co (with an internal source) in coincidence with 
810 kev gamma ray peak. (1 hour run). 
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Figure 4. Spectrum associated with B+ emission from 58Co (with an internal 
source) in coincidence with 810 kev gamma ray peak. (44 hours run). 
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Several runs were taken, each generally having the order of 10 000-20 000 K-events 
and 5000 6+ events and lasting about six hours, over a period of three weeks. The 
consistency of the runs is shown in table 2, The crystal was cleaned and polished twice 
during the course of the runs, changing its overall size by about a quarter. The strength 
of the source in the crystal during the period of measurement fell, due to natural decay 
and loss of material. The reduction from the loss of material was about a quarter. 
This, and the consistency of the runs, substantiated the absence of surface effects from 
the source distribution. The random coincidence count was assessed by inserting 
appropriate delay cable in the main channel. The random rate was 2% and did not 
affect the observed ratio. There was no contribution from noise and afterglow effects. 
There were no losses due to dead time. * 


Table 2 
Observed Uncorrected K/f* Ratio 


Run 1 2 3 4 5 6 i 8 


K/f* ratio 4-94 4-97 4-95 4-91 4:91 4-93 4-93 4:96 
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It was necessary to estimate the error arising in the main run owing to the arrival 
of $Mev annihilation radiation simultaneously with 810 kev radiation in the y-ray 
srystal, which would affect the 8+ contribution. To this end the y-spectra in coincidence 
with the K-capture and 8+ events were analysed separately in the 2 in. scintillator by 
zating with the K-capture peak and the 8+ spectrum in the active crystal respectively, 
with the counter arrangement otherwise unchanged. The correction for this effect was 
then determined and found to be small (0-2%). 

A small correction arises from the fact that an 810 kev y-ray associated with a K- 
capture event can occasionally produce a low energy (10-100 kev) Compton electron 
in the 2 mm-thick source crystal and a scattered y-ray which has a chance of recording 
in the 810 kev gate. Such an event will then be wrongly recorded as a B+ event. The 
source was shown by subsidiary measurements to be distributed symmetrically about 
the appropriate central face of the crystal so that on average the y-ray traverses 1 mm 
thickness of crystal. From y-ray absorption tables, a 1°/, correction had to be applied 
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Figure 5. Investigation of the weak capture branch: Peak in the 800 kev region 
obtained by gamma-gamma coincidence measurements. The inset diagram shows 
the experimental set-up. 


It was necessary to make allowance for the small number of unwanted K-capture 
‘-rays emitted in the transition to the 1-62 Mev level, which would be observed in 
coincidence with the y-ray of either of the 810 kev transitions. More accurate data 
han given in figure 1 were required. This could be readily investigated here because 
ny source strength could be compared with that of the active crystal whose K-capture 
‘ate was known. The experimental arrangement for this ancillary measurement is shown 
n figure 5 (inset). The two counters were fitted with Nal(T1) crystals, approximately 
2 in. diameter x 2 in. On one side a single-channel kicksorter with the window set at 
he 810 kev peak was used, and on the other side a discriminator set at 700 kev was 
employed. The two outputs led to a coincidence unit. Pulses from the coincidence 
init operated a gate and the associated spectrum from either side could be displayed 
yn the multichannel kicksorter. Figure 5 shows the spectrum from the counter which 
1ad the bias set at about 700 kev. The fraction of the weak electron capture branch to 
he 1-62 Mev state which subsequently proceeded to the 0-81 Mev level by y emission 
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was found to be (1:25+0-1)% of the K electron events in the main branch. Allowi 
for the L-capture contribution in this weak branch, a correction of 2:2% had therefo 
to be made in assessing the K/8* ratio for the main branch. 


§3. RESULTS AND DISCUSSION 


The experimental value of the K/* ratio after applying the small corrections for tl 
simultaneous arrival of } Mev and 810 kev radiation in the y-ray crystal, for the Comptc 
escape, and for the weak branch, all referred to above, was 4-92 +0-09. The error lim 
was partly associated with statistics, but mainly with the assessment of the low eners 
end of the K-capture peak. The random rate, as has been mentioned, was low at < 
energies observed. The rise at low energy is associated with L-capture events. TI 
K-capture peak was fitted by a statistical distribution to assess the scintillation count 
efficiency. The L-capture peak expected at 850 ev would then occur in the region « 
single electron emission from the photocathode; it would contribute to the low energ 
rise and to the region near the trough of the K-capture peak. (Further confirmatio 
of the validity of this assessment of the K-capture peak was obtained through studie 
recently made with the same 58Co activated crystal and an E.M.I. photomultiplie 
having a still better photocathode.) 

The experimental value may be compared with the theoretical value of K/Bt « 
4-87 based on the calculation of Nguyen-Khac (Depommier, Nguyen-Khac and Bouche 
1960). Because of the 6 kev uncertainty in published values for the B* end point, th 
theoretical value of the K/8+ ratio will become 4-87 + 0-18. Inserting the value (1/W), 
= 0-75 in equation (2), the Fierz term is found to be +0-006 +0-023. 

Within the stated limits the value of b is therefore in accord with the two componen 
neutrino theory in the form C4 = C4’ and Cp = — Cy’, where 6 vanishes identically 
In this form, the theory will require complete polarization of B-particles at high momen 
tum. If the alternative possibility Cy = Cy’ and Cp = +Cy’ holds instead, then fror 
relation (1),0 < |C7/Ca]| < 0-015; and of course at the lower limit the two interpreta 
tions are identical. 


ACKNOWLEDGMENTS 


The authors would like to thank Professor P. I. Dee for his interest in the work 
One of us (B.R.J.) is grateful to the Colombo plan authorities for a Research Fellowshiy 
and to the Government of Nepal for its sponsorship. 


REFERENCES 
Bripeman, P. W., 1925, Proc. Amer. Acad. Arts Sct., 60, 350. 
Brysk, H., and Rosg, M. E., 1958, Rev. Mod. Phys., 30, 1169. ” 


Cuene, L. S., Dick, J. L., and Kursaroy, J. D., 1952, Phys. Rev., 88, 887. 

Cook, C. S., and Tomnovec, F. M., 1956, Phys. Rev., 104, 1407. 

Dac ey, P., Grace, M. A., Hitt, J. S., and Sowter, C. V., 1958, Phil. Mag., 3, 489. 
De Groot, S. R., and TotHorx, H. A., 1950, Physica, 16, 456. 

Derpommirr, P., Ncuyen-Kuac, U., and Boucuez, R., 1960, J. Phys. Radium, 5, 456. 
Deutscu, M., and Euuiort, L. G., 1944, Phys. Rev., 65, 211. 

Drever, R. W. P., Moryjx, A., and Scosig, J., 1956, Phil. Mag. 1, 942. 
FRAUENFELDER, H., Levine, N., Rosst, A., and SIncgR, S., 1956, Phys. Rev., 103, 352. 
Goon, W. M.:, Prasuee, D., and Deutscu, M., 1946, Phys. Rev., 69, 313. 


Fierz Term and K/B+ Ratio of ®8Co 1063 


Grace, M. A., Jones, G. A., and NewrTon, J. O., 1956, Phil. Mag., 1, 363. 

HERRMANSSFELDT, W. B., Burman, R. L., STAHELIN, P., ALLEN, J. S., and Braip, T. H., 1958, 
Phys. Rev. Letters., 1, 61. 

Jackson, J. D., Tremman, S. B., and WyLp, H. W., 1957, Phys. Rev., 106, 517. 

Konqjn, J., VAN Noovjen, B., Hacepoorn, H. L., and Wapstra, A. H., 1958, Nucl. Phys., 9, 
296. 

KONOoPINSEI, E. J., 1958, Proc. Rehovoth Conf. Nucl. Structure, Ed. by H. J. Lipkin (Amsterdam: 
North Holland), p. 319. 

Lee, T. D., and Yanc, C. N., 1956, Phys. Rev., 104, 254. 

—— 1957, Phys. Rev., 105, 1671. 

Moterr, R. B., 1961, Interim Progress Report NSF-G5050, App. IV, University of Arkansas. 

PERLMAN, M. L., WELKER, J. P., and WorsBerc, M., 1958, Phys. Rev., 110, 381. 

Ramaswamy, M. K., 1959, Indian J. Phys., 33, 285. 

Scosig, J., and Lewis, G. M., 1957, Phil. Mag., 2, 1089. 

SHERR, R., and Miter, R. H., 1954, Phys. Rev., 93, 1076. 


PROC. PHYS. SOC., 1961, vous 75 


The Lifetime of the 673 kev Level in “Xe 


By W. D. HAMILTON} 
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Abstract. The resonant scattering cross section for the 673 kev electric quadrupole 
transition in 15?Xe was directly determined for a particular arrangement of source, 
scatterer, and detector. The resonant scattering condition was provided by the 
persistence of nuclear recoil following a preceding transition when the source was 
in the gaseous phase. The differential cross section for a mean scattering angle 
of 149° was evaluated as o(149°) = 1-75 x10-26 cm? sterad—!, and the value 
7 = (9:7 +3-0) x 10-12 sec was found for the mean-life of the level. This result is 
in good agreement with that obtained from a Coulomb excitation measurement. 
The enhancement of the E2 transition probability when represented by the ratio 
B(E2; 0 — 2)/B(E2)s.v., has the value 20; this is consistent with the results for even— 
even nuclei which have characteristic vibrational spectra. 


§1. INTRODUCTION 


‘THE EVEN-EVEN nuclei in the atomic weight region of xenon are expected to have a well de 
fined spherical equilibrium shape and a spectrum, particularly for the lower excited states 
characteristic of quadrupole vibrations about this shape. In the review article by Alder 
Bohr, Huus, Mottelson and Winther (1956) a general discussion is given on the spectr: 
of such spherical nuclei. The E2 transition probability, as a result of the quadrupol 
vibrations, is enhanced compared with the single particle estimate, and in the presen 
case the enhancement for the ground-state transition in 132Xe may be estimated from : 
determination of the mean-life of the 673 kev level. Furthermore, the first excited state: 
of many of the xenon isotopes, including 182Xe,-have been Coulomb-excited in experi. 
ments by Pieper, Anderson and Heydenburg (1958), and the relative values for the 
reduced upward transition probabilities, B(E2), have been determined. It should thus 
be possible to compare the value of B(E2) with that obtained from resonant scattering 
and perhaps to assess the validity of the relative values of the Coulomb excitation results 
The first excited state in 182Xe, which is at 673 kev, is populated by the electron 
capture transition in 182Cs, and also following the B-decay of 132I, In each case the 
preceding transition has a greater momentum than the ground state y-ray and is thus 
capable of providing the resonant scattering condition. The systematics of E2 transitions 
in even-even nuclei (Goldhaber and Sunyar 1951) indicate that the order of the mean- 
life of the 673 kev level will require the resonant radiation to be emitted by nuclei in 
the gas phase in order to permit the persistence of nuclear recoils free from collisions. 


§2. CHOICE OF SOURCE 


The production of 182Cs by the (p, n) reaction will only proceed to any appreciable 
extent for bombardment energies exceeding 20 mev, as found by Bhatki, Gupta and 
Jha (1956) who used 25 Mev protons and obtained 132Cs only in low specific activity. 
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As an alternative method of production, the (d, «) reaction was tried, and barium oxide 
was bombarded with 20 mev deuterons in the Nuffield cyclotron at Birmingham Univer- 
sity. Cesium carrier was added to the barium target, and after the barium had been 
removed by the perchlorate method (Saraf 1954) the Cs was precipitated as CsClO4. 
From the trial bombardment only a small fraction of the activity could be attributed 
to 182Cs and it did not appear possible to produce a source strength of the order 10 
me as would be required, even if a target enriched in the 1°4Ba isotope was used. 

The alternative source, 182], is the B-decay product of the pile-produced 1?Te 
isotope, which may be obtained in high specific activity. The decay scheme of 1°?1, 
which is shown in figure 1, is that proposed by Finston and Bernstein (1954), who con- 
firmed the spin assignment of 2+ to the first excited state from a measurement of the 
K-electron internal conversion coefficient. The spin sequence 0*, 2+, 4* and the energy 
ratio of 2.2 between the second and first excited states are typical of a quadrupole vibra- 
tional spectrum. 


IS2y S2y, I32¢, 
(2-3 hr) (62 day) 


Figure 1. The excited states in Xe populated following the f-decay of 1°I as 

proposed by Finston and Bernstein, and the electron capture transition from 1°°Cs. 

The percentage intensities of the B-decay modes are listed, and the B- and y-ray 
energies are expressed in Mev. 


The 2:8 hour half-life of 182I was too short for the present resonant scattering experi- 
ment, and for convenience the source was maintained in secular equilibrium with its 
parent, 182’Te, which has a half-life of 77 hours. The chemical form of the source was 
limited by the boiling point and suitability of the tellurium compound and the choice 
fell upon tellurium tetrachloride which has a boiling point of 414 °c at standard temp- 
erature and pressure. 

The 20 mc source was contained in a conical ampoule of Pyrex glass which had 
an approximate volume of 3 ml. The ampoule fitted inside a metal container, the 
temperature of which could be controlled. When the ampoule was being filled 0-1 mM 
of hydrogen was included, and since ICI, readily dissociates when gaseous a large frac- 
tion of the source should exist as hydrogen iodide. During the preparation of the source 
several milligrams of solid material were also unavoidably included in the ampoule. 
This was believed to be mostly stannous chloride from which any occluded iodine should 
be easily liberated when the source was heated, while the presence of the additional 
material was not expected to affect the behaviour of the source. 


§3. EMISSION LINE PROFILE 


The decay of 1821 by five B-transitions of comparable intensity, and the many y- 
cascades which lead to the 673 kev level will greatly complicate the calculation of the 
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line shape of the emitted radiation. The enhancement of the E2 transition probabilities 
will require that the mean-life of the 1-45 mev level be short compared with the collision 
time when the source is gaseous, and will further increase the difficulties. 

In constructing the profile of the broadened emission line, transitions from the 
upper levels to the 1-45 Mev and 673 kev states were considered to have been emitted 
by nuclei at rest. The recoil momentum distribution in figure 2 then arises from a 
B-y cascade, and several yy cascades and single y-transitions. It was assumed that 
only the xenon atom accepted the recoil momentum. This would appear to be justified 
since a large fraction of the source should exist as hydrogen iodide and furthermore 
since the B~y cascades have several y-components it would be expected that the xenon 
nucleus should be free from any influence of the original TeCl, molecule before the final 
stages of the cascades occurred. The fraction of y-rays which energetically satisfy the 
resonant condition has the value Fo(E) = 6-4x10-2ev-l, This would be slightly 
reduced if all transitions were considered to contribute to the final recoil distribution. 


0:10;- ; 
| 
F(E) 
0-05;- ER=37eV| 
-l2 -8 -4 0 4 8 l2 


eV 


Figure 2. The energy distribution of the emitted 673 kev y-ray. The absorption 
line is displaced by 3-7 ev relative to the centre of the emission line as a result of 
conservation of linear momentum between the y-ray and the absorbing and emitting 
nuclei. The area under the curve is normalized to unity and the abscissa F(E) 
represents the fraction of y-rays within a unit energy interval. 


The effects arising from thermal motion within the source and scatterer can be considered 
together, and since their contribution to the line broadening will widen the line profile 
by only a few per cent and have a negligible effect on F(£) in the region of interest, they 
were neglected in the present case. No account was taken of the angular correlations 
between the different components of the cascades in view of the other uncertainties; 
their inclusion could either reduce or increase the fraction of y-rays which satisfy the 
resonant condition but probably not to an appreciable extent. 


§4. EXPERIMENTAL METHOD 


‘The xenon scatterer was the same as that used\in previous resonant scattering experi- 
ments (Hamilton 1961), but the volume of the xenon gas which was solidified into the 
container was increased to 12-5 litres at standard temperature and pressure. The 
intensity of the 673 kev Rayleigh scattered radiation, for which the cross section may 
be calculated, could not be distinguished above the background with sufficient accuracy 
to allow it to be compared with that of the resonant scattering, and thus it was impossible 
to estimate the cross section for the latter from such a comparison. Rather, it was 
necessary to determine absolutely the number of resonantly scattered y-rays for a par- 
ticular geometrical arrangement of source, scatterer and detector. The resonant scatter- 
ing intensity was obtained from the difference in counting rates when the source was 
gaseous and solid, since, when the total mean-life of a level is of the order 10-4_10-22 sec, 
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it is longer than the collision time within a solid source and there will be no significant 
resonant scattering. 

The small change in effective source position, when it was in the gaseous or solid 
phases, was conveniently determined by using a comparison scatterer. Iodine was a 
suitable material for this purpose and 65 g of iodine crystals were packed into a copper 
cylinder which had the same dimensions as the xenon container and which was also 
covered with styrofoam. No attempt was made to match the scatterers accurately since 
the amount of xenon which could be solidified varied up to 10° for different runs, al- 
though for any particular run the amount of xenon in the container could be accurately 

estimated. It was impossible to replace the solid xenon by the iodine scatterer since the 
xenon container was rigidly attached to an associated pumping system, and the scatterers 
were placed, as shown in figure 3, on each side of the detector and symmetrical with 
respect to it and the source. The source-scatterer and detector-scatterer separations 
were 22:5 cm and 11cm respectively, and the mean scattering angle was 149°. The 
radiation incident on either scatterer could be cut off by inserting about 6 cm of heavy 
alloy between it and the source, which permitted in effect the scatterers to be rapidly 
and conveniently interchanged. 

The scattered radiation after passing through a 3 mm lead filter was detected by 
a Nal(T1) crystal 14in. diameter by 2 in. long mounted on a 6295 DuMont photo- 
multiplier. A single-channel pulse height analyser selected for recording the radiation 
which was accepted by a 3 volt wide channel. This channel width which included at 
least 70° of the photopeak counting rate was also used in the source calibration so that 
the absolute detection efficiency and source strength were not required. 


Figure 3. The geometrical arrangement of source S, scatterers, I and Xe, and 
detector. The shielding between the source and detector is of heavy alloy, and F” 
are the lead filters covering the detector. 


§5. EXPERIMENTAL RESULTS 


The mean value of four independent results after correction for source decay and 
the fraction of xenon scatterer present was 9:6+2-4 resonantly scattered y-rays per 
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minute. Each of the results was derived from sets of observations in which the countin, 
rates were recorded for a number of 10 minute periods, when the source was hot an 
cold, and when the scatterer was alternatively iodine and xenon. The 25% statistica 
error in the mean value arose because of the large background. 

Direct calibration of the source at a distance of 50 cm from the axis of the detecto: 
and perpendicular to it, gave a counting rate of 1-48 x 106 counts per min when correctec 
with respect to source decay; the 3 mm lead filter was in position as before. The relative 
detection efficiencies corresponding to the source—detector separations at which th: 
source was calibrated, and at which the scattered radiation was detected were determinec 
experimentally since the radiation was perpendicular to the crystal axis and the tabulatec 
theoretical coefficients, which are for a source on the detector axis, were not applicable 
in the present case. It was found that the resonant scattered counting rate when com- 
pared with the source calibration counting rate had to be increased by the factor 1-05 
to compensate for the decrease in detector efficiency. A further correction to this 
counting rate was made for the self-absorption of the resonant scattered radiation within 
the xenon. 

The differential resonant scattering cross section which, for a mean scattering angle 
of 149°, was determined as 


o(149°) = 1-75 x 10-26 cm? sterad-1 


is usually represented by an equation having the form (cf. Metzger 1959) 
o(@) = oma Fo( EWI) cm? sterad—t, 
2 4a 


In the present case the width T’ of the scattering level is the only unknown in the above 
expression. ‘The maximum cross section cmax, which occurs for complete overlap of 
the emission and absorption levels, has the value 2-7 x 10-20 cm2. The angular distribu- 
tion function f(#) for E2 radiation emitted in the spin sequence 0+, 2+, 0+ is given by 


f(8) = 1+0-357P2(cos 6) + 1-143P4(cos 8), 


and for a scattering angle of 149°, f(@) = 1-19.-From figure 2 the fraction of y-rays 
which have the resonant energy is F'o(E) = 6-4 x 10-2 ev-1, Following the substitution 
of these terms in the above equation the level width was evaluated as 


[ = 6-8 x 10-5 ev. 
The corresponding mean-life of the 673 kev level is then 
7 = 9-7 x 10712 sec. 


This is the total mean-life since there is no competing y-decay mode to the ground 
state and internal conversion is insignificant (« < 3 x 10-3). The probable error on the 
mean-life was set at 30°, and it arises principally from the statistics of the recorded 
counting rates; no account was taken of a possible large error in Fo(E) as it could not 
readily be assessed. 


§6. DISCUSSION 


In the Coulomb excitation experiments by Pieper, Anderson and Heydenburg 
(1958) the B(E2) values were determined relative to the assignment of the value B(E2) 
= 0-48 x 1048 e2 cm#4 to the 535 kev transition in 130Xe, They based this assignment 
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on the systematics of the B(E2) values for even—even nuclei in the region of xenon, and 
no error was quoted for the results. Their values of B(E2) for 151Xe (364 kev) and 13*Xe 
(673 kev) and the associated downward transition probabilities and mean-lives are given 
in the table together with the results of the present resonant scattering experiment, 
and the one previously reported on 18!Xe (Hamilton 1961). It was assumed that the 
total internal conversion coefficient was negligible in each case, and that the transitions 
were pure E2. 


E,(kev) B(E2) T(E2; It > hh) T(E2) (sec) Tr.s. (sec) 
364(131Xe) 2:07 8:7 x 101° 1:14 «10-4 (2:0 +0°5) x 10-14 
673(28*Xe) 0:32 1-04 x 101 96 x10 = (9-7 43-0) x 10-2 


The mean-life from Coulomb excitation of the 364 kev level in 131Xe is some 40% 
smaller than the experimentally determined value, while for the 673 kev level, there is 
very good agreement between the values derived from the Coulomb excitation measure- 
ments and from the resonant scattering cross section. It perhaps might be a better 
test if the ratios of the mean-lives as determined by two methods were compared, since 
this should remove any possible systematic experimental errors in either of the methods. 
From the values listed in the table it can be seen that these ratios agree to within the 
error associated with the resonant scattering measurements. 

The vibrational spectra have been studied in a number of cases by Coulomb excita- 
tion and many of the results have been presented in table V.6 of the review article by 
Alder et al. (1956). In this, for the purpose of comparison, the reduced upward transition 
probability, B(E2;0 + 2), has been expressed in terms of a single particle transition 
probability given by B(E2)s.p. = 3x 10-5 A¥3 10-48 e?cm4. The present result for 
132Xe, which yields 20 for this factor, compares favourably with the tabulated values. 

It may be considered that the assignment made by Pieper, Anderson and Heyden- 
burg (1958) to the B(E2) value of the 535 kev transition in 1°°Xe is justified since there 
is good agreement between the ratios of the mean-lives of levels in 131Xe and 18?Xe as 
obtained from resonant scattering and Coulomb excitation, and since the 673 kev transi- 
tion probability is consistent with the general features of vibrational spectra in this 
atomic weight region. It is also to be expected that the value of Fo(£) used in 
evaluating the mean-life in the present experiment is approximately correct but it is 
not possible to say to what extent the assumptions which were made, when constructing 
the emission line profile, are true. 
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Abstract. A nuclear resonant scattering method was used to estimate the mean-life 
of the 638 kev level in 1241Xe. The result of 4 x 10-43 sec, when compared with the 
Weisskopf estimate, is consistent with an enhanced E2 transition or a retarded M1 
transition. However, in reported Coulomb excitation experiments there is no 
evidence for an E2 transition probability consistent with the present mean-life, and 
it is suggested that the transition may be predominantly M1. 


§1. INTRODUCTION 


THE sPIN and parity of the 638 kev level in 181Xe do not yet appear to have been conclu- 
sively established. The shell model predictions are not necessarily applicable to a level 
of such high energy, and indeed, it is thought unlikely that the state could be represented 
by a single particle configuration (Verster, Nijgh, van Lieshout and Bakker 1951). The 
level is populated by the 335 kev f-transition from 11I, and has a log ft = 6-7. This 
value is typical of an allowed or /-forbidden transition for this A-region, and since the 
ground state of 181] is 7/2+, the 638 kev level may have a spin of 5/2 or 7/2 and positive 
parity. There is a wide range of values for the K-electron conversion coefficient and 
these indicate that the transition could be E1 or E2 as has been mentioned by Bell (1955) 
in his survey of the many 11I decay scheme studies. ‘The deviations, to a large extent, 
are removed when account is taken of the relative abundances of the 181I decay modes 
as used in the different determinations. The results are then in general agreement and 
indicate that the transition is electric quadrupole. ; 


§2. EXPERIMENTAL METHOD 


The mean-life was determined from a measurement of the nuclear resonant scatter- 
‘ing cross section. The experimental arrangement of source scatterer and detector was 
‘the same as that used in the investigation of the resonant scattering of the 364 kev 
y-ray also in 131Xe (Hamilton 1961). The resonant scattering condition for the 638 kev 
y-ray was provided by the persistence of nuclear recoil following the B-decay which 
populated the state when the source was gaseous. If it is assumed that the xenon alone 
accepts the total recoil momentum then the 335 kev -transition imparts to the nucleus 
a maximum recoil momentum of 1-32 mc which is adequate to compensate the 1-25 mc 
lost by the 638 kev y-ray. The number of y-rays Fo(£) which have the resonant 
energy is 4:2 x 10- ev-1, but there may be a large error in this value since the absorp- 
‘tion line occurs near the extremity of the emission line’s energy distribution of which 
the profile was determined by a graphical method. 

' It was not possible to make a direct measurement of the number of y-rays resonantly 
scattered, since it was not possible to estimate accurately the fraction of emitting nuclei 
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which satisfied the resonant scattering condition when the source was gaseous. Rather. 
since this condition was expected to be the same for both the 364 kev and 638 ke\ 
transitions, the intensities of these resonantly scattered y-rays were compared when the 
source was solid and gaseous. It was expected that only for the latter condition woul 
the resonant scattering be significant so that the measurement with the solid source 
should indicate the background. These intensities and the corresponding transition 
probabilities are proportional to the resonant scattering cross section, and since this has 
been determined for the 364 kev y-ray, it might then be obtained for the 638 kev transi- 
tion: 

A 100 me source of 191] in the form of 4x 10-3 mM molecular iodine was enclosed 
together with approximately 0-05 mM of hydrogen in a pyrex glass ampoule, which had 
a volume of 3-5 ml., and as before it was possible to control its temperature. A mean 
scattering angle of 119° was selected and all spectra were recorded when a 3 mm lead 
filter covered the 1} in. diameter by 1 in. Nal(Tl) crystal. The spectra, which were 
displayed on a 100-channel analyser, were taken when the source was gaseous and solid, 
and when the xenon scatterer was alternatively in position and absent. The correction 
for the change in effective source position when in the different phases was made as 
described in the earlier experiment. Resonant scattering was found to occur only when 
the source was gaseous. The areas below the curves representing the 364 kev and 638 
kev resonantly scattered y-rays were corrected for the self-absorption within the scatterer 
and with respect to the relative abundance and detection efficiency of the transitions 
which were found from the direct spectrum. 


§3. RESULTS AND DISCUSSION 


The 364 kev resonant scattering intensity after applying the above corrections was 
found to exceed that of 638 kev by the factor 1-87. The partial mean-life of the 364 kev 
level had previously been determined as (2-0 +0-5) x 10-11 sec and the corresponding 
resonant scattering cross section is o(119°) = 2:-4x10-26cm? sterad—1. From the 
intensity ratio of the resonantly scattered y-rays, the cross section for the 638 kev y-ray 
is o(119°) = 1-08 x 10-6 cm? sterad-1. If it is assumed that the 638 kev y-ray arises 
from the spin change 3+ -> $+ then the peak value of the resonant scattering cross section 
iS Omax = 12:08 x 10-21 cm2. The mean-life of the level may be evaluated from an 
appropriate expression for the differential resonant scattering cross section (cf. Metzger 
1959) and has the value 7 = 3-9x 10-18 sec. If a collision time of t = 2x 10-4 sec 
is assumed for the source nuclei when in the solid phase (Ofer and Schwartzchild 
1959), then the fraction of recoils persisting after the time + =4x 10-13 sec is 
A = 1—exp (¢/r) ~ 5%, and for the present experiment, resonant scattering should only 
be observable when the source is gaseous, or possibly liquid for which the collision 
time may also be sufficiently long. 

‘The statistical error in this determination of the mean-life is less than 30%, but the 
result cannot be considered to be more than a good estimate since there is a large un- 
certainty in F(#). Furthermore, the effect of thermal broadening has been ignored, for 
although small compared with the width of the emission line profile due to B-decay, it 
should have been included in the total line broadening, since the absorption level over- 
laps the emission level near its extremity where small effects may not be completely 
negligible. However, the absence of observable resonance scattering for the solid 
source does indicate that the mean-life cannot be shorter than about 10-18 sec. The transi- 
tion probability is some 140 times greater than the Weisskopf estimate for a single 
particle E2 transition. 
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The Coulomb excitation experiments by Pieper, Anderson and Heydenburg (1958), 
id not indicate any y-rays which could be attributed to this transition. A value of 
x 10-13 sec for the mean-life of the 638 kev level would give a reduced upward transition 
robability of B(E2) = 3-87, and Dr. Pieper, in a private communication, mentioned 
yat they should have been able to detect 638 kev y-rays corresponding to 10% of this 
alue for B(E2). A possible explanation for the absence of Coulomb excitation is that 
1e 638 kev level does not de-excite principally by E2 radiation. The E1 multipolarity 
f the transition may be excluded on the basis of the values for the K electron conversion 
oefficient. However, «x and the K/L ratio are not particularly sensitive to an admixture 
f Mi with the E2 radiation, even to a considerable degree. Such a mixed transition 
ould occur if the spin and parity of the 638 kev level is 3+. This assignment is in agree- 
vent with the f-transition being |-forbidden (gz+ > ds+), and with log ft = 6-7. 


The above value of the mean-life must now be slightly adjusted to take into account 
ne change in the factor which represents the statistical weight of the transition and 
nters into the expression for omax through the ratio (2Ji+1)/(2J:+1), where J; and 
: are respectively the spins of the excited and final states. Also, the angular distribution 
unction of the resonantly scattered radiation is now based on the new spin sequence 
+, 8+ 3+ and should be dependent on the E2:M1 mixing ratio. If it is assumed that the 
38 kev level is de-excited by a pure M1 transition, the mean-life then has the value 
-~ 3x10-3. The Weisskopf estimate for a 638 kev M1 transition is 1-4 x 10718 sec, 
nd if the M1 transition probability is relatively unhindered, the experimentally deter- 
ained mean-life is also consistent with a large M1 admixture. 

Thus, while the mean-life of the level, as would be expected, is not particularly 
ensitive to the M1 admixture, a value of the order 4 x 10-18 sec may be considered to 
a good estimate which is essentially independent of the E2:M1 admixture and spin 
f the level. This value and the absence of Coulomb excited 638 kev y-rays suggest 
n appreciable M1 admixture. It may be hoped that the L1:Li:Lur ratios are more 
ensitive to the multipolarity of the radiation, but results for such measurements have 
ot yet been reported. 

Note added in proof—The electric hfs alignment of 1841 nucleus was made recently by 
ohnson, Schooley and Shirley (1960), who concluded from their measurements of the y-ray 
ngular distribution that the 637 kev level had spin 2+ and de-excited by pure E2 radiation. The 
atter is inconsistent with the results of Coulomb excitation and the present resonant scattering 
xperiment. 
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LETTERS TO THE EDITOR 


New Bands in the Second Negative System of Oxygen 
Communicated by P. K. Carroll 


The molecular spectrum of Oz* consists of two well-known systems: the Firs 
Negative system whose strongest bands lie in the visible and infra-red region of thi 
spectrum and the Second Negative system which extends throughout the visible anc 
near ultra-violet. In this laboratory a complete survey of the O2+ spectrum fron 
7000 A to 400 A has recently been made in a search for new transitions. No new system: 
were in fact found; but a considerable extension of the Second Negative system wat 
observed and it was thought worth while reporting briefly the measurements of th 
new bands. 

The source employed in the experiments was a high frequency discharge throug] 
pure oxygen. Spectra of the region 2800-400 A were taken with a new 3-metre vacuun 
spectrograph (dispersion 2-°5amm) using Ilford QII plates. The region 7000- 
2800 A was photographed on a Hilger E478 prism spectrograph using both the glas 
and quartz optics over their appropriate ranges. A complex group of bands at abow 
4350 A was photographed in the second order of the 21 ft grating spectrograph. Ilforc 
Zenith and Astra III plates were used in these experiments. 


Wavelengths of New Band Heads in the Second Negative System 


vv" r Head Be et Head 
23-0 1942+ Ri 3-10 4182-2 Ri 
22-0 1956+ Ri y 4218-0 Re 
21-0 1966+ Ri 11-144 4237-0 Ri 
20-0 19774 Ri 4271-8 Re 

1985+ Re 4-11 4313-4 Ri 

19-0 TOOT Sif Ri 4351-0 Re 

18-0 2005-9 Ri 2-10 4331-5 Ri 

2013-7 - Re 3-11 4466°5 Ri 

17-0 2022-0 Ri 1-10t 4495-9 Ri 

2029-9 Re 4536-3 Re 

16-0 . 2039-8 Ri 2-11 4636°5 Ri 

2048-1 Re 3-12 47838 Ri 

13-1 2187-9 Ri “ONZE 13 5142-9 Ri 

10-2 2371-8 Ri 5-14 5154-8 Re 

11-5 2548-1 Ri 4-14 5308-6 Ri 

7-3 2602-6 Ri 5364-2 “Re 

3-8 3727-2 Re 4-15 5729-1 Re 

1-8 3943-6 Ri 1-13 , 9/361 Re 

3972-0 Re 3-16 ' 6433-0 Ri 

4-10 4050-1 Ri 6531-8 Re 
2-9 4059-9 Ri 
4092-0 oH Re 


rts Vacuum wavelengths. These heads are difficult to locate due to many-line band structure. 
+ Weak and somewhat uncertain bands. 
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The wavelengths and vibrational assignments of the new bands are given in the table. 
revious data on the vibrational structure of the system are due to Johnson (1924) who 
ported all the stronger bands and Feast (1950) who identified a considerable number of 
eaker bands. In the same region as the Second Negative system Johnson had observed 
number of other features which he attributed to O3. Feast however identified most of 
ie “O3’ bands as either new bands of the second negative system or atomic lines of 
ar. 

While the present observations are in agreement with Feast where ‘O3’ features are 
lentified as weaker O2+ bands, they suggest that the identification of some of Johnson’s 
)3’ bands as Oi lines is less certain. Most of these features appear on the present plates 
ith a band-like structure and in some cases they can be identified as further O2+ bands. 
hus the features reported by Johnson at 4464-7 A, 4333-3 A and 4316-5 A can be identi- 
ed from the table as the Rj heads of the 3-11, 2-10 and 4-11 bands respectively while 
e feature at 4276-9 A is probably the Rg head of the 11-14 band. The two features at 
378-4 (identified by Feast as the Om line 3377-2 A) and 3374 appear on the present 
lates as band heads of moderate strength, although it has not been possible to assign 
lem convincingly to the second negative system. The features at 3284-6 A and 3278-1 A, 
lentified by Feast as the Om lines 3287-59 A and 3277-69 A respectively, appear as 
eak and somewhat confused band structure. 

An interesting aspect of the present work is the appearance of high members of the 
0 progression. It should be pointed out that in this progression the band heads for 
igher v’ values become difficult to locate and the last band which could be identified 
ith any confidence was the 23-0 band at 1942 A. Beyond this point to about 1870 A 
lere appeared a considerable amount of close line-like structure. As the dissociation 
mit for the a?II state is the same as for the x®II state, O(3P)+O7+(4S) at 53 600 cm, 
Natanabe and Marmo 1956) it follows that the structure observed at 1870 A (53 500 
n~) must be due to transitions from levels lying very close to the dissociation limit. 
he investigation of this region under considerably higher resolution should therefore 
vable a very accurate and direct determination of the dissociation energy of 0g* to be 
ade. It would also provide information on the structure of the a?II state near its dis- 
ciation limit. Brix and Herzberg (1954) have observed pronounced changes in the 
in splitting of the B°& state of Oz as.the dissociation limit is approached. It is possible 
1at an analogous change occurs in the structure of the a2II state. This could account 
x the many-lined appearance of the Og+ spectrum in the 1870-1950 A region. 


hysics Department, J. Byrne. + 
University College, 
Dublin. 
0th August 1960, in final form 8th August 1961. 
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‘Watanabe, K., and Marnmo, F. F., 1956, J. Chem. Phys., 25, 965. 


+ Now at Department of Natural Philosophy, University of Edinburgh. 
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Excess High-frequency Noise in Junction Transistors 


For ideal diffusion transistors there is ample experimental evidence to support tk 
accepted theoretical model for low-level noise behaviour at high frequencies (Gugger 
bihl and Strutt 1957, van der Ziel 1959). A statistical investigation of a large bate 
of commercial p-n-p alloy-type transistors of normal asymmetrical constructio 
showed, however, that many produced excess noise. Metallurgical cross-sectionin 
indicated that the excess noise was associated with non-alignment of the emitter 
collector axes. In the worst cases a large part of the emitter junction extended beyon 
the periphery of the collector junction and was therefore opposite the surface of th 
base adjacent to the collector. It seemed likely that the excess noise was associate 
with this surface. For proof, the normal roles of emitter and collector of an ide: 
asymmetrical transistor were interchanged. In this way about half the ‘emitter’ junctio: 
area overlaps the surface of the base around the collector. 


‘Collector’ terminal 


Bac natatt ‘Collector’ region 
PA 


‘Emitter’ region 


Schematic representation of ‘reversed’ asymmetrical transistor. 


Note. P, N used here, corresponding to the normal use p, n. 


The transistor chosen was first shown to produce theoretical noise for emitte 
currents 7, up to 4ma when connected normally. When reversed the transistor had ; 
cut-off frequency of 1-3 Mc/s and a low frequency near-short-circuit current transfe 
coefficient in common base of 0-89 at igt = 1-0 ma. Measurements of noise figure 
were made over a wide range of source resistance Ro for emitter currents from 100 pA te 
5 ma and for frequencies between 100 kc/s and 8 Mc/s. There was little differenc 
between measured noise figure Fm and calculated theoretical noise figure F; at the 
lower frequencies. 

Excess noise figure, AF = F, — F;, became detectable below 500 kc/s and increasec 
with frequency thereafter. For ‘collector’ currents ig up to 2ma, AF increased as 
Zc? but somewhat less rapidly at higher currents. There was a linear dependence o' 
AF on Ro at high Ro. Under extreme conditions (high ic, Ro and frequency) values ot 
AF considerably greater than F; itself were determined. 

As far as device performance is concerned the excess noise figure can be accounted 
for by an additional noise source represented by a noise current generator ies in paralle’ 
with the normal shot noise generator at the ‘collector’—base junction. Above 500 ke/s 
the spectral density of this additional noise source is invariant with frequency. 

The purpose of this letter is to put forward a possible model to account for this 
extra noise. An N~ exhaustion layer is assumed to exist on the surface of the base 
as shown in the figure. Where the ‘emitter’ and ‘collector’ junctions meet the surface 


+ Upper case suffixes refer to direct current components, lower case to small-signal and noise 
components. 
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NN- junctions will exist. Only that at the ‘collector’ need be considered. At the surface 
1e PN- junction takes up some of the applied ‘collector’—base bias voltage; the re- 
vainder produces a radial drift field in the N~ surface skin and biases the NN- junction 
1 reverse. The PN ‘collector’ junction produces full shot noise of the current ion 
ollected by it. The remainder of the collector current icgg = ic—icn flows to the 
ollector’ terminal through the PN~ junction via the NN~- junction. Hole-electron 
airs pass randomly from the base into the N~ region and drift with ambipolar drift 
elocity towards the PN- junction at the ‘collector’. While drifting they produce 
oncentration—fluctuation noise similar to generation—recombination noise in a filament. 
‘he holes which finally reach the PN~ junction carry the current ics and produce 
ill shot noise. This may be included in the usual way in the shot noise generator at 
he collector. 

The excess noise associated with the concentration fluctuations in the surface skin 
vay be represented by a voltage generator eg in series with rs. It should have the 
pectral form of equation (1) 


= 
(4a) O 
lere K is a constant, rg is the resistance of the skin, 7 is the lifetime of hole—electron 
airs in it and w is angular frequency. If the ambipolar drift time is comparable with 
, the frequency dependence of e,2 is only slightly modified. Effectively rs is in series 
vith Ces, the depletion-layer capacitance of the PN- junction. It is expected that 
s < 1/jwecs so that the voltage generator es may be replaced by a current generator 
s ACTOSS Ces, i.e. in parallel with the total collector capacitance cc. The form of les? is 


ee = Kroios? 


eros ) 


\t low frequency (wr < 1) this increases as w? and at high frequency (wr > 1) is 
ndependent of frequency. This can explain the dependence of AF on frequency if 
3 about 0-5 usec, which is a reasonable value. If 7 is independent of zcs then ios? is 
roportional to ics?. An increase of + under high-level conditions will weaken this 
lependence as is required. There will be some correlation between es and the ‘emitter’ 
Oise generator, but in view of the extra transit time for holes at the surface this will 
e weak and can be ignored to a first order at high frequencies. 

It is proposed to test the validity of this model further by controlling the surface 
onditions using a field electrode and gaseous ambients (Beale, Thomas and Watkins 
958). A low resistivity surface skin should not produce significant excess noise. 


les? = Kr?i.cs2.w Cos 


‘Department of Electronic Engineering, Pj. Hype{ 
University College of North Wales, H. J. Roperts.+ 
Bangor. 
‘“A.E.I. Research Laboratories, B. E. BuckincHam.} 
Harlow, 
Essex. 


29th August 1961. 
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Cyclotron Resonance at 4 mm Wavelength 


Cyclotron resonance absorption from hole carriers has been investigated in high 
purity p-type germanium at 4-3 mm wavelength over the temperature range 10 te 
100 °x. A modified 8 mm microwave spectrometer was employed for these measure- 
ments using a substantially non-resonant cavity system with the 4 mm power derived 
from a crystal doubler. The hole carriers were obtained by thermal ionization of the 
shallow acceptor impurities (~3 x 1012.cm-%), 

The results obtained with this spectrometer have extended the measurements recently 
reported by Bagguley, Stradling and Whiting (1961). In particular, the new absorption 
line found by these authors in the [110] crystallographic direction has been established 
beyond reasonable doubt as arising from a hole carrier with a true effective mass of 
0-265me. ‘The greater resolution which has been obtained at 4-3 mm wavelength has 
allowed this new absorption line to be observed at temperatures up to 60 °K. These 
observations verify the suggestion that the absorption line arises from the motion of a 
classical particle. It is not related to the quantum mechanical fine structure which is 
found at very low temperatures (Fletcher, Yager and Merritt 1955): 
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Figure 1. The variation of effective mass in the heavy hole band of germanium | 
calculated as a function of ky in the [110] direction. 


. 
A numerical calculation shows that, for the heavy mass band in the [110] direction, 
the cyclotron effective mass has a minimum value for those carriers which have a transla- 
tional energy in the direction of the magnetic field roughly one half of the maximum 
value possible on any given energy surface. Carriers in this region of wave vector spac 
will have effective masses which are slowly varying functions of the wave vector, ku, 
in the direction of the magnetic field. There will be a definite lower limit for the effective 
mass of these carriers and a spread on the high mass side. This is evident in the recorded 
absorption line which has a sharp leading edge and a ‘tail’ on the high field side. 
The variation of the effective mass with the wave vector kx calculated for the [110] 


direction is shown in figure 1. The values for the constants in the equation for the energy 
surface 


E(k) = Ak? + [BPR + C2(hg2hy2-+ hyPh2 + RPh?) }U?2 


(Dresselhaus, Kip and Kittel 1955) used in this calculation were A = — 13:2,41 2) <aSaqm 
|C| = 11-6. These values differ slightly from those given previously by Bagguley, 
Stradling and Whiting (1961), for the same germanium crystal (G.E.b.1). With the 
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esent values, however, it is possible to fit not only the anisotropy of the heavy-mass 
le but also the new absorption line without making any further assumptions. The 
screpancy arises because of the approximations involved in relating the measured 
fective masses to the constants in the energy equation. A numerical calculation shows 
at the relation given by Dresselhaus, Kip and Kittel (1955) is less accurate than had 
sen anticipated in the [100] direction. 

The light-mass hole increases in mass as the temperature increases as shown in 
sure 2. This increase in mass is in the opposite direction to that which would arise 
om the decrease in energy gap with temperature, but is in good agreement with the 


01100) 
0:052 o[io] 
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Effective Mass m*/me 
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Figure 2. The temperature dependence of the light-mass hole in germanium. 
VY, O, ©, experimental points obtained at 4-3 mm wavelength; —----— mean of 
the results obtained at 8-5 mm wavelength. 
veory of Kane (1956) where the change in mass arises from the change in curvature of 
1e energy bands away from the origin in k space. From the published curves given 
y Kane we estimate that the light-mass hole in germanium will have an effective mass 
f the order 
m* 1 
me  24—2x 10-12R2 


ver the temperature range covered by our experiments. This leads to a value of about 
‘05 me at 100 °K in agreement with our results. 

We wish to thank Mr. D. C. Handscomb of the Oxford University Computing 
aboratory for programming the computer which was used to check our numerical 
alculations. 
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Distortion Approximation to Cross Sections for Excitation 


of 1s—2p Transition of Hydrogenic Ions by Bare Nuclei 


Little theoretical work has been done on inelastic collisions between charged atomi 
systems and no detailed quantal calculations on the cross sections have been reported 
This note describes the application of the distortion approximation (Bates 1959) te 
the study of the excitation of a target hydrogenic ion with nucleus of charge Ze from 
the Is to the 2p level by a projectile nucleus of charge #pe: 


A‘ Z-D+(1s)+ B2o+ + A(Z-D+(2p) + B2or, (L 


An impact parameter treatment is followed. In spite of the Coulomb repulsior 
between the target and the projectile it is permissible to suppose that the relative 
velocity vector does not change appreciably during the encounter unless the relative 
energy of motion is very low indeed (Bates and Boyd 1962). 

Let the target be located at the origin of coordinates and let the projectile, positior 
vector R, move with constant speed wv in the positive direction along a line distant 
p from the Z axis. Expand the complete electronic eigenfunction according to 


tem Z ‘ 

¥(r, t) = > am(Z)bm(r) exp| — —— |, Z = ot (2 
m ve) 

where r is the position vector of the electron, ¢ is the time and ¢,,(r) and €m are the 

unperturbed eigenfunctions and eigenenergies of the target in atomic units. Substitutior 

in the Schrédinger equation shows that the expansion coefficient must satisfy 


a ea ey 
1 ayia Po Am(Z)Unm(R) exp| = —| 


(3) 


where Un (R) is the matrix element with respect to states m and n, of the interactior 
potential arising from the projectile. This set of coupled differential equations is 
effectively exact. A scaling law may be derived which enables results on a family of 
processes like (1) to be presented compactly. 


Introducing 
R’ = J&R, LZ, (4) 
and noting that the interaction matrix elements may be written 
Unm(R) = 22 pUnm'(R’), (5) 
where Un»(R’) does not involve #; or Zp, and that 
em = Leen’, (6 


where €,' is a constant, it may be seen from (3) that 


fel E) (2) 


1 


oZ’ % 


> @m(Z’)Unm'(R’) exp |- 2(€m' — €n’)Z’ =] : , (7) 


m Vv 


Hence a,(co) depends on Zip, #1/Hp and v/%t only. Since the excitation cross 
section is given by 


Qon = 2m {| plan( c))? dp © 


it follows that 2°;?Qon may be expressed in terms of two parameters %;/2p and v/ ¥, 
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or instead of the latter Ep/ Mp2 2 where Ep and Mp are the energy and mass of the 
projectile. 

Using the distortion approximation, the cross section Qjs,2) for (1) was computed 
for selected values of %;/Zp and over a range of values of Ep/Mp2;? (all such that the 
effect of the Coulomb repulsion is utterly negligible). The formulae which arise need 
not be displayed since they are obvious generalizations of formulae contained in an 
earlier paper on the excitation of the same transition in atomic hydrogen (Bates 1961). 
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Excitation of the 1s—2p transition in a target hydrogenic ion with nucleus of charge 

# te by a projectile nucleus of charge 2 pe. ‘The value of 2t/% p is indicated on each 

curve. The distortion approximation cross section Qis-2p is in units of 7ao(8'8 Xx 

10-17 cm2); the energy Ep of the projectile nucleus is in kev and the mass Mp is on 
the chemical (18O) scale. 


The results are presented in the figure, the dependent variable being taken to be 
(£4/Zp2)Ois,2» since this combination depends only on the independent variable 
Ep|Mp£# 2? in the case of the first Born approximation. As would be expected the curves 
tend to a limit as 2/2 p approaches infinity. They do so rather slowly at low energies. 


This investigation has been supported by the U.S. Office of Naval Research under 
Contract No. N.62558-2637. Itis a part of Project ‘Defender’ sponsored by the Advance 
Research Projects Agency Department of Defence. 
Department of Applied Mathematics, D. R. Bates. 

Queen’s University, 

Belfast, 
Northern Ireland. 
6th September 1961. 
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REVIEWS OF BOOKS 


The Fundamental Atomic Constants, by J. S. SANDERS. Pp. 88. (London: Oxford 
University Press, 1961.) 10s. 


There is an increasing interest in the values of fundamental atomic constants, among 
which it is usual to include the velocity of light, because they are now being used in 
practical applications as standards of measurement. Some of them are related to the 
units of mass, length and time by direct measurement but others can be obtained only 
indirectly by combining a number of experimental results. It is the experimental results 
that are important and in this attractively produced little volume Dr. Sanders gives a 
most readable and useful introduction to this aspect of the subject. 

The methods of measuring the Faraday, e/m, h/e and the Rydberg constant are 
briefly but clearly outlined. The longest section is devoted to some recent determina- 
tions of the velocity of light and fairly full descriptions are given of the measurement of 
the gyromagnetic ratio of the proton, and the proton magnetic moment. 

One of the most difficult problems facing an experimenter is the assessment of the 
accuracy of his result, but if the values are used as standards of measurement or to assist 
in the determination of other fundamental constants the question of accuracy is of first 
importance. Dr. Sanders has chosen not to deal with this problem because, as he 
explains in the introduction with some justification, it is difficult to decide what the 
limits represent. In work on the velocity of light, however, authors do explain how they 
obtain their limits and the methods adopted are so different that they could change the 
limits by more than 20 to 1. By failing to notice this Dr. Sanders gives a somewhat 
wrong impression of the relative significance of the various methods of measurement 
used. The cavity resonator method not only revealed the error in Birge’s adopted 
value but also gave the most accurate value prior to Froome’s last determination. 

L. ESSEN. 


Quantum Theory of Atomic Structure, Vol. I, by J.C. Starter. Pp. ix+439. (London: 
McGraw-Hill, 1960.) £5 15s. 


Professor Slater disarms the critic, in his preface to this volume, by pointing out 
that while the first volume of this book was designed as a textbook, this second one is 
much more a work of reference for readers already versed in the simpler aspects of 
atomic theory. 

The content of the book extends from an introduction of the Hartree-Fock method 
to a discussion of hyperfine structure. A lucid treatment of group theory introduces 
the heavy discussion of combination of angular momenta, and there are chapters on 
Dirac’s theory of spin, the magnetic behaviour of complex atoms and radiation transi- 
tion probabilities. It might have been profitable to the reader to have had more, on 
density matrix methods, and perhaps some discussion of the effects of perturbing fields 
of, for example, cubic symmetry. The latter topic belongs more to the theory of the 
solid state but is illuminating for atomic theory. 

This is an easier book in several ways than Condon and Shortley’s classic. The 
author gives much more discussion of the historical motivation for various steps in the 
theory, and also makes admirable heuristic use of classical arguments wherever these 
are applicable. The inevitably high price will restrict sales to individuals, but this is a 
very valuable work of reference. The production, as usual with this series, is excellent. 

G. WYLLIE. 
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(a) (4) 
(c) (d) 
(e) (f) 
(g) (A) 


Figure 4. Rotating mirror photographs showing the passage of a shock wave at 

various times after the interruption of a horizontal 10 a d.c. carbon arc in air. Time 

scale as abscissa, and direction of shock propagation as ordinate. a, steady-state arc; 

b, 0:24 msec; c, 0-5 msec; d, 7-5 msec; e, 13 msec; f, 25 msec; g, 60 msec; h, 810 
msec. 
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Figure 3. Resolidified AgBr; one of the grooves (horizontal) caused by a 1-2 mm 
abrasion on dry 0 emery paper at 200 g total load; note lateral pile-up and also 


_ coiled strip being cut out by the ploughing abrasive particle. Vertical fine grooves 


are due to initial surfacing on wet 4/0 emery paper. 340 x. ~ 


Figure 4. Resolidified AgBr; one of the grooves (horizontal) caused by a glass 

sphere 125 microns diam., in ~1 mm sliding on ‘Scotchlite’ at 200 g load. Note 

negligible wear, and the forward curvature of the fine surfacing grooves (vertical) 
in the main groove. 340 x. 
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Figure 5. Resolidified AgCl abra- Figure 6. Resolidified AgBr abra- 

ded (R to L) on dry 4/0 emery ded (R to L) on wet 4/0 emery 

paper at 500 g load; etched to paper at c.500 g load: etched to 
1200 A depth. 1400 A. 


Figure 7. Compressed AgCl abra- Figure 8. Compressed AgBr abra- 
ded (L to R) on filter paper at ded (R to L) on filter paper at 
c.500 g load; etched to 4500 A. c.500 g load; etched to 2000 A. 
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THE RUTHERFORD MEMORIAL LECTURE 1958+ 


Reminiscences of the Founder of Nuclear Science 
and of Some Developments Based on his Work 


By NIELS BOHR 


to contribute to the series of Rutherford Memorial Lectures in which, through 

the years, several of Rutherford’s closest collaborators have commented on 
his fundamental scientific achievements and communicated reminiscences about 
his great human personality. As one who in early youth had the good fortune to 
join the group of physicists working under Rutherford’s inspiration, and owes so 
much to his warm friendship through the many succeeding years, I welcome the 
task of recalling some of my most treasured remembrances. Since it is impossible, 
of course, in a single lecture to attempt a survey of the immense and many-sided 
life-work of Ernest Rutherford and its far reaching consequences, I| shall confine 
myself to periods of which I have personal recollections and to developments I 
have followed at close hand. 


[ has been a pleasure for me to accept the invitation from the Physical Society 


I 


The first time I had the great experience of seeing and listening to Rutherford 
was in the autumn of 1911 when, after my university studies in Copenhagen, I 
was working in Cambridge with J. J. Thomson, and Rutherford came down from 
Manchester to speak at the annual Cavendish Dinner. Although I did not on this 
occasion come into personal contact with Rutherford I received a deep impression 
of the charm and power of his personality by which he had been able to achieve 
almost the incredible wherever he worked. ‘The dinner took place in a most 
humorous atmosphere and gave the opportunity for several of Rutherford’s 
colleagues to recall some of the many anecdotes which already then were attached 
to his name. Among various illustrations of how intensely he was absorbed in 
his researches, a laboratory assistant in the Cavendish was reported to have noted 
that, of all the eager young physicists who through the years had worked in the 
famous laboratory, Rutherford was the one who could swear at his apparatus most 
forcefully. 

From Rutherford’s own address I especially remember the warmth with which 
he greeted the latest success of his old friend C.T.R. Wilson who by the ingenious 
cloud chamber method had just then obtained the first photographs of tracks of 
«-rays exhibiting clear cases of sharp bends in their usual remarkably straight path. 
Of course, Rutherford was thoroughly acquainted with the phenomenon which 

only a few months before had led him to his epoch-making discovery of the atomic 
nucleus, but that such details of the life history of x-rays could now be witnessed 

+ The present text is an elaborated version, completed in 1961, of the lecture delivered 


without a prepared manuscript at a meeting of The Physical Society of London at the 
Imperial College of Science and Technology on 28th November 1958. 
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directly by our eyes, he admitted to be a surprise, causing him extreme pleasure. 
In this connection Rutherford spoke most admiringly of the persistence with which 
Wilson already during their comradeship in the Cavendish had pursued his re- 
searches on cloud formation with ever more refined apparatus. As Wilson later 
told me, his interest in these beautiful phenomena had been awakened when as a 
youth he was watching the appearance and disappearance of fogs as air currents 
ascended the Scottish mountain ridges and again descended in the valleys. 

A few weeks after the Cavendish Dinner I went up to Manchester to visit one 
of my recently deceased father’s colleagues who was also a close friend of 
Rutherford. ‘There, I again had the opportunity to see Rutherford who in the 
meantime had attended the inaugural meeting of the Solvay Council in Brussels, 
where he had met Planck and Einstein for the first time. During the conversation, 
in which Rutherford spoke with characteristic enthusiasm about the many new 
prospects in physical science, he kindly assented to my wish to join the group 
working in his laboratory when, in the early spring of 1912, I should have finished 
my studies in Cambridge where I had been deeply interested in J. J. Thomson’s 
original ideas on the electronic constitution of atoms. 

In those days, many young physicists from various countries had gathered 
around Rutherford, attracted by his genius as a physicist and by his unique gifts. 
as a leader of scientific cooperation. Although Rutherford was always intensely 
occupied with the progress of his own work, he had the patience to listen to every 
young man, when he felt he had any idea, however modest, on his mind. At the 
same time, with his whole independent attitude, he had only little respect for 
authority and could not stand what he called ‘ pompous talk’. On such occasions 
he could even sometimes speak in a boyish way about venerable colleagues, but 
he never permitted himself to enter into personal controversies, and he used to say: 
‘‘ There is only one person who can take away one’s good name, and that is 
oneself !”’ 

Naturally, to trace in every direction the consequences of the discovery of the 
atomic nucleus was the centre of interest of the whole Manchester group. In the 
first weeks of my stay in the laboratory, I followed, on Rutherford’s advice, an 
introductory course on the experimental methods of radioactive research which 
under the experienced instruction of Geiger, Makower and Marsden was arranged 
for the benefit of students and new visitors. However, I rapidly became absorbed. 
in the general theoretical implications of the new atomic model and especially 
in the possibility it offered of a sharp distinction as regards the physical and 
chemical properties of matter, between those directly originating in the atomic 
nucleus itself and those primarily depending on the distribution of the electrons. 
bound to it at distances very large compared with nuclear dimensions. 

While the explanation of the radioactive disintegrations had to be sought in 
the intrinsic constitution of the nucleus, it was evident that the ordinary physical 
and chemical characteristics of the elements manifested properties of the surround- 
ing electron system. It was even clear that, owing to the large mass of the 
nucleus and its small extension compared with that of the whole atom, the con- 
stitution of the electron system would depend almost exclusively on the total 
electric charge of the nucleus. Such considerations at once suggested the pro- 
spect of basing the account of the physical and chemical properties of every element 
on a single integer, now generally known as the atomic number, expressing the 
nuclear charge as a multiple of the elementary unit of electricity. 
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In the development of such views, I was encouraged not least by discussions. 
with George Hevesy who distinguished himself among the Manchester group by 
his uncommonly broad chemical knowledge. In particular, as early as 1911, he had 
conceived the ingenious tracer method which has since become so powerful a 
tool in chemical and biological research. As Hevesy has himself humorously 
described, he was led to this method by the negative results of elaborate work. 
undertaken as a response to a challenge by Rutherford who had told him that “ if 
he was worth his salt ’’ he ought to be helpful by separating the valuable radium D 
from the large amount of lead chloride extracted from pitchblende and presented 
to Rutherford by the Austrian government. 

My views took more definite shape in conversations with Hevesy about the 
wonderful adventure of those Montreal and Manchester years, in which Rutherford 
and his collaborators, after the discoveries of Becquerel and Madame Curie, had 
built up the science of radioactivity by progressively disentangling the succession 
and interconnections of radioactive disintegrations. Thus, when I learned 
that the number of stable and decaying elements already identified exceeded the 
available places in the famous table of Mendeleev, it struck me that such chemically 
inseparable substances, to the existence of which Soddy had early called attention 
and which later by him were termed ‘isotopes’, possessed the same nuclear 
charge and differed only in the mass and intrinsic structure of the nucleus. The 
immediate conclusion was that by radioactive decay the element, quite. 
independently of any change in its atomic weight, would shift its place in the 
periodic table by two steps down or one step up, corresponding to the decrease or 
increase in the nuclear charge accompanying the emission of «- or B-rays, 
respectively. 

When I turned to Rutherford to learn his reaction to such ideas, he expressed, 
as always, alert interest in any promising simplicity but warned with characteristic 
caution against overstressing the bearing of the atomic model and extrapolating 
from comparatively meagre experimental evidence. Still, such views, probably 
originating from many sides, were at that time lively discussed within the Man- 
chester group and evidence in their support was rapidly forthcoming, especially 
through chemical investigations by Hevesy as well as by Russell. 

In particular, a strong support for the idea of the atomic number as determining 
the general physical properties of the elements was obtained from spectroscopic 
investigations by Russell and Rossi of mixtures of ionium and thorium, which 
pointed to the identity of the optical spectra of these two substances in spite of 
their different radioactive properties and atomic weights. On the basis of an 
analysis of the whole evidence then available, the general relationship between the 
specified radioactive processes and the resulting change of the atomic number of 
the element was indicated by Russell in a lecture to the Chemical Society in the 
late autumn of 1912. 

In this connection it is interesting that, when after further research especially 
by Fleck, the radioactive displacement law in its complete form was enunciated a 
few months later by Soddy working in Glasgow, as well as by Fajans in Karlsruhe, 
these authors did not recognize its close relation to the fundamental features of 
Rutherford’s atomic model, and Fajans even regarded the change in chemical 
properties evidently connected with the electron constitution of the atoms as a 
strong argument against a model according to which the «- as well as the -rays. 
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had their origin in the nucleus. About the same time, the idea of the atomic 
number was independently introduced by van den Broek in Amsterdam, but 
in his classification of the elements a different nuclear charge was still ascribed to 
every stable or radioactive substance. 

So far, the primary object of the discussions within the Manchester group was 
the immediate consequences of the discovery of the atomic nucleus. ‘The general 
programme of interpreting the accumulated experience about the ordinary physical 
and chemical properties of matter on the basis of the Rutherford model of the 
atom presented, however, more intricate problems which were to be clarified 
gradually in the succeeding years. Thus in 1912, there could only be question of 
a preliminary orientation as to the general features of the situation. 

From the outset it was evident that, on the basis of the Rutherford model, the 
typical stability of atomic systems could by no means be reconciled with classical 
principles of mechanics and electrodynamics. Indeed, on Newtonian mechanics, 
no system of point charges admits of a stable static equilibrium, and any motion 
of the electrons around the nucleus would, according to Maxwell’s electro- 
dynamics, give rise to a dissipation of energy through radiation accompanied by a 
steady contraction of the system, resulting in the close combination of the nucleus 
and the electrons within a region of extension far smaller than atomic dimensions. 

Still, this situation was not too surprising, since an essential limitation of 
classical physical theories had already been revealed by Planck’s discovery in 1900 
of the universal quantum of action which, especially in the hands of Einstein, had 
found such promising application in the account of specific heats and photochemical 
reactions. Quite independent of the new experimental evidence as regards the 
structure of the atom, there was therefore a widespread expectation that quantum 
concepts might have a decisive bearing on the whole problem of the atomic 
constitution of matter. 

Thus, as I later learned, A. Haas had in 1910 attempted, on the basis of 
Thomson’s atomic model, to fix dimensions and periods of electronic motions by 
means of Planck’s relation between the energy and the frequency of a harmonic 
oscillator. Further, J. Nicholson had in 1912 made use of quantized angular 
momenta in his search for the origin of certain lines in the spectra of stellar nebulae 
andthesolarcorona. Above all, however, it deserves mention that, following early 
ideas of Nernst about quantized rotations of molecules, N. Bjerrum already in 
1912 predicted the band structure of infra-red absorption lines in diatomic gases, 
and thereby made a first step towards the detailed analysis of molecular spectra 
eventually achieved on the basis of the subsequent interpretation, by quantum 
theory, of the general spectral combination law. 

Early in my stay in Manchester in the spring of 1912 I became convinced 
that the electronic constitution of the Rutherford atom was governed throughout 
by the quantum of action. A support for this view was found not only in the,fact 
that Planck’s relation appeared approximately applicable to the more loosely 
bound electrons involved in the chemical and optical properties of the elements, but 
especially in the tracing of similar relationships as regards the most firmly bound 
electrons in the atom revealed by the characteristic penetrating radiation dis- 
covered by Barkla. Thus, measurements of the energy necessary to produce the 
Barkla radiation by electron bombardment of various elements, performed by 
Whiddington at the time when I was staying in Cambridge, exhibited simple 
regularities of the kind to be expected from an estimate of the firmest binding 
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energy of an electron rotating in a Planck orbit round a nucleus with a charge 
given by the atomic number. From Lawrence Bragg’s recently published. 
Rutherford Lecture I have been very interested to learn that William Bragg, then 
in Leeds, in his first investigation of x-ray spectra, based on Laue’s discovery in 
1912, was fully aware of the bearing of Whiddington’s results on the connection 
between the Barkla radiation and the ordering of the elements in Mendeleev’s 
table, a problem which through Moseley’s work in Manchester soon was to: 
receive such complete elucidation. 

During the last month of my stay in Manchester I was mainly occupied with a 
_ theoretical investigation of the stopping power of matter for «- and f-rays. ‘This 
problem, which originally was discussed by J. J. Thomson from the point of view 
of his own atomic model, had just been re-examined by Darwin on the basis of the 
Rutherford model. In connection with the considerations mentioned above 
regarding the frequencies involved in the electron binding in the atom, it occurred 
to me that the transfer of energy from the particles to the electrons could be simply 
treated in analogy to the dispersion and absorption of radiation. In this way, it 
proved possible to interpret the results of the stopping power measurements as 
additional support for ascribing to hydrogen and helium the atomic numbers 1 
and 2 in conformity with general chemical evidence, and in particular with Ruther- 
ford and Royds’ demonstration of the formation of helium gas by the collection of 
a-particles escaping from thin-walled emanation tubes. Also for the more com- 
plex case of heavier substances, approximate agreement was ascertained with the 
expected atomic numbers and the estimated values for the binding energies of the 
electrons, but the theoretical methods were much too primitive to yield more 
accurate results. As is well known, an appropriate treatment of the problem 
by modern methods of quantum mechanics was first achieved in 1930 by H. Bethe. 

Although Rutherford just at that time was concentrating on the preparation 
of his great book, Radioactive Substances and Their Radiations, he nevertheless 
followed my work with a constant interest, which gave me the opportunity to 
learn about the care which he always took in the publications of his pupils. 
After my return to Denmark I was married in mid-summer 1912 and, on our 
wedding trip in August to England and Scotland, my wife and I passed through 
Manchester to visit Rutherford and deliver the completed manuscript of my 
paper on the stopping problems. Both Rutherford and his wife received us 
with a cordiality which laid the foundation of the intimate friendship that through 
the many years connected the families. 


Il 


After settling down in Copenhagen, I remained in close contact with 
Rutherford, to whom I regularly reported about the development of the work on 
general atomic problems, which I had started in Manchester. Common to 
Rutherford’s answers, which were always very encouraging, was the spontaneity 
and joy with which he told about the work in his laboratory. It was indeed the 
beginning of a long correspondence which lasted over 25 years and which revives, 
every time I look into it, my memories of Rutherford’s enthusiasm for the progress 
' in the field he had opened up and the warm interest he took in the endeavours of 
every one trying to contribute to it. 

My letters to Rutherford in the autumn of 1912 concerned the continued 
endeavours to trace the role of the quantum of action for the electronic 


1088 Niels Bohr 


constitution of the Rutherford atom, including problems of molecular bindings 
and radiative and magnetic effects. Still, the stability question presented in all 
such considerations intricate difficulties stimulating the search for a firmer hold. 
However, after various attempts to apply quantum ideas in a more consistent 
manner, it struck me in the early spring of 1913 that a clue to the problem of 
atomic stability directly applicable to the Rutherford atom was offered by the 
remarkably simple laws governing the optical spectra of the elements. 

On the basis of the extremely accurate measurements of the wavelengths of 
spectral lines by Rowland and others, and after contributions by Balmer and 
by Schuster, Rutherford’s predecessor in the Manchester Chair, the general 
spectral laws were most ingeniously clarified by Rydberg. The principal 
result of the thorough analysis of the conspicuous series in the line spectra and 
their mutual relationship was the recognition that the frequency v of every line 
in the spectrum of a given element could be represented with unparalleled 
accuracy as v= 7” —T”, where T’ and T” are two among a multitude of spectral 
terms T characteristic of the element. 

This fundamental combination law obviously defied ordinary mechanical 
interpretation, and it is interesting to recall how in this connection Lord Rayleigh 
had pertinently stressed that any general relationship between the frequencies 
of the normal modes of vibration of a mechanical model would be quadratic 
and not linear in these frequencies. For the Rutherford atom we should not 
even expect a line spectrum since, according to ordinary electrodynamics, the 
frequencies of radiation accompanying the electronic motion would change 
continuously with the energy emitted. It was therefore natural to attempt to 
base the explanation of spectra directly on the combination law. 

In fact, accepting Einstein’s idea of light quanta or photons with energy hv, 
where h is Planck’s constant, one was led to assume that any emission or 
absorption of radiation by the atom is an individual process accompanied by an 
energy transfer h (T’—T7"), and to interpret hT as the binding energy of the 
electrons in some stable, or so-called stationary, state of the atom. In particular, 
this assumption offered an immediate explanation of the apparently capricious 
appearance of emission and absorption lines in series spectra. Thus, in emission 
processes we witness the transition of the atom from a higher to a lower energy 
level, whereas in the absorption processes we have in general to do with a transfer 
of the atom from the ground state, with the lowest energy, to one of its excited 
states. 

In the simplest case of the hydrogen spectrum, the terms are with great 
accuracy given by 7, = R/n, where n is an integer and R the Rydberg constant. 
Thus, the interpretation indicated led to a sequence of decreasing values for the 
binding energy of the electron in the hydrogen atom, pointing to a steplike process 
by which the electron, originally at a large distance from the nucleus, passes by 
radiative transitions to stationary states of firmer and firmer binding, characterized 
by lower and lower n-values, until the ground state, specified by n= 1, is reached. 
Moreover, a comparison of the binding energy in this state with that of an electron 
moving in a Keplerian orbit around the nucleus yielded orbital dimensions 
of the same order as the atomic sizes derived from the properties of gases. 

On the basis of the Rutherford atomic model, this view also immediately 
suggested an explanation of the appearance of the Rydberg constant in the more 
complex spectra of other elements. Thus it was concluded that we were here 
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faced with transition processes involving excited states of the atom, in which one of 
the electrons had been brought outside the region occupied by the other electrons 
bound to the nucleus, and therefore exposed to a field of force resembling that 
surrounding a unit charge. 

The tracing of a closer relation between the Rutherford atomic model and the 
spectral evidence obviously presented intricate problems. On the one hand, 
the very definition of the charge and mass of the electron and the nucleus rested 
entirely on an analysis of physical phenomena in terms of the principles of 
classical mechanics and electromagnetism. On the other hand, the so-called 
quantum postulate, stating that any change of the intrinsic energy of the atom 
consists in a complete transition between two stationary states, excluded the 
possibility of accounting on classical principles for the radiative processes or 
any other reaction involving the stability of the atom. 

As we know today, the solution of such problems demanded the development 
of a mathematical formalism, the proper interpretation of which implied a radical 
revision of the foundation for the unambiguous use of elementary physical 
concepts and the recognition of complementary relationships between phenomena 
observed under different experimental conditions. Still, at that time, some 
progress could be made by utilizing classical physical pictures for the classification 
of stationary states based on Planck’s original assumptions on the energy states of 
a harmonic oscillator. In particular, a starting point was offered by the closer 
comparison between an oscillator of given frequency and the Keplerian motion of 
an electron around a nucleus, with a frequency of revolution depending on the 
binding energy. 

In fact, just as in the case of a harmonic oscillator, a simple calculation showed 
that, for each of the stationary states of the hydrogen atom, the action integrated 
over an orbital period of the electron could be identified with nk, a condition 
which in the case of circular orbits is equivalent to a quantization of the angular 
momentum in units //27. Such identification involved a fixation of the Rydberg 
constant in terms of the charge e and mass mof the electron and Planck’s constant, 
according to the formula 


277?me* 
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which was found to agree with the empirical value within the accuracy of the 
available measurements of e, m and h. 

Although this agreement offered an indication of the scope for the use of 
mechanical models in picturing stationary states, of course the difficulties involved 
in any combination of quantum ideas and the principles of ordinary mechanics 
remained. It was therefore most reassuring to find that the whole approach to 
the spectral problems fulfilled the obvious demand of embracing the classical 
physical description in the limit where the action involved is sufficiently large to 
permit the neglect of the individual quantum. Such considerations presented 
indeed the first indication of the so-called correspondence principle expressing 
the aim of representing the essentially statistical account of quantum physics 
as a rational generalization of the classical physical description. 

Thus, in ordinary electrodynamics, the composition of the radiation emitted 
from an electron system should be determined by the frequencies and amplitudes 
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of the harmonic oscillations into which the motion of the system can be resolved. 
Of course no such simple relation holds between the Keplerian motion of an 
electron around a heavy nucleus and the radiation emitted by transitions between 
the stationary states of the system. However, in the limiting case of transitions 
between states for which the values of the quantum number z are large compared 
with their difference, it could be shown that the frequencies of the components of 
the radiation, appearing as the result of the random individual transition processes, 
coincide asymptotically with those of the harmonic components of the electron 
motion. Moreover, the fact that in a Keplerian orbit, in contrast to a simple 
harmonic oscillation, there appears not only the frequency of revolution but also 
higher harmonics, offered the possibility of tracing a classical analogy as regards 
the unrestricted combination of the terms in the hydrogen spectrum. 

Still, the unambiguous demonstration of the relation between the Rutherford 
atomic model and the spectral evidence was for a time hindered by a peculiar 
circumstance. Already twenty years before, Pickering had observed in the spectra 
of distant stars a series of lines with wavelengths exhibiting a close numerical 
relationship with the ordinary hydrogen spectrum. These lines were therefore 
generally ascribed to hydrogen and were even thought by Rydberg to remove the 
apparent contrast between the simplicity of the hydrogen spectrum and the 
complexity of the spectra of other elements including those of the alkalis, whose 
structure comes nearest to the hydrogen spectrum. This view was also upheld by 
the eminent spectroscopist A. Fowler, who just at that time in laboratory experi- 
ments with discharges through a mixture of hydrogen and helium gas had observed 
the Pickering lines and new related spectral series. 

However, the Pickering and Fowler lines could not be included in the Rydberg 
formula for the hydrogen spectrum, unless the number in the expression for the 
spectral terms were allowed to take half integrals as well as integral values; but 
this assumption would evidently destroy the asymptotic approach to the classical 
relationship between energy and spectral frequencies. On the other hand, such 
correspondence would hold for the spectrum of a system consisting of an electron 
bound to a nucleus of charge Ze, whose stationary states are determined by the 
same value nh of the action integral. Indeed, the spectral terms for such a 
system would be given by Z?R/n?, which for Z=2 yields the same result as the 
introduction of half-integral values of m in the Rydberg formula. ‘Thus, it 
was natural to ascribe the Pickering and Fowler lines to helium ionized by the 
high thermal agitation in the stars and in the strong discharges used by Fowler. 
Indeed, if this conclusion were confirmed, a first step would have been made 
towards the establishment of quantitative relationships between the properties 
of different elements on the basis of the Rutherford model. 


Ill f 
When in March 1913 I wrote to Rutherford, enclosing a draft of my first 
paper on the quantum theory of atomic constitution, I stressed the importance of 
settling the question of the origin of the Pickering lines and took the opportunity 
of asking whether experiments to that purpose could be performed in his labo- 
ratory, where from Schuster’s days appropriate spectroscopic apparatus were 
available. I received a prompt answer, so characteristic of Rutherford’s acute 

scientific judgment and helpful human attitude, that I shall quote it in full: 
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March 20, 1913. 
Dear Dr. Bohr, 


I have received your paper safely and read it with great interest, but I want 
to look over it again carefully when I have more leisure. Your ideas as to the mode 
of origin of spectrum and hydrogen are very ingenious and seem to work out well; 
but the mixture of Planck’s ideas with the old mechanics make it very difficult 
to form a physical idea of what is the basis of it. There appears to me one grave 
difficulty in your hypothesis, which I have no. doubt you fully realise, namely, 
how does an electron decide what frequency it is going to vibrate at when it passes 
from one stationary state to the other? It seems to me that you would have to 
assume that the electron knows beforehand where it is going to stop. 

There is one criticism of minor character which I would make in the arrangement 
of the paper. I think in your endeavour to be clear you have a tendency to make 
your papers much too long, and a tendency to repeat your statements in different 
parts of the paper. I think that your paper really ought to be cut down, and I think 
this could be done without sacrificing anything to clearness. I do not know if you 
appreciate the fact that long papers have a way of frightening readers, who feel 
that they have not time to dip into them. 

I will go over your paper very carefully and let you know what I think about 
the details. I shall be quite pleased to send it to the Pvil. Mag. but I would be 
happier if its volume could be cut down to a fair amount. In any case I will make 
any corrections in English that are necessary. 

I shall be very pleased to see your later papers, but please take to heart my 
advice, and try to make them as brief as possible consistent with clearness. I am 
glad to hear that you are coming over to England later and we shall be very glad 
to see you when you come to Manchester. 

By the way, I was much interested in your speculations in regard to Fowler’s. 
spectrum. I mentioned the matter to Evans here, who told me that he was much 
interested in it, and I think it quite possible that he may try some experiments 
on the matter when he comes back next term. General work goes well, but I am 
held up momentarily by finding that the mass of the a-particle comes out rather 
bigger than it ought to be. If correct it is such an important conclusion that 
I cannot publish it until I am certain of my accuracy at every point. The 
experiments take a good deal of time and have to be done with great accuracy. 


Yours very sincerely, 
E. RUTHERFORD. 


P.S. I suppose you have no objection to my using my judgment to cut out any 
matter I may consider unnecessary in your paper? Please reply. 


Rutherford’s first remark was certainly very pertinent, touching on a point 
which was to become a central issue in the subsequent prolonged discussions. 
My own views at that time, as expressed in a lecture at a meeting of the Danish 
Physical Society in October 1913, were that just the radical departure from the 
accustomed demands on physical explanation involved in the quantum postulate 
should of itself leave sufficient scope for the possibility of achieving in due course 
the incorporation of the new assumptions in a logically consistent scheme. 
In connection with Rutherford’s remark, it is of special interest to recall that 
Einstein, in his famous paper of 1917 on the derivation of Planck’s formula 
for temperature radiation, took the same starting point as regards the origin 
of spectra, and pointed to the analogy between the statistical laws governing the 
occurrence of spontaneous radiation processes and the fundamental law of 
radioactive decay, formulated by Rutherford and Soddy already in 1903. Indeed, 
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this law, which allowed them at one stroke to disentangle the multifarious pheno- 
mena of natural radioactivity then known, also proved the clue to the understand- 
ing of the later observed peculiar branching in spontaneous decay processes. 

The second point raised with such emphasis in Rutherford’s letter brought me 
into a quite embarrassing situation. In fact, a few days before receiving his answer, 
I had sent Rutherford a considerably extended version of the earlier manuscript, 
the additions especially concerning the relation between emission and absorption 
spectra and the asymptotic correspondence with the classical physical theories. I 
therefore felt the only way to straighten matters was to go at once to Manchester 
and talk it all over with Rutherford himself. Although Rutherford was as busy 
as ever, he showed an almost angelic patience with me, and after discussions 
through several long evenings during which he declared he had never thought I 
should prove so obstinate, he consented to leave all the old and new points in the 
final paper. Surely, both style and language were essentially improved by 
Rutherford’s help and advice, and I have often had occasion to think how right 
he was in objecting to the rather complicated presentation and especially to the 
many repetitions caused by reference to previous literature. This Rutherford 
Memorial Lecture has therefore offered a welcome opportunity to give a more 
concise account of the actual development of the arguments in those years. 

During the following months, the discussion about the origin of the spectral 
lines ascribed to helium ions took a dramatic turn. In the first place, Evans was 
able to produce the Fowler lines in discharges through helium of extreme purity, 
not showing any trace of the ordinary hydrogen lines. Still, Fowler was not yet 
convinced and stressed the spurious manner in which spectra may appear in gas 
mixtures. Above all he noted that his accurate measurements of the wavelengths 
of the Pickering lines did not exactly coincide with those calculated from my 
formula with Z=2. An answer to the last point was, however, easily found, since 
it was evident that the mass m in the expression for the Rydberg constant had to be 
taken not as the mass of a free electron but as the so-called reduced mass 
mM (m+ M)~, where M is the mass of the nucleus. Indeed, taking this correc- 
tion into account, the predicted relationship between the spectra of hydrogen and 
ionized helium was in complete agreement with all the measurements. This 
result was at once welcomed by Fowler who took the opportunity of pointing out 
that also in the spectra of other elements series were observed in which the ordinary 
Rydberg constant had to be multiplied by a number close to four. Such series 
spectra, which are generally referred to as spark spectra, could now be recognized 
as originating from excited ions in contrast to the so-called arc spectra due to 
excited neutral atoms. 

Continued spectroscopical investigations ‘were in the following years to reveal 
many spectra of atoms, from which not only one but even several electrons were 
removed. In particular, the well-known investigations of Bowen led to _the 
recognition that the origin of the nebular spectra discussed by Nicholson had to 
be sought not in new hypothetical elements, but in atoms of oxygen and nitrogen 
in a highly ionized state. Eventually, the prospect arose of arriving, by analysis 
of the processes by which the electrons one by one are bound to the nucleus, at a 
survey of the binding of every electron in the ground state of the Rutherford 
atom. In 1913, of course, the experimental evidence was still far too scarce, and 
the theoretical methods for classification of stationary states were not yet 
sufficiently developed to cope with so ambitious a task. 
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IV 


In the meantime, the work on the electronic constitution of the atom gradually 
proceeded, and soon again I permitted myself to ask Rutherford for help and 
advice. Thus, in June 1913 I went to Manchester with a second paper which, 
besides a continued discussion of the radioactive displacement law and the origin 
of the Barkla radiation, dealt with the ground state of atoms containing several 
electrons. As regards this problem, I tried tentatively to arrange the electron 
orbits in closed rings resembling the shell structure originally introduced by 
J. J. Thomson in his early attempt to account by his atomic model for the 
periodicity features in Mendeleev’s table of the elements. 

In Rutherford’s laboratory, I met on that occasion Hevesy and Paneth, who 
told me of the success of the first systematic investigations by the tracer method of 
the solubility of lead sulphide and chromate, which at the beginning of that year 
they had carried out together in Vienna. In every way, these repeated visits 
to Manchester were a great stimulation and gave me the welcome opportunity to 
keep abreast of the work in the laboratory. At that time, assisted by Robinson, 
Rutherford was busily engaged in the analysis of B-ray emission and in cooperation 
with Andrade studied y-ray spectra. Moreover, Darwin and Moseley were 
then intensely occupied with refined theoretical and experimental investigations 
on the diffraction of x-rays in crystals. 

A special opportunity to see Rutherford again soon arose in connection with the 
meeting of the British Association for the Advancement of Science in Birmingham 
in September 1913. At the meeting, attended by Madame Curie, there was in 
particular a general discussion about the problem of radiation with the participation 
of such authorities as Rayleigh, Larmor and Lorentz, and especially Jeans who 
gave an introductory survey of the application of quantum theory to the problem 
of atomic constitution. His lucid exposition was, in fact, the first public expres- 
sion of serious interest in considerations which outside the Manchester group were 
generally received with much scepticism. 

An incident which amused Rutherford and us all was the remark of Lord 
Rayleigh in response to a solemn request by Sir Joseph Larmor to express his 
opinion on the latest developments. The prompt reply from the great veteran, 
who in earlier years had contributed so decisively to the elucidation of radiation 
problems, was: ‘‘ In my young days I took many views very strongly and among 
them that a man who has passed his sixtieth year ought not to express himself 
about modern ideas. Although I must confess that today I do not take this view 
quite so strongly, I keep it strongly enough not to take part in this discussion!’ 

On my visit to Manchester in June I had discussed with Darwin and Moseley 
the question of the proper sequence for the arrangement of the elements according 
to their atomic number, and learned then for the first time about Moseley’s plans 
to settle this problem by systematic measurements of the high-frequency spectra 
of the elements by the Laue-Bragg method. With Moseley’s extraordinary 
energy and gifts of purposeful experimentation, his work developed astonishingly 
quickly, and already in November 1913 I received a most interesting letter from 
him with an account of his important results and with some questions regarding 
their interpretation on the lines which had proved applicable to the optical spectra. 

In modern history of physics and chemistry, few events have from the outset 
attracted such general interest as Moseley’s discovery of the simple laws allowing 
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an unambiguous assignment of the atomic number to any element from its high- 
frequency spectrum. Not only was the decisive support of the Rutherford 
atomic model immediately recognized, but also the intuition which had led 
Mendeleev at certain places in his table to depart from the sequence of increasing 
atomic weights was strikingly brought out. In particular, it was evident that 
Moseley’s laws offered an unerring guide in the search for as yet undiscovered 
elements fitting into vacant places in the series of atomic numbers. 

Also as regards the problem of the configuration of the electrons in the atom, 
Moseley’s work was to initiate important progress. Certainly, the predominance, 
in the innermost part of the atom, of the attraction exerted by thé nucleus on the 
individual electrons over their mutual repulsion afforded the basis for an under- 
standing of the striking similarity between Moseley’s spectra and those to be 
expected for a system consisting of a single electron bound to the bare nucleus. 
The closer comparison, however, brought new information pertaining to the 
shell structure of the electronic constitution of the atoms. 

An important contribution to this problem was soon after given by Kossel 
who, as the origin of the K, L and M types of Barkla radiation, pointed to the 
removal of an electron from one of the sequence of rings or shells surrounding the 
nucleus. In particular he ascribed the Kx and KB components of Moseley’s 
spectra to individual transition processes by which the electron lacking in the 
K-shell is replaced by one of the electrons in the L- and M-shells, respectively. 
Proceeding in this way, Kossel was able to trace further relationships between 
Moseley’s measurements of the spectral frequencies which permitted him to 
represent the whole high-frequency spectrum of an element as a combination 
scheme in which the product of any of the terms and Planck’s constant was to be 
identified with the energy required to remove an electron from a shell in the atom 
to a distance from the nucleus beyond all the shells. 

In addition, Kossel’s views offered an explanation of the fact that the absorption 
of penetrating radiation of increasing wavelength practically begins with an 
absorption edge representing the complete removal in one step of an electron of 
the respective shell. The absence of intermediate excited states was assumed to 
be due to the full occupation of all shells in the ground state of the atom. As is 
well known, this view eventually found its final expression through Pauli’s 
formulation in 1924 of the general exclusion principle for electron binding states, 
inspired by Stoner’s derivation of finer details of the shell structure of the 
Rutherford atom from an analysis of the regularities of the optical spectra. 


Vv 


In the autumn of 1913, another stir among physicists was created by Stark’s 
discovery of the surprisingly large effect of electric fields on the structure of the 
lines in the hydrogen spectrum. With his vigilant attention to all progress in 
physical science, Rutherford, when he had received Stark’s paper from the 
Prussian Academy, at once wrote to me: ‘‘I think it is rather up to you at the 
present time to write something on the Zeeman and electric effects, if it is possible 
to reconcile them with your theory.’’ Responding to Rutherford’s challenge, I 
tried to look into the matter, and it was soon clear to me that in the effects 
of electric and magnetic fields we had to do with two very different problems. 

The essence of Lorentz’ and Larmor’s interpretations of Zeeman’s famous 
discovery in 1896 was that it pointed directly to electron motions as the origin of 
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line spectra in a way largely independent of special assumptions about the binding 
mechanism of the electrons in the atom. Even if the origin of the spectra is 
assigned to individual transitions between stationary states, the correspondence 
principle thus led one, in view of Larmor’s general theorem, to expect a normal 
Zeeman effect for all spectral lines emitted by electrons bound in a field of central 
symmetry, as in the Rutherford atom. Rather did the appearance of so-called 
anomalous Zeeman effects present new puzzles which could only be overcome 
more than ten years later when the complex structure of the lines in series spectra 
was traced to an intrinsic electron spin. A most interesting historical account of 
this development, to which important contributions were given from various sides, 
can be found in the well-known volume recently published in memory of Pauli. 

In the case of an electric field, however, no effect proportional to its intensity 
was to be expected for the radiation emitted by a harmonic oscillator, and 
Stark’s discovery therefore definitely excluded the conventional idea of elastic 
vibrations of electrons as the origin of line spectra. Still, for a Keplerian motion 
of the electron around the nucleus even a comparatively weak external electric 
field will through secular perturbations produce considerable changes in the 
shape and orientation of the orbit. By the study of particular cases in which the 
orbit remains purely periodic in the external field it was possible, by arguments 
of the same type as those applied to the stationary states of the undisturbed 
hydrogen atom, to deduce the order of magnitude of the Stark effect and especially 
to explain its rapid rise from line to line within the hydrogen spectral series. Yet, 
these considerations clearly showed that, for an explanation of the finer details 
of the phenomenon, the methods for a classification of stationary states of atomic 
systems were not sufficiently developed. 

In just this respect a great advance was achieved in the following years by the 
introduction of quantum numbers specifying components of angular momenta 
and other action integrals. Such methods were first suggested by W. Wilson 
in 1915 who applied them to electron orbits in the hydrogen atom. However, 
owing to the circumstance that on Newtonian mechanics every orbit in this case 
is simply periodic with a frequency of revolution depending only on the total 
energy of the system, no physical effects were disclosed. Still, the velocity 
dependence of the electron mass, predicted by the new mechanics of Einstein, 
removes the degeneracy of the motion and introduces a second period in its 
harmonic components through a continual slow progression of the aphelion of 
the Keplerian orbit. In fact, as was shown in Sommerfeld’s famous paper of 
1916, the separate quantization of the angular momentum and of the action in the 
radial motion permitted a detailed interpretation of the observed fine structure of 
the lines in the spectra of the hydrogen atom and helium ion. 

Moreover, the effect of magnetic and electric fields on the hydrogen spectrum 
was treated by Sommerfeld and Epstein who by a masterly application of the 
methods for quantization of multiperiodic systems were able, in complete accord- 
ance with observations, to derive the spectral terms by the combination of which 
the resolution of the hydrogen lines appears. The compatibility of such methods 
with the principle of adiabatic invariance of stationary states, which Ehrenfest 

‘had formulated in 1914 in order to meet thermodynamical requirements, was 
secured by the circumstance that the action integrals to which the quantum num- 
bers refer according to classical mechanics are not modified by a variation of the 
external field slow compared with the characteristic periods of the system. 
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Further evidence of the fruitfulness of the approach was derived from the 
application of the correspondence principle to the radiation emitted by multi- 
periodic systems, permitting qualitative conclusions regarding the relative prob- 
abilities for the different transition processes. These considerations were not 
least confirmed by Kramers’ explanation of the apparently capricious variations 
in the intensities of the Stark effect components of the hydrogen lines. It was 
even found possible to account by the correspondence argument for the absence 
of certain types of transitions in other atoms, beyond those which, as pointed out 
by Rubinowicz, could be excluded by the conservation laws for energy and 
angular momentum applied to the reaction between the atom and the radiation. 

With the help of the rapidly increasing experimental evidence about the 
structure of complicated optical spectra, as well as the methodical search for finer 
regularities in the high-frequency spectra by Siegbahn and his collaborators, the 
classification of the binding states in atoms containing several electrons con- 
tinually advanced. In particular, the study of the way in which the ground 
states of the atoms could be built up by the successive bindings of the electrons to 
the nucleus led to a gradual elucidation of the shell structure of the electronic 
configuration in the atom. Thus, although such essential elements of the 
explanation as the electron spin were still unknown, it became in fact possible 
within about ten years of Rutherford’s discovery of the atomic nucleus to achieve 
a summary interpretation of many of the most striking periodicity features of 
Mendeleev’s table. 

The whole approach, however, was still of largely semi-empirical character, 
and it was soon to become clear that, for an exhaustive account of the physical 
and chemical properties of the elements, a radically new departure from classical 
mechanics was needed in order to incorporate the quantum postulate in a logically 
consistent scheme. ‘To this well-known development we shall have occasion to 


return, but I shall first proceed with the account of my reminiscences of 
Rutherford. 


VI 


The outbreak of the first world war brought about an almost complete dis- 
solution of the Manchester group, but I was lucky to remain in close contact with 
Rutherford who in the spring of 1914 had invited me to succeed Darwin in the 
Schuster Readership of Mathematical Physics. On our arrival in Manchester 
in early autumn, after a stormy voyage round Scotland, my wife and I were most 
kindly received by the few of our old friends who remained in the laboratory after 
the departure of colleagues from abroad and the participation in military duties 
by most of the British. Rutherford and his-wife were at that time still in America 
on their way back from a visit to their relatives in New Zealand, and it goes without 
saying that their safe return to Manchester some weeks later was greeted by all 
of us with great relief and joy. 

Rutherford was himself soon drawn into military projects, especially con- 
cerning the development of methods of sound tracing of submarines, and teaching 
the students was almost entirely left to Evans, Makower and me. Still, 
Rutherford found time to continue his own pioneer work, which already before 
the end of the war was to give such great results, and showed the same warm 
interest as ever in the endeavours of his collaborators. As regards the problem 
of atomic constitution, a new impulse was given by the publication in 1914 of the 
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famous experiments by Franck and Hertz on the excitation of atoms by electron 
impact. 

On the one hand, these experiments, carried out with mercury vapour, gave 
most conspicuous evidence of the stepwise energy transfer in atomic processes; 
on the other hand, the value of the ionization energy of mercury atoms apparently 
indicated by the experiments was less than half of that to be expected from 
the interpretation of the mercury spectrum. One was therefore led to suspect 
that the ionization observed was not directly related to the electronic collisions 
but was due to an accompanying photoeffect on the electrodes, produced 
by the radiation emitted by the mercury atoms on their return from the first 
excited state to the ground state. Encouraged by Rutherford, Makower and I 
planned experiments to investigate this point, and an intricate quartz apparatus 
with various electrodes and grids was constructed with the help of the competent 
German glass blower in the laboratory, who in the earlier days had made the fine 
a-ray tubes for Rutherford’s investigations on the formation of helium. 

With his liberal human attitude, Rutherford had tried to obtain permission 
for the glass blower to continue his work in England in the war time, but the 
man’s temper, not uncommon for artisans in his field, and releasing itself 
in violent super-patriotic utterances, eventually led to his internment by the 
British authorities. Thus when our fine apparatus was ruined by an accident in 
which its support caught fire, there was no help to reconstruct it, and when also 
Makower shortly afterwards volunteered for military service, the experiments 
were given up. I need hardly add that the problem was solved with the expected 
result quite independently by the brilliant investigations of Davis and Gauthier 
in New York in 1918, and I have only mentioned our fruitless attempts as an 
indication of the kind of difficulties with which work in the Manchester laboratory 
was faced in those days, and which were very similar to those the ladies had to 
cope with in their households. 

Still, Rutherford’s never failing optimism exerted a most encouraging in- 
fluence on his surroundings, and I remember how at the time of a serious set-back 
in the war, Rutherford quoted the old utterance ascribed to Napoleon about the 
impossibility of fighting the British because they were too stupid to understand 
when they had lost. To me, it was also a most pleasant and enlightening experi- 
ence to be admitted to the monthly discussions among a group of Rutherford’s 
personal friends including Alexander, the philosopher, the historian Tout, the 
anthropologist Elliot Smith, and Chaim Weizmann, the chemist who thirty years 
later was to become the first president of Israel and for whose distinctive personality 
Rutherford had great esteem. 

A terrible shock to us all was the tragic message in 1915 of Moseley’s un- 
timely death in the Gallipoli campaign, deplored so deeply by the community of 
physicists all over the world, and which not least Rutherford, who had endeavoured 
to get Moseley transferred from the front to less dangerous duties, took much to. 
heart. 

In the summer of 1916 my wife and I left Manchester and returned to Denmark 
where I had been appointed to the newly created professorship of theoretical 
physics in the University of Copenhagen. Notwithstanding the ever increasing 
difficulties of postal communication, a steady correspondence with Rutherford 
was kept up. From my side, I reported about the progress with the work on a 
more general representation of the quantum theory of atomic constitution which 
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at that time was further stimulated by the development as regards the classification 
of stationary states, already referred to. In that connection, Rutherford took 
an interest in what news I could give from the continent and in particular of 
my first personal contact with Sommerfeld and Ehrenfest. In his own letters, 
Rutherford also gave a vivid description of how, in spite of the increasing difficulties 
and the pressure of other obligations, he strove to continue his investigations in 
‘various directions. Thus, in the autumn of 1916, Rutherford wrote about his 
intense interest in some surprising results regarding the absorption of hard y-rays 
produced by high voltage tubes which had just then become available. 

In the next years Rutherford was more and more occupied with the possibilities 
of producing nuclear disintegrations by means of fast a-rays and already in a 
letter on 9th December 1917 he writes: ‘‘I occasionally find an odd half day to 
try a few of my own experiments and have got I think results that will ultimately 
prove of great importance. I wish you were here to talk matters over with. I 
am detecting and counting the lighter atoms set in motion by «-particles, and 
the results, I think, throw a good deal of light on the character and distribution 
of forces near the nucleus. I am also trying to break up the atom by this method. 
In one case, the results look promising but a great deal of work will be required to 
make sure. Kay helps me and is now an expert counter.” A year later, 17th 
November 1918, Rutherford in his characteristic manner announced further 
progress: ‘I wish I had you here to discuss the meaning of some of my results 
in collision of nuclei. I have got some rather startling results, I think, but it is 
a heavy and long business getting certain proofs of my deductions. Counting 
weak scintillations is hard on old eyes, but still with the aid of Kay I have got 
through a good deal of work at odd times the past four years.”’ 

In Rutherford’s famous papers in the Philosophical Magazine, 1919, containing 
the account of his fundamental discovery of controlled nuclear disintegrations, 
he refers to the visit to Manchester, in November 1918, of his old collaborator 
Ernest Marsden who at the Armistice had got leave from military service in 
France. With his great experience of scintillation experiments from the old 
Manchester days when, in collaboration with Geiger, he performed the experi- 
ments which led Rutherford to his discovery of the atomic nucleus, Marsden 
helped him to clear up some apparent anomalies in the statistical distribution of 
the high-speed protons released by the bombardment of nitrogen with «-rays. 
From Manchester, Marsden returned to New Zealand to take up his own university 
duties, but kept in close contact with Rutherford through the years. 

In July 1919, when after the Armistice travelling was again possible, I went 
to Manchester to see Rutherford and learned in more detail about his great new 
discovery of controlled, or so-called artificial, nuclear transmutations, by which 
he gave birth to what he liked to call ‘modern Alchemy ’, and which in the course 
of time was to give rise to such tremendous consequences as regards man’s 
mastery of the forces of nature. Rutherford was at that time almost alone in the 
laboratory, and as told in his letters, the only help in his fundamental researches, 
apart from Marsden’s short visit, was his faithful assistant William Kay, who by 
his kindness and helpfulness through the years had endeared himself to everyone 
in the laboratory. During my visit Rutherford also spoke about the great decision 
he had had to make in response to the offer of the Cavendish professorship in 
Cambridge left vacant by the retirement of J. J. Thomson. Certainly, it had not 
been easy for Rutherford to decide to leave Manchester after the many rich years 
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there, but of course he had to follow the call to succeed the unique series of 
Cavendish professors. 


VIL 


From the beginning, Rutherford gathered around him in the Cavendish 
Laboratory a large and brilliant group of research workers. A most notable figure 
was Aston who through many years had worked with J. J. Thomson and already 
during the wartime had started the development of mass spectroscopic methods 
which was to lead to the demonstration of the existence of isotopes of almost 
every element. ‘This discovery, which gave such a convincing confirmation of 
Rutherford’s atomic model, was not entirely unexpected. Already in the early 
Manchester days, it was understood that the apparent irregularities in the sequence 
of the atomic weights of the elements when they were ordered according to their 
chemical properties suggested that, even for the stable elements, the nuclear 
charge could not be expected to have a unique relation to the nuclear mass. In 
letters to me in January and February 1920, Rutherford expressed his joy in 
Aston’s work, particularly about the chlorine isotopes which so clearly illustrated 
the statistical character of the deviations of chemical atomic weights from integral 
values. He also commented humorously on the lively disputes in the Cavendish 
Laboratory about the relative merits of different atomic models to which Aston’s 
discovery gave rise. 

It was a great help in the continuation of Rutherford’s own pioneering work 
on the constitution and disintegrations of atomic nuclei as well as in the manage- 
ment of the great laboratory, that from the very beginning he was joined by James 
Chadwick from the old Manchester group, who returned from a long detention 
in Germany where at the outbreak of the war he had been working in Berlin with 
Geiger. Among Rutherford’s collaborators in the early Cambridge years were 
also Blackett and Ellis, both coming from a career in the defence services, Ellis 
having been initiated to physics by Chadwick during their comradeship under 
German imprisonment. A further asset to the group at the Cavendish was the 
arrival, a few years later, of Kapitza, who brought with him ingenious projects, 
in particular for the production of magnetic fields of hitherto unheard-of in- 
tensities. In this work he was from the start assisted by John Cockcroft, who 
with his singular combination of scientific and technological insight was to 
become such a prominent collaborator of Rutherford. 

At the beginning, Charles Darwin, whose mathematical insight had been so 
helpful in the Manchester years, shared with Ralph Fowler responsibility for the 
theoretical part of the activities at the Cavendish. In collaboration, they made at 
that time important contributions to statistical thermodynamics and its application 
-o astrophysical problems. After Darwin’s departure for Edinburgh, the 
srincipal theoretical adviser and teacher in Cambridge right up to the second 
world war was Fowler, who had become Rutherford’s son-in-law. Not only did 
Fowler with enthusiastic vigour participate in the work at the Cavendish, but he 
uso soon found numerous gifted pupils who benefitted from his inspiration. 
Foremost among these were Lennard-Jones and Hartree who both contributed, 
-ach along his own line, to the development of atomic and molecular physics, and 
especially Dirac, who from his early youth distinguished himself by his unique 
ogical power. 
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Ever since I left Manchester in 1916, I had of course tried to use the experience 
gained in Rutherford’s laboratory and it is with gratitude that I recall how 
Rutherford from the very outset most kindly and effectively supported my 
endeavours in Copenhagen to create an institute to promote intimate collabo- 
ration between theoretical and experimental physicists. It was a special 
encouragement that already in the autumn of 1920, when the Institute building 
was nearing completion, Rutherford found time to visit us in Copenhagen. As 
a token of appreciation, the University conferred upon him an honorary degree, 
and on that occasion he gave a most stimulating and humorous address which 
was long remembered by all present. 

For the work in the new Institute it was of great benefit that we were joined 
shortly after the war by my old friend from the Manchester days, George Hevesy, 
who during the more than twenty years he worked in Copenhagen carried out 
many of his famous physico-chemical and biological researches, based on the 
isotopic tracer method. A special event, in which Rutherford took great interest, 
was the application of Moseley’s method by Coster and Hevesy in 1922 to the 
successful search for the missing element now called hafnium, the properties of 
which gave strong additional support to the interpretation of the periodic system 
of the elements. An auspicious start was given to the general experimental work 
by a visit, at the opening of the laboratory, of James Franck, who during the follow- 
ing months most kindly instructed the Danish collaborators in the refined tech- 
nique of excitation of atomic spectra by electron bombardment which he had so 
ingeniously developed together with Gustav Hertz. ‘The first among the many 
distinguished theoretical physicists who stayed with us for a longer period was 
Hans Kramers who as a quite young man came to Copenhagen during the war 
and proved to be such an invaluable asset to our group during the ten years he 
worked with us until, in 1926, he left his position as lecturer in the Institute to 
take over a professorship in Utrecht. Shortly after Kramers’ arrival in 
Copenhagen came two promising young men, Oscar Klein from Sweden and 
Svein Rosseland from Norway, who already in 1920 made their names known by 
pointing to the so-called collisions of the second kind, in which atoms are trans- 
ferred by electron bombardment from a higher to a lower stationary state with gain 
of velocity for the electron. Indeed, the occurrence of such processes is decisive 
for ensuring thermal equilibrium in a way analogous to the induced radiative 

.transitions which played an essential role in Einstein’s derivation of Planck’s 
formula for temperature radiation. ‘The consideration of collisions of the second 
kind proved particularly important for the elucidation of the radiative properties 
of stellar atmospheres, to which at that time Saha, working in Cambridge with 
Fowler, made such fundamental contributions. 

The group at the Copenhagen Institute was joined in 1922 by Pauli, and twa 
years later by Heisenberg, both pupils of Sommerfeld, and who, young as 
they were, had already accomplished most brilliant work. I had made their 
acquaintance and formed a deep impression of their extraordinary talent in the 
summer of 1922 during a lecturing visit to G6ttingen, which initiated a long and 
fruitful cooperation between the group working there under the leadership of 
Born and Franck, and the Copenhagen group. From the early days our close 
connection with the great centre in Cambridge was maintained especially by 
longer visits to Copenhagen of Darwin, Dirac, Fowler, Hartree, Mott, and others, 
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VIII 


Those years, when a unique cooperation of a whole generation of theoretical 
physicists from many countries created step by step a logically consistent general- 
ization of classical mechanics and electromagnetism, have sometimes been 
described as the ‘heroic’ era in quantum physics. ‘To everyone following this 
development, it was an unforgettable experience to witness how, through the 
combination of different lines of approach and the introduction of appropriate 
mathematical methods, a new outlook emerged regarding the comprehension of 
physical experience. Many obstacles had to be overcome before this goal was 
reached, and time and again decisive progress was achieved by some of the 
youngest among us. 

The common starting point was the recognition that, notwithstanding the 
great help which the use of mechanical pictures had temporarily offered for the 
lassification of stationary states of atoms in isolation or exposed to constant 
sxternal forces, it was clear, as already mentioned, that a fundamentally new 
leparture was needed. Not only was the difficulty of picturing the electronic 
constitution of chemical compounds on the basis of the Rutherford atomic model 
nore and more evident, but insurmountable difficulties also arose in any attempts 
© account in detail for the complexity of atomic spectra, especially conspicuous 
n the peculiar duplex character of the arc spectrum of helium. 

The first step to a more general formulation of the correspondence principle 
was offered by the problem of optical dispersion. Indeed, the close relation 
yetween the atomic dispersion and the selective absorption of spectral lines so 
eautifully illustrated by the ingenious experiments of R. W. Wood and P. V. 
3evan on the absorption and dispersion in alkali vapours, suggested from the very 
yeginning a correspondence approach. On the basis of Einstein’s formulation 
f the statistical laws for the occurrence of radiation-induced transitions between 
tationary states of an atomic system, Kramers in 1924 succeeded in establishing a 
seneral dispersion formula, involving only the energies of these states and the 
robabilities of spontaneous transitions between them. This theory, further 
leveloped by Kramers and Heisenberg, included even new dispersion effects 
onnected with the appearance, under the influence of the radiation, of possibilities 
or transitions not present in the unperturbed atom, and an analogue to which is 
he Raman effect in molecular spectra. 

Shortly afterwards, an advance of fundamental significance was achieved by 
Teisenberg who in 1925 introduced a most ingenious formalism, in which all use of 

rbital pictures beyond the general asymptotic correspondence was avoided. In 
ais bold conception, the canonical equations of mechanics are retained in their 
lamiltonian form, but the conjugate variables are replaced by operators subject 
) anon-commutative algorism involving Planck’s constant as well as the symbol 
/—1. In fact, by representing the mechanical quantities by hermitian matrices 
ith elements referring to all possible transition processes between stationary 
ates, it proved possible without any arbitrariness to deduce the energies of these 
sates and the probabilities of the associated transition processes. This so-called 
uantum mechanics, to the elaboration of which Born and Jordan as well as Dirac 
om the outset made important contributions, opened the way to a consistent 
atistical treatment of many atomic problems which hitherto were only amenable 
)a semi-empirical approach, 
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For the completion of this great task the emphasis on the formal analog 
between mechanics and optics, originally stressed by Hamilton, proved mos 
helpful and instructive. ‘Thus, pointing to the similar roles played by the quantun 
numbers in the classification of stationary states by means of mechanical pictures 
and by the numbers of nodes in characterizing the possible standing waves i1 
elastic media, L. de Broglie had already in 1924 been led to a comparison betwee 
the behaviour of free material particles and the properties of photons. Especiall: 
illuminating was his demonstration of the identity of the particle velocity with th 
group velocity of a wave-packet built up of components with wavelengths con 
fined to a small interval, and each related to a value of the momentum by Einstein’ 
equation between the momentum of a photon and the corresponding wavelengtl 
of radiation. As is well known, the pertinence of this comparison soon receivet 
a decisive confirmation with the discoveries by Davisson and Germer and by 
George Thomson of selective scattering of electrons in crystals. 

The culminating event of this period was Schrédinger’s establishment in 192¢ 
of a more comprehensive wave mechanics in which the stationary states are con 
ceived as proper solutions of a fundamental wave equation, obtained by regardiny 
the Hamiltonian of a system of electric particles as a differential operator acting 
upon a function of the coordinates which define the configuration of the system 
In the case of the hydrogen atom, not only did this method lead to a remarkably 
simple determination of the energies of the stationary states, but Schrédinge 
also showed that the superposition of any two proper solutions corresponded to 
distribution of electric charge and current in the atom which on classical electro: 
dynamics would give rise to the emission and resonance absorption of a mono: 
chromatic radiation of a frequency coinciding with some line of the hydroger 
spectrum. 

Similarly, Schrodinger was able to explain essential features of the dispersior 
of radiation by atoms by representing the charge and current distribution of the 
atom perturbed by the incident radiation as the effect of a superposition of the 
proper functions defining the manifold of possible stationary states of the un- 
perturbed system. Particularly suggestive was the derivation on such lines of the 
laws of the Compton effect which, in spite of the striking support it gave to Einstein’: 
original photon idea, at first presented obvious difficulties for a correspondence 
treatment, attempting to combine conservation of energy and momentum with ¢ 
division of the process in two separate steps, consisting in an absorption and an 
emission of radiation resembling radiative transitions between the stationary 
states of an atomic system. ; 

‘This recognition of the wide scope of arguments implying the use of a super- 
position principle similar to that of classical electromagnetic field theory, which 
was only implicitly contained in the matrix formulation of quantum mechanics, 
meant a great advance in the treatment of atomic problems. _ Still, it was from the 
beginning obvious that wave mechanics did not point to any less radical 
modification of the classical physical approach than the statistical description 
envisaged by the correspondence principle. Thus, I remember how, on a visit 
of Schrodinger to Copenhagen in 1926, when he gave us a most impressive account 
of his wonderful work, we argued with him that any procedure disregarding the 
individual character of the quantum processes would never account for Planck’s 
fundamental formula of thermal radiation, 
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Notwithstanding the remarkable analogy between essential features of atomic 
processes and classical resonance problems, it must indeed be taken into account 
that in wave mechanics we are dealing with functions which do not generally take 
real values, but demand the essential use of the symbol 4/—1 just as the matrices 
of quantum mechanics. Moreover, when dealing with the constitution of atoms 
with more than one electron, or collisions between atoms and free electric particles, 
the state functions are not represented in ordinary space but in a configuration 
space of as many dimensions as there are degrees of freedom in the total system. 

The essentially statistical character of the physical deductions from wave 
mechanics was eventually clarified by Born’s brilliant treatment of general 
collision problems. 

The equivalence of the physical contents of the two different mathematical 
formalisms was completely elucidated by the transformation theory formulated 
independently by Dirac in Copenhagen and Jordan in Gottingen, which introduced 
in quantum physics possibilities for the change of variables similar to those offered 
by the symmetrical character of the equations of motion in classical dynamics in 
the canonical form given by Hamilton. An analogous situation is met with in the 
formulation of a quantum electrodynamics incorporating the photon concept. 
This aim was first achieved in Dirac’s quantum theory of radiation treating phases 
and amplitudes of the harmonic components of the fields as non-commuting 
variables. After further ingenious contributions by Jordan, Klein and Wigner, 
this formalism found, as is well known, essential completion in the work of 
Heisenberg and Pauli. 

A special illustration of the power and scope of the mathematical methods of 
quantum physics is presented by the peculiar quantum statistics pertaining to 
systems of identical particles where we have to do with a feature as foreign to 
classical physics as the quantum of action itself. Indeed, any problem which calls 
for releyant application of Bose-Einstein or Fermi-Dirac statistics in principle 
excludes pictorial illustration. In particular, this situation left room for the 
proper formulation of the Pauli exclusion principle, which not only gave the 
final elucidation of the periodicity relations in Mendeleev’s table, but in the 
following years proved fertile for the understanding of most of the varied aspects 
of the atomic constitution of matter. 

A fundamental contribution to the clarification of the principles of quantum 
statistics was afforded by Heisenberg’s ingenious explanation in 1926 of the 
duplicity of the helium spectrum. In fact, as he showed, the set of stationary 
states of atoms with two electrons consists of two non-combining groups corre- 
sponding to symmetric and antisymmetric spatial wave functions, respectively 
associated with opposite and parallel orientations of the electron spins. Shortly 
afterwards, Heitler and London succeeded on the same lines in explaining the 
binding mechanism in the hydrogen molecule and thereby opened the way for the 
understanding of homopolar chemical bonds. Even Rutherford’s famous 
formula for the scattering of charged particles by atomic nuclei had, as was shown 
by Mott, to be essentially modified when applied to collisions between identical 
particles like protons and hydrogen nuclei or «-rays and helium nuclei. However, 
in the actual experiments of large angle scattering of fast x-rays by heavy nuclei, 
from which Rutherford drew his fundamental conclusions, we are well within the 
range of validity of classical mechanics. 
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The increasing use of more and more refined mathematical abstractions t 
ensure consistency in the account of atomic phenomena found in 1928 a temporar' 
climax in Dirac’s relativistic quantum theory of the electron. ‘Thus the concep 
of electron spin, to the treatment of which Darwin and Pauli had made importan 
contributions, was harmoniously incorporated in Dirac’s spinor analysis. Abov 
all, however, in connection with the discovery of the positron by Anderson anc 
Blackett, Dirac’s theory prepared the recognition of the existence of antiparticle: 
of equal mass but opposite electric charges and opposite orientations of th 
magnetic moment relative to the spin axis. As is well known, we have here to d 
with a development which in a novel manner has restored and enlarged tha 
isotropy in space and reversibility in time which has been one of the basic ideas 0: 
the classical physical approach. 

The wonderful progress of our knowledge of the atomic constitution of matte 
and of the methods by which such knowledge can be acquired and interrelatec 
has indeed carried us far beyond the scope of the deterministic pictorial descriptior 
brought to such perfection by Newton and Maxwell. Following this development 
at close hand, I have often had occasion to think of the dominating influence ot 
Rutherford’s original discovery of the atomic nucleus, which at every stage 
presented us with so forceful a challenge. 


Ix 


In all the long and rich years during which Rutherford’ worked with untiring 
vigour in the Cavendish, I often came to Cambridge, where on Rutherford’s 
invitation I gave several courses of lectures on theoretical problems including the 
epistemological implications of the development of quantum theory. On such 
occasions it was always a great encouragement to feel the open mind and intense 
interest with which Rutherford followed the progress in the field of research which 
he had himself so largely initiated and the growth of which should carry us so far 
beyond the horizon which limited the outlook at the early stages. 

Indeed, the extensive use of abstract mathematical methods to cope with the 
rapidly increasing evidence about atomic phenomena brought the whole observa- 
tional problem more and more to the foreground. In its roots this problem is as 
old as physical science itself. Thus the philosophers in ancient Greece, who based 
the explanation of the specific properties of substances on the limited divisibility 
of all matter, took it for granted that the coarseness of our sense organs would 
forever prevent the direct observation of individual atoms. In such respect, the 
situation has been radically changed in our days by the construction of amplifica- 
tion devices like cloud chambers and the counter mechanisms originally developed 
by Rutherford and Geiger in connection with their measurements of the numbers 
and charges of «-particles. Still, the exploration of the world of atoms was,as we 
have seen, to reveal inherent limitations in the mode of description embodied in 
common language developed for the orientation in our surroundings and the 
account of events of daily life. 

In words conforming with Rutherford’s whole attitude, one may say that the 
aim of experimentation is to put questions to nature, and of course Rutherford 
owed his success in this task to his intuition in shaping such questions so as to 
permit the most useful answers. In order that the enquiry may augment common 
knowledge it is an obvious demand that the recording of observations as well as the 
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construction and handling of the apparatus, necessary for the definition of the 
experimental conditions, be described in plain language. In actual physical 
research, this demand is amply satisfied with the specification of the experimental 
arrangement through the use of bodies like diaphragms and photographic plates, 
so large and heavy that their manipulation can be accounted for in terms of classical 
physics, although of course the properties of the materials of which the instru- 
ments, as well as our own bodies, are built up depend essentially on the constitution 
and stability of the component atomic systems defying such account. 

The description of ordinary experience presupposes the unrestricted divisi- 
bility of the course of the phenomena in space and time and the linking of all 
steps in an unbroken chain in terms of cause and effect. Ultimately, this 
viewpoint rests on the fineness of our senses which for perception demands an 
interaction with the objects under investigation so small that in ordinary circum- 
stances it is without appreciable influence on the course of events. In the edifice 
of classical physics, this situation finds its idealized expression in the assumption 
that the interaction between the object and the tools of observation can be neglected 
or, at any rate, compensated for. 

The element of wholeness, symbolized by the quantum of action and completely 
foreign to classical physical principles has, however, the consequence that in the 
study of quantum processes any experimental enquiry implies an interaction 
between the atomic object and the measuring tools which, although essential for 
the characterization of the phenomena, evades a separate account if the experi- 
ment is to serve its purpose of yielding unambiguous answers to our questions. 
It is indeed the recognition of this situation which makes the recourse to a 
statistical mode of description imperative as regards the expectations of the 
occurrence of individual quantum effects in one and the same experimental 
arrangement, and which removes any apparent contradiction between phenomena 
observed under mutually exclusive experimental conditions. However con- 
trasting such phenomena may at first sight appear, it must be realized that they 
are complementary in the sense that taken together they exhaust all information 
about the atomic object, which can be expressed in common language without 
ambiguity. 

The notion of complementarity does not imply any renunciation of detailed’ 
analysis limiting the scope of our enquiry, but simply stresses the character of 
objective description, independent of subjective judgment, in any field of 
experience where unambiguous communication essentially involves regard to the 
circumstances in which evidence is obtained. In logical respect, such a situation is 
well known from discussions about psychological and social problems where many 
words have been used in a complementary manner since the very origin of language. 
Of course we are here often dealing with qualities unsuited to the quantitative 
analysis characteristic of so-called exact sciences, whose task, according to the 
programme of Galileo, is to base all description on well-defined measurements. 

Notwithstanding the help which mathematics has always offered for such a 
task, it must be realized that the very definition of mathematical symbols and 

‘operations rests on simple logical use of common language. Indeed, mathematics 
is not to be regarded as a special branch of knowledge based on the accumulation of 
experience, but rather as a refinement of general language, supplementing it with 
appropriate tools to represent relations for which ordinary verbal communication 
is imprecise or too cumbersome. _ Strictly speaking, the mathematical formalism 
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of quantum mechanics and electrodynamics merely offers rules of calculation fot 
the deduction of expectations about observations obtained under well-defined 
experimental conditions specified by classical physical concepts. The ex- 
haustive character of this description depends not only on the freedom, offered 
by the formalism, of choosing these conditions in any conceivable manner, but 
equally on the fact that the very definition of the phenomena under consideration 
for their completion implies an element of irreversibility in the observational 
process emphasizing the fundamentally irreversible character of the concept of 
observation itself. 

Of course all contradictions in the complementary account in quantum 
physics were beforehand excluded by the logical consistency of the mathematical 
scheme upholding every demand of correspondence. _ Still, the recognition of the 
reciprocal latitude for the fixation of any two canonically conjugate variables, 
expressed in the principle of indeterminacy formulated by Heisenberg in 1927, was 
a decisive step towards the elucidation of the measuring problem in quantum 
mechanics. Indeed it became evident that the formal representation of physical 
quantities by non-commuting operators directly reflects the relationship of 
mutual exclusion between the operations by which the respective physical quantities 
are defined and measured. i 

To gain familiarity with this situation, the detailed treatment of a great variety 
of examples of such arguments was needed. Notwithstanding the generalized 
significance of the superposition principle in quantum physics, an important 
guide for the closer study of observational problems was repeatedly found in 
Rayleigh’s classic analysis of the inverse relation between the accuracy of 
image-forming by microscopes and the resolving power of spectroscopic 
instruments. In this connection not least Darwin’s mastery of the methods 
of mathematical physics often proved helpful. 

With all appreciation of Planck’s happy choice of words when introducing the 
concept of a universal ‘quantum of action’, or the suggestive value of the idea 
of ‘intrinsic spin’, it must be realized that such notions merely refer to relation- 
ships between well-defined experimental evidence which cannot be comprehended 
by the classical mode of description. Indeed, the numbers expressing the values 
of the quantum or spin in ordinary physical units do not concern direct measure- 
ments of classically defined actions or angular momenta, but are logically inter- 
pretable only by consistent-use of the mathematical formalism of quantum theory. 
In particular the much discussed impossibility of measuring the magnetic moment 
of a free electron by ordinary magnetometers is directly evident from the fact that 
in Dirac’s theory the spin and magnetic moment do not result from any alteration 
in the basic Hamiltonian equation of motion, but appear as consequences of the 
peculiar non-commutative character of the operator calculus. 

The question of the proper interpretation of the notions of complementarity 
and indeterminacy was not settled without lively disputes, in particular at the 
Solvay meetings of 1927 and 1930. On these occasions, Einstein challenged us 
with his subtle criticism which especially gave the inspiration to a closer analysis 
of the role of the instruments in the measuring process. A crucial point, irre- 
vocably excluding the possibility of reverting to causal pictorial description, 
was the recognition that the scope of unambiguous application of the general 
conservation laws of momentum and energy is inherently limited by the circum- 


stance that any experimental arrangement, allowing the location of atomic 
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objects in space and time, implies a transfer, uncontrollable in principle, of 
momentum and energy to the fixed scales and regulated clocks indispensable for the 
definition of the reference frame. The physical interpretation of the relativistic 
formulation of quantum theory ultimately rests on the possibility of fulfilling 
all relativity exigencies in the account of the handling of the macroscopic 
measuring apparatus. 
This circumstance was especially elucidated in the discussion of the measur- 
ability of electromagnetic field components raised by Landau and Peierls as a 
serious argument against the consistency of quantum field theory. Indeed, a 
detailed investigation in collaboration with Rosenfeld showed that all the pre- 
dictions of the theory in this respect could be fulfilled when due regard was taken 
to the mutual exclusiveness of the fixation of the values of electric and magnetic 
intensities and the specification of the photon composition of the field. An 
analogous situation is met with in positron theory where any arrangement suited 
for measurements of the charge distribution in space necessarily implies uncon- 
trollable creation of electron pairs. 
The typical quantum features of electromagnetic fields do not depend on scale, 
since the two fundamental constants—the velocity of light c and the quantum 
of action h—do not allow of any fixation of quantities of dimensions of a length or 
time interval. Relativistic electron theory, however, involves the charge e and 
mass m of the electron, and essential characteristics of the phenomena are limited 
to spatial extensions of the order h/mc. The fact that this length is still large 
compared with the ‘electron radius’ e¢?/mc?, which limits the unambiguous 
application of the concepts of classical electromagnetic theory, suggests, however, 
that there is still a wide scope for the validity of quantum electrodynamics, even 
though many of its consequences cannot be tested by practical experimental 
arrangements involving measuring instruments sufficiently large to permit the 
neglect of the statistical element in their construction and handling. Such 
difficulties would of course also prevent any direct enquiry into the close inter- 
actions of the fundamental constituents of matter, whose number has been so 
largely increased by recent discoveries, and in the exploration of their relationships 
we must therefore be prepared for a new approach transcending the scope of 
present quantum theory. 
It need hardly be stressed that such problems do not arise in the account of the 
ordinary physical and chemical properties of matter, based on the Rutherford 
atomic model, in the analysis of which use is only made of well-defined character- 
istics of the constituent particles. . Here, the complementary description offers 
indeed the adequate approach to the problem of atomic stability with which we were 
faced from the very beginning. Thus, the interpretation of spectral regularities 
and chemical bonds refers to experimental conditions mutually exclusive of those 
which permit exact control of the position and displacement of the individual 
electrons in the atomic systems. 
| In this connection, it is of decisive importance to realize that the fruitful 
application of structural formulae in chemistry rests solely on the fact that the 
atomic nuclei are so much heavier than the electrons that, in comparison with 
molecular dimensions, the indeterminacy in the position of the nuclei can be 
largely neglected. When we look back on the whole development we recognize 
indeed that the discovery of the concentration of the mass of the atom within a 
region so small compared with its extension has been the clue to the understanding 
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of an immense field of experience embracing the crystalline structure of solids a 
well as the complex molecular systems which carry the genetic characters o 
living organisms. 

As is well known, the methods of quantum theory have also proved decisive 
for the clarification of many problems regarding the constitution and stability of 
the atomic nuclei themselves. T’o some early disclosed aspects of such problems | 
shall have occasion to refer in continuing the account of my reminiscences o! 
Rutherford, but it would be beyond the scope of this Memorial Lecture to attempt 
a detailed account of the rapidly increasing insight in the intrinsic nuclear con- 
stitution, brought about by the work of the present generation of experimental and 
theoretical physicists. This development reminds indeed the elders among us of 
the gradual clarification of the electronic constitution of the atom in the first 
decades after Rutherford’s fundamental discovery. 

xX 

Every physicist is of course acquainted with the imposing series of brilliant 
investigations with which Rutherford to the very end of his life augmented our 
insight into the properties and constitution of atomic nuclei. I shall therefore here 
mention only a few of my remembrances from those years when I often had occa- 
sion to follow the work in the Cavendish Laboratory and learned in talks with 
Rutherford about the trend of his views and the problems occupying him and his 
collaborators. 

With his penetrating intuition, Rutherford was early aware of the strange and 
novel problems presented by the existence and stability of composite nuclei. 
Indeed, already in the Manchester time he had pointed out that any approach to 
these problems demanded the assumption of forces of short range between the 
nuclear constitutents, of a kind essentially different from the electric forces acting 
between charged particles. With the intention of throwing more light on the 
specific nuclear forces, Rutherford and Chadwick, in the first years in Cambridge, 
performed thorough investigations of anomalous scattering of «-rays in close 
nuclear collisions. f 

Although much important new evidence was obtained in these investigations, 
it was more and more felt that, for a broader attack on nuclear problems, the 
natural «-ray sources were not sufficient and that it was desirable to have available 
intense beams of high-energy particles produced by artificial acceleration of ions. 
In spite of Chadwick’s urge to start the construction of an appropriate accelerator, 
Rutherford was during several years reluctant to embark upon such a great and 
expensive enterprise in his laboratory. This attitude is quite understandable 
when one considers the wonderful progress which Rutherford hitherto had 
achieved with the help of very modest experimental equipment. The task of 
competing with natural, radioactive sources must also have appeared quite 
formidable at that time. The outlook, however, was changed by the development 
of quantum theory and its first application to nuclear problems. 

Rutherford himself had as early as 1920 in his second Bakerian Lecture clearly 
pointed out the difficulties of interpreting «-ray emission from nuclei on the basis of 
the simple mechanical ideas, which had proved so helpful in explaining the 
scattering of «-particles by nuclei, since the velocity of the ejected particles was not 
large enough to allow them by reversal to re-enter the nuclei against the electric 
repulsion. However, the possibilities of penetration of particles through 
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potential barriers was soon recognized as a consequence of wave mechanics, and 
in 1928 Gamow, working in Gottingen, as well as Condon and Gurney in Princeton, 
gave on this basis a general explanation of «-decay and even a detailed account of 
the relationship between the lifetime of the nucleus and the kinetic energy of the 
emitted «-particles, in conformity with the empirical regularities found by Geiger 
and Nuttall in the early Manchester days. 

When, in the summer of 1928, Gamow joined us in Copenhagen, he was 
investigating the penetration of charged particles into nuclei by a reverse tunnel 
effect. He had started this work in Gottingen and discussed it with Houtermans 
and Atkinson, with the result that the latter were led to suggest that the source of 
solar energy might be traced to nuclear transmutations induced by impact of 
protons with the great thermal velocities which according to Eddington’s ideas 
were to be expected in the interior of the sun. 

During a brief visit to Cambridge in October 1928, Gamow discussed the 
experimental prospects arising from his theoretical considerations with Cockcroft, 
who by more detailed estimates convinced himself of the possibility of obtaining 
observable effects by bombardment of light nuclei with protons of an energy far 
smaller than that of «-particles from natural radioactive sources. As the result 
appeared promising, Rutherford accepted Cockcroft’s proposal to build a high 
voltage accelerator for such experiments. Work on the construction of the 
apparatus was started by Cockcroft at the end of 1928 and was continued during the 
following year with the collaboration of Walton. ‘The first experiments they 
made with accelerated protons in March 1930, in which they looked for gamma 
rays emitted as a result of the interaction of the protons with the target nuclei, 
gave no result. The apparatus then had to be rebuilt owing to a change of 
laboratory and, as is. well known, production of high-speed «-particles by proton 
impact on lithium nuclei was obtained in March 1932. 

These experiments initiated a new stage of most important progress, during 
which both our knowledge of nuclear reactions and the mastery of accelerator 
techniques rapidly increased from year to year. Already Cockcroft and Walton’s 
first experiments gave results of great significance in several respects. Not only 
did they confirm in all details the predictions of quantum theory as regards the 
dependence of the reaction cross section on the energy of the protons, but it 
was also possible to connect the kinetic energy of the emitted «-rays with the 
masses of the reacting particles which were at that time known with sufficient 
accuracy thanks to Aston’s ingenious development of mass spectroscopy. In- 
deed, this comparison offered the first experimental test of Einstein’s famous 
relation between energy and mass, to which he had been led many years before 
by relativity arguments. It need hardly be recalled how fundamental this 
relation was to prove in the further development of nuclear research. 

The story of Chadwick’s discovery of the neutron presents similar dramatic 
features. It is characteristic of the broadness of Rutherford’s views that he early 
anticipated the presence in nuclei of a heavy neutral constituent of a mass closely 
coinciding with that of the proton. As gradually became clear, this idea would 
indeed explain Aston’s discoveries of isotopes of nearly all elements with atomic 
masses closely approximated by multiples of the atomic weight of hydrogen. In 
connection with their studies of many types of «-ray induced nuclear disinte- 
grations Rutherford and Chadwick made an extensive search for evidence con- 
cerning the existence of such a particle. However, the problem came to a climax 
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through the observation by Bothe and the Joliot-Curies of a penetrating radiation 
resulting from the bombardment of beryllium by «-particles. At first this 
radiation was assumed to be of y-ray type, but with Chadwick’s thorough 
familiarity with the multifarious aspects of radiative phenomena he clearly per- 
ceived that the experimental evidence was not compatible with this view. 

Indeed, from a masterly investigation, in which a number of new features of 
the phenomenon were revealed, Chadwick was able to prove that one was faced 
with momentum and energy exchanges through a neutral particle, the mass of 
which he determined as differing from that of the proton by less than one part in a 
thousand. On account of the ease with which neutrons, compared with charged 
particles, can pass through matter without transfer of energy to the electrons and 
penetrate into atomic nuclei, Chadwick’s discovery opened great possibilities of 
producing new types of nuclear transmutations. Some most interesting cases of 
such new effects were immediately demonstrated in the Cavendish by Feather, 
who obtained cloud chamber pictures showing nitrogen nuclei disintegrating 
under «-particle release by neutron bombardment. As is well known, continued 
studies in many laboratories along such lines were rapidly to increase our know- 
ledge of nuclear constitution and transmutation processes. 

In the spring of 1932, at one of our yearly conferences in the Copenhagen 
Institute, where as always we were happy to see many of our former collaborators, 
one of the main topics of discussion was of course the implications of the discovery 
of the neutron, and a special point raised was the apparently strange circumstance 
that in Dee’s beautiful cloud chamber pictures no interaction whatever was 
observed between the neutrons and the electrons bound in the atoms. In 
relation to this point, it was argued that, owing to the dependence in quantum 
physics of the scattering cross section on the reduced mass of the colliding 
particles, this fact would not be inconsistent even with the assumption of short 
range interaction between the neutron and an electron of strength similar to that 
between the neutron anda proton. A few days later, I got a letter from Rutherford 
touching incidentally on this point, and which I cannot resist quoting in full: 


April 21, 1932. 
My dear Bohr, 


I was very glad to hear about you all from Fowler when he returned to 
Cambridge and to know what an excellent meeting of old friends you had. 
I was interested to hear about your theory of the Neutron. I saw it described 
very nicely by the scientific correspondent of the Manchester Guardian, Crowther, 
who is quite intelligent in these matters. I am very pleased to hear that you 
regard the Neutron with favour. I think the evidence in its support, obtained 
by Chadwick and others, is now complete in the main essentials. It is still a 
moot point how much ionization is, or should be, produced to account for the 
absorption, disregarding the collisions with nuclei. . 

It never rains but it pours, and I have another interesting development a 
tell you about of which a short account should appear in Nature next week. 
You know that we have a High Tension Laboratory where steady D.C. voltages 
can be readily obtained up to 600,000 volts or more. They have recently been 
examining the effects of a bombardment of light elements by protons. ‘The 
protons fall on a surface of the material inclined at 45° to the axis of the tube 
and the effects produced were observed at the side by the scintillation method 
the zinc sulphide screen being covered with sufficient mica to stop the protons 
In the case of lithium brilliant scintillations are observed, beginning at abou 
125,000 volts and mounting up very rapidly with voltage when many hundred 
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per minute can be obtained with a protonic current of a few milliamperes. ‘The 
a-particles apparently had a definite range, practically independent of voltage, 
of 8cm in air. The simplest assumption to make is that the lithium 7 captures 
a proton breaking up with the emission of two ordinary a-particles. On this 
view the total energy liberated is about 16 million volts and this is of the right 
order for the changes in mass involved, assuming the Conservation of Energy. 

Later special experiments will be made to test the nature of the particles but 
from the brightness of the scintillations and the trail in a Wilson chamber it 
seems probable they are «-particles. In experiments in the last few days similar 
effects have been observed in Boron and Fluorine but the ranges of the particles 
are smaller although they look like w-particles. It may be, Boron 11 captures a 
proton and breaks up into three alphas, while fluorine breaks up into oxygen and 
an alpha. The energy changes are in approximate accord with these conclusions. 
I am sure you will be much interested in these new results which we hope to 
extend in the near future. 

It is clear that the a-particle, neutron and proton will probably give rise to 
different types of disintegration and it may be significant that so far results have 
only been observed in 4n+3 elements. It looks as if the addition of the 4th proton 
leads at once to the formation of an a-particle and the consequent disintegration. 
I suppose, however, the whole question should be regarded as the result of one 
process rather than of steps. 

I am very pleased that the energy and expense in getting high potentials has 
been rewarded by definite and interesting results. Actually they ought to have 
observed the effect a year or so ago but did not try it in the right way. You can 
easily appreciate that these results may open up a wide line of research in 
transmutation generally. 

We are all very well at home and I start lectures tomorrow. With best wishes 
to you and Mrs. Bohr. 


Yours ever 
RUTHERFORD 


Beryllium shows some queer effects—still to be made definite. 
I shall possibly refer to these experiments in the Royal Society discussion on nuclei 


on Thursday April 25. 


Of course, in reading this letter, it must be borne in mind that my previous 
visits to Cambridge had kept me acquainted with the work in progress in the 
Cavendish Laboratory, so that Rutherford had no need to specify the individual 
contributions of his collaborators. The letter is indeed a spontaneous expression 
of his exuberant joy in the great achievements of those years and his eagerness 
in pursuing their consequences. 


XI 


As a true pioneer, Rutherford never relied merely on intuition, however 
far it carried him, but was always on the look-out for new sources of knowledge 
which could possibly lead to unexpected progress. ‘Thus, also in Cambridge, 
‘Rutherford and his collaborators continued with great vigour and steadily refined 
apparatus the investigations of the radioactive processes of «- and f-decay. 
The important work of Rutherford and Ellis on B-ray spectra revealed the possi-. 
bility of a clear distinction between intranuclear effects and the interaction of the 
B-particle with the outer electron system and led to the clarification of the mech- 
anism of internal conversion, 
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Moreover, Ellis’ demonstration of the continuous spectral distribution of the 
electrons directly emitted from the nucleus raised a puzzling question about energy 
conservation, which was eventually answered by Pauli’s bold hypothesis of the 
simultaneous emission of a neutrino, affording the basis for Fermi’s ingenious 
theory of B-decay. 

By the great improvement of accuracy in measurements of «-ray spectra by 
Rutherford, Wynn-Williams and others, much new light was thrown on the fine 
structure of these spectra and their relation to the energy levels of the residual 
nucleus resulting from the «-decay. A special adventure at an earlier stage was 
the discovery of the capture of electrons by «-rays which, after the first observation 
of the phenomenon in 1922 by Henderson, was explored by Rutherford in one of 
his most masterly researches. As is well known, this work, which brought so 
much information about the process of electron capture, was to attract new 
attention a few years after Rutherford’s death when, with the discovery of the 
fission processes of heavy nuclei by neutron impact, the study of the penetration 
of highly charged nuclear fragments through matter, where electron capture is 
the dominating feature, came into the foreground. 

Great progress both as regards general outlook and experimental technique 
was initiated in 1933 by the discovery by Frédéric Joliot and Iréne Curie of 
so-called artificial B-radioactivity produced by nuclear transmutations initiated 
by a-ray bombardment. I need hardly here remind how, by Enrico Fermi’s 
brilliant systematic investigations of neutron induced nuclear transmutations, 
radioactive isotopes of a great number of elements were discovered and much 
information gained about nuclear processes initiated by capture of slow neutrons. 
Especially the continued study of such processes revealed most remarkable 
resonance effects of a sharpness far surpassing that of the peaks in the cross section 
of «-ray induced reactions first observed by Pose and to Gurney’s explanation of 
which, on the basis of the potential well model, Gamow at once drew Rutherford’s 
attention. 

Already Blackett’s observations with his ingenious automatic cloud chamber 
technique had shown that, in the very process investigated in Rutherford’s original 
experiments on artificial nuclear disintegrations, the incident «-particle remained 
incorporated in the residual nucleus left after proton escape. It now became 
clear that all types of nuclear transmutations within a large energy region take 
place in two well-separated steps. Of these the first is the formation of a rela- 
tively long-lived compound nucleus, while the second is the release of its excitation 
energy as a result of a competition between the various possible modes of dis- 
integration and radiative processes. Such views, in which Rutherford took a 
vivid interest, were the theme for the last course of lectures which on Rutherford’s 
invitation I gave in 1936 in the Cavendish Laboratory. 

Less than two years after Rutherford’s death in 1937, a new and dranvatic 
development was initiated by the discovery of the fission processes of the heaviest 
elements by his old friend and collaborator in Montreal, Otto Hahn, working in 
Berlin with Fritz Strassmann. Immediately after this discovery, Lise Meitner and 
Otto Frisch, then working in Stockholm and Copenhagen, and now both in 
Cambridge, made an important contribution to the understanding of the phenom- 
enon by pointing out that the critical decrease in stability of nuclei of high charge 
was a simple consequence of the balancing of cohesive forces between the nuclear 
constituents and the electrostatic repulsion, A closer investigation of the 
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fission process in collaboration with Wheeler showed that many of its character- 
istic features could be accounted for in terms of the mechanism of nuclear 
reactions involving as a first step the formation of acompound nucleus. 

In Rutherford’s last years he found in Marcus Oliphant a collaborator and 
friend whose general attitude and working power reminds us so much of his own. 
At that time new possibilities of research were opened by Urey’s discovery of the 
heavy hydrogen isotope ?H or deuterium, and by the construction of the cyclotron 
by Lawrence, who in his first investigations on nuclear disintegrations by deuteron 
beams obtained a number of new striking effects. In the classical experiments of 
Rutherford and Oliphant, in which by bombardment of separated lithium isotopes 
with protons and deuterons they were led to the discovery of #H, or tritium, and 
*He, the foundation was indeed created for the vigorous modern attempt to apply 
thermonuclear reactions to the realization of the full promises of atomic energy 
sources. 

From the very beginning of his radioactive researches, Rutherford was acutely 
aware of the wide perspectives they opened in several directions. In particular, 
he early took deep interest in the possibility of arriving at an estimate of the age of 
the earth and of understanding the thermal equilibrium in the crust of our planet. 
Even if the liberation of nuclear energy for technological purposes was still to come, 
it must have been a great satisfaction for Rutherford that the explanation of the 
hitherto completely unknown source of solar energy as a result of the development 
he had initiated had come within the horizon in his lifetime. 
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When we look back on Rutherford’s life we perceive it, of course, against the 
unique background of his epoch-making scientific achievements, but our memories 
will always remain irradiated by the enchantment of his personality. In earlier 
Memorial Lectures, several of Rutherford’s closest co-workers have recalled the 
inspiration which emanated from his vigour and enthusiasm and the charm of his 
impulsive ways. Indeed, in spite of the large and rapidly expanding scope of 
Rutherford’s scientific and administrative activities, the same spirit reigned in the 
Cavendish as we all had enjoyed so much in the early Manchester days. 

A faithful account of Rutherford’s eventful life from childhood till his last 
days has been written by his old friend from the Montreal period, A. S. Eve. 
Especially the many quotations in Eve’s book from Rutherford’s astonishingly 
large correspondence give a vivid impression of his relations with colleagues and 
pupils all over the world. Eve also does not fail to report some of the humorous 
stories which constantly grew around Rutherford, and to which I alluded in a 
speech, reproduced in his book, when Rutherford for the second and last time 
visited us in Copenhagen in 1932. 

Characteristic of Rutherford’s whole attitude was the warm interest he took in 
any one of the many young physicists with whom he came into contact for 
shorter or longer periods. Thus I vividly remember the circumstances of my first 
meeting in Rutherford’s office in the Cavendish with the young Robert 
Oppenheimer, with whom I was later to come into such close friendship. Indeed, 
»efore Oppenheimer entered the office, Rutherford, with his keen appreciation of 
alents, had described the rich gifts of the young man, which in the course of time 
vere to create for him his eminent position in scientific life in the United States. 
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As is well known, Oppenheimer, shortly after his visit to Cambridge, during his 
studies in Gottingen was among the first who called attention to the phenomenon 
of particle penetration through potential barriers, which should prove basic for 
the ingenious explanation of -decay by Gamow and others. After his stay 
in ‘Copenhagen, Gamow came in 1929 to Cambridge, where his steady 
contributions to the interpretation of nuclear phenomena were highly appreciated 
by Rutherford, who also greatly enjoyed the bizarre and subtle humour which 
Gamow unfolded in daily intercourse and to which he later gave so abundant 
expression in his well-known popular books. 

Of the many young physicists from abroad working in the Cavendish 
Laboratory in those years, one of the most colourful personalities was Kapitza, 
whose power of imagination and talent as a physical engineer Rutherford greatly 
admired. The relationship between Rutherford and Kapitza was very charac- 
teristic of them both and was, notwithstanding inevitable emotional encounters, 


marked from first to last by a deep mutual affection. Such sentiments were also _ 


behind Rutherford’s efforts to support Kapitza’s work after his return to Russia in 
1934, and were from Kapitza’s side most movingly expressed in a letter which I 
received from him after Rutherford’s death. 

When, in the beginning of the nineteen thirties, as an extension to the 
Cavendish, the Mond Laboratory was created on Rutherford’s initiative for the 
promotion of Kapitza’s promising projects, Kapitza wanted in its decoration to 
give expression for his joy in Rutherford’s friendship. Still, the carving of a 
crocodile on the outer wall caused comments which could only be appeased by 
reference to special Russian folklore about animal life. Above all, however, the 
relief of Rutherford, in Eric Gill’s artistic interpretation, placed in the entrance 
hall, deeply shocked many of Rutherford’s friends. On a visit to Cambridge I 
confessed that I could not share this indignation, and this remark was so welcomed 
that Kapitza and Dirac presented me with a replica of the relief ; installed above 


the fireplace in my office at the Copenhagen Institute it has since given me daily 
enjoyment. 


When, in recognition of his position in science Rutherford was given a British | 


peerage, he took a keen interest in his new responsibilities as a member of the House 
of Lords, but there was certainly no change in.the directness and simplicity of 
his behaviour. Thus I do not remember any more severe utterance of his to me 
than, when at a Royal Society Club dinner in a conversation with some of his 
friends I had referred to him in the third person as Lord Rutherford, he furiously 
turned on me with the words: ‘‘ Do you lord me?”’. 

In the nearly twenty years during which Rutherford, right up to his death, 
worked with undiminished energy in Cambridge, my wife and I kept in close touch 
with him and his family. Almost every year, we were hospitably received in their 
beautiful home in Newnham Cottage at the backs of the old colleges, with the 
lovely garden in which Rutherford found relaxation and the upkeep of which gave 
Mary Rutherford much enjoyable work. I remember many peaceful evening 
hours in Rutherford’s study spent discussing not merely new prospects of physical 
science but also topics from many other fields of human interest. In such con- 
versation one was never tempted to overrate the interest of one’s own contributions 
since Rutherford after a long day’s work was apt to fall asleep as soon as the dis- 
course seemed pointless to him. One then just had to wait until he woke up and 
resumed the conversation with usual vigour as if nothing had happened, 
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On Sundays, Rutherford regularly played golf in the morning with some close 
tiends and dined in the evening in Trinity College where he met many eminent 
cholars and enjoyed discussions on the most different subjects. With his insati- 
ible curiosity for all aspects of life, Rutherford had great esteem for his learned 
olleagues ; however, I remember how he once remarked, on our way back from 
[rinity, that to his mind so-called humanists went a bit too far when expressing 
ride in their complete ignorance of what happened in between the pressing of a 
yutton at their front door and the sounding of a bell in the kitchen. 

Some of Rutherford’s utterances have led to the misunderstanding that he 
lid not fully appreciate the value of mathematical formalisms for the progress of 
physical science. On the contrary, as the whole branch of physics, created so 
argely by himself, rapidly developed, Rutherford often expressed admiration for 
he new theoretical methods, and even took interest in questions of the philo- 
ophical implications of quantum theory. I remember especially how, at my last 
tay with him a few weeks before his death, he was fascinated by the complemen- 
ary approach to biological and social problems and how eagerly he discussed the 
sossibility of obtaining experimental evidence on the origin of national traditions 
ind prejudices by such unconventional procedures as the interchange of newborn 
shildren between nations. 

A few weeks later, at the Centenary Celebrations for Galvani in Bologna, we 
earned with sorrow and consternation of Rutherford’s death, and I went at once 
o England to attend his funeral. Having been with them both so shortly before 
ind found Rutherford in full vigour and in the same high spirits as always, it was 
inder tragic circumstances, indeed, that I met Mary Rutherford again. We 
alked about Ernest’s great life in which from their early youth she had been so 
aithful a companion, and how to me he had almost been as a second father. On 
ne of the following days, Rutherford was buried in Westminster Abbey, close to 
he sarcophagus of Newton. 

Rutherford did not live to see the great technological revolution which was to 
nsue from his discovery of the atomic nucleus and his subsequent fundamental 
‘esearches. However, he was always aware of the responsibility connected with 
iny increase in our knowledge and abilities. We are now confronted with a most 
erious challenge to our whole civilization, to see to it that disastrous use of the 
ormidable powers which have come into the hands of man be prevented, and that 
he great progress be turned into promoting the welfare of all humanity. Some of 
is, who were called to take part in the war projects, often thought of Rutherford 
ind modestly strove to act in the way which we imagined he himself would have 
aken. 


The memory which Rutherford has left us remains to everyone who had the 
rood fortune to know and come close to him a rich source of encouragement and 
ortitude. The generations who in coming years pursue the exploration of the 
vorld of atoms will continue to draw inspiration from the work and life of the 
sreat pioneer. 
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Counter Techniques in High Energy Nuclear Physics: Rare Decays 
of x- and y-mesons 


By A. W. MERRISON 


Lecture delivered before the Institute of Physics and the Physical Society at the Conference 
on Nuclear Physics, Birmingham, on 17th April 1961 


Abstract. It is shown, with particular reference to the decay p+—e++y, hoy 
the study of rare decays of pions and muons, by means of counter techniques, has 
contributed to our understanding of the weak interactions. 


principally by counter techniques, on the unusual modes of decay of 7- and 

#-mesons. Counter experiments, because of selection criteria which can be 
built into them, have contributed very largely to this field and I shall in this talk 
show how the study of these decays has contributed to our knowledge of the weak 
interactions. I have listed in Table 1 all the known and presently conjectured 
decay modes of - and j-mesons along with their observed or predicted branching 
ratios and whether any particular mode of decay has any special interest. This last 
is, to some extent, a personal judgment, but I think there would not be too much 
divergence of views of high-energy physicists over this. I should point out there 
exist 7~-decays corresponding to all the 7+-decays listed here and I have not 
distinguished neutrinos from anti-neutrinos. 


li this talk I want to discuss some of the experiments that have been done, 


Table 1. Decays of w- and u-mesons 


Decay Observed Branching ratio Interest 

Epes Y ry 

Vana ea Yes 12 Loss No 

et++e-+et+er- Yes 4x10-5 Yes 
mt, pr Vv 

pttvt+y Yes No 

Sieaey Yes Teese Yes 

et+y+y No SeOzs No 

et+7°+y No Ose Yes. 
Se prey 

ett+tytv+y Yes 5x 107? No 

Cuaeay No ? Yes 

e Fetter No ? Yes 


Some comments on this table are appropriate. The so-called ‘double 
Dalitz’ decay of the neutral pion into 2 electron pairs is of interest in that it makes. 
possible an experiment suggested some years ago by Yang (1950). He pointed out 
that if the neutral pion is pseudoscalar, then when it decays into two photons their 
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planes of polarization will be perpendicular, and similarly there will be a correlation 
between the planes of the two electron pairs. Preliminary results (Plano et al. 
1959) indicate clearly that the neutral pion is in fact pseudoscalar. 

The electron decay mode of the pion is still of interest in that if one looks on the 
decay of the pion as going through a virtual nucleon—antinucleon state, then the 
branching ratio (7>e + v)/(7> +) gives a direct comparison of the axial vector 
coupling of muons and electrons to nucleons. The most accurate measurements 
so far (Anderson et al. 1960) show that the strengths of the electron and muon 
couplings to nucleons are identical. 

Having declared the field of interest, I shall illustrate what I have to say about 
counter techniques by discussing in some detail one particular rare, and perhaps 
non-existent, decay (namely ue +) and a particular counter experiment which 
was made to search for it by a CERN group about two years ago. 


DECAYS OF THE /--MESON 


The normal decay mode of the j.-meson is now well established as »>e +v +», 
but it is worth looking at the experiments which established this, as they form an 
interesting background to more recent experiments which establish the existence 
of other decay modes. 

It had been known ever since the first ‘mesons’ were discovered in the cosmic 
rays that they normally decayed into a single charged particle of small mass, and 
without inventing more new particles it seemed reasonable to suppose that this 
particle was an electron. But it was not until the decisive experiment of Leighton, 
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Anderson and Seriff (1949) (Fig. 1) that it was established that the electron had a 
spectrum of energies, so that at least two neutral particles accompanied the emission 
ofanelectron. Again, using only known light neutral particles one could speculate 
that the decay was through p>e+v+v, u>et+vt+y, or w>et+yty. As it 
happened, an experiment by Hincks and Pontecorvo (1948) in the previous year 
had ruled out the possibility that ~-meson decays were accompanied by any 
substantial fraction of y-rays. I will spend a little time describing this experiment 
as it is interesting to compare it with a more recent and, in detail, more complicated 
experiment which had the same end in view. Cosmic-ray u-mesons were brought 
to rest in the block of graphite surrounded by the banks of Geiger counters C and 
B (Fig. 2). The arrival of a u-meson was registered by a coincidence AB, and BC 
coincidences delayed by 0°6 to 5-3 usec with respect to AB were looked for. (Note 
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Fig. 2. Apparatus of Hinks and Pontecorvo, 


one counter in B must be dead as it has recorded arrival of a-meson.) The idea 
was that the electron from »->e+y would be detected by either A or B, and the 


y-ray by conversion in the lead sheets in front of A and B and by the detection 
of the resulting pair in A or B. 
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Fig. 3. Schematic diagram of the apparatus, 
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A modern version of the same experiment is shown in Fig. 3, which shows an 
experiment carried out by CERN (by Ashkin, Fazzini, Fidecaro, Lipman, Merrison 
and Paul 1959) specifically to search for the decay 1>e +y. This became fashion- 
able at the end of 1958 for the following reasons. The weak interactions can be 
summed up in the archetypes 

poe+tv+yv 

n>p+e+v 

e+p>n+yv 
leading to the well-known Puppi triangle (Fig. 4), which sums up the selection 
rules for the allowed weak interactions, and it is now well-established that one 
coupling constant is sufficient to account for the rates of all three interactions. 
An attractive way to account for these facts is to assume that the weak interactions 
are mediated by a charged vector boson; but this immediately runs into the 
difficulty that if this boson exists then »>e + will have an appreciable decay rate 
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Fig. 4. Fig. 5. 


through a diagram of the form shown in Fig. 5. One simple calculation (by 
Feinberg 1958) gives a branching ratio for (u>e+y)/(u>e+vt+v)~ 10. 
There are, of course, many ways of reducing or even completely suppressing this 
mode of decay, and one way, which is receiving a tremendous amount of experi- 
mental attention at the moment, is by supposing that the neutrinos associated with 
electrons and those associated with muons are different. An experiment to test 
this idea is now in an advanced state of preparation at the CERN laboratories in 
Geneva. Itisaneutrino capture experiment similar to the experiment performed 
by Reines and Cowan with f-decay neutrinos. A difficulty which seemed to. 
preclude such experiments with muon neutrinos (i.e. neutrinos from 7>p+v) 
was simply that the available fluxes of such neutrinos are so small. But it was 
pointed out by a number of people (see Rochester Conference 1960, p. 585) that 
one could overcome the scarcity of muon neutrinos by making use of the rise of 
‘cross section with momentum, which could lead to cross sections of the order of 
10-** cm? for 1 Gev neutrinos, and counting rates of the order of 1 per ton of 
detector per day with the fluxes currently available at the CERN proton syn- 
chrotron. The experiment would then be to look for the production of electrons 
with’ these muon neutrinos. 
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One can take a more simple-minded attitude to the problem, and if a reactior 
which obeys all the well-established conservation laws does not appear, one car 
ask experimentally what is its degree of forbiddenness. The search for »>e + y is 
made difficult, as has been recently realized, by the existence of the decay 
> e+v+v+y which provides a background of (e, y) pairs. The branching 
ratio of this process compared with the normal decay mode of the muon has beer 
calculated by Fronsdal and Uberall (1959) and Kinoshita and Sirlin (1959) 5 Minne 
y—>e+y mode, however, can be distinguished because, firstly, the whole rest 
energy of the muon goes into the electron and the y-ray so that one should observe, 
as it is a two-body decay, a mono-energetic electron and a mono-energetic y-ray 
each of about 53 Mev. Secondly, the electron and y-ray will be emitted at 180° to 
each other. The bremsstrahlung process, on the other hand, gives continuous 
spectra for both the electron and y-ray which are heavily weighted towards low 
energies, and the angular correlation does not favour 180° emission. So, by 
searching for high energy electrons and y-rays at 180° we discriminate strongly 
against this process. 
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Fig. 6. Examples of traces from the travelling wave and four-beam oscilloscopes. 


Of course, the principal difficulty in searching for rare decay modes is to be 
sure that nothing has been introduced into the design of the apparatus which would 
obscure the effect one is looking for. For this reason the apparatus was not 
designed with the idea of rejecting electronically as many unwanted events as 
possible. We preferred to record during the run also events to be re-examined 
later, which would show that the apparatus was working properly. 

In the CERN experiment the muons were generated by allowing a beam of 
pions from the 600 Mev cyclotron to come to rest and decay in counter 3. Soa 
stopping pion was first identified by a 1234 coincidence. Counter 3 was sur- 


rounded on three sides by anticoincidence counters 12, 5, 4. On the fourth side 
was a coincidence counter telescope 7, 8, 9, 10, 11, with a certain amount of graphite 
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absorber between the counters, and this served to detect the expected ~50 Mev 
electrons. On the opposite side to the electron telescope was a y-ray telescope 
formed of the anticoincidence counter 5, the coincidence counter 6 and a lead 
converter between them, the whole backed by a very large Nal counter which 
analysed the energy spectrum of y-rays detected in the electron telescope. When- 
ever a fast coincidence was recorded in counters 6, 7, 8 and 5 and 13 in anti- 
coincidencet then the pulses from counters 2, 3, 6 and 7 were recorded on a fast 
oscilloscope. 

A typical trace from this oscilloscope with pulses from all four counters present 
is shown in the top trace of Fig. 6. At the same time we displayed (as shown also 
in Fig. 6) on a four-beam oscilloscope pulses from counters 4, 5, 12 (on trace 2); 
from counters 8, 9, 10 and 11 (on trace 3); from counter 2, the NaI counter, and 
the coincidence pulse 1234 (on trace 4). On trace 1 we displayed a 20 Mc/s 
calibration signal. Traces 1, 2 and 3 were all run from the same time base. Trace 
4 was run from an independent time base having a speed of 2 usec cm~1. 

The event we searched for was a high-energy electron coming from counter 3, 
in time coincidence with a high energy y-ray. This would be characterized by a 
pair of photographs showing: 

(i) pulses from counters 3, 6 and 7 on the fast oscilloscope, present with the 
proper time relationship for a coincident event, but with either no pulse from 
counter 2, or with a pulse from counter 2 not in the right position for an incoming 
pion coincident with the e~y coincidence; 

(ii) pulses from counters 7-11 in the electron telescope (trace 3 of 4-beam 
oscilloscope, see Fig. 1); 

(iii) no pulse present from counter 5 (trace 2). We should also expect no 
pulses present from counters 4 and 12, because an event originating in the source 
counter should not trigger these (trace 2) ; 

(iv) alarge pulse from the NaI(T1) counter (trace 4). 

For example, the event in Fig. 1 would be accepted as an e~y event if the time 
relationship of the pulses in the fast and slow oscilloscopes were correct and if there 
were no pulses present in counters 5 and 12. Because of the high input rate of 
pions, many counter 2 and 1, 2, 3, 4 pulses were present on trace 4 of the slow 
oscilloscopes. 

We ran the experiment in its final version for about 50 hours and in this time 
stopped 7-35 x 108 pions in counter 3, taking a total of 5394 pairs of photographs 
on the oscilloscopes. We scanned the films first for events with a high energy 
electron (i.e. pulses from counters 8, 9, 10, 11 present on trace 3 of the slow 

oscilloscope). Examining the fast oscilloscope, the events which were left could 

_ be classified into the following categories: 

_ (a) Prompts. ‘These are events with pulses from counters 2, 6 and 7 in prompt 
coincidence. Such an event could arise from the decay of a neutral pion produced 
by a charge exchange interaction of an incoming positive pion. Of the resulting 
two y-rays, one is converted and triggers the electron telescope, and the other 
triggers the y-ray telescope. In most of the prompt events a pulse from counter 

' 12 was present on trace 2 of the 4-beam oscilloscope. 

(b) ‘e(7) y(6)’ events. Pulses from counters 6 and 7 are present but not from 
counter 3. This could be:a muon decaying with emission of a y-ray in some 
place other than counter 3. Some of these events are random; for example, the 


t Counter 13 protected the apparatus from showers generated in the lead collimator. 
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electron from one muon triggers the electron telescope in random coincidence 

with a y-ray from another muon. 

(c) ‘3e(7) y(6)’ events. These are the same as (b) but with a pulse from counter 

They are essentially the events we are searching for and will be analysed in 

detail. They will, of course, include random events similar to these described 

in (5). 

(d) ‘3e(7)3 y(6)’ events. These are a class of random events which contain 

two separate pulses from counter 3, one in coincidence with a pulse in counter 6 

and the other with a pulse in counter 7. 

(e) Random events. Triggered by a random coincidence circuit and clearly 

recognizable. We recorded these for the purpose of comparison. These also 

could be classified into the categories (b), (c), (d) and a few into category (a). 
After this analysis we were left with 184 events of the first four categories 

(associated with a high-energy electron) as shown in Table 2. 


Table 2 
Prompt e(7) (6) 3e(7) y(6) 3e(7)3y(6) 
65 26 72 21 


On examination of trace 2 of the slow oscilloscope it was necessary to reject 
a further 50 of the 72 events 3e(7)y(6) because of the presence of 4, 5 or 12 pulses. 
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Fig. 7. Time delay and pulse height analysis of the twenty-two observed e—y events. 
Abscissa gives the time delay between the e(7) and (6) pulses; comparison is made 
with the measured resolution curve for ‘ prompt’ events. The ordinate gives the 


Nal(Tl) pulse height; comparison is made with a computed curve of the expected 
pulse height distribution for 53 Mev y-rays incident on the Pb converter. 
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31 of the rejections were due to a 5 pulse being present. We did not expect the 
apparatus to record any such events, and in fact it was verified that these were 
random events which could be recorded only because the time interval for which 
the anticoincidence counter 5 was rejecting events was not wide enough to cover 
the whole acceptance time interval of the coincidence circuit. 

The remaining 22 events were then subjected to a careful time analysis, and 
the associated Nal pulse heights were measured in order to select those events 
which had the correct e(7)y(6) time delay, defined to the closest possible limits, 
and a y-ray energy lying within the small range defined by the apparatus. 

The total time resolution of the system was determined by measuring 133 
prompt events (for which one knows that particles went through counters 6 and 
7 in exact coincidence). The result obtained is shown in the top part of Fig. 7. 
The best-fit Gaussian to the histogram has a standard deviation of 0-70 nsec. 
This has been used as the defining time resolution curve in the analysis of the 
3e(7)y(6) events. 

Plotted also in Fig. 7 is the expected pulse height distribution from the 
Nal(T1) counter for 53Mev y-rays emitted from counter 3, and converted with the 
3mm Pb converter. The energy distribution of the electron—positron pair in 
the Pb converter and counter 6 has been taken into account, together with the 
experimentally determined NaI(T1) resolution curve for mono-energetic particles. 

The final analysis of the 22 events which had an energetic electron, in terms 
of the time resolution between electron and y-ray events and in terms of y-ray 
energy, is shown in Fig. 7. We have drawn in this figure the threshold for the 
Nal discrimination and we would expect to see no events below this. One event 
(6) has, however, been recorded, and this could be due perhaps to ‘ pile up ’ in 
the slow coincidence circuit or discriminator. 

We have drawn on Fig. 7 ‘ boxes’ which correspond to 68% of the area under 
each of the resolution curves and 95% of the area under each curve. It can be 
seen that no events survive the first criteria and 3 events (11, 12, 15) the second. 
It is clear from the number of events falling outside the time-—resolution curve 
that we can attribute a certain number of events in the ‘ boxes’ to random events, 
and this we evaluated to be one event for the larger box. Using the results in 
the larger box we obtained a final branching ratio 


SEE (1-2 41-5) 10-*. 
poet+tv+y 


Tue Decay wt>7°+et+v 


One final word about a reaction in Table 1, so far unobserved, which 
again looks most interesting: this is the decay 7*—7°+e++v which looks 
very much like a nuclear B-decay with the nuclei replaced by pions. The interest 
in this decay is that a universal coupling scheme, of the sort proposed by Feynman 
and Gell-Mann (1958), predicts very straightforwardly the rate of this decay. Un- 
fortunately, because of the small momentum-space available (the charged pion 
is only 4Mev heavier than the neutral pion) the branching ratio is about 107°. 
There is no doubt that technically this is not an impossible thing to look for 
because the decay of the 7° into two high energy y-rays provides a very charac- 
teristic ‘signature’, but with existing pion fluxes the rate of gathering events 
would be discouragingly small. 
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Abstract. ‘The scattering from carbon nuclei of photons in the energy range 
50-130 Mev has been measured by the use of a total absorption Cerenkov spectro- 
Meter in conjunction with a counter telescope. The angular range investigated 
was 90° to 135°. The results have been analysed by means of a simple model 
of nuclear charge distribution with nucleon polarizability and indicate the presence 
of some magnetic dipole scattering. A dispersion relation is applied to check the 
validity of this simple model. 


§ 1. INTRODUCTION 


HERE are many ways of exploring the structure of atomic nuclei, and each 
| method reveals certain aspects of this structure. Important among these 
methods are the measurements of differential cross section for the scattering 
of electrons and of photons by nuclei. ‘The former technique has been extensively 
used by Hofstadter and his co-workers (Hofstadter 1956) and it yields what is 
essentially the charge density distribution for the nucleus under study. The 
scattering of photons can, in principle, yield the same information but it is more 
influenced by the anomalous structure of the nucleon in the nucleus than is the 
electron scattering. Thus the existence of the resonant isobar nucleon state will 
affect the photon scattering whereas it may have no effect on the electron scattering. 
One of the objectives of the present study is to detect such anomalous effects in 
the scattering of high energy photons from carbon nuclei. 

It is worth noting the main features of the nuclear photon scattering 
cross section. At energies close to zero (<1 Mev) the cross section is given by 
the Thomson cross section }(1 + cos? 6) (Z%e?/AMc?)?. Mis the mass of a single 
nucleon and other symbols have their usual meaning. As the energy increases 
in the range 15-40 Mev the scattering increases with the giant resonance in the 
photodisintegration cross section and the scattering total cross section can reach 
a value of o,2/67A?, where oa is the photon nuclear absorption cross section. 
Beyond the giant resonance the elastic cross section will fall to a value expected 
for Z free protons scattering coherently, multiplied by a nuclear form factor f?, 


2 \2 
oe — Z3f?4(1 + cos?) (za): - (1) 
‘There will also be a small amount of inelastic scattering. At higher energies the 
elastic scattering will become negligible except for scattering in the forward 
direction. The work described in this paper has been done at energies well 
above the giant resonance but below meson production threshold. Eqn (1) is 
expected to hold at these energies. 
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§ 2. EXPERIMENTAL MetTHop 
2.1. The Experimental Arrangement 


This experiment was conducted using the bremsstrahlung beam of th 
Glasgow University Synchrotron. Fig. 1 shows the experimental arrangemen’ 
to observe photon Scattering at 90° from the beam. The peak of the brems. 
strahlung spectrum was set at 132 Mev in order to exclude the background from 
y-rays from 7° photoproduction. The total scattered y-ray spectrum was 
measured and both elastic and inelastic events were accepted. However, in the 
energy range of interest, from 50 to 130 MeV, it is almost certain that the contri- 
bution of the inelastic scattering is small. 


Fig. 1. A horizontal section through the equipment when arranged to measure scattering 
at 90°. A, lead glass truncated cone; B, magnesium oxide powder; C, DuMont 
K1258 photomultiplier; D, Perspex light guide; F -H, mild steel screening; 
I, mu-metal screening; J—K, steel end plates; L, White cathode follower; M, lead 
shielding; N, lead converter; O, target; ~P, bremsstrahlung beam; 1, 2 and on 
scintillation counters. 


field, giving a variation of less than 1% in the bremsstrahlung peak energy during 
the beam pulse. The beam was collimated and ‘scrubbed ’ by a magnetic field 
so as to have a diameter of 5cm at the target. The target, formed of 6gcm-2 
of graphite, was set to intercept the entire beam. 


2.2. The Detector and Electronics 


The photon detector must be highly efficient and must also measure the enetgy 
of the scattered photon. These requirements were satisfied by a y-ray telescope 
followed by a total absorption Cerenkov counter (see Fig. 1). The Cerenkov 
counter consists of a truncated cone of lead glass (A), 22-5cm high, 19cm 
diameter expanding to 30cm. This cone was mounted in MgO powder (B) to. 
enhance the light collection, and viewed at its 30cm diameter face by a 40cm 
diameter photomultiplier (C) (DuMont K 1258). The counter was magneti- 
cally shielded by a cylinder of mu-metal (I) and three layers (F, G, H) of mild 
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steel. Radiation screening was provided by packing lead shot between the 
cone and magnetic shield and by an external lead brick wall (not shown in Fig. 1). 
The counter telescope was contained in a lead block (M) which has a circular 
aperture, 7cm in diameter, plugged with 3-5 gmcm~ of graphite (Q) to filter 
out low energy scattered radiation and heavy charged particles. 

In order to register a true count, a photon scattered from the target (O) had 
to pass through the graphite filter, through counter 1 and convert in the lead 
plate (N). The resulting electron pair then had to pass through counters 2 and 
3 and generate a shower in the Cerenkov counter. A block diagram of the 
associated electronics is shown in Fig. 2. A 6BN6 coincidence unit with a 


Ipsec delay Vsysec| 
QOO00 q 
We y clip 


>— [white cathode 
follower 


discriminated 
coincidence 


amplifier | [_amplitie | 


Ft sae 
[ discriminator kicksorter | 
1 {0-6u sec fx 
slow coincidence|-*gate generator | 


fast eoincidence ist coincidence 
veto rea 


ar 0:6 jilsec Bae beam 
206,41 sec | Imsec —_pre-pulse 


beam qate 
generator 


Fig. 2. Block diagram of electronics. 


fe 


resolving time of 6x10~°sec was operated by positive pulses from the last 
dynodes of the R.C.A. 6810 photomultipliers of counters 2 and 3. The bias 
levels of this unit were set to respond only to events corresponding to an electron 
pair passing through the counters. This, together with the anti-coincidence 
counter 1, screens out scattered electrons from the target. ‘The output from this 
circuit and negative pulses from the counters C1, C2, C3 were presented to two 
fast coincidence units (resolving times 2-5 x 10-*sec). One of these detects a 
‘real’ event, a [2, 3] coincidence, and the other detects [1, 2, 3] coincidences 
(‘veto’ events). 

The pulse from the last dynode of the spectrometer photomultiplier was 
amplified and discriminated. ‘The discriminator level corresponds to a y-ray 
depositing 20 Mev in the spectrometer. The slow coincidence unit detected 
coincidences between (a) the discriminated output from the spectrometer, (b) a 
gate pulse which surrounded the beam pulse, and (c) the real coincidence circuit 
output, in the absence of an output from the veto coincidence circuit. Thus the 
slow coincidence unit detected the required [1, 2, 3+ spectrometer] coincidences 
occurring during the beam pulse. (This method of specifying a real event was 

. determined by the very high counting rate in counter 1 and reduced the loss of 
real events due to random anticoincidence to a reasonable level.) The clipped 
and amplified photomultiplier anode pulse from the spectrometer was examined 
by a kicksorter gated by the slow coincidence unit. Some early runs employed 
a camera-oscilloscope combination for pulse height analysis. ‘This arrangement 
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gave information on ‘pile-up’ and random background pulses and showed that 
the experiment could be performed with the present system. 

The stability of the spectrometer electronics was checked by injecting standard 
pulses of various heights into the anode of the spectrometer multiplier. ‘The gain 
did not change by more than 2% during the 12-hour runs. 


2.3. The Calibration of the Spectrometer 


The pulse height response of the Cerenkov counter was determined by utilizing 
a beam of mono-energetic electrons. Electron—positron pairs were produced ina 
60mgcm~* Cu foil placed in the bremsstrahlung beam. The electrons were 
magnetically analysed and an electron beam with a narrow momentum range was 
selected by a counter telescope and presented to the Cerenkov counter. That part 
of the electron orbit which lay within the magnet was enclosed in hydrogen 
atmosphere in order to minimize the effects of multiple scattering on the 
momentum definition. This arrangement restricted the momentum spread of 
the selected electrons to approximately 1%. Pulse height distributions were 
recorded for electron energies of 50, 100, 150 and 200 mey. Figs 3 and 4 show 
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Fig. 3. Cerenkov counter mean output Fig. 4. Standard deviation of Cerenkov 
pulse height against incident electron output pulse height distribution against 
energy. incident electron energy. 


respectively the mean pulse height and the standard deviation of the distribution, 
as a function of incident energy. The results correspond to a full width at half 
height resolution of about 33% at 100 Mev and 27% at 200 mev. 


2.4. The Efficiency of the System 


The efficiency of the system for detection of photons was calculated and the 
result confirmed by measurement. The calculation involved an analysis of the 
converter efficiency in conjunction with the counters of the telescope and yielded 
the curve shown in Fig. 5 showing the detection efficiency against photon energy 
for a 3-3 gmcm~ converter. \ 

The measurement depends on the fact that the Cerenkov spectrometer alone is 
very nearly 100% efficient as a detector of photons. _ The complete system was 
placed in the bremsstrahlung beam, which was reduced by a factor of 107 from its 
normal intensity, and the number of incident photons recorded by counting the 
output pulses from the discriminator. At the same time the number of photons 
giving rise to electron pairs in the converter was measured by counting the gate 
pulses from the slow coincidence unit. The ratio of these two counts gives the 
efficiency of the system averaged over the bremsstrahlung beam. The discrimina- 
tor was set to detect pulse heights corresponding to photons of energy greater than 
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Fig. 5. Calculated photon detection efficiency versus photon energy for 3:3 g cm? lead 
converter, 


50 Mev giving an energy range of 50-130 Mev. The measured efficiency was 22:2, 
and as the calculated efficiency, averaged over the same energy interval, was 22%, 
this result confirms the analysis of the data by the use of the calculated efficiency 
curve. 


2.5. Experimental Procedure 


The first part of the experiment was to measure the relative scattering cross. 
sections at angles of 90°, 112° and 135° with a converter of 6-6 emicmeane A 
measurement at a given angle consisted of recording the scattered photon spectrum 
for a certain value of the integrated beam intensity, followed by a similar run, for 
the same value of integrated beam with the converter removed. The spectrum 
due to scattered photons which convert in the lead plate could then be determined. 
The beam intensity was measured and integrated by the use of Wilson 

“quantameter (Wilson 1957). 

The second part of the experiment was the measurement of the absolute cross. 
section at90°. A number of runs were made with a 3-3 gm cm— converter in order 
to reduce the effects of multiple scattering of the electron pairs in the converter. 
The random anticoincidence rate was found by measuring the ratio of [1, 2, 3] 
coincidences to real [2, 3] coincidences when the signal from counter 1 was delayed 
by 5x10-*sec. This measurement was made several times at each angle and the 
necessary corrections were found to be always less than 10%. 


2.6. Analysis of Data 


In order to check the operation of the apparatus a comparison was made 
between the pulse height spectrum generated by the scattered photons with that 
generated by the incident bremsstrahlung beam when the complete detection 
system lay in the beam. The expected pulse height spectrum generated by 1000 
equivalent quanta of 132 Mev bremsstrahlen was calculated using the calculated 
detection efficiency and the known resolution and response of the spectrometer. 
This comparison is shown in Fig. 6 where the predicted spectrum (solid curve): 
is superimposed upon the observed spectrum (histogram), the two spectra being 
normalized to the same total number of pulses above 100 millivolts. Next the 
pulse height spectrum generated by scattered’ photons at a certain angle for a 
known number of incident equivalent quanta is compared with the spectrum. 
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zenerated by 1000 equivalent quanta of the incident bremsstrahlen. These two 
spectra were divided into appropriate energy intervals and the ratio of the number 
9f pulses in corresponding intervals could be multiplied by a known factor, 
ontaining the solid angle and target thickness, to give a differential cross section. 
Phese results are shown in Figs 7-10. An error of +10°% must be assigned to 
he vertical scales due to errors arising from the calculation of counter efficiency 
ind the normalization of the observed bremsstrahlung pulse spectrum to the 
alculated spectrum. 


§ 3. DiscUSSION OF THE RESULTS 


The following discussion attempts to analyse the results in terms of a classical 
nodel of the photon scattering. Each proton in the nucleus gives rise to three 
cattering amplitudes: the first is due to the pure Thomson scattering, the second 
lue to an induced magnetic dipole, and the third due to an induced electric dipole. 
sach neutron contributes only to the last two amplitudes and it is assumed that 
harge independence will cause the proton and neutron polarizability to be equal. 
fhe nucleons are assumed to be free but spread out uniformly throughout a 
phere of radius R= 1-:2A3 x 10-4 cm, where A =12. 

This model cannot be expected to hold below about 70 Mev because the giant 
esonance effects, which are due to nuclear structure, will be reflected by an 
icrease in the scattering at the corresponding energies (Penfold and Garwin 
959). At very low energies it is known that the nuclear scattering is pure 
‘homson scattering from the entire nucleus (Alvarez, Crawford and Stevenson 
958). 

Using the methods developed for the atomic scattering of x-rays (Compton 
nd Allison 1935) it is found that this model leads to the following expression for 
1e differential scattering cross section : 

AS =f?[{(Z— Aa)? + A?B?}(1+ cos? 0) -4AB(Z— Ax) cos 6] 

+ (1—f?)[Z{(1 — «)? + B?}(1 + cos? 6) —4Z(1—«)B cos 8 

+ N{o?+ B3(1+cos?0)+4NaBcos?), 9 veseee (2) 
|, Z and N have the usual meaning, r is the classical electric radius of the proton, 
- is the nuclear form factor given by 


Steere 
i= ER RSI ea COSC eas ae (3) 
being the momentum transfer in units of reciprocal length, 
K= coe uae Lleeg oe) ete (4) 


he symbols « and £ stand for the amplitudes (relative to the Thomson amplitude) 
ie to the electric and magnetic polarizability of a nucleon. If y=E/Mc?, E 
ing the photon energy, then «/y? and B/y? are the nuclear polarizabilities in 
its of (e?/hc)(h/Mc)? =6-8 x 10-*4 cm? (Baldin 1960). 

_ The differential cross section receives contributions from two parts: the first, 
oportional to f?, is the coherent scattering from the nucleus; the second, pro- 
rtional to 1—f?, is the contribution due to incoherent scattering, i.e. inelastic 
attering. ‘The Pauli exclusion principle and other effects due to nuclear 
nding reduce this inelastic scattering by an unknown factor and so we shall 
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consider two cases, the first in which it is present and the second in which it is 
absent. 

The solid lines on Fig. 10 are plots of do/dQ against cos@ at 100 Mev, for 
different values of « and 8. Superimposed on the curves are the observed cross 
sections which are the average of the observations in the range 80-120 Mev. ‘The 
presence of « decreases the scattering at all angles as the electric dipole amplitude 
interferes destructively with the Thomson amplitude at all angles. On the 
other hand, f decreases the scattering in forward directions and enhances the 
scattering in the backward direction. It is evident that the data are not suffi- 
ciently accurate to determine « and f with any confidence. However, Figs 11 
and 12 show the two sets of contours of equal total square deviation on an «8 
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plane, the deviation being that between the observed and the predicted cross 
section. One set is for the coherent plus incoherent scattering (Fig. 11), the other 
for the coherent alone (Fig. 12). If «=0, the curves suggest 8 =0-2 or 0-1 for the 
cases of coherent or coherent and incoherent scattering respectively. An increase 
in « requires a corresponding increase in 8. The two values mentioned correspond 
to a polarizability of 1:2 or 0:6 x 10-42cm3. The solid lines of Figs 8-10 show 
do/dQ given by Eqn (1) for coherent scattering alone and B=0-2,«=0. ‘The 
agreement is as good as can be expected at higher energies. At the lower energies 
the experimental points lie above the line, presumably due to the effect of the 
tail of the giant resonance. The line for «=0, B=0-1 and coherent plus in- 
coherent scattering would be very close to that for the conditions stated above. 

Dispersion relations can also be applied to photon scattering but, in general, 
only at a scattering angle of 0°. Fuller and Hayward (1956) give a dispersion 
relation which gives the total scattering cross section at low energies, assuming 
dipole scattering alone. At our energies it cannot be applied other than at 0° 
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and the relevant expression is 


Fa =0)= Dey +4@yP=[ 25 P [°: OY ts D0) + [eo 


D(0) is the nuclear scattering amplitude at 0° and zero energy: this is just the 
Thomson amplitude = — 2?e?/A Mc? = — (30,/87)"?. D(w) and A(w) are the 
real and imaginary parts of the 0° scattering amplitude, w is the photon energy in 
units of reciprocal length and ca(w) is the total cross section for all processes at 
the energy w. 

The data used to evaluate the dispersion integral were as follows. The total 
cross section for photons undergoing nuclear effects in carbon in the energy 
range 15 to 60 Mev was obtained from the measurements of Wyckoff and Koch 
(1960). Above these energies the total cross section is assumed to be due to 
quasi-deuteron photodisintegration. ‘The cross section for the absorption of a 
photon which leads to this process is ¢~0)(3NZ/A) (Stein et al. 1960), where op 
is the total deuteron photodisintegration cross section. (An escape factor has been 
dropped from their quasi-deuteron formula as it is irrelevant to the absorption 
of the incident photon.) The data for the deuteron photodisintegration cross 
section o, were obtained from the work of Galey (1960). Meson photo- 
production also contributes to the total cross section and from the data given by 
Marshak (1952) was assumed to be constant at 0-8 mbn between 200 and 400 Mev. 
The results are 


A(@\= 24 < 10 ems 
D(w)~ —1:5x 10- cm, 
at w= 100 Mev. 
Hence 


4 (9=0°)=2:3 x 10- cm? sterad=1, 


The uncertainties in the evaluation of D(w) and A(w) are considerable due 
to the uncertainties in the total cross section. ‘The real part of the dispersion 
calculated forward scattering amplitude D(w), calculated from the dispersion 
formula, is expected to be larger (in magnitude) than the value calculated 
from our model. ‘This latter amplitude is real and for «=0, B=0-2 has the 
value —4-7x10%cm. Itis —7-2x10—* for «=0, B=0-1, and—1-3 x 10-% 
for«=fS=0. Any increase in « increases (in a positive sense) the amplitude 
from these values. The difference between D(w) and the amplitude of our 
model is least when «~f8~0O and thus the dispersion theory suggests that 
there is is no magnetic scattering. This could be because the meson photo- 
production contribution to the dispersion integral has been underestimated 
whereas the giant resonance contribution has been overestimated. It is the 
former which should be the source of expected magnetic contribution because 
the magnetic polarizability is mesonic in origin. However, the forward scattering 
amplitude, calculated from dispersion theory, is greater in magnitude than that 
calculated from our model and that is all that was required. 

Dispersion relations can also be applied to give an estimate of the upper 
limit of nucleon electric plus magnetic polarizability (Goldansky et al. 1960), 


3H2 
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This value is 11 x 10~8 cm and corresponds to the straight line drawn on Figs 11 
and 12, «+ B=0-18. 

The conclusions are that the observed scattering is consistent with Thomsor 
scattering from nucleons possessing a degree of magnetic polarizability in nucleat 
matter spread over a radius of 1-2 41/3 x 10-%cm. This result is not in agreement 
with the measurements of Goldansky et al. (1960) who find for the free proton at 
70Mmev that the magnetic polarizability is 2+2x10—%cm? and the electric 
polarizability is 9+3 x 10-cm3, However, it is not obvious that the free 
proton polarizabilities will be observed in nuclei. Our results are in general 
agreement with the results of Pugh et al. (1957). 
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lbstract. The rate of energy loss for 2°Ne and !4N ions in the energy region of 
*4 to about 6 Mev has been measured in C, Al, Ni, Agand Au. The ranges of the 
ons in the above elements were calculated by integrating the differential energy 
ss taking into account scattering and energy losses due to nuclear collisions. 
‘he rate of energy loss for ‘He ions up to 2 Mev kinetic energy is reported and 
ange curves in Al, Ni, Ag and Au up to 3 Mev are presented. Results on the 
nergy loss of deuterons in Ag are used to extend the data at present available 
or protons to lower energies. The relative accuracy of the stopping power data 
to about 1% and the absolute accuracy to better than 5 von 


§ 1. INTRODUCTION 


— OME low-energy nuclear physics experiments require information on the 
state of a heavy, slow ion which had traversed a target material. The 
differential energy loss, the range or the charge state may be of interest. 

these were subject to detailed investigations (Livingston and Bethe 1937, 

ohr 1948, Bohr and Lindhard 1954) and the results are generally applicable to 

mm. velocities v>v, where v)=e2/h is the classical velocity of an electron in a 

ydrogen atom. Bohr has also shown the complementarity of the classical and 

uantum mechanical treatments of the subject. 

At low ion velocities, where v ~ uv», the problem of energy loss for heavy ions is 
omplicated by charge exchange phenomena and by nuclear collisions in screened 
elds. The continual capture and loss of electrons not only modifies the inter- 
tion because of a changing effective charge of the ion, but also constitutes in itself 
ne mode of energy loss. 

Data on energy losses of He, C, N and O ions were reported earlier (Porat and 
amavataram 1959, 1960). The present paper reports results obtained with 
e ions and additional data with N and Heions. Several values on the (dE/dx, E) 
irve for deuterons in Ag were also measured. 


§ 2. EXPERIMENTAL 


A detailed description of the method of measurement as well as an error 
lalysis was given in an earlier paper (Porat and Ramavataram 1959). In brief, 
ns are accelerated by a 6mv Van de Graaff generator and are selected in velocity 
1 part in 104, with the help of a magnetic analyser. A 90° cylindrical electro- 
atic analyser is used to measure the kinetic energy E, of the ion beam. A thin 


Now at Cambridge Electron Accelerator, Harvard University, Cambridge, Mass., U.S.A. 
Now at Physics Department, Osmania University, Hyderabad, India. 
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foil Ax is then interposed in the path of the ions at the object point of the 
electrostatic analyser and the reduced ion energy E,is measured. In the limit 


Eas sear htien sick 56 
Ax 

‘The foils were obtained by evaporation and their surface density was measured 
by absorption of alpha particles. The measuring techniques were described in 
detail elsewhere (Ramavataram and Porat 1959), while the calibration of the 
instrument for measuring surface densities of the foils also yielded air equivalents 
for Al, Ni, Ag and Au at 3.72 and 4-33 ev alpha-particle energy. The surface 
densities of the foils used in the present experiments were in the region of 20 to 
500g cm~*, depending on the ion, its energy and the stopping element in a 
particular measurement. Up to twelve different foils were used to establish a 
curve of (dE/dx, E) for any one combination of ion and stopping element. The 
comparatively large amount of foils used, together with frequent calibrations of the 
electrostatic analyser using the °F (p, «y)!®O resonance reactions at 874-5 and 
935-1 kev (Hunt and Firth 1955) ensured relative values of dE/dx and E with an 
accuracy to 1% and absolute values with an accuracy to 5 % or better. 


§3 REsULTS 


The experimental points for Ne ions are plotted in Fig. 1 and are based on 148 
independent measurements. The values in Table 1 were taken from free-hand 
curves of Fig. 1 representing a best fit to the experimental points. In the lower 
energy region one has to take into account energy losses from nuclear collisions 


(dE/dx)expti (kev cm? ug") 


ae 
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O41 0-2 O4 06 0-81 2 4 6 8 “ 
Kinetic Energy of Neon Ions (mev) 


Fig. 1. Stopping power for neon ions. ————— present experiment ——-—— Weyl (1953). 


(dE/dx)n in addition to the electronic stopping (dE/dx)e. The measured energy 
losses include (dE/dx). and only part of (dE/dx),, since instrument geometry 


Differential Energy Loss and Ranges of Ne, N and He Ions iNGSI6/ 


excludes detection of those particles which suffered large energy losses and large 
angular deflections as a result of close, nuclear collisions. An estimate of the 
contribution of such collisions to the total stopping power was made using the 
same arguments as in an earlier paper (Porat and Ramavataram 1959). The 
values under columns (a) in Table 1 refer to electronic stopping power and include 
a small correction based on the arguments above concerning nuclear large angle 
scattering. Columns (b) list the nuclear energy loss (dE/dx), which was calcu- 
lated on the basis of Bohr’s (1948) theory of nuclear collisions in screened fields. 
As (dE/dx)p is only a small fraction of (dE/dx)e, any correction to (dE/dx) oot 
should introduce negligible errors in the final value of (dE/dx), even though these 
corrections are based onan approximate theory. No previous measurements of the 
differential energy loss for neon ions in solids are available for comparison. The 


Table 1. Stopping Power for Neon Ions 


y Velocity Carbon Aluminium Nickel Silver Gold 
u/V (a) (b) (a) (b) (a) (b) (a) (b) (a) (b) 
0-899 3:65 0-411 2°39 0-338 1:33 0-270 0:95 0-189 0-441 0-123 
1-10 5:05 0-300 3-05 0-250 A'S 0-204 1:39 0-146 0-626 0-099 
127 6:23 0-239 3-64 0-201 211 0-166 1-70 0-120 0-784 0-084 
1:42 7:26 0-200 4-12 0-169 2-41 0-140 1:94 0-103 0-920 0-073 
1:55, 8:24 0-176 4-52 0-145 2:68 0-121 2:14 0-091 1:05 0:064 
1-68 910 0-155 4-90 0-129 2:93 0-108 2:31 0-081 1715 0-057 
1-79 9-92 0-139 5-22 0-115 3:15 0-097 2:47 0-074 1-25 0-052 
1:90 10-4 0-126 5-52 0-105 3:36 0-089 2-63 0-068 1:34 0-048 
2-00 11-0 0-114 5-79 0:097 3°54 0-082 2:76 0-062 1:43 0-045 
2-10 11-6 0-106 6-02 0-090 eee 0-076 2-90 0-058 1°52 0-042 
2-20 12-1 0-099 6:24 0-084 3:89 0-071 3-01 0-054 1-61 0-039 
2:28 1257) 0:093 6:45 0-078 4-01 0-067 3-13 0-051 1:68 0-037 
273i, 13-1 0-087 6:65 0-074 4-13 0-063 3:24 0-048 1:75 0-035 
2°45 13-6 0-081 6°83 0-070 4-25 0-060 3-33 0-045 1:83 0-033 
2-61 14:3 0-074 7:20 0-066 4-49 0-054 3°51 0-041 1:96 0-030 
2°76 15-0 0-067 7°55 0-057 4-69 0-049 3-70 0-038 2:08 0-028 
2-90 1527 0-062 7:35 0-053 4-87 0-045 3-84 0-035 2:19 0-026 

} 3:04 . 16:3 0-057 8-11 0-049 5:02 0-042 3:98 0-032 2°30 0-024 

} on 7 16:7 0-053 8-37 0-046 5:20 0-040 4:10 0-030 2:40 0-023 

I 3-30 7-2 0-050 8-59 0-043 5-53 0-037 4-21 0-028 2-48 0-021 

! 3-41 W/o) 0-047 8-81 0-040 5-44 0-035 4-31 0-027 2°55 0-020 

! 3°52 17:9 0-044 9-05 0-038 5°54 0-033 4-40 0-026 2:64 0-019 


(a) Electronic stopping power (dE/dx)e in kev em* pen 
(b) Nuclear stopping power (dE/dx) in kev cm* pe. 


broken lines in Fig. 1 refer to measurements by Weyl (1953), using gases as 
absorbers. On plotting dE/dx in units of ev cm? per atom one would expect 
a monotonic increase in dE/dx with the atomic number of the stopping element. 
This is true for solid absorbers as a group as well as for the gaseous stopping media. 
However, the curves for gaseous absorbers are as a group displaced towards the 
lower rates of energy loss suggesting that the time between collisions in a gas of 
low pressure is sufficient for atomic de-excitation of the moving ion to take 
place, which in turn causes a low effective charge and hence lower rates of 
energy loss in gases than in solids of comparable atomic number. 
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The ranges of neon ions in the five stopping elements were calculated by 
numerical integration of the differential energy loss and are shown in Fig. 2. Thus 
Range, R= vette OB dx), +(dE|dx)y}-1dE, —...... (1) 
Fanal 
The trapezium rule was used for integration at intervals of 100 kev and an extra- 
polated value of (dE/dx). was used in the lower energy region. No accuracy is 
therefore claimed for ranges below about 400kev. Powers (1960) measured 
ranges of N, Ne, A and Kr ions of 500 kev kinetic energy and below in the following 
targets: Be, B, C and Al. It is of interest to compare his results with the semi- 
empirical ranges of the present work, where these data are in overlapping energy 
regions. ‘The comparsion is drawn in Table 2 and provides an indication of the 
accuracy of the results for Ne and N ions in the extrapolated (low energy) region. 
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Fig. 2. Ranges of neon ions. 


Table 2. Ranges of Ne and N Ions 


(1) (2) (3) (4) (5) 
Ne in C 200 75-6 43-7 68-0+7-0 80 
Ne in C 500 143-6+8-8 
NinC 200 70-2 28-5 32 
NinC 300 98-7 
N in Al 200 117-6+12:8 111-5615 111 
N in Al 500 229-1 + 16-2 


(1) Ion and target; (2) kinetic energy (kev); (3) range (ug cm-*) (Powers) ; (4), (5) differential 
range (ug cm~*) from 500 kev to 200 kev: (4) Powers, (5) present work. 


The measurements on the stopping power for nitrogen ions, reported earlier 
(Porat and Ramavataram 1959), were extended to higher energies and an additional 
stopping element, namely carbon, has been included. The experimental points 
presented in Fig. 3 are based on 108 independent measurements. ‘Table 3 lists 


the electronic and nuclear stopping powers under columns (a) and (b) respectively, 


Corrections due to large-angle scattering were applied as in the case of neon ions, 
above. 


EEE ee 


Fig. 3. 


Velocity 
v/Vo 
1:01 
1-07 
1:31 
1-51 
1:69 
1-85 
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Stopping power for nitrogen ions. -———— present work, — — — — Wey] (1953), 
SS Reynolds, Scott and Zucker (1954). 


Table 3. Stopping Power for Nitrogen Ions 


Carbon Aluminium Nickel Silver Gold 


(a) (b) (a) (b) (a) (b) (a) (b) (a) 
3252) O-175 oe — — — _ — = 
3-71 0-162 27291 0-133 1-41 | 0-107 eat 0-076 0-518 
4:46, 0-117 3-38 0-097 1:77 0-080 1-41 0-057 0-688 
5:13. 0-093 3-09 0:07 2:06 0-064 1-65 0-047 0-830 
Sy (UXO 4-29 0-065 Paes 0-054 1°83 .0:040 0-956 
6:20 0-067 4:50) .0:056 2°52 0-047 2:00 0-035 1:07 
6°65 0-059 4-79 0-050 2:70 0:042 214 0-031 1:18 
f-02m 0053 4:97 0-045 2:3/——) 0-03i7) 2:25 0-028 1:26 
7:33 0048 S211 0-041 3-05 0-034 2°38 e OL029 1:34 
7:60 0-043 rvs) (040% )7/ 3°20 50-031 2-48 0-023 1:40 
7-83 0-040 5:34 0-034 S203) 0-029 2:56 0-021 1-46 
8-04 0-037 340be 0-032 3-48 0-027 2°62 0-020 1-50 
8:25) 4 /0:035 5-46 0-030 3°58 0:025 2:69 een OiO1g 1:54 

5°49. 0-028 3:68 0-023 27/3) 02018 1:58 
5°56 0-026 3°78 | 0-022 2:79  0:017 1-61 
5°64 0-024 3:94 0-020 2°88 0-015 1-66 
5:70 0-022 4:07 0-018 DO 0-014. 1:70 
5-74 0-020 4:16 0-087 
5:78 0-018 4:22 0-016 
5°82 0-017 4:26 0-014 
5°83 0-016 —_— — 

= = 4:30 0-013 


(a) Electronic stopping power (dE/dx)e in key cm? ug7?. 
(b) Nuclear stopping power (dE/dx)n in kev cm? ug. 
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Reynolds, Scott and Zucker (1954) measured the range of 8 to 29 Mev nitrogen 
ions in nickel from which one can deduce dE/dx = 3-7 kev cm? wg, nearly constant 
over this energy range. Their results as well as Weyl’s (1953) results for nitrogen 
ions in gases up to 400 kev are indicated in Fig. 3. The values deduced from the 
range measurements of Reynolds et al. appear to be some 12% lower than an 
extrapolation of the present curves would indicate. However, a differentiation 
of a range curve cannot yield great accuracy especially at the low-energy end. 
Also, the value of dE/dx =3-7 kev cm2.g—! is an average over an energy interval 
in which the (dE/dx, E) curve reaches its maximum and from then on assumes 
a negative slope. The remarks concerning the differences of differential energy 
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Fig. 4. Ranges of nitrogen ions. 
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Fig. 5. Stopping power for helium ions. 
private communication) ; o Whaling (1958) calculated from Gobeli’s (1956) work; 
+ Rosenblum (1928); A Aron et al. (1949); [J Wilcox (1948). 


present work; — — Weyl and Burgy (1957, | 
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loss in gases as compared with solids made in connection with neon ions are equally 
applicable here. 

The ranges of nitrogen ions in the five absorbers are presented in Fig. 4. The 
curves are seen to start at different energy values according to the highest energy 
for which dE/dx has been obtained in a particular stopping element (see Fig. 3). 
The circles indicate experimental values of ranges obtained with ‘thick ’ absorbers. 

Former measurements of dE/dx for helium ions (Porat and Ramavataram 
1959) have now been extended to 2 Mev and are shown in Table 4 and in Fig. 5 
together with the results obtained by others (Aron, Hoffman and Williams 1949, 
Gobeli 1956, Rosenblum 1928, Weyl and Burgy 1957 (private communication 
from S. K. Allison), Wilcox 1948). Whaling (1958) calculated dE/dx for helium 
ions from Gobeli’s measurements of air equivalents for alpha particles in various 
foils. These values seem several per cent higher than the present dE/dx in Al and 
Ag absorbers. 


Table 4. Stopping Power for Helium Ions 


Stopping Power dE/dx (kev cm?* 1g") 


Energy Velocity Carbon Aluminium Nickel Silver Gold 
(kev) v/Uo 
300 1:73 1:73 1°23 0-60 0:49 0-243 
350 1:87 1:80 1:25 0:64 0:52 0:266 
400 2-01 1:87 1:28 0-67 0-54 0-285 
500 2:24 1:98 1-30 0-72 0:57 0-320 
600 2:46 2:00 1-32 0-75 0:59 0:345 
700 2:66 1-99 1-32 0:77 0:60 0:366 
800 2:84 1:90 1:30 0:79 0-61 0-386 
900 3-01 1:81 1:27 0:79 0-62 0-406 
1000 3:18 1:75 1:22 0:78 0-62 0-406 
1200 3-48 1:60 1:16 0-76 0-61 0-400 
1400 3°76 1:54+ 1:11 0:75 0:59 0:395 
1600 4-01 1-07 0:74 0:57 0-383 
1800 4:26 1:04 0-725 0-54 0:377 
2000 4-49 1:00 0-715 0:52 0-369 


+ at 1300 kev. 


One could use Whaling’s summary of stopping power for comparison with 


the present results since 
a) _ (Zn)? (dE é 
ee 7 5 ee tae Ps 


at equal ion velocities. However, the helium ion in the energy region of 0-4 to 
2.mev has an effective charge lower than 2 (Rutherford 1924, Dissanaike 1953) 
which results in a lower rate of energy loss than expected from Eqn (2). Con- 
versely, one may calculate the effective charge of the helium ion as a function of 
velocity. The calculation is possible where dE/dx data for protons of the same 
velocities are available. As the cross sections for capture and loss of electrons are 
only weak functions of the atomic number of the stopping material one can use 
dE/dx data for He and protons in different materials to obtain an average value of 
Zest of the helium ion. The results are presented in Fig. 6 and should be useful 
in estimating the stopping power for slow helium ions in various media if the 
stopping powers for protons in these materials have been measured. 
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Ranges of helium ions have been obtained by integration of the differential 
energy loss and are shown in Fig. 7. It should be noted that here the abcissa now 
represents the range of a particle of given energy rather than the thickness of 
target traversed as in Figs 2and 4. This representation was possible because the 
constant of integration is known from experimental range measurements of alpha 
particles. The curves of Fig. 7 are thus extensions into the low energy region of 
the information on alpha-particle ranges compiled by Whaling (1958). The cross- 
over of the range curves for Ag and Au at the low energy end is of interest and can 
also be observed in the case of heavy ions if one plots the atomic stopping power 
(dE/dx in units of ev cm®/atom) against energy. At low velocities of C, N, O and 
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Fig. 7. Ranges of helium ions. 
Ne ions one finds the atomic stopping power in gold to be lower than in silver. 
At higher ion velocities dE/dx increases monotonically with the atomic number of 
the stopping element, a fact which is also observed in protons and which is in 
accordance with theory, where applicable. The ‘anomaly’ of lower atomic 
stopping power in Au as compared with Ag is interpreted as being due to the lower 
effective charge of the ion in the heavier stopping element. This lower effective 
charge of the ion in materials of high Z is expected from Bohr’s (1948) theory and 
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was substantiated in the case of light and heavy fission fragments (Lassen 1955) as 
well as with protons (Phillips 1955). 

The differential energy loss for deuterons in silver in the energy range of 400 
to 1000kev has been measured. The data are useful to extend the curves at 
present available for dE/dx of protons in Ag to lower energies. ‘The assumption 
is made that isotopes of equal velocities suffer the same energy loss in a given 
stopping medium. ‘Table 5 summarizes the results which are presented in terms 


Table 5. Stopping Power for Deuterons in Silver 


Energy (kev) 400 500 600 700 800 900 1000 
dE/dx (kev cm* wg) 0-185 0-172 0-162 0-154 0-146 0-138 0-130 


of deuteron energy losses. Green et al. (1955) measured dE/dx for protons in 
silver in the energy interval of 0-4 to 1-0mMev by means of the apparent shift in 
energy of lithium and fluorine (p, y) resonances. Thus a comparison of their 
results with the present work is possible in the energy interval of 0-4 to 0-5 Mev. 
Such a comparison shows dE/dx for protons in silver as obtained by Green et al. 
to be about 4% lower than in the present work. ‘This discrepancy is well within 
the experimental errors of both measurements. 


REFERENCES 


Aron, W. A., Horrman, B. G., and Wituiams, F. C., 1949, UCRL-121 (University of 
California Radiation Laboratories). 

Bonr, N., 1948, Math.-fys. Medd., 18, No. 8. 

Bonr, N., and LinpuHarp, J., 1954, Math.-fys. Medd., 28, No. 7. 

DissaNalke, G. A., 1953, Phil. Mag., 44, 1051. 

GoseE.t!, G. W., 1956, Phys. Rev., 103, 275. 

GREEN, D. W., Cooper, J. N., and Harris, J. C., 1955, Phys. Rev., 98, 466. 

Hunt, S. E., and Firtu, K., 1955, Phys. Rev., 99, 786. 

Lassen, N. O., 1955, Math.-fys. Medd., 30, No. 8. 

Livincston, M. S., and Betue, H. A., 1937, Rev. Mod. Phys., 9, 245. 

Puitips, J. A., 1955, Phys. Rev., 97, 404. 

Porat, D. I., and RamavataraM, K., 1959, Proc. Roy. Soc. A, 252, 394. 

— 1960, Proc. Phys. Soc., 77, 97. 

Powers, D., 1960, Report of the Third Symposium on Nuclear and Radiochemistry, Chalk 
River. 

RaMavaTaRaM, K., and Porat, D. I., 1959, Nucl. Instrum., 4, 239. 

ReEYNOLpDs, H. L., Scotr, D. W., and Zucker, A., 1954, Phys. Rev., 95, 671. 

RUTHERFORD, E., 1924, Phil. Mag., [6], 47, 277. 

ROSENBLUM, S., 1928, Ann. Phys., Paris, 10, 408. 

WuaLine, W., 1958, Handb. d. Phys., 34, Ed. E. Fliigge (Berlin: Springer). 

Wev1, P. K., 1953, Phys. Rev., 91, 289. 

Witcox, H. A., 1948, Phys. Rev., 74, 1743. 


1144 


The Depolarization of Negative Muons in Light Elements 


By A. ASTBURY}, P. M. HATTERSLEY, M. HUSSAINY, M. A. R. KEMP$, 
H. MUIRHEAD anv T. WOODHEAD 


Nuclear Physics Research Laboratory, University of Liverpool 


MS. received 8th May 1961 


Abstract. A measurement of the polarization retained by negative muons in 
light elements is described. For elements with spin 0 the muon is found to 
retain about 17% of its initial polarization. 


§ 1. INTRODUCTION 


EASUREMENTS of the angular distribution of the decay electrons, appearing 

M when polarized muons are brought to rest in matter, have shown that 

the asymmetry coefficient « is much smaller for negatively charged muons 

than for their positive counterparts (see for example Garwin, Lederman and 
Weinrich 1957). 

The distribution of the decay electrons is of the form 1+« cos@ where @ 
represents the angle between the direction of the muon entering the target 
assembly and that of the outgoing decay electron. The difference in the magnitude 
of « for the two types of charge may be attributed to the difference in the degree of 
polarization of the muons when brought to rest. The term « may be written as 

ate Pratl tana Paat wl a Ore aera (1) 
where P* and P~ represent the polarization of the positive and negative muons 
respectively. If the neutrino appearing in p-decay is massless, then current 
theories predict that 

is A ey 

The measurement of the term « is of interest for two reasons. Firstly, there is 
the intrinsic interest of a contribution to the understanding of the mechanism of 
the capture of muons by atoms; secondly, an evaluation of the polarization factor 
P~ is necessary for certain experiments involving the nuclear capture of muons 
(Astbury et al. 1959) and for experiments which attempt to measure the helicity 
of muons by detecting the circular polarization of the u-mesic x-rays. 

In the present paper an account is given of the measurement of the parameter « 
of a number of elements between carbon and sulphur in the periodic table. 


§ 2. EXPERIMENTAL METHOD 


The apparatus used in the experiment is shown in Fig. 1. Muons ii the 
negative meson beam of the University of Liverpool synchrocyclotron were slowed 
by a polythene absorber, and brought to rest in the target material. The polythene 
absorber also filtered out negative pions from the muons in the beam. ‘The 

+ Now at Lawrence Radiation Laboratory, Berkeley, California, U.S.A. 

t Now at the Physics Department, University of Dacca, Pakistan. 


§ Now at the Rutherford Laboratory, National Institute for Research in Nuclear Science, 
Harwell, Berks. 
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electron contamination in the beam was removed by the use of a lead radiator, in 
the manner indicated in a previous communication from this laboratory (Astbury 


et al. 1958). 


Fig. 1. Arrangement of target and counters. 


The principle used in the determination of the asymmetry parameter has 
already been described by Cassels et al. (1957). If polarized muons are brought to 
rest in matter, and if a magnetic field H is applied at right angles to the plane 
defined by the muon and electron telescopes, then the number of decay electrons 
observed at an angle @ is given by the expression 

N(t)=e! (1+ a cos @) 
seas UtccCOs (@EAIO) 1 i) 2. eb | piwrine nye (2) 
where 


Cy tae 
2mc 
and t represents the time between the arrival of the muon in the target and the 


appearance of the decay electron. The other symbols have the usual significance. 
In the present experiment 5=0, and a magnetic field of 200 gauss was used. 


Counters 


Fig. 2. Block diagram of electronics: C.U., coincidence unit; Amp., amplifier; S, scaler; 
P.R., pulse rationer; T, timesorter; K, kicksorter. 


The arrival of the muons in the target was indicated by a coincidence between 
counters 1 and 3 and an anti-coincidence from counter 4 (134 in the normal 
notation). Decay electrons were detected by the sequence 2456. Two slabs 
of polythene of total thickness 1 inch were inserted between counters 4, 5 and 6. 


1146 A. Astbury et al. 


The polythene was present to eliminate Compton electrons arising from y-rays ; 
the latter can appear during the muon capture process. 

‘The time interval between the arrival of the muon and the appearance of the 
decay electron was measured by a time to pulse height converter (‘timesorter’ of 
Fig. 2), and the information recorded on a kicksorter. A blocking circuit (‘ pulse 
rationer’ of Fig. 2) was included in the electronic equipment. Its presence 
ensured that an interval of at least 40 microseconds occurred between successive 
analyses by the timesorter, thus allowing the instrument adequate time in which 
to recover. 


§ 3. RESULTS 


As a check on the apparatus a run was first made with positive muons. These 
were brought to rest in graphite. ‘The data was analysed by the method of least 
squares and solutions were obtained for \ and «+. The value of «+ was observed 
to decrease slowly as a function of time. An effect of this type was expected 
since the magnetic field in the region of the target was not completely uniform, and 
hence the precession frequency w/27 (Eqn (2)) is not quite the same in all parts 
ofthe target. This effect vanishes at zero time, i.e. when the time interval between 
the muon and electron pulses is zero. 


+ 
1600 Zero-time: channel 365 | 


40 50 = 60 70 80 90 100 Il 20. 130 =6140-—s«*150 
Kicksorter channel 


Fig. 3. Asymmetry in electrons from #* on a carbon target. 


The results for positive muons are shown in Fig. 3; the data have been plotted 

in the form 

N(t)e“=1+a+ cosat 
and includes an empirical correction for the decrease in the magnitude of a+ 
with increasing time. After allowance was made for this effect the value obtained 
for «+ was 0-23 + 0-01; this result compares favourably with a previous determina- 
tion reported by this laboratory (Cassels et al. IEW): 

A negative muon beam of identical momentum was then substituted for 
the positive muon beam, and a series of runs on carbon, magnesium, silicon, 
sulphur and lead fluoride was made. Although the last material is a compound, 
the disappearance rate of muons stopping in lead is so much greater than that in ~ 
fluorine, that the decay spectrum of electrons from each element could easily be 
separated. 

The results are shown in' Table 1. The data include corrections for the solid 
angle subtended by the counters, and for the variation of « with electron energy 
(the apparatus would not detect electrons of low energy owing to the thickness of 
the absorbers). Both corrections are small and tend to cancel. No attempt was 
made to observe an asymmetry coefficient in lead. 
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Table 1 

Element — am 
Carbon 0-069 40-011 (a) 

0:040+0-005 (b) 

0-054 +0-006 (c) 
Fluorine 0-011 + 0-010 (a) 
Magnesium 0-053 +0-009 (a) 

0-058 +0-008 (b) 
Silicon 0-046 +0-009 (a) 
Sulphur 0:040 + 0-006 (a) 


0-042 + 0-006 (b) 
(a) This experiment, (b) Ignatenko et al. (1959), (c) Prepost et al. (1960). 


§ 4. DIscussION 


The results given in Table 1 show a satisfactory agreement with the data of the 
Dubna group. 

The measured asymmetry coefficients may be used to determine the amount 
of depolarization of negative muons in different elements. This depolarization 
occurs during the process of de-excitation from a high mesic orbit to a K shell (the 
period for this transition is negligible compared with the muon lifetime, hence 
virtually all the muons reach the atomic K shell). The observed asymmetry 
coefficient may be written as 

lend (eel eal esi) 
where P,~ is the polarization of the negative muons arriving at the target and P,~ 
is the polarization retained by the muons in the target, i.e. 1— P,~ represents the 
depolarization produced in the target. Similarly, we may write 


+—=Ppt+ 
C= Pe Poa 


for positive muons. 
Since the conditions for production of positive and negative muons are identical, 
it would seem reasonable to write P,;+ =P,~ so that 


or 


In the conditions of our present experiment «* and P,* refer to a graphite target. 
The polarization retained by the negative muons can then be determined if the 
‘polarization retained by the positive muons in the graphite target is known. 
Lynch, Orear and Rosendorff (1960) quote a value of 0-79 + 0-07 for this quantity. 
The present experiment then leads to the values given in Table 2 for the polariza- 
tion retained by the negative muon for various elements. 
Calculations of the magnitude of P,~ have been made by Shmushkevich (1959), 
Dzhrbashyan (1959) and Mann and Rose (1961). Briefly the following physical 
‘processes can occur. Firstly, the muons are captured into states with high values 
for the quantum numbers and/. In the initial capture, the calculations indicate 
that the muon retains about } of its polarization. The mu-mesic atom then 
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Table 2 
Element iae 
Carbon 24+4% 1444% (a) 
Magnesium 18+4% 20+5% (a) 
Silicon 16+4%, 
Sulphur 14 Se 15+4% (a) 
Fluorine 444% 


(a) Ignatenko e¢ al. (1959). 


reaches states with n ~3 or 4 by a series of Auger transitions. Radiative transi- 
tions then follow the Auger transitions, and on the average the muon loses 50% 
of its residual polarization, by the radiative process, before reaching the K shell. 
Thus the residual polarization is approximately 4 x 4~17% of its initial value. 

It can be seen that the figure of 17% is in good accord with the data of ‘Table 2, 
with the exception of fluorine. A result of this nature was expected for fluorine, 
however, since it possesses a nuclear spin of }, whereas all the other elements in 
Table 2 have spin 0. 

If a nucleus possesses non-zero spin then a spin-spin interaction can take place 
whilst the muon is in the K shell leading to further depolarization. A number of 
workers (Uberall 1959, Lubkin 1960) have shown that in a nucleus of spin J 
the polarization is reduced by a factor $[1+2/(2/+1)?]; for a nucleus of spin $ 
the polarization retained by the muon would be expected, therefore, to be of the 
order of 8%. The result for fluorine is compatible with this figure. 
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Capture Rates for Negative Muons in Light Elements 


By A. ASTBURYf, I. M. BLAIR, M. HUSSAIN{, M. A. R. KEMPS anp 
H. MUIRHEAD 


Nuclear Physics Research Laboratory, University of Liverpool 
MS. received 8th May 1961 


Abstract. Measurements are reported on the capture rates of negative muons in 
certain light elements. Agreement with other experimental data is found, but 
a discrepancy between the calculated and experimental values of the capture 
rate in fluorine is noted. 


§ 1. INTRODUCTION 


HE results obtained with the apparatus described in the previous paper 
| (Astbury ez al. 1961) may be used to evaluate the capture rates for negative 
muons in various light elements. 
After background was removed the data recorded on the screen of the 
kicksorter were of the form 


N(t)=e! (1+« cos wf). 

The symbol A represents the disappearance rate of negative muons in the 
target material; its magnitude was found by integrating the data over an even 
number of complete cycles of the term cos wé, starting at t=7/2w. The data 
were then split into two equal time intervals of length 7. The total number of 
counts in the first and second intervals, , and n, respectively, were related by 
the expression 

n,/n,=eT 
and hence A can be determined. 
The term A represents the sum of the rates for decay Aq and capture Ag: 
A=)atAre. 
The value of Aq was taken to be equal to that of the free muon, since Coulomb 
effects have a negligible influence on the decay rate of negative muons stopped in 
light nuclei (Astbury et al. 1959, Yovanovitch 1960). Hence A, can be calculated. 


§ 2. RESULTS 


The results of the experiment are shown in the Table. 

It can be seen that the experimental data from different laboratories are in 
agreement. ‘The theory of Primakoff (based on a Universal Fermi Interaction) 
appears to fit the data with the exception of fluorine. The nuclear part of the 
muon capture process was calculated by Primakoff using a closure approximation. 
A similar approach was made by Burkhardt and Caine (1960), who used more 
detailed shell model wave functions than Primakoff. 

j + Now at Lawrence Radiation Laboratory, Berkeley, California, U.S.A. 

t Now at the Physics Department, University of Dacca, Pakistan. 


§ Now at the Rutherford Laboratory, National Institute for Research in Nuclear Science, 
Harwell, Berks. 


ihe 


1150 A. Astbury, I. M. Blair, M. Hussain, M. A. R. Kemp and H. Muirhead 


Element Capture rates x 10° (sec) 
Present experiment Other results Theoretical 
Carbon 0-3+0-1 0-44 +01 (a) 0:43 (f) 


0:36 +0-04 (b) 
0-373 +0-011 (c) 


Fluorine 2:5+0-4 2:54 +0:22 (a) 1-51 7 @) 
2:72 +0-20) Xd) 2:02 (g) 
3:70 +0-54 (e) 

Magnesium 5:0+0-2 5:07 +0-20 (a) 5-2 (f) 

Sulphur 13:5-E10°5 13°99 +09 (a) 14-0 (£) 


(a) Sens (1959), (b) Stannard (1960), (c) Reiter et al. (1960), (d) Astbury et al. (1958), 
(e) Bertram (1960), (f) based on work of Primakoff (1959) and data of Sens (1959), 
(g) Burkhardt and Caine (1960). 


In view of the excellent agreement of the theory of Primakoff with experi- 
mental data (Astbury et al. 1958, Sens 1959) for a large number of nuclei between 
beryllium and lead, the discrepancy noted in the Table for fluorine probably 
can be attributed to nuclear effects specific to this element. 
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A Measurement of the Total Cross Section for the Production of Neutral 
Pions in Proton—Proton Collisions at 383 Mev 
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T. WOODHEAD 


Nuclear Physics Research Laboratory, University of Liverpool 


MS. received 8th May 1961 


Abstract. A value of (59 + 9) wbn has been obtained for the total cross section for 
the production of 7°-mesons in proton—proton collisions at 383 Mev. 


§ 1. INTRODUCTION 


HE total cross section for the reaction p+p—+p+p+z7°, which we shall 
| denote by the symbol opp, is characterized by its comparatively small size 
near threshold, and the rapid rise in its value as the energy of the incoming 
proton is increased. In nucleon-nucleon collisions at energies not too far from 
threshold, the most important transition in the production of pions is that which 
leaves the final nucleons in an S state relative to each other, and the meson in a 
p state with respect to the centre of mass of the system (an Sp transition in the 
notation of Rosenfeld (1954)). This transition is enhanced by the (#, $) resonance 
in the pion-nucleon interaction. This transition is allowed for the production of 
charged mesons in proton—proton collisions, but is forbidden for 7° mesons for the 
following reason. 

The two final protons in the 7° production process exist predominantly in the S 
state at low energies. This state has J=0 because of the Pauli principle, and 
even parity. Ifthe meson is emitted in a p state, the final state of the meson and 
protons has J =1 and even parity. The initial state of the two protons must have 
zero spin in states of even parity because of the Pauli principle, so that.J must equal 
Land hence be an even integer. There is no initial state of two protons which has 
J =1 and even parity, and hence the Sp transition cannot occur in the production 
of 7® mesons in proton—proton collisions. The absence of this transition 
amplitude explains the smallness of the 7° production cross section just above the 
threshold. 

Mather and Martinelli (1953) have pointed out that, in addition to the type of 
transition described above, there can also exist ‘displaced transitions’. Let us 
consider the Ss transition. In this case one of the final nucleons and the pion 
can be partly in the (3, 3) resonance state whilst the complete system has zero 
overall angular momentum. ‘This is termed a ‘displaced 5S state transition’ 
Similarly for production into a Sd state there could be a ‘displaced D state 
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transition’. In Table 1 the variation of the cross section opp with 7 is given for 
the different transitions, where 7 is the maximum momentum of the pion, in the 
centre-of-mass system, in units of yc, where p is the pion mass. 


Table 1 
Transition Ss Sp Ps Pp Displaced-S  Displaced-D 
opp 7? Forbidden ah 7’ ne 7® 


Mandelstam (1958) has developed a semi-phenomenological theory for the 
production of a single pion in nucleon-nucleon collisions. In this theory he 
assumes that all pion production takes place in such a manner that the outgoing 
pion is in a (3, 3) resonant state with one of the nucleons. A theory of this type 
cannot be very accurate immediately above threshold, but should give good agree- 
ment with experiment in the energy ranges where kinematic conditions favour the 
(3, 3) resonance. The form of the cross section opp predicted by Mandelstam is 


opp = (0-040 7° + 0-047 8) x 10-27 cem2. ss, (1) 


The most recent experimental results (Dunaitzevy and Prokoshkin 1959) 
have been analysed in conjunction with the Mandelstam resonance model, 
These authors conclude that a term (0-032 + 0-007) 72 x 10-2’ cm? must be added 
to (1) in order to fit the experimental points below 400 Mev. This term gives the 
contribution to the cross section from the non-resonant $s transition. The final 
form of the excitation function suggested by Dunaitzev and Prokoshkin is 


3" pp = (0-032 + 0-007) »? + 0-040 8 + 0-047 98) x 10-27 em2,...... (2) 


The present experiment is a measurement of the total cross section in the 
383 Mey proton beam of the Liverpool synchrocyclotron. ‘The result at this 
energy serves as a further check on whether*a non-resonant term must be added 
to the Mandelstam formula (1). 


§ 2. EXPERIMENTAL METHOD 


‘The experimental arrangement is shown in Fig. 1. The external proton beam 
of the synchrocyclotron is focused on to a target of liquid hydrogen. The 
protons travel to the target in a vacuum pipe, and enter and leave the liquid hydro- 
gen container through thin mylar windows. The 7° mesons are registered by the 
detection of one of their decay photons. ‘These pass through the anticoincidence 
counter 1 and materialize in the lead radiator. The electron or positron then gives 
a triple coincidence in counters 2, 3, 4. The ion chamber was used as a monitor 
to measure beam intensity. The proton flux which could be used in the experi- 
ment was limited by the high counting rate in counter 1, due to protons scattered — 
into it from proton—proton collisions in the liquid hydrogen. 

In order to determine the number of y-rays incident on the counter telescope 
due to the decay of the 7° mesons produced in the liquid hydrogen, four runs. 
were made. 'T’hese were as follows : one with liquid hydrogen and a lead radiator 
(H, Pb), one with liquid hydrogen but no radiator (H, [Pb]), one with an empty 
target, but with the radiator ([H,] Pb), and finally a run with no liquid hydrogen 
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Fig. 1. Experimental arrangement. 


and no radiator ((H,][Pb]). By the following subtraction : 

(H, Pb —H, [Pb]) — ((H,] Pb— [Hz] [Pb])=Np, — ------ (3) 
we obtain the counts from the liquid hydrogen per monitor count from the ion 
chamber. N,, was measured for different thicknesses ¢ of lead radiator. It was 
necessary to take account of electrons multiply scattered in the lead and hence not 
detected in the telescope. This was done by extrapolating the (Nj,,/t, t) plot to 
t=0 as shown in Fig. 2. We obtain from this intercept and the value of the pair 
production cross section in lead, the number of y-rays produced per monitor count. 


beam monitor count 
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Fig. 2. Comparison of data from nitrogen and hydrogen. 


A preliminary experiment was performed with liquid nitrogen in the target. 
In this case the counting rate due to y-rays from 7° decay is increased by a factor 
of the order of 40, because of the increased production cross section for 7? mesons 
in nitrogen. The results of these runs are also plotted in Fig.2. It was originally 
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intended to use the gradient from the nitrogen points for extrapolating the hydro- 
gen data. In this way the nitrogen runs would have served to calibrate the y-ray 
telescope. Such a method involves the assumption that the spectrum of y-rays 
incident on the telescope from the liquid nitrogen is the same as that from the 
liquid hydrogen. In this case the gradients of the two graphs would be equal, 
implying the same multiple scattering in the radiators for the two experiments. 
The two gradients obtained do in fact agree within the rather poor counting 
statistics of the hydrogen runs. However the errors quoted in the final result are 
those found from a best fit to the hydrogen points alone. Thus the nitrogen data 
was used only as a check on the procedure for extrapolating back to zero lead 
thickness. 

The angular distribution of the 7° in the centre-of-mass system of the colliding 
protons may be expanded as a polynomial in powers of cos 8 


F(0)=a@+0 cos 04-cicos*)0.. ae (4) 


where @ is the angle of emission of the 7° with respect to the direction of the 
incoming proton. At an incident proton energy of 383 Mev the highest power 
expected in the polynomial is cos?0, since transitions involving final states with an 
orbital angular momentum quantum number />1 are unlikely at this energy. 
Since the reaction is symmetric with respect to the two colliding protons it is 
apparentthatb=0. ‘Thus Eqn (4) becomes 
F(6)=a+ccos?0. 

It may then be shown (‘Tiapkin 1956) that the corresponding angular distribution 
of the y-rays takes the form 

F(0)=A+Ccos?6. 

This distribution possesses the convenient property that the intensity of the 
y-rays at angles =cos~! + 1/$ is related to the total yield of y-rays in a manner 
which is independent of the parameters a and c (Tiapkin 1956). In fact at the 
‘isotropic angles’ 0, the differential cross section for the y-ray production 
do’ (8)/dQ is related to the total cross section for 7° production as follows 
do’(@) 

"Me ee (5) 

The differential cross section for y-ray production was measured at laboratory 
angles of 37° and 102° which correspond to the ‘isotropic angles’ in the centre-of- 
mass system for 383 Mev protons. The ratio of the counting rates at these two 
angles may be calculated from the kinematics of the reaction and compared with 
the experimental value in order to check the validity of the above assumption used 
for the measurement of the total cross section. Theresults were 


Counting rate 37° 2-63 (calculated value). 
Counting rate 102° 2-8 + 0-6 (experimental value). “ 


0 = 
Opp = 2a 


In view of this result the two measurements of the y-ray differential cross section — 
were used to give independent determinations of the total cross section for 7° 

production. | 
§ 3. RESULTS : 


The values of the total cross section opp from the measurements at 37° and — 
102° respectively are (62+12)ubn and (58+10)ubn. The sources. of error 
in the experiment are given in Table 2. 
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Table 2 

Sources of error Percentage error 
(a) Counting statistics 14-5 (37°) 9 (102°) 
(6) Correction for 7° produced in vacuum vessel 

of hydrogen target 6:5 (37°) 3 (102°) 

(c) Pair production cross section 10 
(d) lon chamber calibration 5 
(e) ‘Target thickness and solid angle correction 3 


In (0) the errors arise due to the fact that some of the protons in the beam were 
scattered by the liquid hydrogen and produced 7° mesons in the aluminium vacuum 
vessel ofthetarget. ‘These could be detected by the y-ray telescope and comprised 
22% of the total effect at 37’, and 9% at 102°. No account has been taken of the 
y-ray background due to protons scattered from the empty target. It has been 
estimated that this gives a correction of the order of 0-5°%, which was neglected 
in the face of larger errors. 

The pair production cross sections were taken from the theory of Bethe and 
Heitler, and the empirical correction derived by Davies, Bethe and Maximon 
(1954) applied. This correction is based on experimental results which are 
accurate to about 2%. The remainder of the error in (c) is due to integrating 
the cross sections over the spectrum of y-rays incident on the radiator. The 
shape of this spectrum, and hence the final pair production cross section used in 
the calculation, depends on the angular distribution and energy distribution of the 
7°, ‘The assumptions made were those of an angular distribution of the form 
(4+ cos? @) and the energy distribution derived by Gell-Mann and Watson (1954) 
fora Pp transition. 

The magnitude of the pair production cross section resulting from these cal- 
culations is not very sensitive to the shape of the y-ray spectrum. Values were 
obtained for four different spectra, three of which corresponded to angular 
distribution of the 7° mesons of the form cos? 6, $+ cos? and istropic. ‘The fourth 
was a non-physical case of a square y-ray spectrum between the upper and lower 
limits of energy allowed by the kinematics of the reaction. ‘The values showed a 
spread of about 6% about a mean of about 30 barns. 

The value of the total cross section, resulting from the combination of the two 
measurements at the ‘isotropic angles’, is (59+9)ubn. In Table 3 this value 
is compared with other experimental results in the same energy region. 


Table 3 
Incident proton energy (Mev) opp (ubn) Measured cross sections 

408 81+422 

383 Sisjee 1 7/ Stallwood et al. (1958) 

367 25ee 2 

360 30+ 8 

374 40+10 Dunaitzev & Prokoshkin (1959) 
400 90 + 20 


383 Silas 0) Present experiment 
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If the appropriate value of 7 (0-863 for incident protons of 383 Mey) is 
substituted into Eqn (2), then the experiment gives a further check on the 
excitation function of Mandelstam, with the addition of the empirical correction of 
Dunaitsev and Prokoshkin. The results are shown in Table 4. 


Table 4 


Expected contributions to the cross section Experiment 
(0-047 + 0-0478) x 10-*? cm? (theory of Mandelstam) 31 pbn 


Empirical correction for non-resonant Ss_ transition 
(Dunaitsev & Prokoshkin) 0:0327? x 10-?? em? 24 wbn 


Total 55 wbn (59+9) wbn 


It is clear that at the rather low proton energy of 383 Mev the Mandelstam 
resonance theory cannot account for all the production of 7° mesons, and a 
non-resonant Ss transition, introduced through the empirical correction term, 
can account for the discrepancy. 
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Low Energy Elastic Scattering of Neutrons by Deuterons 
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Abstract. Neutron—deuteron scattering phases are evaluated at five energies 
below 8 Mev for two ranges of a central Yukawa interaction. The dependence 
of the phases on the range is found to be very slight. Considerable differences 
are found between these results and those given by Haas and Robertson in 1959 
who used the same form of interaction with the shorter of the two ranges con- 
sidered here. The results and subsequent discussion resolve some previously 
inexplicable differences between the scattering lengths obtained with various 
potential shapes. 


§ 1. INTRODUCTION 


has been performed by Haas and Robertson (1959, to be referred to 
as HR) assuming a central two-body internucleonic interaction with 
symmetric exchange and Yukawa shape, 


A THEORETICAL investigation of low energy neutron—deuteron scattering 


Voj=Vy APO). ate (1) 


They ignored any distortion of the deuteron by the incident neutron and 
represented the deuteron ground state by the Hulthén wave function 


See exp (— ar)— exp (— fr) 
Yr 

where 7 is the normalization constant. Their results agree quite well with those 
of Christian and Gammel (1953), who also used a Yukawa potential, but differ 
significantly from those of Buckingham, Hubbard and Massey (1952) and Burke 
and Robertson (1957) who assumed exponential and Gaussian shapes respectively. 
_ However, as mentioned by Massey (1960), exponential and Yukawa shapes would 
be expected to give similar results and there is no a priori reason why they should 
be very different from those obtained using a Gaussian shape. In view of these 
discrepancies, the S phase shifts are calculated for five neutron energies in the 
_ range 0-8 Mev using two different values of the range X in the interaction (1). 
Of the two ranges considered, the shorter, used by HR, is consistent with all two- 
body data whilst the longer range is appropriate in binding energy calculations 
for light nuclei. The values assumed by the parameters for the two interactions 
have been determined by Burke (1956) and are given in Table 1. 
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Table 1, Values of the Parameters occurring in Eqns (1) and (2) 


Interaction A Interaction B 
V7, (Mev) — 68-01 — 33-8 
A (10-18 em) 1-18 1:78 
a (1018 cm-!) 0-22315 0-22302 
B (108 em-) 1615 1-170 


In the notation used by HR, the integro-differential equation describing the 

scattering in a state of orbital angular momentum /h is 

d*f,(r) Ui+1) 

oe (#- A) — au) fir) 

* / , E, ys , , 
2s [ (Bair : )+y] bles: (1 - Emer )}) Sicilia (3) 

where the potential function U(r), the kernels g(r, r’), p,(r, r/) and n,(r, r’), and 
the values of «, 8 and y for the two spin states are as defined by HR. The solution 


of this equation satisfies the boundary conditions f,(0) = 0, f,(r) ~ sin (kr — 4/7 +8) 


where 6, is the phase shift. 


§ 2. METHOD OF SOLUTION 


Equation (3) was solved numerically on the University of London’s Ferranti 
MERCURY computer for the case of /=0 using a method due to Robertson (1956). 
It involves calculating the kernels for values of r and r’ ranging from 0 to 21 fermis 
at a constant interval of 0-3 fermi, and tabulating the results in the form of square 
matrices so that the element p,,,, of the kernel matrix p(r, 7’) is equal to p(r =0-3n, 
r’=(0-3m) etc., r and r’ being measured in units of 10-!%cm. All integrands in 
the kernel functions are singular at the lower limit of angular integration when 
r=2r' and r' =2r, the integrands in g(r, r’) also being singular at the upper limit 
when r=r’. Removal of these singularities by means of appropriate substi- 
tutions enables the kernels to be evaluated accurately for all values of r and 7’. 

The contour diagrams of the kernels g)(r, 7’) and n(r, r’) obtained using the 
A interaction agree well with those of HR but that of p,(r, 7’) differs from theirs 
in the vicinity of the lines r=2r' and r’=2r. This, however, is probably due to 


errors in drawing the contours and the fact that, owing to the rapid variations of — 


the kernel in these regions, their interpolation method of calculating the elements 
on these lines is not accurate. Similar diagrams are obtained for the B inter- 
action but, because of its longer range and the smaller value of the deuteron wave 
function parameter , the kernels die awaysmore slowly. 


§ 3. RESULTS 


Values of the phases for both interactions are given in Table 2 and the corre- 
sponding Blatt-Jackson curves are plotted in the Figure. From the zero energy 
intercepts on the kcotd axis the following two sets of scattering lengths are 
obtained 

a@—5-6x105 em 
a,=4-0 x 10-8 cm 
GQ, Sal = cin 
dg OPO meson 


} for the A interaction, 


} for the B interaction. 
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These are to be compared with HR’s values 
a—09 x 10 chy, a= eae LO - cm, 
and the two experimentally permissible sets, 
Qi 2: 4>ql0et*em, y= 8'3.< 1053 em, (i) 
a,=6:2 x 10-% cm, a,=0°8 x 10-8 cm. (ii) 
Table 2. S Phases 
Quartet Doublet 
kx 108 (cm-) A B HR(0:8) A B HR(0°8) 
0-4 —88:030 —77:782 +75:868 =7/8:010) »— 81-019" = 60-038 
0:3 =76:°765° =77:480 = 02:3 23m 03: S)07 
0-2 9729 | —62:509 63-173 =42-836, =—42:790) .— 28-594 
0-12 = 38-076 —40-047 ——43:206 SPATE Mi PEIN RESETS) 
0-075 —24-001 —25-264 —28-498 = OSS / 9 LO 265 MG. +0r, 


S phases are given in degrees. Columns A and B contain the phases using interactions 
A and B respectively. Haas and Robertson’s final results are given in columns headed 


HR(0-8). 


The results seem to favour set (ii) rather than (i) although good agreement 
exists only for the quartet scattering lengths. 

It would appear that the quartet phases are more sensitive to the range of the 
interaction than are the doublet phases. But, as mentioned previously, the 
longer range of the B interaction increases the tails of the long range kernels so 
that they are no longer negligibly small at 21 fermis. This is particularly 
important for quartet states since the coefficient y multiplying the long range 
kernels in Eqn (3) then has the value +1 whereas it is only — } for the doublet 
states. Consequently the error introduced by neglecting the kernels beyond 
21 fermis has a greater effect on the quartet phases. In fact most of the ditference 
between the two sets of quartet phases is probably due to this error, which may also 
be partly responsible for the slight difference in the doublet phases. 

It is therefore concluded that the dependence of both quartet and doublet 
phases on the range of the interaction is very slight. 


Table 3. S Phases 
Quartet Doublet 

kx 10% (cm) (11-4) HR(0-4) (11-4) HR(0-4) 
0-4 + 83-017 + 87-953 — 74-773 —75°591 
0-3 —72:616 — 62-007 
0-2 —45°159 — 38-371 — 47-055 — 47-250 
0-12 — 24-857 — 19-220 — 30-727 — 30:341 
0-075 — 14-832 — 10-741 — 19-813 — 19-427 


S phases are given in degrees. 


The columns (11:4) contain the phases using the A 


interaction with neglect of the kernels beyond 7, r’=11-4 fermis. The columns HR(0-4) 
contain the results of Haas and Robertson using a constant interval of 0-4 fermi and neglect- 
ing the kernels beyond 7, r’ = 11-6 fermis. 
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k cot & (10"cm) 


ie) 1 2 3 4 5. 6 7 8 
NEUTRON ENERGY, LAB. SYSTEM (Mey) 


QUARTET. 


4 


¢ 
7UR(O-8) 
a7, 


k cot 5 (10cm!) 


O: OBSERVED (CHRISTIAN AND GAMMEL 1953) 
H.R.(0-8): HAAS AND ROBERTSON WITH INTERVAL 0:8 
A: CALCULATED USING A INTERACTION 
B:CALCULATED USING B INTERACTION 


ie) 1 2 3) 4 5 6 i 8 
NEUTRON ENERGY, LAB. SYSTEM (Mev) 


Comparison of ‘ observed’ and calculated zero-order phase shifts. 
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In order to explain the considerable differences between the results of HR 
and the present ones, the A interaction phases have been recalculated using 
exactly the same method as before but neglecting the kernels beyond 11-4 fermis. 
Since HR performed very similar calculations using a constant interval of 0-4 
fermi with the kernels extending to 11-6 fermis, agreement between the two sets 
of phases would be expected. ‘They are contained in Table 3 and are seen to 
agree as well as can be expected in view of the slight differences in the interval 
and extent of the kernels and the possible errors in p)(r, r’), mentioned previously, 


§ 4. Discussion 


Comparison of the results in columns (11-4) of Table 3 and the A interaction 
phases of Table 2 indicates that, contrary to the conclusions of HR, neglect of 
the tails of the long range kernels does not affect the doublet phases to any great 
extent although it has a serious influence on the quartet phases. The doublet 
phases, however, are more sensitive to the interval of integration, making it 
essential to use as small an interval as possible. 

Buckingham, Hubbard and Massey, using a symmetric exchange interaction 
of exponential shape, obtained similar results to the present ones, the agreement 
being particularly good in doublet states. Although the calculations of Burke 
and Robertson, who used a Gaussian shape with various ranges, are not in such 
good agreement, evidence exists in their paper to suggest that, had they used 
smaller intervals of integration and extended the kernels further, they would 
have obtained results closer to the present ones with less dependence on the 
range. ‘This similarity of the results using three different shapes and a variety of 
ranges suggests that for central interactions with Serber and symmetric exchange, 
the phases are almost independent of the form of the interaction provided that, 
for a given range, the depth is chosen so as to give the correct deuteron binding 
energy. It is therefore unlikely that any purely central interaction will provide 
doublet phases in better agreement with experiment without an explicit inclusion 
of deuteron polarization. 

Recently, variational techniques have been used to investigate the effect of 
polarization on the phases, but the results are not altogether satisfactory. Thus 
Burke and Haas (1959) and Sartori and Rubinow (1958), using the Kohn and 
Rubinow methods respectively, concluded that the effect was small for quartet 
and doublet phases, whereas Efimov (1959), who also used the Rubinow method 
but considered a more complicated trial function, obtained results contrary to. 
this. He obtained the scattering lengths 

| Wi 03a Vee cine sg — lelexa ess cms 
both of which are in good agreement with experiment. 

A disadvantage of both variational methods discussed above is that they fail 
to give either an upper or lower bound on the scattering lengths. Therefore, it is 
not possible to infer that, because Efimov obtains results close to set (ii), this set 
is necessarily correct. Only if one of the two possible experimental values were 
larger than the result of a calculation of the upper bound on the scattering length 
‘could the experimental set containing the larger value be definitely rejected. A 
variational method which does lead to an upper bound on the scattering lengths 
has been devised by Spruch and Rosenberg (1960) but no numerical results. 
have yet been obtained using it. ‘The authors claim, however, that the conversion 
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of Efimov’s calculations to the form used in their method reduces the value of 
the scattering lengths so that Efimov’s results are in fact upper bounds. As 
the doublet scattering length of set (i) is larger than the value of the upper 
bound it follows that the correct set is (11). 

This conclusion is only justified if the equivalent central potential is an 
accurate approximation to the true potential, but there is very little evidence that 
this is so. A more realistic approximation is a mixture of central and tensor 
potentials, and the neutron—deuteron scattering problem with such an interaction 
has been formulated by Bransden, Smith and Tate (1958). Using this formu- 
lation, a recent determination at University College London of the doublet 
scattering length yielded the result a,=8-3 fermis which agrees with set (i). A 
Gaussian shape was assumed for the central and tensor components and the 
exchange mixtures were taken to be Serber for the central part and, in the notation 
of Bransden, Smith and Tate, w’ =4, m’ =2 for the tensor part. The numerical 
values of all other parameters are given by Massey (1960). A more detailed 
report of this work will be published later. 

Despite the good agreement with set (i), no firm conclusions can be reached 
until the quartet scattering length has also been calculated. Furthermore, no 
allowance has been made for distortion of the deuteron which is expected to be a 
predominantly doublet effect. It is therefore intended to apply the method of 
Spruch and Rosenberg to the tensor force problem. 
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The Transfer and Exchange Transfer of Nucleons between 1O and 2’Al 


By R. F. COLEMAN anp J. L. PERKIN 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


MS. received 17th May 1961 


Abstract. Cross sections for the following reactions with 36 Mev 16O ions have 
been measured : 

Neutron transfer wri(sO, O)2Al <7 abn 

Proton transfer 7Al(18O, 7F)26Mg 210+50ubn 

Neutron—proton exchange transfer ?’Al(16O, 18F)?7Mg 0-7 + 0-4 bn 

The mechanism of the exchange transfer reactions is discussed in terms of 

the single transfer reactions. There is some evidence to suggest that an exchange 
reaction is not composed of two single transfer reactions. 


§ 1. INTRODUCTION 


reported is that of Pinajian (1960) who found that the cross section of the 

*“AI(M@N, “4O)?’Mg reaction is 2-2+1 bn for nitrogen ions of 27-6 Mev. 
This result is consistent with the prediction by Goldansky (1958) that the 
magnitude of neutron—neutron exchange transfer reactions are of the order of 
1 to 10 bn. Goldansky obtained this value by calculating the relative probabilities 
for neutron transfer and neutron—neutron exchange transfer for the “tunnelling ’ 
model of these reactions and comparing these with the geometrical cross section 
and experimentally determined neutron transfer reaction cross sections (see also 
Breit 1959). 

The aim of the present experiments was to examine a neutron—proton exchange 
transfer reaction where it was possible to measure the cross sections of the two 
single transfer reactions of which it was composed. The 2’Al(!6O, 1°F)?"Mg 
reaction was chosen for this purpose. An activation method involving the 
chemical separation of the reaction products was used to measure the cross 
sections. The products measured for the neutron, proton and exchange transfer 
reactions were *O(2 min) !’F(1-1 min) and ??Mg(9-5 min) respectively. 

As the activities measured in this work were so small, it was essential to 
ensure a very good chemical separation of these products from the products of 
other reactions. It was also important to show either experimentally or by in- 
ference from other work on transfer reactions that the transfer products observed 
could not have been produced in any other way. These points are discussed in 
the following sections. 


Ts only work on neutron—proton exchange transfer reactions previously 


§ 2. EXPERIMENTAL DETAILS 


2.1. Irradiation of the Aluminium Targets 
Currents of the order of 0-1a of magnetically analysed 160 5+ and 6+ ion 
beams with energies up to 38mev were obtained with the Atomic Weapons 
Research Establishment Tandem Van de Graaff (Allen et al. 1959). Thick 


PROC. PHYS. SOC, LXXVIII, 6 3K 


1164 R. F. Coleman and. }. L. Perkin 


(9mgcm~?) targets of aluminium foil were irradiated by placing them across the 
end of a Faraday cup. Irradiation times were of the order of the half-life of the 
particular reaction product examined. 


2.2. Separation of Magnesium from Aluminium 


It was found that after irradiation most of the activity in the aluminium foils 
consisted of some 10° disintegrations per second of °K (7-7 min). In order to 
ensure that no trace of this activity was counted with any 2’Mg activity present 
the following procedure was adopted. 

The irradiated aluminium was dissolved in 6N sodium hydroxide containing 
300g of magnesium carrier. The magnesium hydroxide was centrifuged off 
and washed. ‘This precipitate was dissolved in dilute acid, about 1 mg of iron 
carrier was added and then precipitated with ammonia. Ammonium phosphate 
was added to the supernate and the solution made strongly ammoniacal to pre- 
cipitate magnesium phosphate which was then redissolved and re-precipitated as. 
a further purification step. The efficiency of the scheme for eliminating 
potassium was measured in a separate experiment by adding ““K tracer to un- 
irradiated aluminium. The fraction of potassium remaining was found to be 
less than 3x 10-*. This was sufficient to ensure that the observed magnesium 
activity was uncontaminated. 

The final precipitate was slurried on toa plastic foil for counting in a 47 gas 
flow proportional counter. Activities of the order of a few counts per second 
decaying with the half-life of *>Mg were observed. An anticoincidence ring of 
Geiger counters was used to reduce the background of this counter to 0-3 c/s. 

After counting, the source was dissolved in dilute acid and the yield of 


magnesium was determined by a micro-titration using ethylene-diamine-tetra- 


acetic acid. 


2.3. Separation of Fluorine from Aluminium 


In this separation special care was taken to remove ®°P (2:5 min) found in the 
irradiated aluminium foils which, because of its mode of decay (positron) and its 


half-life, was likely to cause errors in the measurements of the 1’F activity 


produced. 


The foil was dissolved in 1 ml of sodium hydroxide solution containing 15mg 


of fluorine carrier. The solution was scavenged twice with 200 ug of zirconium 
and then 2 ml of saturated barium hydroxide solution was added. The resulting 
barium fluoride was washed and then the tube and precipitate were placed in a 
counter to measure the positron activity from 17F. Counting commenced about 
three minutes after the end of the irradiation. ‘The chemical yield of the separ- 
ation scheme was measured by titrating the fluoride with a standard thorium 
nitrate solution. 

Positrons were detected by means of two cylindrical (5-7 cm x 5-7 cm) sodium 
iodide scintillation counters on opposite sides of the source. Pulses from the 
positron annihilation photo-peaks in the two counters were counted when in 
coincidence in order to discriminate against any y-ray background from traces of 
other reaction products remaining after the chemical separation. The overall 
efficiency of this counting arrangement (~ 10°) was found by calibration with 
a solution containing 1*F which has been standardized by counting weighed 
amounts in a 47 proportional counter. 
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2.4, The Separation of Oxygen from Aluminium 


The irradiated aluminium was dissolved in 1 ml of 6N sodium hydroxide and 
then transferred to a small still. The water was rapidly boiled off under reduced 
pressure and then condensed in a tube surrounded by liquid air. The distillate 
was melted and the decay of the positron activity from O was measured in the 
same counter used for the ’F determinations. The yield was measured by 
weighing the water. About three minutes elapsed between the end of the ir- 
radiations and the commencement of the counting, No activity was detected in. 
any of these experiments. 


§ 3. PRODUCTION OF TRANSFER REACTION Propucts BY OTHER REACTIONS 


3.1. Magnesium 27 from Reactions with Impurities 


The possibility that the ?*Mg activity observed was produced by compound. 
nucleus or transfer reactions between !6O ions and impurities in the aluminium 
targets was investigated. Thick targets of carbon, nitrogen, oxygen, sodium, 
magnesium, silicon, phosphorus and sulphur, in a suitable form, were irradiated 
with 38 Mev '*O ions and the yields of ?7Mg were determined. By means of a 
procedure described in a previous paper (Coleman et al. 1961) these results were 
used to calculate the yield which would be obtained from one part per million of 
each of these elements in an aluminium target. 

This yield was found to be not more than 7 x 10-16 per 160 ion for all the 
elements examined with the exception of carbon. As the total amount of im- 
purity in the aluminium was not more than 0-1% the total yield of 27Mg from 
impurities other than carbon in the aluminium must be not more than 7 x 10-1 
per *°O ion which is negligible compared with that observed (Table 1). 

The yield for one part per million of carbon impurity in aluminium was 
56 x 10-1 per #80 ion and this fell to 36 x 10-16 per 180 ion when measured at 
30mev. In contrast the observed yield from the aluminium targets was reduced 
by a factor of at least 50 over this energy range (Table 1). Thus the amount of 
carbon either present in the aluminium target or deposited on the surface of the 
target (from traces of oil vapour in the accelerator vacuum system) was too small 
to cause any significant error in the determination of the yield of 2’Mg in these 
experiments. 


3.2. Magnesium 27 from the *" Al(n, p)*”Mg Reaction 


When two identical aluminium foils were placed in close contact and 
irradiated together it was found that the foil that was shielded from the 16O beam. 
contained about half the ?’Mg activity contained in the foil in which the beam: 
was stopped (Table 1). The activity in the shielded foil was due to the 
*“Al(n, p)?’Mg reaction caused by neutrons from 2Al(!6O, xn) reactions in the 
target. The flux in this foil was calculated to be 77% of that in the foil in the 
beam. An isotropic distribution of neutrons was assumed as it was found that 

the correction for any anisotropy due to the centre-of-mass motion could be 

neglected. ‘The yield from the shielded foil can be used therefore to correct 
the yield of the foil in the *O beam for the effect of the neutron background. A 
similar correction was made by Pinajian (1960) in his determination of the 
27A1(#4N, 40)??Mg exchange transfer reaction cross section. 
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3.3. Fluorine 17 from Reactions with Impurities 


The possibility that the observed yield of !’F in the aluminium targets (see § 4) 
could be due to reactions between '°O and any impurities in targets was con- 
sidered. It is energetically possible in these experiments to produce “F from 
‘compeund nucleus reactions with light elements up to and including boron. 
The cross section for the production of !’F is some fraction of the total cross 
section for the formation of the compound nucleus, which is of the order of 
1 barn (Thomas 1959). An analysis of the aluminium targets showed however 
that there was less than 0-01°% of each of these elements present. ‘Therefore no 
significant contribution to the !’F activity observed could come from this source. 

This conclusion also applies to transfer reactions with any impurities as the 
largest section observed for this type of reaction (Zucker 1960) is of the order 
of 50 mbn. 


§ 4. NUCLEAR EMISSION FROM TRANSFER PRODUCTS 


There is a possibility that the *7Mg activity observed is derived from the 
proton decay of 78Al produced in an excited state from the 7”Al(#*O, %O)?8Al 
reaction. ‘lhe possibility also exists that some of the single transfer products *O 
and 1’F are formed with sufficient excitation energy to emit nucleons (most 
probably protons in these cases) and escape detection in these experiments. 
Excitation energies of about 13, 10 and 6 Mev for ?8Al, O and 1’F respectively 
were required before proton emission was possible. An estimate can be made of 
the cross sections of transfer reactions which result in products with these exci- 
tation energies. ‘This can be done by reference to the general trend of transfer 
‘cross sections with the energy ‘available’ at the moment of transfer, ‘available’ 
energy being defined as: the incident energy in centre-of-mass coordinates — the 
barrier height+ 0/2. It has been found that when (4N, 18N) neutron transfer 
reaction cross sections are plotted in this way (Halbert et al. 1957) the curves, 
although differing in magnitude of cross section, all have a similar shape. Cross 
‘section measurements for other transfer reactions show a similar dependence on 
‘available’ energy ((#4N, ®O) Reynolds and Zucker 1956 and Reynolds e¢ al. 
1956; (1°F, SF) recent unpublished work by the present authors). 

‘The excitation energies required for proton emission from the various transfer 
products in the present work reduce the effective ‘available’ energy. The 
‘corresponding reduced cross sections for reactions involving proton emission can 
be inferred from the curves already described. In this way it is found that only 
about 1% of the neutron transfer product %O formed will escape detection by 
proton emission and that less than about 1% of the neutron—proton exchange 
transfer product ?’Mg could have been produced by proton emission from 78Al 
from the ?’Al(#®O, #°O)?8Al reaction. ‘The correction for the loss of the proton 
transfer product 1’F due to proton emission is about 20%, which is about the 
experimental error of the measured cross section (see §5). i 


§ 5. RESULTS 


Since 4O activity from the reaction ?’Al(16O, %O)?8Al was not detected it 
‘was possible to estimate an upper limit of 2 x 10—! per 18O ion for the yield of 
this reaction at 36Mev. The results for the ?’Al(#6O, 1’F)?&Mg reaction are 
‘:shown in the Figure; those for the ?”Al(#8O, 1°F)?’Mg reaction are given in the 
Figure and Table 1. 
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Table 1. Thick Target Yield of ?’Mg per 160 Ion (units 10-14) 


Energy of 1°O ion (Mev) 30 36 38 
Thick target yield in aluminium Y, <0-15 8-7+0:9 12 -5er it 
Yield in neutron background foil Yt — (elt 0:8 7:0-1:3 
Yield from the ?7A1(!6O, 16F)2Mg reaction 

Ya Ys <0-15 (leoysnattey a Dt LO 


+ Normalized to the neutron flux in the foil in the oxygen beam. 


The cross sections of these reactions at 36Mev were calculated using the 
expression o=edY/dE where « is the atomic stopping power of 2’Al for 16O ions. 
at this energy. A value of 2:2 x 10—evcm? for this stopping power was taken 


1000 


Yield/incident 
particle 


Cunits x10") 


500 


25 50 55 40 
Laboratory energy (MeV) 


Thick target yield of: A, the 27Al(!8O, 17F)?*Mg reaction, and B, the 27A1(728O, 18F)??Mg 
reaction. 


from a previous paper (Coleman et al. 1961). The slope of the yield curve 
dY /dE was assumed to be the same for all three reactions and equal to that for 
the *’Al(16O, 17F)?6Mg reaction obtained by drawing a tangent to the curve A in 
the Figure at 36mev. The results are given in Table 2. 


Table 2 
Neutron transfer cross section 27A1(6O, 15O)?8Al <7ubn 
Proton transfer cross section 27Al(16O, 17F)26Mg 210 +50 ubn 
Neutron—proton exchange transfer cross 
section 20 1(25O) 26) 2 Mie: 0-7 +0-4 zbn 


The estimated errors are almost entirely due to the poor counting statistics. 
Uncertainties associated with the identification of these reactions have been. 
‘discussed in §§3 and 4. 


§ 6. Discussion 
The transfer of single nucleons has been found to take place between nuclei in 
Rutherford orbits where the closest distance of approach is about the sum of 
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their respective radii (Zucker 1960). The cross section of this process can be 
considered simply as the product of the average Rutherford scattering cross 
section gp, over the small angular region in which products from these reactions 
have been found to be emitted, and the probability P that a neutron n, or proton p, 
will transfer from one nucleus to the other. Thus provided that P, and Pee il 
the neutron transfer cross section is given by on ~o,Pn and similarly o,~ OpP,. 

If the neutron—proton exchange transfer reaction is considered as two inde- _ 
pendent single transfers then o,,,~o,P,P,~0,0,/c,. The calculated value of 
2, for 36 Mev 160 ions on ?“Al is about 400 mbn. This value together with the 
measured cross sections for oy and a, in Table 2 enables o,, to be evaluated. The 
value found is not greater than 0-004 ubn which is much smaller than the measured 
cross section of 0-7 ubn. Agreement with the magnitude of the measured value 
would have been obtained if both the single nucleon transfer reaction cross 
sections had been found to be of the order of |mbn. This was the assumption 
made by Goldansky in his estimate of the exchange transfer cross section mentioned 
inthe Introduction. The magnitude of the proton transfer cross section measured 
in these experiments is similar to that of (14N, 13N) neutron transfer cross sections 
at the same ‘available’ energy (see §4). On the other hand the upper limit 
obtained for the present neutron transfer cross section is much lower than these 
values. ‘The very high neutron binding energy of !8O is responsible presumably 
for this difference. 

One explanation of the present results is that the exchange reaction is a two- 
stage process in which the probability of the second transfer is enhanced by the 
first one. However, a more likely explanation is that the exchange reaction 
results from a close ‘grazing incidence’ reaction. Kaufmann and Wolfgang 
(1961) have proposed this type of reaction to account for the fact that although 
the angular distributions they observed for single nucleon transfer reactions 
have the characteristic peak due to the ‘tunnelling’ mechanism, this was not the 
case with all the multi-nuclear transfer reactions they examined. With these 
reactions the angular distributions were peaked in the forward direction. Some 
angular distribution measurements on exchange transfer reactions would there- 
fore be of considerable interest, but would be difficult to perform. 


ae 
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Abstract. "The variational methods of Kohn and Hulthén are employed to 
calculate the scattering lengths for elastic collisions between positrons and 
hydrogen and helium atoms. Allowance is made for the dipole polarizability of 
the target atom by using a trial function which includes a term corresponding to 
the first-order perturbation of the atom due to the electric field of the positron. 

The effect of allowing for the dipole polarizability of the atom is to change the 
sign of the scattering lengths for both hydrogen and helium in agreement with the 
variational calculations of Spruch and Rosenberg for hydrogen. In the case of 
hydrogen the total elastic cross section at zero impact energy is increased when 
allowance is made for polarization, but in the case of helium it is decreased from 
0-727a,? to 0-107a,?._ The experimental cross section derived by Teutsch and 
Hughes for 18 ev positrons in helium is still smaller, being only 0-023 + 0-006za,?. 


§ 1. INTRODUCTION 


(1956) on the slowing down of positrons in the inert gases, Teutsch and 

Hughes (1956) derived momentum transfer cross sections for positrons in 
helium, neon and argon. They obtained very small cross sections. For 
example, in the case of helium they found 0-023 + 0-0067a,? at a mean positron 
energy of approximately 18ev. This is much smaller than the value 0-537a,? 
for the elastic cross section corresponding to 13-6 ev positrons obtained by Massey 
and Moussa (1958) by numerical integration of the appropriate differential 
equations employing a Hartree self-consistent field. 

Massey and Moussa (1958) also carried out variational calculations on the 
elastic scattering of positrons by hydrogen atoms using the trial function that 
Massey and Moiseiwitsch (1951) found to be satisfactory in the case of the elastic 
scattering of electrons by hydrogen atoms. They obtained the values 0-512a, 
and 0-582a, for the scattering length with and without allowance for polarization. 
Subsequently Moussa (1959) used a trial function allowing for the polarization 
due to the virtual formation of positronium. Again, only a small effect was 
found, the zero-order phase shift being increased as a result of polarization from 
—0-264 radian to —0-211 radian for positrons having 3-4ev energy. ‘This 

_decreased the elastic cross section from 1:097a,)? to 0-707a,?. 

Recently Spruch and Rosenberg (1960) have carried out variational cal- 
culations on the elastic scattering of positrons by hydrogen atoms employing a 
similar trial function to that used by Moussa. (1959) with allowance for virtual 
positronium formation. They obtained an upper bound —1-397a, to the 


B analysing the experimental data of Marder, Hughes, Wu and Bennett 
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scattering length and a lower bound 7-80za,? to the elastic cross section for 
positrons of zero energy. ‘Their value for the scattering length is rather larger 
in absolute magnitude and opposite in sign to that found by Moussa demon- 
strating that the effect of polarization is in fact considerable and results in an 
increased elastic cross section for the case of atomic hydrogen. 

The surprisingly small value for the elastic cross section obtained by Teutsch 
and Hughes (1956) for the scattering of positrons by helium atoms therefore still 
remains unexplained. It is the purpose of the present paper to investigate this 
case further. 


§ 2. THEORY 


We first consider the elastic scattering of positrons by hydrogen atoms. The — 


wave function ‘(r,,r.) of the total system satisfies the Schrédinger equation 
[7 Ey Y= 05,4)? 4 ee Sa (1) 
where E is the total energy and the Hamiltonian is given by 
Hees (V0.8) aoe eee 
2m Bi tie Re 
r, and r, being respectively the position vectors of the incident positron and the 


atomic electron relative to the proton, and 145 being the distance between the — 
positron and the electron. In the case of the elastic scattering of positrons with 
zero energy and zero angular momentum by hydrogen atoms in the ground state, — 


the wave function has the asymptotic form for large r, 


ECP la)~vo(talty a—m) eee (3) 
where a is the scattering length and (7) is the wave function of the 1s state of 
atomic hydrogen. 

It can be shown by using perturbation theory (Dalgarno and Lewis 1955) 
that the wave function of a hydrogen atom in the Coulomb field of a positron is 
given to first order by 

co m+l Fam 

volra)| 1 + > oa + Sof } Pa(cos 2.) | al (4) 
where P,.?,=cos@,,. The m=1 term of this expression arises from the dipole 
polarizability of the hydrogen atom. Hence allowance may be made for the 
dipole polarizability of the atom by choosing the trial function 


‘ Fer ts) Fora) {lyf (rate) ee (5) 
where 
Fists) =7, {1 - exp( =) (3? 3 Gers) COS Oo saa (6) 


F(r) =r| fat Bexp(— 2) Mt ~exp(— a)h—-r| ; eal (2) 


and «, 8, y, 6 are arbitrary parameters. 

The trial function (5) has the asymptotic form (3) for large r, and behaves 
properly in the limits of vanishing r, and rz. The value of the parameter § 
determines the rate at which f tends to zero as 7, becomes small. 

Spruch and Rosenberg (1960) have shown that 


acat £ (FY) Ls ieee (8) 
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where 


oe | Pirer je eyviir,) didn, 8 (9) 


The optimum value of the right-hand side of (8) may be obtained by using Kohn’s. 
variational method which involves the solution of the equations 


oLt hi? 
— — — eee es ST (Ute Pere are ene 10 
ele vs (=) oY) 
and 
oly Oly OL; 
eee en () ee eee 11 
] Co) am) 


Alternatively, we may use Hulthén’s variational method which determines the 
parameters «, B, y, 6 by employing the equations (11) together with 

Eee ne. os oats (12) 
in place of (10). Because Hulthén’s method imposes a restriction on Lt the 
value of the scattering length given by its application will always be inferior to 
that obtained with Kohn’s method. 

Since it is not possible to derive an exact unperturbed helium wave function 
it is necessary to use an approximate function in order to investigate the elastic 
scattering of positrons by helium. We have chosen the variational wave function. 
obtained by Green, Mulder, Lewis and Woll (1954) which is a close approxi- 
mation to the Hartree-Fock wave function for helium. 

It has the form 


Polat) =U rere) Nene nes (13) 


u(r) =N{exp (=) teexp(—— Setanta (14) 
zi) Q% 
with Z=1-4558 and c=0-6. JN is a normalizing factor given by 


N=2-96847/(47a,?)¥2. 
The trial function of the system of incident positron and helium atom was taken 
to have the form 


Feri, Va, %3)=Yo(7a 7, ){l+yf (ry, bo, iy ol Ce ea (15) 


where 


where 


BAS 
F (Po, Fs) = nfl = exp( 7 “») {72 COS Oyo( Poa + Pia) 
0 
+13.COSO13(Podo+PiTs)} +++ (16) 


and cos@,,=P;.f;. The constants p) and p, were chosen so that for large 7y,. 
o(12) 73) f (1, 2,3) should be the first-order correction to the wave function of 
the helium atom arising from the dipole term of the perturbation due to the 
positron. Calculations by Dalgarno (private communication) give p,=0-242. 
and p,=0-395. 


§ 3. Discussion oF RESULTS 


If polarization is neglected the scattering length a may be readily calculated’ 
by numerical integration of the appropriate differential equation. It is found! 
that a=0-582a, and 0-422a, for hydrogen and helium atoms respectively in 
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close accord with the values, given in Tables 1 and 2, of the scattering length 
calculated using variational methods with y taken to be zero in the trial functions 
(5) and (15). 


EE a ee ee eee 
Table 1. Elastic Scattering of Positrons by Hydrogen Atoms 


Values of the scattering length a and the parameters y and 6 calculated 
using variational methods 


Kohn’s variational method Hulthén’s variational method 
y 8 a y c) a 
(i) 0 — 0:58, 0 — 0:58, 
(ii) 1 0-55, —0:77, 1 0-54, —0-62, 
(iii) 1-08, 0-49, —0-78, 1:09, 0-48, — 0:63, 


Table 2. Elastic Scattering of Positrons by Helium Atoms 


Values of the scattering length a and the parameters y and 6 calculated 
using variational methods 


Kohn’s variational method Hulthén’s variational iethed 
y 8 a y ) a 
(i) 0 — 0:42, 0 — 0-42, 
(ii) 1 0-56, —0:16, i) 0:56 —0-10; 
(iii) 1:05, 0:51, — 0:16, 1-06, 0:51, —0-11, 


Row (i): y=0, w and £ varied. 
Row (ii): y=1, a, 8 and 8 varied. 
Row (iii): «, 8, y and 6 varied. 


ee ae 


By comparing the coefficient of F(r,) in the trial function (5) with the 
polarized hydrogen atom wave function given by expression (4) we see that the 
parameter y should be close to unity. Similarly the parameter y arising in the 
‘trial function (15) for the case of helium should also be approximately unity. The 
values of the scattering length obtained with Kohn’s and Hulthén’s variational 
methods, putting y = 1 in the trial functions (5) and (15), are displayed in Tables 
1 and 2 for hydrogen and helium respectively. It is evident that the effect of 
polarization is very important, the sign of the scattering length being reversed in 
both cases. This means that the overall field of the atom is attractive towards 
the positron. If y is now permitted to vary the value of the scattering length is 
not greatly altered, the value of y corresponding to the optimum value of a being 
just slightly greater than unity. r 

When polarization is neglected there is very close agreement between the 
values of the scattering length obtained with Kohn’s and Hulthén’s variational 
methods. With allowance for polarization the agreement between the two 
variational methods becomes less satisfactory. This implies that the form of 
‘trial function which was chosen to describe the system of incident positron and 
atom is inadequate in some way for small 7,. In the case of hydrogen, Spruch 
and Rosenberg (1960) obtained —1-397a, as an upper bound to the scattering 
length. This is considerably smaller than the best value —0-785a) obtained 
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with the trial function (5). Spruch and Rosenberg made allowance for virtual 
positronium formation. This must therefore make a greater contribution to 
polarization effects than allowance for the dipole polarizability of the atom. How- 
ever it is clear that in a full treatment of the problem both types of polarization 
effect should be taken into account. 

In the case of the elastic scattering of positrons by helium atoms, the effect of 
dipole polarizability is to change the sign of the scattering length as for hydrogen. 
However, the absolute magnitude of the scattering length is decreased. Noting 
that the total elastic cross section for incident particles of zero energy is given by 

OO Wali ula: dered cites, (17) 
we see from Table 2 that O(0) is decreased from 0-727ra,? to 0-107a,? as a result 
of polarization. The latter value is about four times larger than the experimental 
cross section 0-023 + 0-0067a,? derived by Teutsch and Hughes (1956) for 18 ev 
positrons in helium. Allowance for virtual positronium formation will increase 
O(0) above 0-10. Consequently, unless the elastic cross section decreases 
considerably with increasing energy, there is discord between theory and experi- 
ment for helium. 
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Abstract. Calculations have been made of the electron spin resonance line shapes 
for polycrystalline substances showing uniaxial g-value anisotropy. The cal- 
culations have been made for the Lorentzian and Gaussian line shapes of various 
line widths. Empirical rules are given for determining g,, g, and the line width 
from the experimental line shapes. Line shapes calculated to fit experimental 
curves from irradiated deuterium peroxide are given. 


of uniaxial crystals have been reported in part I (Searl et al. 1959). The 
following assumptions were made for these calculations: 
(i) The absorption line shape for the single crystal is the Lorentzian|| 
AK 
~ T4+7?®K%(x—cp * 

(ii) The line width for the single crystal is independent of orientation in the 
magnetic field. 

(ii) The variation of c with the crystal orientation in the magnetic field, 
angle 6, is given by c=(c, —c,)cos?@+c,, where c=g for sweeping with fre- 
quency, or c=1/g for sweeping with field. 

(iv) The total absorption A is independent of 6. 

Searl et al. (1960) have also performed calculations using the same assumptions. 
but with the Gaussian line shape < 

I=7'?AK exp [— (~—c)?2?K?] 
(the factor 71? is introduced to ensure that the total absorption is the same for both 
the Lorentzian and the Gaussian). The calculation must then be performed 
numerically. 

The assumptions (iii) and (iv) above have been altered to improve the accuracy 
of the calculations as follows: 


(iii) The variation of g with angle @ obeys the formula derived by Bleaney (1951). 
for a uniaxial crystal, g?=¢,2cos?0+g 2 sin? 6. 


(er iat of the line shapes for a random polycrystalline assembly 


I 


(iv) Bleaney (1960) has shown that a variation of factor A with goccurs. Fora 
linearly polarized oscillatory field he finds that A is proportional to 


ne[@) 


This variation is used in the calculations below. 
The integration 


a 


‘77/2 
i | Isin 6d6 
0 


§ Now at Biophysics Laboratory, Stanford University, Stanford, California. 
|| In part I, a factor of 47 was included in error. 
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can still be performed exactly for the Lorenztian but, because of the complicated 
nature of the result, it has been found more convenient to evaluate both line 
Shapes numerically. The calculations can be performed for sweeping with either 
frequency or field. A set of curves thus obtained is given in Fig. 1, where they 
are shown as the first derivative d.%/dx for sweeping with field. The calculations 
were made for both single crystal line shapes, using the same g, and g, throughout. 
In Fig. 1 the calculated polycrystalline line shapes for the two different line shapes 
are compared for three different line widths. 


Lorentzian 


Gaussian 


000168 000368 000568 
Line width 


Fig. 1. First derivatives of absorption in polycrystalline substances. The curves are 
shown for sweeping with field. For all the curves g= 2-039 and g,; =2-006. The 
line widths are in units of 1/g. 


It is seen that peaks 1 and 3 correspond to g, and g, respectively. A general 
rule for the fitting of these peaks is that the closest fit occurs for c, or c, which- 
ever has the lower value. Thus for the curves of Fig. 1, c, is very close to 1/g,, 
except for the Gaussian of the widest line width. The location of 1/g, to cy is 
less close and for the range of curves shown 1/g, =c,;—AAx, where Aw is the single 
crystal line width and A is a constant of value 0-15 for the Lorentzian, and 0-2 for 
the Gaussian. The distance c,;—c, is related to the single crystal line width. 
For the curves of Fig. 1, Ax=.(c;—c,), where yx is a constant of value 2-28 for the 
Lorentzian and 1-80 for the Gaussian. 
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Even though these calculations have been described for a random arrangement 
of uniaxial crystallites, they would hold equally well for a random arrangement 
of free radicals showing uniaxial symmetry in a magnetic field. Such an arrange- 
ment of free radicals would be expected in a glass or similar material. 

Calculations have also been made to fit the shapes of spectra recorded experi- 
mentally. Fig. 2 (a) and (b) shows the results for spectra obtained from irradiated 
deuterium peroxide (Smith and Wyard 1960). For the sample heavily irradiated 


100 gauss 


H 
| 
Fig. 2. Experimental and calculated electron spin resonance line shapes from irradiated 
deuterium peroxide: (a) irradiated with 15 mey deuterons at 90°xK to produce a free 
radical concentration of 3-6 x10-!M. Calculated shape uses &=2:039, g , =2-0045, 
and Ax = 38-0 gauss for a frequency of 9:35 Gc/s. The single crystal line shape is 
Lorentzian; (6) irradiated with ultra-violet light and warmed to 133-5°K to produce 
a free radical concentration of less than 5 x 10-3? M. Calculated shape uses gi = 2-039, 
& 1 =2-006 and Ax=11-2 gauss. The single crystal line shape is Gaussian. 


with 15 Mey deuterons a fit was found using a Lorentzian line shape, but for the 
warmed sample a Gaussian line shape had to be used. Both curves showed the 
same g, and g, within the experimental error. 

Kneubihl (1960) has extended the basic ideas of this type of calculation to 
crystals showing three different g-values, g,4g,4g3. In his paper, Kneubihl 
derives various relations for the calculation of polycrystalline line shapes and, 
using the formulae he derives, calculations as above could be performed. 
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Abstract. The characteristic electron energy loss spectra of the elements Zr, Pd,. 
Ag, Au, Zn and Cd have been obtained using the reflection technique and primary 
electron energies of 1500 and 800ey. It is observed that in the second group of 
transition metals, the relation between the observed plasma losses and the 
theoretical values is not quite the same as that found previously for the first group 
of transition metals, in that the observed values are here greater than the theoretical 
near the beginning of the series. ‘The spectra of the noble metals are complex 
and show few similarities to one another. The two elements Zn and Cd, which 
follow noble metals in the periodic table, have very similar spectra and it is 
obvious that plasma oscillations involving their two valence electrons are still. 
influenced by the recently filled d band. 


§ 1. INTRODUCTION 


HARACTERISTIC electron energy loss spectra represent the energy 
distribution of electrons which have been scattered both elastically and 


inelastically in a given material, and the positions of the peaks in the 
energy distribution, when measured back from the intense peak which is due to 
elastically scattered electrons, indicate the principal values of energy lost by the 
electrons during the scattering process. The magnitude of these losses has been 
found to be characteristic of the scattering material and independent of the 
primary energy. 

It was suggested by Pines and his co-workers (Pines and Bohm 1952, Pines 
1956, Noziéres and Pines 1958, 1959) that the excitation of plasma oscillations. 
would be the dominant loss process in elements where the outer or valence elec- 
trons are loosely bound and the core electrons are tightly bound, and this has been 
verified experimentally (Powell 1960). However, in elements such as the 
transition metals, the electrons in the incompletely filled d band can neither be 
considered as ‘free’ valence electrons nor ‘bound’ core electrons and the spectra 
are much more complex. 

In a recent study of the characteristic electron energy loss spectra of the 
elements of the first group of transition metals, Ti to Cu (Robins and Swan 1960), 
it was found that the experimental value of the plasma loss agreed with the 
theoretical value, assuming all 3d and 4s electrons to be ‘free’, for the first two 
elements of the series but fell below the predicted value in the following elements. 
Terminating the transition series of each long period are the noble metals, which 
are generally considered to have the outermost d level full and one s electron. 


+ Now at National Research Council, Ottawa, Canada, 
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The binding energy of the electrons within the d band increases when this 
‘stage is reached. The plasma loss in Cu, however, is still not equal to the 
theoretical value, assuming only one free electron, which quite obviously indicates 
that the d electrons cannot be considered to be ‘tightly bound’ at this stage. 

The present work was intended to extend the measurement of characteristic 
energy loss spectra to elements in the other series of transition metals which are 
terminated by noble metals, and also to study the elements following the noble 
metals in order to determine whether the d electrons can be considered as ‘ bound ” 
for these elements. 

It was considered desirable that the elements should be studied under as 
nearly identical conditions as possible, and that these conditions should be the 
same as those used for the previous work. ‘This was to allow a more valid com- 
parison between the results obtained and any theory which considers the elements 
as a unified series. In the previous work, target surfaces were prepared by 
evaporation im situ, and the spectra obtained immediately after the deposition of 
a new layer were considered to be representative of a clean surface of the metal. 

In the second group of transition metals the only metals suitable for deposition 
as clean target surfaces by evaporation within the vacuum were Zr, Pd and Ag. 
Although only three in number, they fortunately represent both ends of the 
series and it was felt that they might indicate whether similar trends occur in this 
series to those seen in the first group of transition metals, particularly the relation- 
ship between the observed plasma losses and their theoretical values. 

In the third group of transition metals, only the last two elements, Pt and Au, 
were available and suitable for study in the form of evaporated target surfaces. 
The element Pt has already been studied by Powell (1960), using the same 
‘equipment as used in this present work. 

The elements following the noble metals Cu, Ag and Au, are Zn, Cd and Hg 
respectively. Zinc and cadmium were suitable for study and their spectra were 
recorded although Cd had also been investigated previously by Powell. 


§ 2. EXPERIMENTAL PROCEDURE 


The characteristic electron energy loss spectra of these elements were obtained 
using the reflection technique whereby electrons which have been elastically 
and inelastically scattered through 90° at the target surface are collimated and 
analysed with a 127° electrostatic energy analyser. The equipment and pro- 
cedure were the same as previously described (Robins and Swan 1960). Primary 
energies of both 1500 and 800 ev were used with each metal to investigate changes 
in the relative intensities of the peaks. 

Targets were prepared by vacuum evaporation in situ, and were examined 
immediately after deposition. With each metal studied the observed spectrum 
changed with time after the deposition of a clean surface and the change was 
particularly rapid with Zr, Zn and Cd. This change was generally slowed down 
by ‘gettering’ the chamber with prior evaporations of the metal concerned. 
Many evaporations and observations were made with each element, scanning in 
both directions along the energy scale, and spectra were found to be reproducible 
provided they were recorded directly after a new evaporation and thus may be 
‘considered characteristic of the clean metals. 


Characteristic Electron Energy Loss Spectra a7) 


The change with time is attributed to oxidation of the target surface but no 
attempt has been made to verify this, and there is also the possibility that it is 
due to gas adsorption. In an earlier study (Powell, Robins and Swan 1958) 
under somewhat different conditions, it was observed that the main effect of the 
adsorption of gas on tungsten was to alter slightly the characteristic loss values 
for that metal without seriously altering the spectrum. ‘Thus a radical alteration 
of the spectra tends to indicate a chemical change rather than gas adsorption, but 
it should be noted that elements such as zirconium and titanium do adsorb gas 
rapidly. With liquid air in the cold trap around the target no trouble due to 
the formation of carbonaceous contamination was experienced. 

Spectrographically pure metals obtained from Johnson, Matthey and Co. Ltd. 
were used for the evaporation of all the metals except Cd. The Cd was obtained 
from the Imperial Smelting Corporation Ltd., and was stated to be of 99-98% 
purity. The Zr was evaporated from multi-strand tungsten helical coils whilst 
the remaining elements were evaporated from single or multi-strand conical 
baskets. A system of buckets and hoppers allowed the evaporating furnaces to 
be reloaded in the vacuum in the cases where basket-type filaments were used. 
The pressure was normally less than 2 x 10-’mm Hg though it rose above this 
value during evaporation. 

The energy distribution curves presented in this work have all been normalized 
to compensate for the inherent variation of the effective aperture of the analyser 
with energy, though this effect is small over the energy ranges involved. The 
intensity scales are arbitrary and have been adjusted so that the intensities of the 
25 ev peaks in the Ag spectra are six units whilst those of the dominant peaks in 
the Zn and Cd spectra and the 18 to 25 ev peaks in the remaining spectra are 
eight units. The spectra for Pd, Ag and Au were not extended beyond about 
40 ev loss due to technical difficulties. The intense peak at zero energy loss, 
due to elastically scattered electrons, is not shown, but its width at half maximum 
intensity was about 1-8 and 2-Oev at primary energies of 800 and 1500ev 
respectively. 


§ 3. RESULTS 


The characteristic energy losses observed in Zr, Pd, Ag, Au, Zn and Cd are 
presented in Table 1, where the values quoted are the means of measurements 
made on a number of different spectra taken for each element and the errors 
shown are the probable errors of the means. Where possible, allowance has 
been made for the slope of the background when locating the positions of the 
peaks. The numbers in parentheses indicate the number of measurements 
used in the determination of the particular loss value. 


Zirconium 

The element Zr comes near the beginning of the second group of transition 
metals in the periodic table and occupies the same position in that series as Ti 
occupies in the first group of transition metals. Difficulty was experienced both 
in the evaporation of Zr and in obtaining a spectrum of the clean surface before 
some change, presumably oxidation, occurred. Similar difficulties had been 
experienced with Ti (Robins and Swan 1960). 

The spectra obtained at the two primary energies are shown in Fig. 1, and the 
similarity between the general form of these spectra and that of Ti is striking. 
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There is no record of a previous study of this element. The 18-2 ev loss is inter- 
preted as the plasma loss. No lowered plasma loss is observed and this is difficult 
to explain though the reason may possibly be connected with the extremely rapid 
rate of oxidation of the surface of this metal. The 3-4ev loss was not clearly 
defined in many of the spectra and was rarely observed with a primary energy of 
1500ev. It could be a modified lowered plasma loss but is more likely to be due 


Table 1, Characteristic Energy Losses as Found in the Present Work (in ev) 


The numbers in parantheses indicate the number of measurements used in the determination 
the particular loss value. The suggested identification of the energy losses is as folloy 
LP lowered plasma, P plasma, C combination, I ionization, U unidentified. 


Zr 3-4+40-1 (10) 1 18:-2+0:2(28)P  32:2+40-4(13)I 41-6+0-3 (23) U 57:1+40-4 (17 
Pd 68+0:2(43) LP 16:0+0-3(38)U 20-2 + 0-4 (33) U 25-5+0-2 (39) P 31-9+0-3 (39 
Ag 41+0-1(68)U 7340-2 (67) LP 17:2+0-3 (59) U 25-:040-2 (65) P 33-5+0-4 (57 
Au 63+40:2(44)LP 16:0+0:-4(40)U  25-8+0-2 (43) P 32-6+0-3 (39) C 

Zn 8-6+0-1(74)LP 17:0+0-3 (70) P 

Cd 7:5+40-1(39)LP 15:1+0:2(39)P  68:2+0-4(7) I 


Vp= 1500 ev Vp =1500 ev 


Relative Intensity 
Relative Intensity 


een f aa 4 40.6 430) 220 10 0 
10) W602 SOm K40RRsO ar20 10 0 Enerqy Loss (eV) 
Energy Loss (eV) 


Fig. 2. Characteristic energy loss 

Fig. 1. Characteristic energy loss spectra of\ spectra of palladium for pri- 

zirconium for primary electron energies of mary electron energies of 1500: 
1500 and 800 ey. and 800 ev. 


bal 
to an intraband transition or to ionization of the O,,, band. The losses of 32-2 


and 57-1 ev are fairly definitely due to ionization of the N,,3 and N, levels re- 
spectively. ‘These values are somewhat greater than would be expected from the 
x-ray energy-level data (Sandstrém 1957) but the x-ray values for this elemen 

seem slightly low when compared with the values for the neighbouring elements... 
In addition it should be noted that the ionization values observed in characteristi 

energy loss work have been found to be systematically greater by a few electron 
volts (Robins and Swan 1960) than the energy level values which are based o: 
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X-ray absorption edges. In x-ray absorption the transition is to the first vacancy 
above the Fermi surface, whilst in ionization the electron is completely removed 
from the neighbourhood of the atom. 

The broad intense loss peak of 41-6 ev is in many ways similar to the 48-3 ev 
oss in Ti and no doubt it has a similar origin. Peaks such as these have been 
observed in a number of other metals and will be discussed in a forthcoming 
publication (Robins and Best 1962). 


Palladium 


The spectrum for Pd, as observed with both primary energies, is shown in 
Fig. 2. The peaks at 6-8, 25-5 and 31-9 ev loss are much more intense and more 
slearly defined than those at 16-0 and 20-2ev, which appear on the steep slope 
of the 25:5 ev loss peak. Our observed loss values, together with those of Marton 
ind Leder (1954) and Gauthé (1958), are shown together in Table 2 for com- 
darison. ‘The agreement with Marton and Leder is not good as they only observe 
9eaks corresponding to our two least intense peaks. The agreement with Gauthé 
s better for the more intense peaks, especially as it appears from his published 
spectrum that a peak near 6 or 7 ev may be present although not resolved from 
lis intense peak of elastically scattered electrons. 


Table 2. Characteristic Energy Losses in Palladium as Found in the Present 
Work and by Other Authors (in ev) 


resent work 6:8 16-0 20-2 25:5 31-9 
Viarton and Leder (1954) 15-7 25:5 
sauthé (1958) 23-1 34:5 56 (?) 


The peak at 6-8 ev could possibly be explained as a lowered plasma loss, and 
he fact that its intensity is relatively greater for the lower primary energy is in 
greement with this interpretation (Powell 1960). The peaks at 16-0 and 20-2 ev 
oss remained unexplained. The other two intense peaks show a similarity to 
he form of the spectra observed for the later elements in the first group of 
ransition elements. If we consider the 25-5 ev loss to be the plasma loss, then 
he 31-9 ev loss corresponds, within the limits of error, to a combination of the 
lasma and lowered plasma losses. It would, of course, also be possible for it 
o be interpreted as resulting from an interband transition. 


silver 

The spectrum obtained for Ag, as shown in Fig. 3, is unlike that of any of the 
ther transition metals studied in that it contains two very intense, narrow peaks 
t small energy loss values. Silver has been studied by a large number of workers 
nd their results are compared with our own in Table 3. There appears to be 
ood general agreement amongst these results if one allows that some experimen- 
ers may not have been able to resolve the 17:2 and 25-(ev loss peaks. 

A comparison of this spectrum with those of other transition metals (Robins 
nd Swan 1960) would lead to the interpretation that the 25-0 ev loss is the plasma 
9ss. Based on similar considerations, the 7-3 ev loss could be the lowered plasma 
yss and the 33-5 ev loss could be due to the combination of plasma and lowered 
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plasma losses. This leaves the 17-2 and 4-1ev losses unexplained. Evidence 
which has recently been put forward to suggest that the loss of about 4 ev might 
be the plasma loss will be discussed later. 


Table 3. Characteristic Energy Losses in Silver as Found in the Present Work 
and by Other Authors (in ev) 


_ Present work 4-1 73 17-2 25:0 33:5 
Rudberg (1930) 4-6 7-4 24-8 
“Turnbull and Farnsworth (1938) 3:9 7:3 
Ruthemann (1948) 22°6 45-3 
Kleinn (1954) 4:5 22°8 
Watanabe (1954) 22 
Marton and Leder (1954) 16-0 
Marton et al. (1955) 3-4 7:0 16:7 24-8 
Gauthé (1955) 5-7 22:1 8) 43 
‘Gauthé (1956) 7:3 22:2 26 35 43 
Jull (1956) 3:3 6:8 14-3 23-8 44-8 
Watanabe (1956) 3°45 8 17-5 25 34 
-Haberstroh (1956) 22:7 
Gauthé (1958) 75 22:1 26 36 43 
Fert and Pradal (1958) 24-4 6C 
Steinmann (1960) 3:59 7-4 17-0 25°5 


Vp= 1500 ev 


Vp=1500 ev 


Relative Intensity 


Relative Intensity 


Vp = 800 ev 


4030) 20 we 40mg 30! 2090 Compe 
Energy Loss (eV) Energy Loss (eV) 
igi 32 Characteristic energy Fig. 4. Characteristic energy 
loss spectra of silver for loss spectra of gold for 
primary electron energies of primary electron energies of 
1500 and 800 ev. 1500 and 800 ev. 


Gold 

The spectrum for Au, as observed with the two primary energies, is given i 
Fig. 4. The suggested interpretation is that the 6-3 and 25-8 ev losses are 
lowered plasma and a plasma loss respectively, whilst the 32-6 ev loss could b 
due to a combination of the two. No explanation of the 16 ev loss can be offer 
Our results are compared in Table 4 with those of the many other workers w: 
have studied gold. 
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Zinc 

Extreme difficulty was experienced in obtaining spectra representative of the 
clean metal surface of Zn. Rapid oxidation, which causes the growth of an 
intense peak at 18-5 ev loss, made the positioning of the relatively weak peak at 
17-0ev very difficult. However, the curves presented in Fig. 5 are considered 
representative of the clean metal surface. ‘The agreement between our values 
and those of other workers, as shown in Table 5, is poor, but this is understandable. 
when the difficulty of maintaining a clean surface is considered. Although 
Gauthé’s values show some agreement, the shape of his curve is completely 
different and is similar to the spectra of our oxidized target. 


Table 4. Characteristic Energy Losses in Gold as Found in the Present Work 
and by Other Authors (in ev) 


Present work 6:3 16-0 25°83 32:6 

Rudberg (1930) 7:3 10-1 25-93 5:2 

Méllenstedt (1949) 15 30 45 60 
Watanabe (1954) 6°5 17S 25 34 49 
Marton and Leder (1954) 16:55 21-5 

Marton ez al. (1955) 5:2 14-4 23°9 32:0 

Gauthé (1955) 7:2 21:9 31 42:7 
Gauthé (1956) 6:6 15:5 19-7 23-4 35 44 

Jull (1956) 5°35 16-1 24-0 32:2 47-0 
Watanabe (1956) 6°5 17:5 25 34 50 62 
Fert and Pradal (1958) 75 29 58 
Gauthé (1958) 6:6 15°55 204 23:8 35 44 


Table 5. Characteristic Energy Losses in Zinc as Found in the Present Work 
and by Other Authors (in ev) 


Present work 8-6 17:0 
Kleinn (1954) 6:2 23:1 
Gauthé (1959) 5-0 13-8 17:8 


The 17-0 and 8-6 ev losses are considered to be the plasma and lowered plasma 
losses respectively. This interpretation is reasonable when it is considered that 
the influence of the not too tightly bound d electrons will be more likely to shift 
the plasma loss to a value which is greater, rather than less, than the value of 13-2 ev 
which is predicted theoretically by assuming only the two s electrons to be free. 
Another argument against assuming the 8-6 ev loss to be the plasma loss, with the 
17-0 ev loss as a multiple, is the width of the peak, as it has been found (Robins 1962) 
that plasma peaks are rarely narrow except when they occur close to their theoreti- 
cally predicted positions. A very slight peak at about 13-9 ev loss was observed 
in a number of the measured spectra and might possibly be due to M, ; shell 
ionization. 


Cadmium 

The spectrum of cadmium, as shown in Fig. 6, is extremely similar to that of 
Zn, and the interpretation of the peaks is based on the same considerations as 
those discussed for that metal. The 15-1 and 7-5 ev losses are interpreted as the 
plasma and lowered plasma losses respectively. A peak observed at 68-2 ev loss 
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Table 6. Characteristic Energy Losses in Cadmium as Found in the Present | 
Work and by Other Authors (in ev) 


Present work TRS: nS 68-2 
Méllenstedt (1949) 9 21-5 
Marton and Leder (1954) 14-5 
Kleinn (1954) 3-9 20:7 
Leder et al. (1956) 44 8-1 18-7 
Gauthé (1959) 19-2 


Powell (1960) Thtsy AIBA PRE 


could be due to Ng 5 shell ionization, and another barely detectable peak at 12-3 ev 
loss, which appeared in a few of the spectra, might possibly be associatedswith 
ionization of the N, shell. These results are compared with those of previous 
workers in Table 6. The results of Powell (1960) were taken with the same 
equipment as that used in the present work. 


§ 4. Discussion 
As mentioned previously, it was found that in the first group of transition 
metals, Ti to Cu, the plasma loss agreed with the theoretical value for the first 
two elements Ti and V, and then fell below the theoretical value for later elements 
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in the series, assuming all the 3d and 4s electrons to be ‘free’. This was not in 
agreement with the prediction of Pines (1956) and Noziéres and Pines (1958) 
who reasoned that the effect of interband transitions would cause the experi- 
mental values to be higher than the theoretical values at the beginning of the 
transition group and then to become less than them as one proceeds through the 
series. 

In this present study of some of the elements in the second group of transition 
metals, it is found that the plasma loss in Zr, an element near the beginning of 
the series, is 18-2ev which is considerably higher than the theoretical value of 
15-3ev. The last two elements, Pd and Ag, have plasma losses notably lower 
than the theoretical values of 30-7 and 29-8 ev respectively. Here, of course, all 
the 4d and 5s electrons are considered ‘free’ as in the discussion of Noziéres and 
Pines. 

Although it would have been more satisfactory to have been able to study 
under similar conditions more elements of the series, the present work definitely 
indicates a difference in the case of these two transition groups. The ‘accidental 
cross-over ’, as Noziéres and Pines term it, will occur later in the second group 
than in the first. This is possibly related to the fact that the binding energies of 
the 4d electrons in the second group are relatively higher than those of the 3d 
electrons in the first group, and this fact may have more significance than a mere 
consideration of the number of d electrons. It is realized that the elements 
Nb(Cb) and Mo, which follow Zr in the periodic table, have previously been 
studied by other workers, but they are not considered here as our aim has been 
to compare the theory with a set of results taken with the same equipment and 
under as nearly identical conditions as possible. A consideration of the tables in 
this and the previous paper will indicate the considerable variation in the results 
obtained with different techniques, apparatus and experimental procedure. 

Interest in the study of silver has been heightened recently by a number of 
correlated studies. Some time ago, from a consideration of its optical properties, 
Frohlich and Pelzer (1955) predicted a loss of about 4 ev in this metal and they 
implied that this should be the plasma loss, although this is much lower than the 
values of 9-0 or 29-8ev which are predicted by the unmodified plasma theory 
(Pines 1956) if either one or eleven electrons per atom respectively are considered 
to be ‘free’. More recent optical work by Taft and Philipp (1961) leads to the 
prediction of two energy losses, one at 3-75 ev which could be associated with 
collective oscillations and another at about 8ev. Added to this, Steinmann (1960) 
and Brown, Wessel and Trounson (1960) have observed photon radiation from 
silver films under electron bombardment, which is considered to arise from 
plasma oscillations within the metal and this work also indicates a plasmon energy 
of 3-75 ev. 

This would lead to the conclusion that the 4-1 ev loss which is observed in the 
spectrum of silver in the present work is the plasma loss. The general shape of 
the spectrum however does not tend to confirm this. If the 4-1ev loss is the 
plasma loss, this would represent the only case so far recorded in which the 

plasma loss peak in the characteristic energy loss spectrum of a pure element is 

narrow and well defined when its position does not agree fairly closely with the 
loss value predicted by the unmodified plasma theory. Also, comparison of 
the spectrum of silver with the spectra of other noble and transition metals tends 
to indicate that the 25-0.ev loss would be the plasma loss. 
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Quite obviously some very pronounced phenomenon with an excitation energy 
of about 3-75 ev does occur in silver, but we feel that the question still remains 
as to whether this is indeed the same collective oscillation of the free electrons 
which is generally described by the term ‘plasma oscillation’. For example, 
Hubbard (1955) indicates that there can be more than one frequency at which 
energy can be absorbed from the incoming electrons. 

Following the procedure of Gauthé (1958) some correlation was previously 
found (Robins and Swan 1960) between the fine structure of x-ray absorption 
edges and certain characteristic losses in some metals of the first transition group. 
A similar comparison was attempted with Pd, Ag and Au but no correlation could 
be found with the x-ray data quoted by Gauthé. 

For the elements following the noble metals, namely Zn and Cd, two factors 
are immediately apparent. Firstly, the inner d electrons are obviously still 
having an effect on the two outer valence electrons, causing the plasma losses to 
be shifted from their theoretically predicted values of 13-2 and 11-3ev for Zn 
and Cd respectively, assuming only the two valence electrons to be ‘free’. This 
is understandable as the binding energies of the d electrons in these metals are 
approximately the same as the plasma excitation energies. Secondly, the 
relative intensity of the lowered plasma loss in each of these elements is exception- 
ally large. It may be significant that the relative intensity of the peak interpreted 
as the lowered plasma loss peak increased in the later elements of the first group 
of transition metals leading up to Zn and again may be considered to increase 
relatively from Pd through Ag to Cd. 

Noziéres and Pines (1959) have pointed out that a large increase ‘in the optical 
transmissivity with increasing frequency is to be expected at the plasma frequency 
and this has been observed in a number of elements where the plasma loss agrees 
with the theoretical value (Robins and Swan 1960, Powell 1960, Robins 1962). 
For the elements Ag, Au and Cd, however, Walker, Rustgi and Weissler (1959) 
have reported that transmissivity values greater than 0-1 to 0-3% could not be 
obtained in the ultra-violet. This is interesting as the observed plasma losses 
in these elements are not in agreement with the theoretically predicted values and 
the two phenomena may be related. 


§ 5. ConcLusIon 


The characteristic electron energy loss spectra of the elements Zr, Pd, Ag, 
Au, Zn and Cd have been obtained using the reflection technique and primary 
energies of 1500 and 800ev. It is observed that in the second group of tran- 
sition metals, the relation between the observed plasma losses and the theoretical _ 
values is not quite the same as that found previously for the first group of 
transition metals in that the observed values are here greater than the theoretical 
near the beginning of the group. The degree of agreement is probably related to 
the binding energies of the electrons in the incompletely filled d band rather than 
the number of electrons in that band. 

The spectrum of silver was examined in the light of recent related studies 
which indicate the plasmon energy in that metal to be 3-75 ev. Although a loss 
peak is observed at 4-1 ev, it is felt that this loss does not have all the characteristics 
which it would be expected to have if it were indeed the plasma loss. In general, 
the spectra of the noble metals are complex and show few similarities to one 
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another. The two elements Zn and Cd, which follow noble metals in the 
periodic table, have very similar spectra and it is obvious that plasma oscillations 
involving their two valence electrons are still influenced by the filled d band. 
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The Luminescence of CsBr(Tl) and CsI(T1) as a 
Function of Temperature 


By J. C. ROBERTSON, J. G. LYNCH anp W. JACK 
Department of Natural Philosophy, University of Glasgow 
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Abstract. ‘The luminescent efficiencies and decay times of CsBr(T1) and CsI(T1) 
have been studied as a function of temperature in the range — 150°c to 150°c. 
Protons of energy 14 Mev, and alpha particles of energy 5-3 Mev were used as the 
exciting radiation. In general, at any one temperature, the luminescence appears 
‘to consist of the sum of a fast and a slow exponential component. It is shown 
that for optimum particle discrimination by pulse shape analysis, there is no 
advantage to be obtained by maintaining the crystal of CsI(T1) or CsBr(T1) at 
temperatures other than room temperature. 

Activation energies for the electron traps in the crystal corresponding to the 
‘decay time components 7; have been obtained. 


§ 1. INTRODUCTION 


“7 7 has been shown, (Storey, Jack and Ward 1958) that the decay time of the 
] luminescence produced in CsI(T1) by ionizing particles is dependent on the 

ionization density produced by the exciting particle. Robertson and Ward 
(1959) have used this effect to discriminate between different particles entering a 
‘CsI(T1) crystal, and Robertson and Lynch (1961) have shown that of the com- 
monly available inorganic crystals CsI(T1) and CsBr(T1) are most suitable for 
‘use with this technique. ‘The present measurements on CsI(T1) and CsBr(T1) 
were made in the hope that a more favourable particle discrimination might be 
‘obtained at temperatures other than room temperature. The behaviour of the 
‘decay times and efficiencies of the luminescence as a function of temperature is 
also important when the mechanism of the luminescence is considered. 
Measurements of this type have been made by Bonanomi and Rossel (1952), 
Hahn and Rossel (1953) and Enz and Rossel (1958) in pure CsI, and by Knoepfel, 
Loepfe and Stoll (1957) in pure and thallium-activated CsI. 


§ 2. EXPERIMENTAL METHOD 


The CsI(T1) and CsBr(T1) crystals were obtained from the Harshaw Chemical 
‘Company, the thallium concentration in each case being 0-1°/ molar. 

The particles producing high and low ionization density in these measure- 
‘ments were respectively, alpha particles of energy 5-3 Mev from 2!°Po, and protons 
‘of energy 14Mev from the reaction *He(d, p)*He. 

It was necessary to mount the crystals in vacuo to avoid condensation of water 
‘vapour on the crystal at low temperatures. The assembly used is shown in Fig. 1. 
It consists of a cylinder of stainless steel (1/32 in. thick and 2in. in diameter) lined 
with aluminium foil reflectors. The #!°Po source was mounted inside the 
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cylinder, while the protons entered by a thin (2 mg cm-®) nickel window N in the 
detachable brass top plate B of the cylinder. The base of the cylinder was closed 
with a disk of lucite L which was optically coupled to an RCA 6810 photo- 
multiplier with silicone grease. A thin aluminium foil (0-2 mg cm-) backed the 
crystal X which was clamped between two copper rings R both of which had 
aluminized surfaces. The lower ring was attached to a copper rod C which pro- 
truded through the wall of the vessel where it could be cooled with liquid nitrogen 
or heated with an electrical element El as required. 


Fig. 1. Crystal mounting. 


A thermocouple T was used to measure the crystal temperature. All heating 
and cooling was carried out slowly and no hysteresis effect was observed. The 
range of temperatures obtainable was —160°c to +160°c. - Finally, water 
cooling pipes W ensured that the temperature of the photo-cathode Ph remained 
constant. 

The current pulses from the photomultiplier were integrated with a leakage 
time constant of 205 usec. These ‘voltage’ pulses were displayed on a Tektronix 
type 541 oscillosope and photographed at fixed temperature intervals. 


§ 3. ANALYSIS 


The decay of the luminescence was obtained by the method described by 
Storey, Jack and Ward (1958). Photographs of the voltage pulses were projected 
and traced on fine graph paper, and after slight correction for the finite leakage 
time constant (7 = 205 usec) the pulses were carefully differentiated to obtain the 
original ‘current’ pulse. This provides a consistent method of averaging the 
statistical fluctuations in the current pulse. ‘The analysis of the decay of the 
luminescence of CsBr(T1) at 20°c, irradiated with protons of 14 Mev, is shown in 
Fig. 2, From Fig. 2(a) it appears that an exponential component of time 
constant += 23 psec is present. Having estimated the lifetime and contribution 
of this component from Fig. 2(a), we subtracted it from a pulse on a shorter 
time scale, Fig. 2(b). The resulting points are in reasonable agreement with a 
pure exponential of time constant 7=2-6 usec. 
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In general, at any one temperature, the decay of the luminescence of CsI(T1) 
and CsBr(Tl) may be described by the sum of a fast and a slow exponential 
component. Fig. 3 shows one of the exceptional cases where three exponential 
components appear to be present in the luminescence produced by fast proton 
irradiation of CsBr(T1). 
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Fig. 2. The decay curves of the luminescence produced by 14 mev protons in CsBr(T1) 
at +20°c. 


+120°C 


. 
NS 6Spsec 


= 


~ 


Time (psec) 


Fig. 3. The decay curves of the luminescence produced by 14 Mev protons in CsBr(T1) 
at +120°c. 


In CsI(Tl) the contribution from the slow exponential component is small 
over most of the temperature range. Accordingly, the pulse has been analysed 
by an alternative method which assumes that the decay of the luminescence is a 
pure exponential at times short compared with the lifetime of the slow exponential 
component. Values derived by this method are denoted by 7’. The subscripts 
a and p denote excitation of the crystal by alpha particles and protons respectively. 


§ 4. RESULTS 


If the logarithm of the decay time components is plotted against the reciprocal 
of the absolute temperature (Figs 4(a), (b) and 5 (a), (b)) it is seen that the 
components obtained by the above analysis are not distributed randomly, but, in 
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fig. 5. (a) Alpha-particle excitation of CsBr(T1). Decay time components 7;,, as a function of 
1/T. . (6) Proton excitation of CsBr(Tl). Decay time components Tip as a function of 1/T. 
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general, follow exponential laws. 
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In order to discriminate between the different 


components present in the decay, the components have been numbered according 


to the line on which they lie. 
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Table 1. Values of R for Excitation of CsI(T1) 
(a) Alpha-particle excitation. 
Temp. (°c) — 80 —40 0 +20 +80 +146 
Ry il 1 0-86 0-75 1 il 
R, me aa 0-14 0-25 zs a 
(5) Proton excitation. 
Temp. (°c) —120 — 100 — 80 — 60 +20 +100 +155°5 
Ry 1 1 0-32 0:39 0-55 0-93 1 
R, — — 0-68 0-61 0-45 0-07 — 
Table 2. Values of R for Excitation of CsBr(T1) 
(a) Alpha-particle excitation. 
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The variation with temperature of the pulse height per unit energy or lumi- 
nescent efficiency *@,,, is shown in Figs 6 and 7. In these efficiency measure- 
ments it was assumed that all the components contributing to the light output 
were observed. The results have been corrected for the effect of the electronic 
differentiation time constant of the pulses. 

Tables 1 (a), (6) and 2 (a), (b) give the values of R,, R, etc., the ratios of the 
light present in components 1, 2 etc. to the total light output observed. 


§ 5. Discussion AND CONCLUSIONS 


The temperature dependence of the ratio r,,/7,, for CsI(T1) is shown in 
Fig. 8. It can be seen from this figure that, for particle discrimination, there is. 
no advantage in maintaining the crystal at temperatures above room temperature, 
since, although the ratio r,,/7,, increases slightly, the efficiencies °&, , show a 
marked decrease. A similar type of behaviour is observed in CsBr(TI). 


-160 -120 -80 -40 0 +40 +80 +120 +160 
Temperature(*C) 


Fig. 8. Variation of the ratio 7,p/7,, with temperature in CsI(TI). 


The variation with temperature of the ratio 7,p/7,, in CsI(T1) is not in accord 
with the hypothesis advanced by Storey, Jack and Ward (1958). These authors 
suggested that the differing values of 7,p and 7,, might be explained by an increased 
effective temperature in the material surrounding the particle track for particles 
of high ionization density. This interpretation would lead one to expect that 
the ratio 7,p/7,, would increase as the crystal temperature was lowered. 

In Figs 6 and 7, it is seen that the luminescent efficiencies of CsI(Tl) and 
CsBr(T1) have a maximum value in the neighbourhood of room temperature. 
An interesting feature is the temperature range —70°c to —140°c in CsI(T1) 
where the luminescent efficiency for alpha-particle excitation is greater than that 
for proton excitation. This effect is also observed to a lesser degree in CsBr(T]1). 

We must conclude that there is no advantage to be gained from the point of 
‘view of particle discrimination by pulse shape analysis by maintaining the 
‘crystal at temperatures other than room temperature. 

From Figs 4 (a) and 5 (qa) for the alpha-particle excitation of the crystals, it 
appears that the decay time components in these cases have an exponential 
dependence on 1/7, where T is the absolute temperature. It is customary 
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(Bonanomi and Rossel 1952, Enz and Rossel 1958) to derive from these plots : 
value for the activation energies of the electron traps associated with the lumi- 
nescence. ‘The assumption is made that the probability of a luminescent tran- 
sition is proportional to e~#/*? where E is the electron trap activation energy 
and kis Boltzmann’s constant. For CsI(T1) we obtain E,, =0-092 + 0-01 ev, while 
CsBr(Tl) yields values £,,=0-22 +0-02ev and £;,=0-19+0-02ev. Although 
the decay time components for proton excitation of CsI(T1) 7,) and 7,p show 
an approximately exponential dependence on 1/T yielding electron trap acti- 
vation energies E,p=0-079+0-0lev and E,»=0-062 +0-02ev, there is ne 
evidence of this exponential behaviour in the proton excitation of CsBr(T1). 
This throws doubt on the validity of the above simple picture in the case of proton 
excitation of the crystals. 

It is possible that the phenomena which account for the variation of decay 
time 7 with ionization density due to the particle producing the luminescence 
also account for the dissimilar behaviour of + with 1/T for different types of 
particle. 
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Abstract. 'The electronic band structures of a simple cubic and a face-centred 
cubic array of square potential wells were calculated by a plane wave method for 
various depths of the potential wells. Certain features of the band structure 
depend only on the symmetry of the crystal and not on the details of the potential: 
in a simple cubic monatomic substance an s-type band has its minimum at k=0 
and its maximum at k=(1, 1, 1); a p-band has its minimum at k=(1, 0, 0) and 
almost certainly its maximum at k=(1, 1,0). In a face-centred monatomic 
crystal an s-band has its minimum at k=0, penal its maximum may be at any of 
several positions, such as k= (2, 1, 0), k=(1, 0, 0), or intermediately. A p-band 
has its minimum at k=(1, 1, 1) aah a secondary minimum at k= (1, 0, 0), and 
its maximum at k=0. feson: methods of band structure calculation were 
compared on the example of the lowest level at k = 0 for any depth of the potential 
wells for the face-centred structure. Plane wave methods gave reliable results 
with least labour. 


§ 1. INTRODUCTION 
W HEREAS much effort and ingenuity has been directed to the development 


of powerful and precise methods for evaluating the electronic band 
structure of a crystal starting from a given field, less attention has been 
given to the question of how far and in what respects the calculated band structure 
depends on the choice of a particular field. This point is important in view of the 
difficulty of achieving complete self-consistency in any calculation of this kind, 
_and the present paper is an attempt at examining the problem in a simple case. 
That is, we have investigated the effect of changes in the potential on the band 
structure of a model of a cubic crystal (both simple cubic and face-centred). 
The general aim was to determine for each crystal structure the possible distri- 
butions of energy levels, to see whether some general features are independent of 
the particular field; and also to study the effect of various characteristics of the 
potential in displacing levels of a certain symmetry with respect to others. The 
philosophy of the present approach is thus similar to that of investigations such 
as Callaway’s (1959) on the d-bands of transition metals and Howland’s (1958) 
on the energy bands of KCl. That the crystal structure is fundamental in 
determining the electronic energy levels is indicated by the fact that a hypo- 
thetical sodium with the diamond structure would have bands very similar to 
those of silicon (Bassani 1959) and that a hypothetical face-centred carbon 
would be a standard metal (Casella 1958). 
Another aim of the investigation was to compare on a simple model the various 
methods available for band structure calculation, in order to ascertain how 
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quickly they converge to the correct result and how justifiable it is to stop at a 
certain approximation. 


§ 2. Move. 


The model consists of a simple, or face-centred cubic array of square potential 
wells. That is, in each Wigner—Seitz cell the potential is taken to be constant 
and equal to — 4, for r <3, b having any value less than the radius of the inscribed 
sphere, and zero otherwise. This model was first considered by Engelmann 
(1956) and was chosen to facilitate calculations with certain methods. Several 
procedures for band evaluation are designed for a potential which is constant 
outside atomic spheres; and matters are drastically simplified if inside such 
spheres the potential is spherically symmetric. 

If a is some fundamental lattice distance to be used as unit of length, the 
characteristics of the model are expressed through the two dimensionless para- 
meters Ry =b/a; Vy=2mad/h?. The energy W will also be expressed through 
the dimensionless quantity H=2ma?W/h? (for a=2-5 atomic units, =1-34, 
E=1 corresponds to W~2-2 ev) and the wave vector q through k =aq. 

If nearest neighbours are at (2, 0, 0) in the simple cubic lattice and at (2, 2, 0) 
in the face-centred lattice, the radius of the sphere inscribed in the Wigner—Seitz 
cell is 1 for the former and 2? for the latter. For the simple cubic lattice the 
first Brillouin zone is a cube (Fig. 1), k,, k,, k, varying between — $a and 37; 
for the face-centred structure it is a truncated octahedron (Fig. 2), the centres of 
the square faces being at points such as ($7, 0, 0). 

The (£,k) relation, for the first few bands, was determined for the two 
structures for a number of values of V;. Since a and ¢ enter through the com- 
bination a4, one obtains in principle the effect of the variation of both the 
lattice distance and the depth of the potential wells, but in fact, to study the effect 
of a change in lattice distance alone, one must vary also Ry. Here instead Ry was 
taken in all cases equal to the radius of the sphere inscribed in the Wigner—Seitz 
cell: the study of the effect of variations of this quantity, for constant V;,, did not 
seem of much physical significance. Attention was mainly concentrated on the 
determination of the values of V, at which the various energy gaps appear and of 
the position in k-space of the corresponding band edges. ‘The model is thus 
relevant to the theory of semiconductors, but not to that of metals, where the 
details of the often very complicated Fermi surfaces depend generally on the 
characteristics of the potential. 

Similar calculations on more realistic models may serve as a guide to the 
possible band structures of real crystals, especially to the variation of the band 
structure along a series of similar crystals or in mixed crystals; for instance, one 
might study the effect of deviations of the potential from spherical symmetry on 
the position of the various levels in diamond and zincblende type crystals.» 


§ 3. LimiTING CasEs 


The energy levels are known exactly in the two limiting cases of V)=0 and 
V,=0o. In the first case (completely free electrons) E,,(k)=|k+K,,|?, K,, being - 
any fundamental vector of the reciprocal lattice; these fundamental vectors are 
therefore used to label the free electron bands. In the other limiting case (infinite 
square well potential) the levels can be labelled as in well-known nuclear models. 
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The energies of the lowest levels, independent of k, measured from the bottom 
of the well, are 


Level Is Ip 1d 2s 1f 2p 
ER,? 9-87 20-19 33-22 39-48 48-83 59-68 


In the general case, if the crystal is without glide planes or screw axes, the 
nergy levels at any point in k-space are classified according to the irreducible 
epresentations of the group of the corresponding k-vector. Each k-point of 
yrominent symmetry is traditionally denoted by a Greek or Latin capital letter, 


Lo 


Fig. 1. Brillouin zone for the simple cubic Fig. 2. Brillouin ae i i a. 
lattice, with prominent symmetry points face-centred cubic lattice, 
and path along which the (£, k) relations with POURED Sante Hy 
rupeievaluated. points and path along 


which the (Z, k) relations 
were evaluated. 


ndicated in Figs 1 and 2. The various representations will be denoted by the 
pectroscopic suffices s, p, d.. . , indicating the first term of the expansion in 
pherical harmonics of the corresponding wave function (Bell MOS 4 oe. Dep Dias 
vill be used when there is more than one representation which is predominantly 
-type, etc. The methods of group theory permit one also to decide to which 
f the free electron or tightly bound levels the various states reduce in the two 
miting cases. 


§ 4. METHOD oF CALCULATION 


It would be desirable to have a single method of calculation applicable for all 
alues of Vy; but clearly at one end of the scale (V)>0) plane wave methods 
iust be vastly superior, while at the other end (V,-> 00) the tight binding pro- 
edure will yield the energy values with least labour. However a complete 
alculation was carried out only with the method of simple plane waves, because 
1e region of relatively small values of V, seemed physically the most interesting. 
‘he tight binding formalism may then be used, particularly for fairly large V4, 
» interpolate results calculated at k-points of prominent symmetry, and also, 
‘ith additional assumptions, to extrapolate results to V)-> 00. Application of 
ther methods is described in §7. 
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In the method of plane waves, the wave function is expanded in a Fourie 
series. Enough terms were inserted to obtain the correct ordering of the level 
at each point, though not enough to ensure a convergence of the eigenvalue 
better than about 0-1 (0-2 ev for a lattice spacing, in the simple cubic lattice, « 
2:6A). ‘The convergence becomes worse, as one would expect, on increasing V, 

The function of the correct symmetry for any irreducible representation j « 
the group of a k-vector was obtained by standard methods using the projectio 
operator 

ae = )[D°R],Ryp 
R 
where ‘¥@), is the symmetrized function; [DR],, is the vith element of th 
matrix for the representation in question (which is the character if the representa 
tion is one-dimensional), and R are the symmetry operations of that particula 
group. is normally a simple plane wave exp {i(k+K,,).r}. These lines 
combinations were used to form the energy matrix, the order of the matrix bein 
related to the number of K-vectors considered. The other quantities in th 
energy matrix are the Fourier coefficients V(K,,) of the potential V(r) 


e unit V(r) exp (—7K, .r)dr = — ae 
where Q is the volume of the Wigner-—Seitz cell. 

The roots of the energy matrix were obtained using an iterative method, th 
matrix being first inverted in order to obtain the first few roots without wastin 
time over higher levels which often were not required. The calculations wer 
performed on the University of London ‘Mercury’ computer. The larges 
matrix used was of order 12, but at many points convergence was good with 
smaller number of waves. At some points, particularly on the zone boundary 
the wave functions were almost plane waves, whilst at other points they wer 
more atomic like, and at such points the convergence was poorer. 


V(K,, ) zs 


[sin K,,Ry—K,,Ry cos K,, Ro] 


§ 5. RESULTS FOR SIMPLE CuBIc LATTICE 


Figures 3, 4 and 5 give the lowest bands, along the directions in k-spac 
indicated in Fig. 1, for the simple cubic lattice and for V)=0 (free electrons), 
and 25 respectively. All energies are measured from the bottom of the potentie 
well. The various broken lines indicate bands of different symmetry. 

A point that immediately emerges is that the quasi free-electron ordering o 
the levels persists up to relatively high values of Vo, a circumstance often note: 
in real crystals (see, for instance, Callaway’s (1956) discussion for body-centre 
cubic crystals). Deviations occur mainly because bands of the same symmetr 
cannot cross. From results obtained for a few values of Vo, it is possible t 
interpolate in the whole range 0 < V)< «, since the relative displacement of th 
various levels occurs quite smoothly. With the tight binding interpolatio: 
procedure it is also possible to plot the bands along other directions in k-space 
At V)=25 (Fig. 5), the two lowest bands have already almost exactly the forr 
given by the simplest tight binding calculation. 

Thus in a simple cubic crystal the lowest band, s-type, has its lowest energ 
at k=0 and its highest at the corners of the cubic Brillouin zone. No reasonabl 
form of the potential could lead to any other result. The first and second band 
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Y,=0 


Fig. 3. Free electron bands for the simple cubic lattice. 


R Te 


Fig. 4. The lowest bands in the simple cubic lattice for V)=5. 


yecome separated at V)=11-4. ‘The lowest level of the second (p-type) band is 
't X, as indicated both by the free electron and by the tight binding models, and 
gain this may be considered a general property of simple cubic crystals. When 
he second energy gap first appears, at about V,=18-6, the level Mp (non- 
legenerate) has the highest energy. Now, according to the simplest tight 
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Fig. 5. ‘The lowest bands in the simple cubic lattice for V)>=25. 


binding approximation, the energy of this band is given by 
E=E, + A* cosk, — B® (cos k,, + cosk,), 


indicating that the top level is at M (cosk,=1, cos k, =cosk,= —1) also fo 
V,— ©; therefore it seems unlikely that intermediate values of Vy will lead t 
any other result. There thus seems strong evidence that the positions of th 
edges of the p-band are also determined by symmetry. No monatomic substance 
crystallizes in the simple cubic structure, and the only known such structures ar 
the low temperature modifications of CsGl, CsBr, CsI. As is well known, th 
presence of two atoms in the Bravais lattice brings substantial modifications o 
the band structure. However the Brillouin zone and the type of bands are th 
same. ‘The valence band of these substances is a p-band of the type just con 
sidered, and thus one would forecast, as far as the present model may apply, tha 
positive holes in these halides would be situated at the twelve equivalent point 
M of k-space. The conduction band would be s-type and, unless there were : 
strong interaction with d-type levels, its bottom would be at k=0. 

The lowest level of the third (d-type) band, when an energy gap first appear 
between the second and third band, is at M; but this d-type level moves upward: 
rapidly on increasing V, and for V, greater than 25 the lowest level is at X. Fo: 
higher levels the worsening convergence of the results does not warrant any 
firm conclusion. As the bands become increasingly separated, all levels in a banc 


tend to become predominantly s, or p, ord... according to the type of level tc 
which the band reduces for V,—> 0. 


§ 6. RESULTS FOR FACE-CENTRED CuBic LATTICE 


Figures 6 and 7 show results for the face-centred lattice for, respectively. 
V,=5 and V,=10. In this case the bands were calculated only at I’, X, W, L 
and have been sketched in what seemed a reasonable way at intermediate points 
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Fig. 6. The lowest bands in the face-centred cubic lattice for Vy) =5. 


V,~10 


Fig. 7. The lowest bands in the face-centred cubic lattice for V,)=10. 


For V,=10 the d-band has been sketched as though it were already separated 
from higher bands. 

Again the free electron ordering of the levels is seen to persist to a considerable 
extent. The ordering of the levels at I’, X, L is the same as that found by Casella 
(1958) with the orthogonalized plane waves method for a hypothetical face- 
centred carbon. The lowest band has its minimum at k=0 and its maximum at 
W, but a second maximum of about the same height exists at X. At the point K, 
at the end of the (1, 1, 0) direction, the energy is also found not to be much lower. 
‘Thus in this case the characteristics of the potential must be the deciding factor. 
In the tight binding approximation, considering interaction with nearest 
neighbours only, the energies at X and W, and at all points along the diagonals 
of the square faces of the Brillouin zone, are the same. Interaction with second 
mearest neighbours makes W higher. In face-centred solid He, a recent 
calculation has in fact given the top level at W (Simcox and March, private 
communication). 
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An energy gap between the first and second band first appears at Vo=o"44 
The lowest level of the second (p) band is found at L, as for free electrons. The 
tight binding procedure, with interaction with nearest neighbours only, gives L 
as the lowest level, with another minimum at X._ With second neighbours inter- 
action, X may become the lowest state. The highest state is at k =0 in all approxi- 
mations, so that this may be considered a general property of monatomic face- 
centred cubic crystals. A secondary maximum isat L. One must remember that, 
in an actual substance, the states of the valence band must be orthogonal to all core 
states, and this may alter quite markedly the order of the levels (see, for instance, 
Herman and Skillman 1960). This interaction, dealt with generally by the 
method of orthogonalized plane waves, could be taken into account in the present 


Fig. 8. Displacement of levels with varying Vy at prominent k-points for the 
face-centred cubic lattice. 
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model through a ‘ pseudo-potential ’ (Phillips 1958). One would think however 
that even this effect would not invalidate the conclusion that the topmost level of 
a p-type band in a face-centred structure must be at k=0. Experimentally, this 
is the case for semiconductors with either the diamond or the zinc blende structure: 
these structures have the face-centred cubic Bravais lattice. For NaCl structures, 
also with the face-centred Bravais lattice, the present model cannot be expected 
to give any firm indication. The maximum of the p-type valence band has been 
found by various calculations (Bell e¢ al. 1953 (on PbS), Howland 1958 (KCl), 
Grimley 1958 (NaCl), Kucher 1958 (KCl)) to be along the (1, 1, 0) direction. 
This would appear a further instance of a band characteristic being determined 
by the crystal structure. However, in PbS and PbTe magnetoresistance measure- 
ments (Allgaier 1960) seem to indicate that the edges of both the valence and 
conduction bands are along the (1, 1, 1) direction. 

Almost all monatomic face-centred cubic substances are metals, whose band 
structure does not deviate much from the free electron scheme. Aluminium is 
on whose band structure has been particularly well examined theoretically and 
experimentally (Heine 1957, Harrison 1960, and references). As already re- 
marked, a much finer tool that the present model is necessary in the case of metals. 
One may however observe that at the most interesting k-point, the point W, the 
lowest level in Al is Wp,, while Ws is above both Wy, and Wy. Ina calculation 
this arises through the orthogonalization of the wave functions of these states to the 
core eigenfunctions. Since the effect of orthogonalization may be expressed 
through a pseudopotential, one can in fact say that such features are determined 
by the detailed behaviour of the potential. At infinite separation the Wg level 
must be the lowest. 

The third (d) band has its minimum at X. This, and the form of the sub- 
bands along the (1, 0, 0) direction, agree well with the calculation of Fletcher and 
Wohlfarth (1951) for Ni (Fletcher 1952). By extrapolation, an energy gap first 
appears between the second and third band at V,~11-5. For higher levels, 
again results are not very reliable and it thus appears unwarranted to make detailed 
comparison with what is known on the d-bands of transition metals. Fig. 8 
indicates schematically the relative positions of the various levels at the k-points 
D, X, W and L for V)=0, 5,10, co. It is clear that for the lowest bands, where 
there is no crossing of levels, perturbation methods starting from either of the 
‘wo limiting cases must lead to satisfactory results. 


§ 7. COMPARISON OF DIFFERENT METHODS OF CALCULATION 


Figure 9 gives the energy, over the bottom of the potential well, of the lowest 
‘tate at k=O, for the face-centred structure, in the whole range of variation of V, 
for convenience the abscissa is log,)(1+ V)), as calculated with the most important 
vailable procedures. Curve 1 (exact) gives the lowest energy for an isolated well. 
“urve 2 gives the energy obtained by applying to the crystal the method of tight 
xinding, taking into consideration only the interaction with nearest neighbours 
Slater and Koster 1954). Curve 3 gives the results obtained by using the Kohn— 
Xostoker (1954) procedure based on the Green function formalism. For the 
evel in question the actual formula was given explicitly by Raychaudhuri (1957). 
curve 4 gives the energy according to the cellular method in its simplest form, 
at is substituting equivolume spheres to the actual Wigner—Seitz cells and 
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2 
Log Cl+Vo) 


Fig. 9. Energy of lowest level at k=0 in the face-centred cubic lattice as function of 
log;(1+V>). Curve 1: isolated well, exact. Curve 2: tight binding method 
(nearest neighbours only). Curve 3: |S-matrix method, spherically symmetric 
term only. Curve 4: cellular method, matching at equivolume sphere. Curve 5: 
augmented plane wave (one wave only). Circles: results of main calculation. For 
other points, see text. 


satisfying the boundary conditions at the surface of such spheres using only the 
spherically symmetric term. The point marked 4 refers to an application of 
Kohn’s (1952) variational procedure for the cellular method, with two terms in’ 
the expansion of the wave function. The results of the plane wave calculation 
are marked with circles. Curve 5 gives the energy according to the augmented 
plane wave procedure (Saffren and Slater 1953) with one single augmented 
plane wave. A value obtained with two augmented plane waves is also given: 
(point marked 5). 

While all methods, pushed to high approximations, would give the same 
result, the advantage of using the more appropriate methods in the region of 
almost free electrons and in that of strongly bound ones respectively is very clear. 
The simple cellular procedure is not very good, except for strongly bound 
electrons, and the complications over the boundary conditions make it cum- 
bersome to push it to higher approximations. The augmented plane wave 
method is very good for almost free electrons, but has the drawback that, with 
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one wave, the asymptotic behaviour of the energy for V,-> 00 is wrong, a dis- 
pleasing feature in view of the fact that this is the only approximation that one 
can immediately extend to the non-periodic case (energy levels in liquids). 

In this artificial and oversimplified example the results given by the Green 
function (or scattering matrix, Korringa 1947) formalism are quite good with 
very little labour, but the labour increases tremendously at other points in k-space 
and for other forms of potential. With plane wave methods, on the other hand, 
different k-points and different potentials are taken into account much more 
readily. 

In conclusion, this example confirms that in cases of practical interest the 
methods more likely to lead to reliable results without the necessity of pushing 
them to a high approximation are those based on the use of plane waves, orthog- 
onalized or augmented, or on one of the variations and extensions of such 
methods. 
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The Efficiency of Production of Characteristic X-radiation in Thick 
Targets of a Pure Element 


By M. GREEN anp V. E. COSSLETT 


Cavendish Laboratory, University of Cambridge 
MS. received 30th March 1961 


Abstract. A simple theoretical expression is proposed for K quanta production 
in directions at large angles to the surface of a thick target, neglecting absorption. 
Direct and indirect production are calculated and the ratio of indirect to total 
production is shown to be in agreement with experimental results both in magni- 
tude and in independence of over-voltage Uy. Total production is expressed as. 
a function of atomic number Z and over-voltage Uy, and is found to vary as. 
(U,—1)'*. Values for total production are in fair agreement with experimental 
values. 


§ 1. INTRODUCTION 


HE efficiency of production of K quanta by monoenergetic electrons incident 
| normally on a thick target of a pure element has been given in graphical 
form by Worthington and Tomlin (1956) and Archard (1960) for a range 
of elements. Both papers combine theoretical and experimental evidence in 
their calculations and use the Bethe energy loss relation. In the present calcu- 
lation, by using the Thomson—Whiddington energy loss equation, which has 
been more fully tested than the Bethe form in the range 0-100 kev, an analytic 
expression is derived for K production before target self-absorption. For a 
useful range of conditions this absorption is small and total K production before 
absorption may be approximately equated to production as measured at the 
target surface. The fluorescent contribution to K production arising from the 
absorption of the continuous radiation wa’ estimated by Worthington and 
Tomlin and Archard from experimental evidence. Here it is calculated from a 
known expression for the efficiency of continuous X-ray production. we 


§ 2. THE RELATION oF K Quanta PRopucTION To THE ToTAL NUMBER OF 
K_ IONIZATIONS 


K quanta may be produced by an atom when an electron from the L, M or N 
shells falls into a vacancy in the K shell caused by ionization. The alternative 
to the emission of a K quantum is an internal conversion process resulting in 
Auger electron emission. The relative probability of these two processes is — 
described by the fluorescence yield of the K shell wx, the fraction of K ioniza- 
tions resulting in K quantum emission. 
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If m, is the total number of K ionizations caused in a thick target by an electron 
of initial energy E, (kev), then the total number of K quanta per electron is N, 
where ; 

Ne Scat se MEF wr A re cial se. (1) 
In a thick target bombarded by electrons, ionization of the K shell is caused in 
two ways. ‘The first process is the direction ionization of the atoms of the target 
material by the incident electron. This gives rise to a component which will be 
referred to as direct ionization and n,(direct) is the number of direct ionizations 
per electron. 

Continuous radiation is produced by the deceleration of the incident electrons 
in the target. Those quanta of the continuous radiation which have energies 
greater than E,, (kev), the K ionization energy, and which are absorbed in the 
target, give rise to further K ionizations in the absorption process. This is the 
indirect ionization component where (indirect) is the number per electron. 

Equation (1) may be rewritten 


Nx =xg[ng(direct)+,(indirect)]. 9 ...... (2) 


§ 3. K Quanta ABSORPTION IN THE TARGET 


Calculation of the observed intensities of K quanta production at various 
angles to the surface of the target is complicated by the penetration of the incident 
electrons into the target and by the absorption at varying depths of the continuous 
radiation producing indirect ionization. In general, (2) must be written in a 


Fig. 1. 


differential form for the number of K quanta produced in a layer element of 
thickness dx : 

dNx =x [dn,(direct) + dn, (indirect) ] 
where dn,(direct) and dn,(indirect) are the ionization contributions from the 


layer element. 
Then the number of quanta per unit solid angle per electron at an angle ¢ 


(defined in Fig. 1) is 
Pal . oe {a exp (— x cosec¢) + Bexp(—p,xcosecd)}dx. ...... (3) 


The assumption is made that only Ke and KB quanta are emitted and « is the 
fraction of « quanta and p, the Ke linear absorption coefficient. Similar definitions 
hold for K8 quanta. The quantities dn,(direct)/dv and dn,(indirect)/dx are 
complicated functions of x depending on the electron scattering processes in the 
target and the angular distribution of the continuous radiation. Even with simple 
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models of the electron scattering processes in the target, previous authors 
(Worthington and Tomlin 1956, Archard 1960, Kirkpatrick and Baez 1947) have 
found that numerical methods are required for the evaluation of integrals similar 
to (3). ‘Thus an analytic expression for K quanta production can only be found 
if certain simplifications are made. 

In the present work the absorption correction is neglected and the K quanta 
production \,,/47 per electron per unit solid angle at large values of ¢ is written 
from (2) as 

se lee CCIE) a7, (indirect) | ne er (4) 

An 
‘This avoids the need for the form of dn,/dx to be known. Apart from the con- 
venience of producing an analytic expression for K quanta production, this 
approximation is based on two further considerations. (i) It may be shown 
from experimental evidence that for 6 =45°, if ZU, < 100 the absorption correction 
is less than 10°, which for most elements provides a useful range of E,. Here 
U is the ‘ over-voltage’, i.e, the ratio E/Ex, and Uy=E,/E,. (ii) Values of fluo- 
rescence yield, ionization cross section and electron energy loss used in all K 
quanta production calculations are uncertain for many values of Z, making the 
neglect of the absorption correction a relatively unimportant contribution to the 
error in the final result. 


$4. Direcr IONIZATION CONTRIBUTION 


The direct contribution to Eqn (4) may be evaluated by a consideration of the 
electron paths shown schematically in Fig. 2. The small element of path ds in 
A is at a point of path length s from the point of entry and an electron traversing 


Fig, 2. 


the element has an energy E. If dn, (direct) is the number of direct ionizations 
per electron in ds, then 


*x dnx(direct) 
——— ds Boricae (© 
pre (5) 
is the total number of direct ionizations per electron for a path of type A where 
the electron reaches a point where E= Ey, and s=s,y without leaving the target 


material. ‘T’he path of the electron beyond the point gives rise to no K ionization, 
as FE is now less than E,. 
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Relation (5) is true for all electrons which complete their path of length ce 
in the material irrespective of the particular shape of the trajectory. Thus the 
shape factor which makes the evaluation of dn, (direct)/dx difficult is avoided. 
However, consideration must be given to paths of the form B where the electron 
leaves the target through back scattering before its energy has fallen to Ey. 
Relation (5) is rewritten 


(direct) =R | is a shai « (6) 
0 


where R is introduced to allow for this back scattering effect. 1—R is the 
fractional loss of ionization due to back scattering. The fraction of electrons with 
energies greater than 50 ev back scattered from a thick target is given the symbol 
7 and is found to be nearly constant with respect to variations in Ey for a particular 
element. Typical values taken from the work of Sternglass (1954) are 6% for 
carbon, 29% for copper and 38% for silver. In general, 1—R varies with Ey 
and is always less than , as any electron back scattered with an energy less than 
E, has made some contribution to ionization. The energy distribution of back 
scattered electrons has been investigated by several workers ( Sternglass gives 
many useful references) and from their results 1—R may be deduced by a 
numerical method. In the present work a value of 12% has been found by this 
method for copper at U,=3, and Kirkpatrick and Baez (1947) quote experi- 
mental values taken from the work of Webster, Hansen and Duveneck (1933) 
of 19% at Uy=2 and 21% at U)=3 for a silver target. 
Proceeding with the evaluation of (6), dn, (direct)/ds is written 


dng(direct) _ 
2 = 


QO, x (number of atoms/cm? in the target material) 
Np 
BO 5 eb 
ad 


where Q, is the K shell ionization cross section, N Avogadro’s number, p the 
density and A the atomic weight of the target material, Q, is conveniently given 
as a function of electron energy and (6) is rewritten 
% Np ds . 
n(direct)= —R — O,—dE Sepa 
xc( ) | He Ave dk £) 
to facilitate integration. 


§ 5. IonizaTION Cross SECTION 


Bethe’s (1930) non-relativistic formula for total ionization cross section is 
the starting point for finding a suitable form for O,. From Bethe’s expression, 
Mott and Massey (1949) write 


2rre4 4E 
and conclude 
B=1-65E,, b=0°35. (a) 


Worthington and Tomlin (1956) point out that this is only true for large U and 
use for their numerical integrations 


B=(1-65+2-35e!-")E,, b=0-35 (b) 
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and for their exact integration the limiting value of B in (b) as U tends to unity 
with 6 modified to fit the experimental results at U=3: 

Be4E,) 0=035 2473: (c) 
Three curves of the function O,F,? produced by the substitution of the values 
(a), (b) and (c) in the Bethe expression for O, are shown in Fig. 3, where they are 


nae) 
s 
\ 
\ 
\ 
\ 
3K \--e... SILVER 
[fe oS 
a Ee: 
a RET a 
= 
: | “ene 
| bah 
q 
(QP aig, 
Pelgwmeals apenas 
oa eee cone 
i lceae ai bone ae 
7 cee 


Overvoltage Uo 


Fig. 3. Comparison of modified forms of the ionization function with experimental values. 
Curves (1), (2) and (3) are produced by substitution of values (a), (b) and (c) res- 
pectively in the Bethe expression for O;- 


compared with the experimental results of Kirkpatrick and Baez (1947) for 
silver, and of Pockman et al. (1947) for nickel. Values from (c) are seen to agree 
with experiment as well as values from (5) without the complexity of the latter’s 
form which precludes exact integration. For this calculation values (c) are used’ 
leading to 
OLE = 92K 10-9 “ In; G(em?|keve)) =e ee (8) 
§ 6. ENercy Loss RELATION 

Worthington and Tomlin use the Bethe (1930) energy loss relation in their 
calculations. ‘This leads to a form for n, (direct) involving the logarithmic 
integral in which the variation of n, with U, and E, is not easily deducible with- 
out reference to tablesf. 


+ Worthington and Tomlin give 


(o> eo [5 (ott) Ho) 


where B is constant with respect to U. An examination of the integration would suggest 


that 
n xlsineed = 3 {Wy tse (in 7 LF (n>?) - Bi(n*) |} ; 


is a more correct form. 
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In this calculation it is proposed to use the experimental Thomson— 

Whiddington (Whiddington 1912) energy loss relation in the form 
pps lei it rear (9) 

c is found to vary with £ and Table 1 has been compiled from the experimental 
values of Whiddington (1912), Terrill (1923), Klemperer (1925) and Klemperer, 
Thetford and Lenz (1960). The latter authors show that the Bethe formula, 
which is derived from theoretical considerations, predicts greater energy losses 
for aluminium (and hence larger values of c when expressed in a suitable form) 
than the experimental values embodied in the Thomson—Whiddington equation. 


Table 1. Constant c in Thomson—Whiddington Energy Loss Equation 


E (kev) 1 2 5 10 20 50 
c (kev? cm? g-4) 1-010 1:3x10® 1:8x105 2:3x10° 2:9x10® 44x 10° 


For the purposes of this calculation (9) is required as a function of s the 
electron path length. Substitution of s for x leads to the given values of c being 
larger than those appropriate to the new form of the relation, as the path length s 
is always greater than the penetration « of the electrons measured in a direction 
normal to the surface. Eqn (9) may be written in a differential form, thus 


ds 2E 
Sta eC IRE 1 
dE cp ed 
and combined with (7) and (8) 
: Beek (Fo Aan Lit 
ny(direct) = oe |i 7-92 x10 E2u ‘ U)EdE 
R [¥% 
= 9-535 x 103, invdU. 
Ac}, 
If N=6-02 x 1078 
nx (direct) = 9-535 x tee [ty tO get Og he tea (11) 


§ 7. InpiRECT IONIZATION 


Let M(cont) be the number of continuous quanta per electron with energies 
greater than the K ionization energy. ‘Then if it is supposed that the continuous 
radiation is effectively isotropic and that the origin of the continuous radiation 
is close to the surface of the target compared with the range of the continuous 
quanta in the target, }V(cont) is absorbed in the target. Now if rx is the ratio 
of the photoelectric absorption coefficient on the high energy side of the K 
absorption edge to that on the low side, then the fraction of absorptions which 
cause K shell ionization is (r;—1)/rg. It follows that 

n,(indirect) = }N(cont) + DP aia hates (12) 
K 
Dyson (1959) shows that to a close approximation the energy distribution in the 
continuous radiation may be written 
T,= 2°76 x 10-°Z(E,—E) (kev per electron per kev energy interval). 
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Following the method of Dyson (1956) the number of continuous quanta between 
E and E+dE is 
dN,=2-76 x 10-§Z ee dE 

and the number of quanta E> E, is 

B 

N(cont)=2-76 x 10-2 | : (3-1 ae 
EX E 
= 2°76 x 10-*ZE,[U, In Up—(U,—1)]. 
Writing (rg—1)/rg=0-85 for all Z involves an error of less than 5% for 
30<Z<80, and below Z=30 indirect production is unimportant. Furthed 
Ey, = 1-263 x 10-*(Z—2)? kev with little error. Substituting these values in 
(12), if follows that 
n,, (indirect) = 1-46x 10-4(Z =2)*Z[U, In Up —(Ug— 1). eee (13) 


§ 8. Ratio or INDIRECT TO Direct PRODUCTION 


From Eqns (11) and (13) it follows immediately that the ratio of indirectly to 
directly produced K quanta for a particular value of Z.is dependent only on ¢/R, 
a very slowly varying function of U,. This ratio, following Kirkpatrick and 
Baez’s definition, is 1/P. 


ae 162 10-42 =2)87 : 


y 


approximating further, 


ee exe 7 
pao 24x 10 asa: asics essen LA) 


Agreement with experiment both in the magnitudes of the quantities and their 


relative independence of U, is shown in Table 2 giving values of 1/(1+/P), the 
ratio of indirect to total production. 


Table 2. Ratio of Indirect 'to Total Production 


Atomic No. Element Theory Experiment 
6 Carbon 0-004% 
13 Aluminium 0-02% 
30 Zine Ts 6% (Uyp=2:0) () 
47 Silver 44°, 35° (Up = 1:5) 33% Cao en 
ise Gold 89% 82% (Up=1:°5)3:78% (Up =2'5) GB) 


(1) Castaing (1955); (2) Webster (1928); (3) Stoddard (1935). 


Taking values of c smaller than those tabulated, as has been previously suggested 


would be appropriate, would bring pois more closely in agreement with 
the experimental values. 


\ 


$9. Tora, K Quanta PRODUCTION 
The substitution of (11) and (13) in (4) gives 


Nees R R 
w= FE ( 954% 104 = + 1-46 x 10-*(2~2)2 ) [Upln Uy —(Up-1)) 
J ee (15) 


total K quanta per electron per unit solid angle. Duncumb (1957) showed that 


Efficiency of Production of Characteristic X-radiation 1213 


a function of the form [U,1n U, — (Uy — 1)] may be expressed as a power of U,—1. 
For the present calculation [U,ln U;—(U,—1)] is written as 0-365(U,—1)!:8 
with an error of less than 10% for 1-5< U,<16; then 

Nx _ : ae 

a =x (2:80 10 7 
Experimental work referred to by Compton and Allison (1935) has yielded values 
of the power of U)—1 of 1-6-1-7, where absorption is unimportant, and this is 
confirmed by the authors’ work. 

In Table 3 values are calculated from (16) and compared with five experi- 
mental values available for K quanta production in thick targets at large values 
of ¢ where absorption is less than 10%. The values of w, are calculated from 
the semi-empirical equation of Laberrigue-Frolow and Radvanyi (1956) 


ya (A+BZ+ C23) 
KY 1+ (4+BZ+ C2) 


+427 x 10-9(2~2)%2 ) CU, Fee (16) 


where 
A=-—0-0217, B=0-03318, C=—1-14~ 10-6. 


R for aluminium is an estimated value. 


Table 3. Total K Quanta per Electron per Unit Solid Angle 


Nx /477 
Element Zz OK E(kev) U, c(kev? cm? g) R Theory Experiment 
Carbon 6 1x10-> 0-849 3 0-8 x 10° 1 0:3 109s 16-39 101) 
Aluminium 13 0-0267 4-68 3 1-6 x 10° O95" F522 Oe 527-05) 
Copper 29 0-425 27-0 3 2:8 x 105 O88" 2:0: 10455 2-2>etOsA5(2) 
: % 6:4 x 10-> (2) 
B . . 5 ‘ - 5 
Silver 47 0-810 51:0 2 4:0 x 10 0:81 7-5x10 te x 10-5 (3) 


(1) Dolby (1960); (2) Authors (unpublished); (3) Kirkpatrick and Baez (1947). 


Figure 4 shows values of N,/47 plotted against Z at U)=3. The indirect 
component which increases rapidly with Z is produced at greater depths in the 
target than the direct component of the K radiation. Consequently it suffers 
more absorption and for values of Z greater than 40 at U)=3 the condition that 
the target self-absorption is less than 10% is not satisfied. 


§ 10. CoNncLusION 


Agreement between theory and experiment may be regarded as satisfactory 
when consideration is given to the following factors: 
(i) The value of c is an uncertain quantity, particularly for elements of lower 
atomic numbers at small electron energies. The validity of the Thomson— 
Whiddington form of the energy loss relation is also uncertain at low energies. 
(ii) The K ionization cross section values are based by extrapolation on only 
two actual measurements, both on elements of large atomic number compared 
with aluminium and carbon. ; 
(iii) The experimental values are few in number and little checking by different 
- workers making similar measurements has been carried out. 


zi 3N2 


1214 M. Green and V. E. Cosslett 


(iv) Values of w_ for aluminium and carbon have not been checked experi- 
mentally and may be considerably in error. 
(v) In the development of the theory, certain approximations have been made. 


Ww 


on per unit solid angle 


ined 


U7 INDIRECT 


vad 
4 
a 


fy ye ee eee 
(2) 20 30 40 50 60 
Atomic number Z 


Nx/4rx1O* K quanta per electr 


Fig. 4. K quanta per electron per unit solid angle at Uy=3. 
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A Search for Vibrational Energy Effects in the Dissociation 
of H,+ Ions by Hydrogen Gas 


By A. C. RIVIERE anp D. R. SWEETMAN 
Atomic Weapons Research Establishment, Aldermaston, Berks. 


MS. received 23rd Fune 1961 


Abstract. The dissociation cross section on interaction with hydrogen gas was 
measured for H,*+ ions with energies between 280 and 670 kev and with both 
high and low vibrational excitation. An increase of 7 + 4° was found for the 
cross section for simple dissociation in the case of the more highly vibrationally 
excited ions. For dissociation into two protons the difference between the cross 
sections was certainly less. 


levels (v=17, 18) of H,* are about five times more populated when the 
ion is formed by the break-up of an H,+ ion than when formed by electron 
collision in an ion source. Though the results referred to only 0-3 per cent of 
all the ions, this increased population of the uppermost levels almost certainly 
corresponds to a higher average excitation. The equilibrium separation of the 
nuclei in the H,+ ion is 1-79A (Hirschfelder 1938), and this is considerably 
greater than the ground state separation of the H,*+ ion of 1:06A. Presumably 
the H,* ion is highly vibrationally excited when formed from H,* at this wide 
nuclear separation. The absorption cross section for photons by H,* ions cal- 
culated by Buckingham, Reid and Spence (1952) would suggest that the 
cross section for dissociation of H,* ions by gases might depend on the degree of 
vibrational excitation, and this has been suggested as a possible explanation of 
the discrepancies between different workers for the value of the latter cross 
section. The discrepancies may well have a less fundamental experimental 
origin, but the importance of vibrational excitation has not been established. 
For these reasons the dissociation cross section was measured for H,* ions 
with both high and low vibrational excitation on interaction with hydrogen gas 
and with energies between 280 and 670 kev. 
The equipment and method were identical with those used by Sweetman(1960). 
In making the comparison it was necessary to ensure that at each energy point 
the H,* ions of both high and low vibrational excitation were of the same energy. 
For H,* direct from the source the 3 Mev Van de Graaff was set to a voltage Ey 
and the ions were selected by a bending magnet whose field was set to a value Hy. 
The magnet current was stabilized to 1 part in 104 and the field measured by a 
proton resonance technique. The accelerator was stabilized against the field 
value by means of a conventional slit system beyond the magnet. ‘Two methods 
were used to obtain H,*+ ions of the same energy EF ev but which arose from the 
break-up of accelerated H,* ions. Firstly, a machine voltage of 3K and magnetic 
- field of 3H, were set so that H,;* ions were selected by the magnet and the H,* 


R= AND SWEETMAN (1960) have found that the uppermost vibrational 
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ions were obtained by the break-up of H,* in the drift tube to the apparatus. 
Secondly, a machine voltage of 3) and magnetic field of Hy were used so that 
H,+ ions were selected which arose from the break-up of H,+ ions before the 
magnet. No difference was observed between these systems in the results but 
the second method was preferred sincé the magnetic field was not changed 
between measurements. At each energy point a cycle of measurements was 


made by passing from one type of ion to the other and back. The results are 
shown in the figure for the processes 


HjtsHaH+ > ee (1) 
and HtsHt+Hs+ 9 a) eee (2) 


respectively. ‘he results obtained by Sweetman (1960) for H,* ions direct 
from the source are also shown. A least squares analysis was carried out for 


0:50) 


0-40 


0:30 


Cross section (em2/molecule)x 10! 


025 
0:25 030 040 050 0-60 0:70 080025 030 040 050 0460 0:70 080 
Particle energy (MeV) 
The cross section for dissociation of H,* ions in hydrogen for the processes (a) H,++~H® + H+ 
and (6) H,*>H++H*. 1, H,* ions obtained from the break-up of H;* ions; 
2, H,* ions obtained direct from the ion source; 3, results of Sweetman (1960) 
for H,* ions direct from the ion source. Shading indicates region covered by 
least squares analysis of experimental points. 


processes (1) and (2) and for the ions of both»low and high vibrational excitation 


by assuming that the cross section obeyed the law o=aE~?. For process (1) 
the results were 


o( Ho" direct) 9 © = (15-6551077) 0 8420-05) 1101 em: 
and o(H,* from H,*)= (16:8 + 0-9) #—0:8420:02, 1017 em? 
where E is in units of 105 ev. 

For process (2) the results were 


o(H,* direct) =(10-5+ C4) Ee oes aa 
and o(H,*, from Hz) = (11:3 2 0-3) B0-7820-02) 56 10—27 cm? 
The shaded areas on the figure indicate the regions covered by the results of the 
least squares analysis. a 


For process (1) the energy exponents are the same and a direct comparison 
shows that the cross section for the more highly vibrationally excited ions is 
7+4% greater than that for the other type of ion. For process (2) however this 
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comparison cannot be made but the difference is certainly less than that for 
process (1) in the energy range considered. This result could be expected since 
the energy gap for process (2) of ionization and dissociation is about 13-6 ev 
greater than that for process (1) if formation of H® in excited states is neglected. 

The cross section for the dissociation of H,+ ions by hydrogen certainly appears 
to be insensitive to the degree of vibrational excitation, and differences in the 
degree of excitation cannot account for the discrepancies between the results of 
different workers. 
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Abstract. The critical supersaturation for the precipitation of water droplets 
or ice crystals from the vapour was measured between 0°c and —75°c by an 
expansion-chamber technique. Nitrogen was used as the carrier gas, and 
measurements were made both in the presence and in the absence of an electric 
field. ‘The temperature dependence of critical supersaturation was found to be 
the same in both situations. Thus existing critical supersaturation data for 
nucleation of water droplets from the vapour in the presence of an electric field 
probably represent heterogeneous nucleation on ions. Comparison of the data 
taken in the presence of a field with the Becker—Do6ring equation for homogeneous 
nucleation shows fair agreement at the higher temperatures but marked negative 
deviation at lower temperatures. The precipitate particles appeared to be 
spherical above —65°c, while at lower temperatures precipitation was in the 
form of ideomorphic ice crystals. 


§ 1. INTRODUCTION 


HE rate equation for homogeneous nucleation of droplets from a super- 
| saturated vapour has been derived by Becker and Déring (1935) and by 
Zeldovich (1942) 


1 (228)" (6 slat} 


where v is the molar volume of the liquid, N Avogadro’s number, p partial 
pressure of vapour at supersaturation, py equilibrium vapour pressure and R 
the gas constant. Inasmuch as the liquid—vapour interface is the only one whose 
specific free energy y can be measured directly and accurately, experiments on the 
nucleation of droplets from vapour provide the best check of nucleation theory 
(Volmer 1945). It is well known that there is remarkable agreement between 
critical supersaturations§ calculated from Eqn (1) and the measurements of 
Volmer and Flood (1934) on water vapour and a number of organic vapours. 
In the case of water vapour at 0°c, the critical supersaturation for homogeneous 
nucleation of droplets is given as 4-2. However, there are reasons to doubt the 
correctness of this interpretation of the Volmer and Flood results. These 

+ The research described in this paper was sponsored by the Geophysics Resear 


Division, Air Force Cambridge Research Center, Cambridge, Massachusetts, under Contract 
No. AF 19(122)-185. 


§[ Critical supersaturation is defined as the value of p/p) required for appreciable 
nucleation rate of droplets, a rate of the order of one per cm? sec. 


‘ 
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results are inconsistent with the work of C. T. R. Wilson (1897) and Powell 
(1928) on water vapour in air. Wilson found that for a terminal temperature of 
about 0°c the critical supersaturation ratio is 4-2 in the presence of negative ions 
and about 6 in the presence of positive ions alone. These ‘ion limits’ were 
characterized by ‘rain-like’ condensation, i.e. the concentration of droplets 
produced was not high and of the order of magnitude of the concentration of ions 
in the air. He considered that homogeneous nucleation did not occur until the 
‘fog limit’ was reached at a supersaturation of about 8 where a very dense fog of 
tiny droplets was produced. Wilson did not actually try to measure the critical 
supersaturation for homogeneous nucleation in the presence of a strong electric 
field. However, it is difficult to see how he could observe the positive-ion limit 
(sixfold supersaturation) if it were not below the critical supersaturation) for 
homogeneous nucleation. Further, the present interpretation of Volmer and 
Flood’s results is questionable from a theoretical point of view. ‘There is serious 
doubt that the macroscopic thermodynamic concepts of surface tension and free 
energy can be applied to aggregates as small as 100 molecules (Farley £952; 
Reiss 1950). Accordingly, it was decided to measure the critical supersaturation 
of water vapour in very pure nitrogen in the presence of an electric field over a 
wide range of temperatures and compare the results with the predictions of the 
Becker-Déring equation. Such a study was undertaken by Sander and 
Damkohler (1943), but their results at room temperature were sufficiently 
different from Volmer and Flood’s to be considered not entirely conclusive. 


§ 2. EXPERIMENTAL PROCEDURES 


A full description of the apparatus and its operation has been presented in a 
previous publication by Madonna (1957). Briefly, gas was purified, humidified 
and collected in the cloud chamber, which was maintained at a constant low 
temperature (10°c to —80°c). The cloud chamber was connected by means of 
a large valve to a vacuum reservoir system. When the valve was suddenly opened, 
adiabatic expansion of the gas caused a reduction in temperature which produced 
a supersaturation of the vapour given by 

S=pipe=PiPelPoly  . os 1 oth (2) 
where p, is the partial pressure of vapour prior to expansion and P, and P, are the 
initial and final total pressures respectively. That supersaturation which was 
just sufficient to cause visually observable precipitation was recorded as the 
critical supersaturation. 

The assumption of reversibility and adiabaticity of moderate expansions at 
ordinary temperatures has been carefully checked by a number of workers 
(Makower 1903, Sander and Damkohler 1943, Volmer and Flood 1934) and 
found to be correct within the precision of measurement. However, the present 
results were checked at both high and low temperatures by varying the con- 
ditions of expansion. Changing the size of the vacuum reservoir, cloud-chamber 
volume and bore of the expansion stopcock did not affect the results. Equilibrium 
saturation of the carrier gas with water vapour was checked and carefully controlled. 
The assumption of thermal equilibrium with the thermostat was also checked by 
means of a thermocouple ina ‘dummy’ cloud chamber. The presence of a small 
amount of condensate in the bottom of the cloud chamber and the humidity of the 
gas in the reservoir had no effect on the results. 
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§ 3. Discussion OF RESULTS 


All of the critical supersaturation data for water vapour obtained in the present 
work are presented in the Figure, together with the data of Volmer and Flood 
(1934) and Sander and Damkéhler (1943) who used air as the carrier gas. It is 
seen that there is fair agreement between the present data and those of Volmer and 
Flood at higher terminal temperatures (around 0°c) regardless of the carrier gas 
used. However, the data of Sander and Damkohler are appreciably lower at 
these higher temperatures.’ Also, over the temperature range down to about 
—65°c, their gap between critical supersaturations with and without a field is 
only about } of that found in the present work (approximately 1-3). Further, it is 
seen that there is considerable disagreement of the present data with the results 


1 N eee ee 
36) S75 38 39 40 4 42” 45) 4.4” Sum AG 47mm SMR CEE 
107T 


aoe SE a ee ea ee OS ihe Lf ae 3 Se 
286 278 271 263 257 250 244 238 233 227 «+222 2I7 + #«+213 208 204 200 
TEMPERATURE (°K ) 3 


Assembled critical supersaturation data for water vapour including Madonna-—Sciulli- 
Canjar—Pound data using N, carrier gas. 1, Madonna—Sciulli-Canjar—Pound, 
without field, N.; 2, Madonna—Sciulli-Canjar—Pound, with field, N.; 3, Madonna— 
Sciulli-Canjar—Pound, without field, O,; 4, Madonna—Sciulli-Canjar—Pound, with 
field, O,; 5, Sander—Damkéhler, with field, air; 6, Sander—Damkohler, without 
field, air; 7, Volmer—Flood, without field, air; 8, Volmer—Flood, with field, air. 


of Sander and Damkohler at low temperatures. This discrepancy cannot be attrib- 
uted to foreign nuclei, because the ion limits disagree in the same way as do the 
data taken with an electric field. Accordingly, some difference in technique 
must be responsible. The writers are not prepared to say that their work is correct 
and that the other work is wrong. However, some experimental effort was made 
to resolve the difference. It was considered that their smaller chamber (0:7 1.) 
might not have been as adiabatic with respect to heat transfer through the vacuum 
stopcock from the warm room as the 2-litre chamber used in the present work. 
Accordingly, an apparatus similar to theirs was constructed and tried at 4ow 
temperatures using nitrogen as the carrier in the absence of a field. ‘This smaller 
apparatus gave an apparent ion limit which was almost as high as that reported by 
Sander and Damkohler. Therefore, it is possible that their apparatus was not 
adiabatic at low temperatures. Possibly the chamber used in the present work 


, ie 


: 
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was not entirely adiabatic at low temperatures either. However, this possibility 
does not affect the general conclusions to be drawn from the present investigation. 

The authors feel that the most significant result from both sets of data is that 
the temperature dependence of critical supersaturation is about the same with or 
without a field. Although the critical supersaturation for nucleation of droplets 
on ions has not yet been calculated from theory (Volmer 1945), it seems evident 
that the temperature dependence should be less than for homogeneous nucleation. 
Accordingly, one would conclude that the most reasonable explanation of the 
observations is that nucleation is catalyzed by residual ions even in the presence of 
an electric field, the higher critical supersaturation being due to a lower ion 
concentration. 

In order to test the applicability of the Becker-Déring equation (1) for 
homogeneous nucleation to the data taken in the presence of a field, theoretically 
calculated values of critical supersaturation are included in the plot of the Figure. 
It is seen that there is fair agreement at the higher temperatures but wide divergence 
at lower temperatures where the calculated values are much higher than those 
observed. Also, it is evident that the predicted temperature dependence of 
critical supersaturation for homogeneous nucleation is much higher than that 
observed. Again, this indicates that the nucleation in the presence of a field was 
heterogeneous. 

In another test of the applicability of homogeneous nucleation theory to the 
data taken with a field, the specific interfacial free energy was computed from the 
Becker—-Déring equation and the present data. It was found that calculated 
and measured surface free energies are in fair agreement at the higher tem- 
peratures but that there is considerable deviation at lower temperatures. Further, 
the temperature dependence suggests that the agreement at higher temperatures is 
fortuitous. Finally, it should be emphasized that the present data, or any 
other data which represent heterogeneous nucleation on ions, constitute no test 
of the Becker—Doring equation. 

Until a terminal temperature of about —65°c was reached, the precipitate 
appeared to be in the form of droplets. ‘This does not necessarily mean that they 
were liquid, because critical supercooling experiments recently conducted on 
pure water droplets indicated that these ‘droplets’ may have been frozen to ice 
balls for terminal temperatures below —41°c (Schaefer 1952). At about —65 ck 
the appearance of the precipitate exhibited a striking change. A cloud of flickering 
ice crystals was obtained directly on expansion to all lower terminal temperatures. 
The scatter of the present data below — 65°c (see Figure) is too great to confirm 
or deny the results of Sander and Damkéhler, namely that the effect of the electric 
field disappears and the slope of the curve increases abruptly at —65°c. How- 
ever, the present authors are inclined to agree with the conclusion of Sander and 
Damkéhler that the direct nucleation of ice crystals from vapour occurs below 
terminal temperaures of about —65*c. 


§ 4. CONCLUSIONS 
1. Existing critical supersaturation data for nucleation of water droplets from 
the vapour in the presence of an electric field probably represent heterogeneous 


nucleation on ions. ’ 
2. The Becker—Déring equation describes the present data taken in the 
presence of an electric field using nitrogen as the carrier gas fairly well at the 
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higher temperatures (—10°c), but there are wide deviations at low temperatures. 
Further, the temperature dependence suggests a fortuitous agreement at the 
higher temperatures. However, it is emphasized that the present data, or any 
other data (including the Volmer and Flood data on water) which represent 
heterogeneous nucleation on ions, constitute no test of the Becker-Doring 
equation. 

3. In the present work, direct nucleation of ice crystals from the vapour 
began at —65°c. 
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Abstract. "The high temperature plasma (kT.~20ev) produced in zETA is a 
copious source of spectral lines emitted by highly ionized atoms in the vacuum 
ultra-violet. Spectroscopic investigations in the wavelength range 400-1000A 
have revealed several new lines due to the multiply ionized inert gases Ne, A, Kr 
and Xe. The method of identification is based on the successive appearance of 
the ionization states of each element, supplemented by isoelectronic calculations 
which also allowed transitions to be assigned to most lines. 


§ 1. INTRODUCTION 


NE of the methods of studying the high temperature deuterium plasma 
C) produced in the experimental apparatus zeTa (Butt et al. 1958) is the 
observation of spectral lines emitted by trace elements, deliberately 
introduced in small quantities into the discharge. Because of their availability 
in gaseous form, the inert gases are particularly convenient for this purpose, but 
knowledge of their spectra is limited; for example, the spectra of Kr and Xe are 
undocumented above the fourth stage of ionization except for three lines of Kr 1x 
in the 100A region (Moore 1952). Recent investigations of the zeTa plasma, 
requiring the use of lines from highly ionized species, have necessitated a limited 
approach to the problem of spectral line identification, and the purpose of this 
communication is to present some new observations of the spectra of multiply 
ionized Ne, A, Kr and Xe in the wavelength region 400—-10004. Work on the 
similar discharge apparatus SCEPTRE III has led to the identification of lines due to 
Nev, v, vi and F vr in the quartz ultra-violet (Kaufman et al. 1960). 


§ 2. MeTHopD 


The line identifications were made as follows. Using a 3-metre normal 
incidence vacuum spectrograph, having a reciprocal linear dispersion of 
2:78Amm-! and an aperture of £/30, a photograph of the zETA spectrum was 
obtained for a discharge in deuterium. This was repeated after the introduction 
of a small quantity (~5%) of the inert gas to be studied, and the additional 
lines observed were then assigned to this element. Typically, 200 discharges 
are required to give a well exposed spectrogram on Ilford Q2 emulsion. Wave- 
length values were obtained from the spectrograms, and each line was then 
monitored during the discharge period using a 1-metre normal incidence vacuum 
monochromator, equipped with photoelectric recording, giving the variation of 
spectral line intensity with time. Previous work by Burton and Wilson (1961) 
has led to a clear interpretation of this type of observation, and has shown that 
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Temporal variation of the intensities of spectral lines due to A 1 to A vitl inclusive showing 
the successive appearance of the ionization states in the zETA plasma. The argon is 
introduced as a 5% impurity in deuterium with a total gas pressure of 0-5 millitorr. 


for a given element the ascending stages of ionization appear in successive time 
sequence. ‘This is illustrated by the Figure which reproduces oscillograms of 
the intensity variations of eight lines due to Ar to Avi inclusive, together with 
the current waveform. The oscillograms are aligned on a common time scale 
by means of a timing signal, indicated by arraws and derived from the zeta firing 
circuit. Observations of this type enable the spectral lines of the element — 
studied to be assigned to its various stages of ionization. 

By extrapolation along isoelectronic sequences, wavelengths were calcuiaiad 
for several lines of each element expected to appear in the observed region. 
Comparison between calculated and observed values provided confirmation of 
the identifications made on the basis of time of appearance, and also allowed the 
line transitions to be determined. 
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Newly observed lines of multiply ionized inert gases in the wavelength 
range 400-1000 A. 


‘Ton A(vac) Intensity Transition 


Ne vi 433-17+ 2) 2p ®P).°—-2p” *Sij2 
435-64+ 3 2D = Fae ays 
‘Ne vI 451-85 1 2p *P4j2 —2p* *S5)2° 
452-75 1 3/2 3/2 
454-07 2 5/2 *Say2 
Ne vII 465-21 10 23045) eee Dee 
Ne vil 558-6 3 2p 3P,° —2p? *Ps 
559-96 3 A 2 
561-38 3 spell ae 9) SPs 
561-73 4° A dats os 
562-98 3 sPio =. 8Py 
564-52 3 Ler ed ex] 
Ne vill 770-42 8 28 *Sij2—2p *P3 ig? 
780:34 4 Ser » 2P aij? 
AVI 754-93 1 3p ?P,/2°-3p? "Dye 
767-06 2 Poe *D 5/2 
767-71 1 Pyne Bary 
Avul 700-24 10 3s *Si/2-3p *Psje 
713-81 5 26/2 aba 
Krv 472-16 3 
708-85 8 
Kr vi 450-20 2 4p *Pip°-4d *Ds3/2 
465-27 6 "Pap OB 
Kr v1 544-03 5 Ap ®P,/2°—4p” *P sje 
554-52 5 oP ae Lae 
569-13 5 ®Ps joo= JE 
580-63 2 *P 3 /2°— 1/2 
Kr vi 705-84 8 Ap ?P, ° 4p” *D3/2 
742-83 8 2p Fa eal 
Kr vu 585:°37 8 4533509 4petky 
618-67 1 (4p °P,° —4p? Po) 
Kr vill 651-57 10 4s *Sij2 —4p *P3j2° 
695-91 8 *Sije — *P je” 
Xev 682-56 3 
Xe vi 599-84 3 pe 
800-84 2 — 
880-04 2 
Xe vil 531-18 1 5p 3P,° -5d *D, 
566-04 2 3p,o9 = 8D, 
698-02 10 5s? 159 =5p 3P,° 
723-71 3 (5p 3P,° —5p? °Ps) 
995-50 3 SoetS) Se Oph b ye 
Xe vill 517-00 2 Sp *Pijo°-5d *Dsje 
562:55 2 "Psa — "Daj 
740-44 7 58 *Sij2 —SP *Psj2° 
858-59 3 *Sij2- "Pip? 
Xe 1x 658-12 wv) 
661-79 1 — 
686-88 2 — 
700-96 3 


+These lines are tabulated by Paul and Polster (1941). They are included here 
because the present observations give significantly different wavelengths. 
$ Blend with Ne v1. Calculated wavelength. 
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§ 3. RESULTS 


The results are shown in the Table. The successive columns give, respec- 
tively, the element and degree of ionization, the observed vacuum wavelength, an 
estimate of the line intensity, and the transition when known. The wavelengths 
were measured by normal methods, using as standards some of the lines of Ne rv, 
v and vi previously observed in this region by Paul and Polster (1941) and Boyce 
(1934). A trace of neon was maintained in the discharge when making measure- 
ments of lines due to argon, krypton and xenon. ‘The accuracy of the wavelength 
values is limited by the shortage of suitable standards and the large Doppler 
widths of the lines, the latter being caused by the high energies attained by ions 
in ZETA, of the order of a few hundred electron volts. The probable error of 
wavelength measurement is estimated to be + 0-03 A. 

The line intensities were obtained directly from the photographic plates with 
no attempt to correct for variations of emulsion sensitivity or instrumental trans- 
mission with wavelength. They are included only as a guide and are on a linear 
scale with the strongest tabulated line for each element given arbitrarily as ten. 
The values give only an approximate indication of the relative intensities of lines 
of the same element. 

Transitions are not tabulated for all lines given in the Table. In some cases 
either the isoelectronic data was insufficient to establish the identity of the line, 
or ambiguity occurred due to overlapping of possible multiplets. In two cases, 
the isoelectronic data predicted the observed wavelength sufficiently accurately 
but corresponding lines of the same multiplet, expected to be faint, could not 
be identified. There is therefore some doubt about the classifications in question 
and they have been bracketed in the table. 

The data given in the table are not meant to represent an exhaustive survey 
of the spectra of the inert gases in the range 400-1000, and a more complete 
survey, covering a wider spectral range, may be attempted later. However, the 
observations are believed to be the first made in the laboratory, although the 
Ne vu resonance doublet has been detected in the solar spectrum obtained from 
rocket flights. (Friedman 1960). 
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Abstract. ‘The decay of a magnetic resonance absorption in the nitrogen after 
glow has been followed and compared with the decay of the afterglow itself. 
Afterglow was never, in any case, obtained without the presence of this absorption 
and vice versa. Simultaneous records of the two quantities showed that in all 
cases the absorption disappeared logarithmically at a rate which did not increase 
with nitrogen pressure while the afterglow intensity decayed according to an 
I? Jaw in a somewhat longer time. The rates of both processes are increased 
by addition of oxygen. The processes involved seem quite independent. 


§ 1. INTRODUCTION 


have shown that, in the earlier part of the decay of the nitrogen afterglow, 
the intensity falls off so that J~!/? is linear in time. It was also shown that 
small percentages of oxygen are necessary for the appearance of this initial decay 
and that an excitation energy of 900 cm! must be supplied in the final afterglow 
collision. The later stages of the afterglow in oxygen-free nitrogen were found 
to be due to a bimolecular process involving a nitrogen particle in a complex 
with an impurity presumed to be hydrogen. This complex had a dissociation 
energy of 5600 cm~! and could show a final logarithmic decay. 
In this work a magnetic resonance absorption was studied simultaneously 
with measurements of decay of the afterglow intensity. 


Piss papers (Anderson, Kavadas and McKay 1957, Anderson 1957) 


§ 2. APPARATUS 


Since simultaneous measurements on afterglow intensity and absorption were 
required, the magnetic resonance measurements were made in the 10cm 
microwave band rather than in the more usual 3 cm band. The lower frequency 
permitted larger volumes and hence greater afterglow intensities, but also re- 
quired a larger volume of magnetic field sufficiently uniform to allow magnetic 
resonance at the same frequency at any point in the glowing gas. To fulfil this 
requirement a special magnet was constructed giving a field uniform to better 
than one part in 2000 over a cylindrical volume 4 cm in diameter by 6 cm long. 
The general design principles used were those described by Daniels (1950). 

A block diagram of the apparatus is shown in Fig. 1. The cylindrical 
microwave cavity was excited in the H,,, mode by a 707 A/B klystron for the 
magnetic resonance measurements. A periodic saw-tooth frequency modulation 
carried the frequency of this source through the cavity resonance frequency with 
which the magnetic resonance absorption frequency was made to coincide by 
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magnetic field adjustments. ‘The cavity with no excitation of the nitrogen was 
adjusted to be very slightly undercoupled to the 50 ohm coaxial feed line, so 
that the reflected output of the klystron, studied through the directional coupler, 
showed a dip almost to zero reflection at the resonance frequency. Using the 
crystal detector calibration and the amplitude reflected by the cavity at the 
resonance frequency when completely mismatched, the reflection coefficient 
of the cavity could be found, not only for the cavity with unexcited gas but also 
with any degree of added losses due to energy absorption at any time following 
a discharge. The patterns were photographed using a Tektronix 532 oscillo- 
scope with a dual trace amplifier, type 53/54C using no timebase but a modified 
Cossor moving film camera as in the previous work. Using the usual equivalent 
circuit relations it is easily shown that the number of absorbing centres A is 
proportional to (Y—Y,)/(1—Y) where Y and Y, are amplitude reflection 
coefficients at the cavity resonance frequency with and without the presence of 
added losses. 
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Fig. 1. Block diagram of apparatus. 


The nitrogen gas was contained in a cyélindrical quartz vessel 4-5 cm long 
and 4. cm in diameter. Losses due to the quartz were so small that O’s above 10! 
were measured for the cavity with no gas excitation. Attempts were made to 
excite the nitrogen using a pulsed magnetron (100 kw peak) operating in the 
Eo19 mode of the cavity. This successfully avoided interference in the klystron 
mode but completely failed to produce active nitrogen. Rather weak glow 
discharges in the bottle were easily obtained but all attempts to increase the 
power fed to the cavity to increase the excitation were complete failures. It is 
suspected that increase in ionization so disturbed the field distributions in the 
cavity that complete mismatch occurred for the greater part of each pulse. 
Since this was unsuccessful, tungsten electrodes were inserted in the glass vacuum 
system well outside the cavity in opposite directions and afterglow was easily 
excited using the two-microsecond 175 a d.c. pulses from the magnetron supply. 
Use of electrodes unfortunately made it impossible to assess accurately the purity 
of the gas and prevented use of the prolonged conditioning found essential in the 
previous work for exact quantitative study of impurities. 
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The nitrogen gas as before was prepared by the bromine ammonia method 
and purified by passage over phosphorus pentoxide, hot copper and sodium. 
It was impossible to flame the quartz tube in its microwave cavity and purity 
in this work never reached the levels of the earlier paper. Gas which gave 
intense but very short afterglows with the radar pulse excitation has been found 
to show no glow with the continuous wave excitation previously used until 
much more drastic purification procedures are applied. 

The afterglow intensity was followed using a 931A photomultiplier tube as in 
the earlier work. Light reached this tube which was placed well outside the 
magnetic field through a light guide made of Pyrex glass tubing wrapped in 
aluminium foil. This light guide was set in a position to view the afterglow 
obliquely across the cavity to be sure that only gas in a position to give magnetic 
resonance could contribute to the afterglow record. With these arrangements 
it was not possible to follow the glow to nearly such low intensities as in the 
previous work. 

It was found that in the presence of the electrodes the composition of the gas 
with oxygen impurity added changed rapidly and attained an equilibrium value 
only after a very large number of discharge pulses. Measurements taken in 
this equilibrium condition were quite repeatable but the actual behaviour 
depended somewhat on the previous history of the tube. Measurements at 
different impurity concentrations were attempted both by adding to the quartz 
vessel known volumes and pressures of a suitable mixture of oxygen and nitrogen 
and taking a record after the practical minimum of three discharge pulses and by 
using a larger number of discharges in each case. ‘The two methods gave results 
which showed similar behaviour with added oxygen. Duration constants 
differed by as much as 15°% depending on treatment of the tube preceding the 
readings. Since it was impossible in this case to carry out the prolonged periods 
of conditioning, found in the earlier work to be essential for obtaining consistent 
quantitative agreement, the impurity percentages quoted are at best qualitative 
estimates in which actual impurity content increases monotonically with addition 
of oxygen but has otherwise little relation to it. 

Several sets of measurements made at different times were found to be in 
close agreement. Due to the presence of the electrodes and the impossibility 
of proper outgassing procedures the absolute impurity level is quite uncertain 
but the results serve to establish the trend of the effects with change in molecular 
nitrogen population. 

Measurements of width and exact frequency of the magnetic resonance line 
were carried out using a small a.c. modulation superposed on the steady magnetic 
field by a single layer solenoid surrounding the cavity. A phase-sensitive 
detector was used to measure the energy transmitted by the cavity and hence 
it was possible to obtain a measure of the first derivative of the absorption with 
change of field. The line widths were found to be about ten to twelve gauss at 
the pressures used. They were independent of the strength of the absorption. 
The centre of the absorption was found to occur at 2-9087 x 10° c/s at a field in 
which the proton nuclear magnetic resonance frequency was 4:4192 x 108 c/s. 
The quotient of these results is 658-19 which differs from the much more 
accurate result 658-1631 of Heald and Beringer (1954) for the nitrogen atom by 
_rather less than our expected reading error. It corresponds equally well with 
the cyclotron resonance of the free electron. 
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§ 3. PROCEDURE 


Each series of measurements was taken after a preliminary period in which all 
excitation and sweep procedures were carried out automatically and cyclically 
while the magnetic field was adjusted so that the microwave absorption frequency 
coincided with the cavity resonance. ‘This was easily done by watching the 
oscilloscope pattern of the reflection from the cavity with the time base on. When 
the field was either too low or too high the absorption dip in the reflected wave 
was slightly displaced relative to the position on the time base occupied by the 
dip with no absorption present. ‘The field was easily adjusted so that the dip 
came at precisely the same point with and without previous excitation of the gas. 

Gas conditions were then adjusted for the series desired, the intensity meas- 
uring equipment and its gating circuit were checked, the camera film was started, 
and the cavity completely mismatched to record a reflected wave corresponding to 
unit reflection coefficient. After a chosen pulse of excitation the excitation pulses 
were cut off and records of resonance absorption and intensity allowed to run 
until both effects had completely disappeared. This last part of the magnetic 
resonance record was used to give the necessary measure of Y, the reflection 
coefficient of the cavity with no absorption due to the gas. 

In the measurements with impurity added this procedure was varied in two 
different ways. In the first of these preliminary adjustments were made as above, 
impurity was added and given time to mix thoroughly, the film was started and 
after the third discharge pulse recording was carried out as before, more impurity 
was added and again following the third pulse the record was made, and so forth. 
In the second method impurity was added and the record made as before but 
before the next impurity addition twenty discharge pulses were allowed to pass 
in an attempt to condition the gas. 

It was found possible to excite very much more intense afterglows and 
absorption after prolonged excitation at 20 pulses per second than was obtainable 
after each regular pulse in the 2 c/s sequence. The rapid repetition rate caused 
complications with the automatic gating of the photomultipler so that it was 
not feasible to get simultaneous recordings of the afterglow intensity. A few 
measurements were taken of the decay of absorption alone to check the law of 
decay over a wider range than was possible with the simultaneous measurements. 


§ 4. RESULTS 


In every case in which afterglow was observed, absorption was also found, and 
absorption was never found in this work without accompanying afterglow. 
These statements include many months of work with microwave discharges which 
produced neither, as well as trials with the d.c. pulse discharge under the 
widest conditions of pressure, impurity, ‘and discharge intensity. Since im- 
purity content was not under complete control it is impossible to make any 
statement concerning the cases of very pure gas observed to give no glow i in the 
earlier work. 

Results of a series of simultaneous measurements of decay of afterglow 
intensity and absorption with time for different nitrogen pressures are shown in 
Fig. 2. Similar series of measurements made at different times agreed qualita- 
tively with this in every way. 
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Fig. 2. Decay curves with variation of pressure. 


Heavy Discharge 
Nitrogen 
jie! 4.4mm 


ee ee one ee 
0.0 01 0.2 03 04 Os 06 OT 
Time from Cessation of Discharge (sec) 


Fig. 3. Decay of absorption with heavy discharge. 
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It is evident that the afterglow after the first 0-1 second falls off according to 
the bimolecular law, J-/? being linear in time with a slope designated hereafter as 
S, while the absorption falls off logarithmically with time with decay constant K. 
To be sure that no error was possible, curves of each quantity were plotted on 
axes corresponding to the other law. In no case was a straight line relation found 
for reciprocal of absorption plotted against time corresponding to the bimolecular 
law nor were straight lines found for plots of log J against time. Special attention 
was given to those cases in which the experimental points showed an imperfect 
fit to curves such as those of Fig. 2, but in all cases the plot of the other function 
showed a still less perfect fit to a linear curve. 

’ Figure 3 shows a plot of the logarithm of absorption against time after a 
large initial population had been built up by a prolonged series of rapid pulse 
discharges as described above. The absorption obeys the logarithmic law of 
decay over a range of three decades. 

Results of simultaneous measurements of decay of afterglow intensity and 
absorption with time as oxygen impurity was added are shown in Fig. 4. Other 
series by either procedure above were qualitatively the same but again differed 
in minor quantitative respects. Again J~'/* and logarithm of absorption are 
linear in time. 
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Fig. 4. Decay curves with added oxygen, 


§ 5. Discussion 


The values of S, the positive slope of the /-1/* curves against time, from 


Figs 5 and 6 respectively. ‘These slopes are greater by an order of magnitude 
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than most of the slopes S, for the first bimolecular process of the earlier papers. 
It is believed that the gas used in this work contained at all times an oxygen 
impurity in the body of the gas falling between or above the final pair of curves 
of the oxygen series of that paper. This would make all measurements in this 
work consistent with the previous results and is also consistent with the lower 
level of purity due to the presence of the electrodes and impossibility of thorough 
outgassing. It would also explain why the second bimolecular slope of the 
earlier work was never observed here. This second bimolecular decay disappeared 
at considerably lower percentages of oxygen. The quoted percentages of 
oxygen added appear to be an order of magnitude higher in this work but, as 
pointed out above, the fraction of these additions which appeared in the body of 
the gas was certainly fairly small and when uncertainties in volumes and con- 
_ centrations in both this and the earlier work are taken into consideration the two 
sets of measurements cannot be considered inconsistent. 
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Fig. 5. Variation of slopes with pressure. Fig. 6. Variation of slopes with added oxygen. 


In Fig. 5 it is seen that S is almost independent of pressure, the small de- 
crease of 20° for a factor of fifteen increase in pressure being probably within 
the limit of error. Certainly S does not increase with pressure so that it would 
seem that only the two active aggregates are involved in the afterglow collision 
and no other nitrogen molecule is involved. ‘The previous work showed a small 
maximum in S, at intermediate pressures and no explanation was found. In 
consideration of the differences in the two sets of conditions it does not seem 
possible to come to any conclusion on this point. 

The original intention of this work was to study the absorption due to the 
45. j. ground state of the nitrogen atom as a measure of atomic population. ‘The 
absorption actually recorded falls within our limit of error of the correct frequency 
but line width and intensity are not consistent with this explanation. Both of 
these, as well as the frequency measurement, are consistent with cyclotron 

' resonance absorption due to free electrons measured by Jones (1956). 
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At all times, and for all types of discharge in all gas samples during our 
measurements free electrons left over from the discharge could be observed by 
extending the measurements to very short times after the excitation ceased. 
These always fell below the limit of experimental observation within ten milli- 
seconds after the discharge. This is consistent with the many papers on re- 
combination of ions such as Faire and Champion (1959) and also with the theory 
of such recombination. 

Thus it is evident that the absorption is not caused by free electrons left over 
from the discharge since no points have been recorded at less than twenty 
milliseconds and in assessing the results little weight is assigned to points at less 
than one hundred milliseconds after the discharge ceased. ‘The absorption 
must be associated with an energy-carrying particle different from that whose 
bimolecular reaction gives rise to the afterglow since it has been shown that a 
logarithmic decay is not consistent with the afterglow results while the reciprocal 
absorption curve is not linear in time. 

The negative logarithmic slope of the absorption curves of Figs 2-4 is shown 
in Fig. 5 to fall rapidly at the lowest pressures and then to become nearly constant 
as nitrogen pressure is further increased. This curve may indicate an inverse 
first power dependence on pressure at low pressures indicating a disappearance 
of the active bodies by diffusion to the walls. At higher pressures this rate of 
decay becomes small compared with some process occurring within the body 
of the gas which proceeds at a rate proportional to the active population but 
independent of nitrogen pressure. Such a process is somewhat difficult to 
visualize but this behaviour at least indicates that collision with a nitrogen 
molecule does not affect the particle responsible for the absorption. This 
would demand that K increase linearly with nitrogen pressure of which there is 
no sign. Collision with some particle of relatively constant partial pressure is 
indicated. In view of the equilibrium set up by chemical combination and 
absorption of oxygen at the electrodes this is not improbable. In view of the 
result of the earlier work that the slope S, does not appear at all unless oxygen 
is present and in view of the variation of K with added oxygen in Fig. 6 it would 
seem that this other particle must involve oxygen in some form. 

In Fig. 5 the crossed points correspond to the equation K =(8-0/p)+ 10-3. 
On the mechanism outlined above, this equation represents K = D/A*p + B where 
D is the diffusion coefficient of the active particle responsible for absorption in 
nitrogen gas at one millimeter pressure, A is the diffusion length as in the earlier 
paper while B is the number of collisions per second made by this energy carrier 
in the body of the gas which remove its activity in producing absorption, ‘The 
value of B for the number of collisions per second by a nitrogen molecule in 
nitrogen at one millimeter pressure is of the order of 5 x 108. ‘Thus the number 
of effective collisions in the gas is down by a factor of 5 x 10° below this value. 
Since the particle necessary for the destructive collision is certainly not nitrogen 
but is independent of nitrogen pressure this indicates a partial pressure of the 
required particles which is greater than 2x 10-® millimeters and, making an 
allowance of a factor of 100 for collision efficiency, may be as high as 2 x 10-4 
millimeters. Thus the particles in question may occur as an impurity of between 
2 and 200 parts per million. This population by comparison with nitrogen at 
approximately 3 x 1016 molecules per cm® could rise as high as 6 x 10” per cm, 
This particle presumably containing oxygen is a rather scarce species. 
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In Fig. 6, K appears to fall with small additions of oxygen and this also occurs 
in other sets of results. This may possibly be due to the added oxygen inhibiting 
the destruction of particles at the wall as above. The final rise at higher oxygen 
addition indicates that the destruction of the active particle is by oxygen collision. 

Thus it seems that the early stages of the nitrogen afterglow are due to a 
bimolecular recombination of two similar particles assumed in previous papers 
to be nitrogen atoms, one at least of which involves a complex with oxygen. 
At the same time a different energy carrier exists giving rise to absorption at the 
free electron frequency, giving no glow, but destroyed logarithmically by collision 
with oxygen within the gas and only very slowly at the walls. These two energy- 
carrying particles seem from these measurements to be quite independent since the 
curves of decay are so regular that common population must be at most extremely 
small. These observations are consistent with those of Rayleigh (1942) which 
indicated that the lifetime of the ionization due to active nitrogen was uncon- 
nected with the decay of the glow. 
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Abstract. A magnetic field is ‘frozen’ into a moving conducting fluid when 
certain conditions are fulfilled, as for example, when the frequency of the fluid 
disturbance is small compared with the cyclotron frequencies of the fluid particles. 
If the fluid contains streams of moving particles, parallel to the magnetic field, the 
magnetic field is also ‘frozen’ into the streams when there are transverse pertur- 
bations. The condition now is that the Doppler shifted frequency of the disturb- 
ance must be small compared with the cyclotron frequency of the stream particles. 
It follows that the phase velocity of transverse hydromagnetic waves is modified 
if such streams are present. In effect, the momentum flux of the streams reduces 
the ‘tension’ of the magnetic flux lines. When the kinetic energy density 
relative to the centre-of-mass system exceeds the magnetic energy density, the 
phase velocity in an infinite medium has complex conjugate values and the hydro- 
magnetic wave grows in amplitude. In the case of a stream of finite radius the 
phase velocity shows dispersion for wavelengths greater than the stream radius 
and there is an increase in the domain of stability. 


§ 1. INTRODUCTION 


field with a phase velocity of (B?/47p)1?, as was first shown by Alfvén (1950), 

where B is the magnetic field strength and p is the fluid density. 
Chandrasekhar, Kaufman and Watson (1958) and others have since shown that 
if the pressure is anisotropic the phase velocity is modified and under certain 
circumstances can have complex values. 

In plasma physics one finds that the situation is often complicated by the 
presence of streams of charged particles which are guided along the magnetic 
lines of force. For example, the streams which produce the auroral effects are in 
all probability guided along the geomagnetic flux-lines and pass through an 
atmospheric plasma whilst still at large distances from the Earth. Other examples 
where such a situation might occur are found in stellar atmospheres, astrophysical 
objects with a filamentary structure such as the Crab nebula, plasma neutralized 
accelerators of the kind proposed by Budker (1956), and thermonuclear discharge 
devices in which a fraction of the electron population is accelerated and forms a 
circulating stream that is contained by the flux-lines embedded in the plasma. It 
is shown below that such streams affect the phase velocity of transverse hydro- 
magnetic waves, and in the case of an infinite medium the phase velocity has 
complex values and the hydromagnetic wave grows in amplitude when the mean 
kinetic energy density exceeds the magnetic energy density. For a stream of 


if a conducting fluid transverse waves are propagated along a uniform magnetic 


+ This paper was written whilst the author was temporarily at CERN, Geneva. 
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finite radius the phase velocity is modified for wavelengths which are no longer 
small in comparison with the radius of the stream. ‘These results are similar 
in principle to those of Chandrasekhar et al. provided one interprets the 
appropriate part of the anisotropic pressure as a momentum flux. 


§ 2. "TRANSVERSE WAVES IN AN INFINITE MepIuM 


We commence by assuming that a uniform magnetic field is embedded in an 
infinite, neutralized, conducting medium of uniform density, and that the medium 
consists either entirely or partly of streams moving parallel to the magnetic field. 
Let the uniform field B, and the stream velocities u, be parallel to the z axis, and let 


B= Bibs Vue v. eae (Ja, b) 
where b and vy, are the perturbations in the field and the velocities transverse to 


the z axis. Neglecting second-order quantities the equation of motion of the ith 
stream, of charge density n,e; and mass density p,, is 


Pi (5 + ug.) V7; <i (E+V,;AB)—Vp;+ > Py. eee (2) 
oz c t 


where the pressure Pp, is assumed to be isotropic and P,,, is the rate of momentum 
transfer from the Ath stream due to collisions. Since transverse perturbations 
do not affect p; we shall set Vp; equal to zero in the usual way (Cowling 1957). 

We suppose now that the variables are Fourier analysed in g and ¢ with typical 
components proportional to expi(wt—kz), where w is the frequency and k the 
wave number. ‘Thus if &, is the displacement of the magnetic flux-lines, then 
Maxwell’s equations for a neutral medium take the form 


Ging Sesh eR Re een Paneerer (3a) 
divB=0, or: b= Bj == SEC o pee i Ol AE eae (36) 
curl E= -&. or: EAB)= —= Bob = iw By Jiteaake (3c) 
UT 77 Nn oars (3d) 


where E is the electric field, j is the current density, and the displacement current 
is neglected in the usual way. 
Equation (2) can be simplified by further supposing that the collision 
frequencies are small compared with the cyclotron frequencies Q;. ‘Thus, if 
Be thede Rta Clan irs | PP oaks (4) 
the equation of motion now takes the form 
o,BoV;= E+ V;AB. 
On taking the vector product of this equation with B,, and using Eqns (1), it 
follows that the velocity components parallel and perpendicular to b are 


certs ALIN 0 eres et ee (5a) 
Ota) Be 


Yor a 
1 + o;" By 
since, according to Eqn (3c), E has no component parallel to b. Again, taking 
the vector product of Eqn (5a) with Bo, and using Eqn (5d), it is seen that 


Se zB, 5 ABo- Pe eit (6) 
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Thus, if the Doppler shifted frequency is small compared with the cyclotron 
frequency, or «;<1, the component of the velocity perpendicular to b is relatively 
small. One notices that the contributions to the electric current, which produces 
the magnetic field perturbation, are proportional to nm; and therefore come 
mainly from the heavier particles. Combining Eqns (5a) and (55) one obtains. 


E+u,b+(1+o7)v,B,>=0  — ...... (7a) 
or, when «<1, 
E+.V;ABj= 0... silver 9) Vee eee (7b) 


In magnetohydrodynamics it is well known that an equation of the form (7b) 
means that the magnetic field is ‘frozen’ into a fluid conducting medium. It is 
less well known, though equally obvious, that when a neutral medium consists of 
streams of particles with velocities parallel to the magnetic flux-lines, the streams 
and flux-lines also have identical displacements. This is easily shown, for if &; is 
the transverse displacement of the 7th stream, then 


win F = (5 tmgy) Smile hug 


But from Eqn (5a), and using Eqns (3b) and (3c), it also follows that 
_ t(w —ku;) 
“T+a2— E,,- 

Hence, if «;<1, then §;=§,+ a constant vector, but since the constant must be 
zero, the ith stream and the field have identical displacements. ‘This means 
that all streams have equal displacements. 

Summing the equations of motion (2) over all particles yields, for a neutral 
medium, 


iS 


> p; é eae eS fa8 nee (8) 
gi 1 Nob ea ae : 
where all fluid displacements are equal, as shown above. On linearizing the 
right-hand side of this equation, and using Eqn (3d), we have 
Bee" = 
is Pa reer 9 
where jy is the electric current of the streams Cte to the uniform field Bo. 
Strictly speaking, the original assumption that the unperturbed field By is 
uniform can only be true when the streams make no contribution, that is j)=0, 


and the individual streams are themselves neutral or they cancel out each others 
effect. We shall consider this possibility first. 


jAB =jyab+ — 


2.1. Stream Current j, is Zero 
‘The equation of motion of the fluid is now simply 


See, _ Bo? HE oe 
7 PING +m) é 4n O22? “i a) 


from Eqns (8) and (9). If p is the total density of the fluid, p{w) is the mean 
momentum, and pu?) the mean momentum flux, the dispersion equation is 


—2(uyok— (Fe ~ (u#)) f=0 cates (11) 
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for a typical Fourier component of éoc exp i(wt—kz). ‘The phase velocity of a 
disturbance is therefore given by 


; =u) + (= + (u)?— «uty Pct (12) 


When the streams have zero velocity we recover from Eqn (12) the Alfvén 
phase velocity. If all the particles have the same velocity, then (w)?= (u2), and 
the frequency is merely Doppler shifted by an amount wk owing to the mass 
motion of the medium. However, when the streams have different velocities, 
unless 


a >p((u?) — (u)?), aon (13) 


the phase velocity has complex conjugate values and there is transverse or sinuous 
instability in the form of time or space growing waves. Notice that in terms of 
momentum flux the pressure parallel to the field is p, =p + p(<u?)— (u)?) in the 
centre-of-mass system, where p=p, =p, is the isotropic pressure of Eqn (2). 
The stability condition (13) now takes the form 

Bee 

rs aie O te Mien) © seh Goat (14) 
which has been obtained elsewhere (Chandrasekhar, Kaufman and Watson). 

One can imagine a simple case in which a neutral stream of charged particles 

of density p;, and velocity u,, passes through a stationary plasma of density pp. 
The phase velocity given by Eqn (13) is now 


2 12 

Le {pe —woreee} ies Mh Nay (15) 
where p=p)+p,._ It is noticed that this is also the phase velocity of small trans- 
verse oscillations of a string, of line density py and tension B,?/47, on which beds 
of line density p, slide without friction at velocity u,. An infinitely flexible tube 
under tension and containing a moving fluid is'an alternative model, and hence 
the name of ‘hose-pipe instability’ for complex wave phenomena of this type. 
The phase velocity has real roots only if 


4a 


and from either Eqns (13) or (16) we see that there is stability when the magnetic 
tension B,?/47 exceeds the ‘negative tension’ of the momentum flux measured 
relative to the system in which there is no mass flow (or centre-of-mass system), 
or, stated in an alternative way, when the magnetic energy density is greater than 
the kinetic energy density measured in the centre-of-mass system. A similar 
criterion to (16) in the form of By2/87>p,u,? has been proposed (but without 
proof) by Finkelstein and Sturrock (1958) as a condition for stabilizing neutralized 
electron beams in accelerators of the Budker type. 


2 
Be > Pts Mae C16) 


2.2. Stream Current j, 1s Not Zero 


So far we have adopted the rather unrealistic assumption that the unperturbed 
stream current jy is zero in the equation of motion (8). In most cases of interest 
this current is not zero, and in a stream of circular cross section a B, field is super- 
_ imposed upon the uniform field By and the flux lines are twisted into helices about 
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the axis of the stream. But if the amount of twist is small per wavelength, or 
|k*B,|<laBol) ee (17) 
where a is the radius of the stream, this effect can reasonably be neglected. In 
this section boundary conditions are neglected and hence only relatively short 
wavelengths of ak>1 are considered, and therefore the condition (17) should 


not be difficult to satisfy. 
On including the current term jy in the equation of motion (8), but assuming 


that B, is uniform, it follows that 
C) Gh\ ae hs ., TERR 
ja ty) BS, AB wt Se aee 18 
Dols +m 5.) Bes | Aa Bat 
Resolving the displacement & in the « and y directions, one obtains for €, +7£, 
the dispersion equation 


2 
ei 2G Oke (= f (u*)) ig} Depa, eee (19) 
p 


and the plus and minus signs correspond to right- and left-hand circularly 
polarized waves. The force jyAb twists each flux-line into a helix about the un- 
perturbed flux-line. Using a characteristic value of B,=2zajo, one sees that 
the ratio 
jinByk_ _ 2By 
B,?k?/4a — akBo 
is small according to (17). The phase velocity is therefore approximately the 
same as that given by Eqn (12), and the treatment in §2.1 applies also in those 
cases when the stream current Jy 1s not zero. 


§ 3. WAVELENGTHS LARGE COMPARED WITH THE STREAM RaDIUS 
So far we have considered only wavelengths short in comparison with the 
stream radius and have regarded the medium as infinitely extended. When the 
wavelength is comparable with or larger than the stream radius the previous 
treatment must be modified and the appropriate boundary conditions taken into 
account. 
From Maxwell’s equations, one has 
dj 
Ve E477 —— 0, so cient «(21 
"ot an 
for a neutral medium in which the displacement current is neglected. The right- 
hand side is determined by using Eqns (5a) and (5d) for the velocity components, 
and by assuming that «;<l1. 
Oj e; 9 
ae dM Z ot (Vin + Yin) 


Sf L010 Ag 4 Baek Puasa eee 
poe +2 ps (w — ku;)(iw E —u,Acurl EB). 


Since the u, are constant vectors, and u;, E=0, it follows that 
u,Acurl E= — (u,V)E=7ku,E, 


and Eqn (21) can therefore be written as: 


vipa eal ee Sate sieaeleen 
By By . 
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Before proceeding further it should be noticed that this equation neglects all 
thermal pressure gradients. This can be justified provided the magnetic pressure 
is large compared with the thermal pressure. 

For the L, component of the electric field let 


E,=F(r) expi(wt — kz —m¢) 
for a typical wave number k and mode number m. Then in cylindrical polar 
coordinates, Eqn (22) is equivalent to 


oF ler ae 2 
Or2 Se wae = {b,?- 7 bra (Dy BO OCG (23a) 
(r<a): Die= & {Za(o—kuye— ie} + 16 Fania (230) 
0 UG 0 
(r>a@): p= = {Zawt—el, mes (23c) 
0 lé 


where, for r>a, the plasma contains only particles which have no streaming 
motion. ‘Thus, the Z, component is proportional to 


exp (—1mb)\A nT mr(Pat) + BNnaa(Pat)}- 


If there is a conducting boundary, coaxial with the unperturbed stream at r= R, 
then £,(R)=0. Also E, and its first derivatives are continuous at the boundary 
of the stream, but as the electric field is proportional to the transverse displacement 
to a first order, this is equivalent to requiring that E, and its first derivatives are 
continuous at r=a for small displacements. ‘These boundary conditions yield 


Pn (Pia)NI n(P2@)N, (pP2R) ee (P.R)N,, (P2a)} 
=P, (P14) n' (P2a)N,, (P2R) ailing (PoR)N,,(p2a)}, oes eS (24) 
where n=m+1. For sinuous perturbations m= +1, and it is sufficient in the 
present elementary treatment to consider only the zero-order mode of n=0. For 
small arguments, Eqn (24) reduces to 
iene faa 2 Po \iy vied awl as. eee (25) 
where L=R. However, when the wavelength is still large in comparison with 
the stream radius a, but is small compared with R, then approximately L =k—. 
Using Eqns (236) and (25) the dispersion equation is now found to be 


B Ace . 2 
(w—ku;)2?— —2 4 R24 — a 
2 pil ku;) An {zk ae pie: a In Tat 
The last three terms have the proportions 
28s ._ 2 

of 22. ‘ak\nL/a ’ 
and for ak<1, B,< Bp, the significant term is the last. It follows that for real 
values of k the phase velocity is therefore 


4 


MEY Sine) prasad nee MOS Red | welds (27) 
k ~ (2a(ak)*p In L/a : 
and w is real (no time growing waves) when 
Be = HGky oye G52) ln Dia yo (28) 


‘Comparing this expression with the stability condition (13) it is seen that in 
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effect the density is reduced approximately to p(ak)® for long wavelengths of 
ak<1, Also, for real values of «, k is also real (no space growing waves) when 


a >} (aw)%p (ot InLja. Sexier (29) 


From Eqn (27) it is noticed that the phase velocity is dependent on the wave 
number k; however, the group velocity is close to (w) when the stability con- 
ditions (28) or (29) are satisfied, 


§ 4, CONCLUDING REMARKS 


In this treatment the non-relativistic approximation has been used but the 
results are unchanged in form if the appropriate masses are increased by 
y; = (1 —u?/c?)~4? and the cyclotron frequencies are replaced by Q,/y; in Eqn (4). 

Although there is some justification for omitting the effect of binary collisions 
it is doubtful whether in many cases the momentum exchange due to collective 
electrostatic interactions can be neglected (Buneman 1959). In an infinite 
medium, consisting of electrons and ions of equal temperature, the collective 
interactions are negligible when the difference of the mean velocities of the 
electron and ion gases is less than the electron thermal speed (Penrose 1960), or 


ETN Pi LEME Oe (30) 


m 
approximately. In many plasmas the conduction electrons drift with a speed of 
less than (2k7/m_)#, and if the conduction current is parallel to a magnetic field 
By, there is stability when the current density satisfies 
Bi / wee 
pe a (#5) = 22x10 noe ee (31) 

from Eqn (16). For example, for a number of density 10!cm~*, and a field 
strength of B, = 10° gauss, the maximum stable current density is 1:5 x 10*a omy 

‘Taking the other extreme in the two-stream model, and assuming that the 
difference between the mean velocities is large compared with the thermal speeds, 
the dispersion equation for longitudinal electrostatic oscillations is (for example, 
see Pierce 1947) : 


wo? w?* 


—_+—, + - ——_, =l 
(w—ku,)? (w—ku_)? 
where w_ and w, are the plasma frequencies of the ions and electrons, uv, and u_ 


are the mean ion and electron velocities, and w and k now refer to longitudinal 
electrostatic perturbations. For real values of k, the frequencies are real when 


laa t|RS wwe ot) ed ae (32) 
for w >w,. One sees that in an infinite medium there is always a range of wave 
numbers (corresponding to long wavelengths) for which there is electrostatic 
instability. However, in a finite cylindrical stream of radius a, the plasma fre- 
quency for wavelengths greater than a (that is, ak <1) is given by p~ 


wy $= (a)? 2 1n 8 waar Coa 


where b is the radius of a conducting coaxial boundary (Budker 1956, 
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Finkelstein and Sturrock 1958). From Eqns (32) and (33) it follows that there 


is stability when 
2 1/2 
lu, —u_|>a C= In >) moh itd se Qameetisenc (34) 


a 


It can be seen that this condition is also sufficient for wavelengths smaller 
than the radius of the stream (Harrison 1960). Thus, when the zero temperature 
approximation is justified, it is still possible under certain conditions to have 
electron and ion streams freely interpenetrating in the manner assumed in this 


paper. 
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Intermetallic Compounds 
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Abstract. In aluminium-rich transition-metal intermetallic compounds the be- 
haviour of transition-metal atoms in an electron-rich environment can be studied. 
Electron-density maps, prepared from x-ray data, and considerations of Brillouin 
zones for these compounds have not, up to the moment, yielded accurate informa- 
tion on the state of the transition-metal atoms. The results of the measurements 
of the magnetic susceptibilities of some such compounds are given: from these 
measurements information on the 3d state of the transition-metal atoms is derived. 


§ 1. LyTRODUCTION 


AYNOR (1949) interpreted metallurgical investigations on the aluminium 
RR eession-men intermetallic compounds by assuming that the aluminium- 
rich phases are analogous to electron compounds and that in the 
electron-rich surroundings provided by the aluminium atoms the transition-metal 
atoms will absorb electrons ... ‘‘if the electron/atom ratios are calculated for 
these compounds assuming that each aluminium atom contributes three electrons 
to the structure while each transition-metal atom absorbs electrons to the 
maximum extent] an approximately constant electron/atom ratio is maintained, 
except in the case of FeAl, : : 


CrAl MnAl, = FeAls_—=Co,Alp, ~— Nill, 
2-05 2-05 1-58 2-12 2-09 


This suggests that such compounds are a type of electron compound, whose 
formation is governed by the attainment of a given electron/atom ratio”’. 

This theory enabled many features of a number of phase diagrams to be corre- 
lated into a self-consistent scheme and permitted the prediction of the occurrence 
and stability of several new ternary phases. , 

Crystallographic research, directed at providing experimental evidence on 
electron absorption, has resulted in the accurate determination of the structures of 
the most aluminium-rich compounds, of several binary compounds less rieh in 
aluminium and of several ternary phases. The structures are complex, but several 


+ Now at Solid State Physics Division, Atomic Energy Research Establishment, Harwell 
t The ‘ maximum extent’ corresponds to the number of atomic orbital vacancies of 
Pauling (1938). 
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common features have been discovered (e.g. Taylor 1954, Black 1956, Brown 1957). 
For known crystal structures, electron-density maps have been prepared from the 
observed x-ray data (e.g. Douglas 1950, Nicol 1953) and it appeared that absorp- 
tion of electrons by the transition-metal atoms occurred to an extent roughly in 
agreement with Raynor’s negative valency scheme. Black (1955a), however, 
showed that due to limitations of the experimental techniques and the theoretical 
interpretations the existence of electron transfer had not been reliably established. 

The relationship of the first Brillouin zone planes to the strong x-ray reflections 
has been used to calculate the volumes of the zones for certain compounds and 
hence the effective valencies of the transition-metal atoms (Douglas 1950, 
Robinson 1953). In general, valencies in approximate agreement with Raynor’s 
absorption hypothesis were obtained. Black (1955 b) then pointed out that for a 
structure with all interatomic distances approximately equal and with high co- 
ordination it can be shown that a set of strong reflections is necessarily observed. 
Therefore, if the empirical evidence from Brillouin zone calculations is to be 
significant, it must be shown that individual deviations in the electron/atom ratios 
correspond to differences in the compositions of the compounds: in most cases 
this detailed correlation is not found. It must be concluded that the electron 
absorption suggested by Raynor has not been confirmed experimentally. 

Hume-Rothery and Coles (1954) have suggested that the negative valency 
scheme of Raynor is physically improbable, and have given reasons for this view. 

The magnetic measurements described below were undertaken in order to 
obtain fresh experimental data relevant to this problem. 


§ 2. THE APPLICATION OF MAGNETIC SUSCEPTIBILITY MEASUREMENTS 


Information on the effectively localized magnetic moments associated with the 
transition-metal atoms may be obtained from magnetic susceptibility measure- 
ments over a temperature range. ‘The magnetic susceptibility of an aluminium 
transition-metal alloy is made up of the following contributions : 

(i) the orbital diamagnetism of the electrons localized on aluminium ions; 
(ii) the orbital diamagnetism of the electrons localized on transition-metal ions; 
(iii) the Pauli paramagnetism of the conduction electrons (this may be enhanced 
by correlation effects); (iv) the Landau diamagnetism of the conduction electrons; 
(v) the paramagnetism of the 3d electrons, if any, with unpaired spins effectively 
localized on transition-metal ions. 

Contributions (i) to (iv) give rise to a small approximately temperature 
independent para- or diamagnetism, the accurate calculation of which is not 
possible. Effectively localized unpaired spins (v), however, define paramagnetism 
with Curie-Weiss temperature dependence. 

When an effectively localized magnetic moment is associated with a transition- 
netal atom, the contribution (v) swamps the terms (i) to (iv) and the value of the 
noment can be deduced from the relationship 

_ _N*px? 2 
Xa 3R(T—oye tt 
vhere y, is the molar susceptibility, perr={4S(S+1)}? (assuming the orbital 
noments are completely quenched) and @ is a parameter related to the intensity of 
he internal field. 


3P2 


1246 M. A. Taylor 


§ 3. Previous MaGNeTIc MEASUREMENTS 


Foéx and Wucher (1954, 1956) reported MnAl,, CoAl,, Co,Al,3, CrAl,, CrAl, 
Co, Al, and NiAl, to have a small temperature independent para- or diamagnetism 
and FeAl, to have a paramagnetism the temperature dependence of which followed 
a Curie-Weiss law with perr= 1-67 wp and = —103°K. They interpreted these 
results as showing that in MnAl,, CoAl,, Co,Al,s, CrAl,, CrAl,, Co,Al,; and NiAl, 
the transition-metal atoms have full 3d shells and that in FeAl, an iron ion has 
slightly less than nine 3d electrons. 

Vogt (1954) also reported MnAl, to have a small approximately temperature 
independent paramagnetism. 


§ 4. THE PREPARATION OF SPECIMENS 


Aluminium transition-metal intermetallic compounds are in general formed 
as the result of successive peritectic reactions and Phillips (1943) found that even 
prolonged annealing is unable to remove completely the coring and inhomogeneity : 
the Aluminium Laboratories Ltd., Banbury, also reached this conclusion. The 
possibility of producing by normal methods homogeneous single-phase ingots 
suitable for magnetic measurements was therefore dismissed. 

Attempts were made to measure the susceptibilities of samples of single crystals 
of MnAl, (obtained by electrolytic extraction from an aluminium-rich matrix) 
packed together in the specimen holder; the value of the susceptibility was not 
reproducible on removing the crystals and re-packing them into the specimen 
holder, nor could reproducible results be obtained by powdering the crystals. 
This behaviour is probably due to the anisotropy of the single crystals. 

The specimens for the measurements reported below were prepared by a 
modification of the powder metallurigcal technique used at the Aluminium Labora- 
tories Ltd., Banbury, by Goulding (1958, private communication). Fine powders 
of the pure metals were thoroughly mixed together in the correct proportions, and 
the compacts were pressed at 12tons in-* for periods of five minutes, fused 
successively at temperatures of 200, 400, 600 and 700°c in vacuo and pressed cold 
after each reaction. ‘The compacts were then annealed for twenty-four hours at 
800°c or at a temperature slightly below the decomposition temperature of the 
phase in question, whichever was lower. ‘The specimens were examined metallo- 
graphically and by x-ray powder photographs. 

The impurities of the various metals, as quoted by their suppliers, are given in 
Table 1. Some gas was picked up during the sintering process and a typical 
analysis of a sample, NiAl;, by the British Non-Ferrous Metals Research Associa- 
tion gave the weights per cent of oxygen, nitrogen and hydrogen as 0-15, 0-002 and 
0-001 respectively. 


§ 5. [THE MErasuREMENT OF MAGNETIC SUSCEPTIBILITY 
\ 


A Sucksmith balance was used to measure magnetic susceptibility between 
77 and 293°x. The specimen was cooled with liquid nitrogen, which was then 
allowed to evaporate, susceptibility measurements being taken over a period of : 
four hours as the temperature of the specimen rose to room temperature. The, 
balance was calibrated with tantalum (Hoare and Walling 1951). The absolute 
accuracy of any susceptibility measurement was to + 3%, and the relative accuracy 
of points on a given temperature run corresponded to an error in the susceptibility 
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of 10-8e.m.u. g-4. The absolute accuracy of the temperature measurement 
was to +1%. 

The aluminium-iron intermetallic compounds contained traces of 
ferromagnetic impurities: the effects of these were eliminated by means of 
Honda—Owen plots. 


§ 6. RESULTS 


The results of the measurements of the magnetic susceptibilities of the 
aluminium transition-metal intermetallic compounds are given in Table 2. 


Table 2. The Magnetic Susceptibilities of Aluminium ‘Transition-metal 
Intermetallic Compounds 


The first line in each entry gives 10°X with X in e.m.u. g~! and the second line T in °K, 


VAlio 0-89 0°88 0:85 0:82 0-82. 0:80 0:80 0:77 0:75 
77 130, 163 189-2145 5234.8 22560268 Be2 ot 


V,Algs 135) “3S i-33) | S030 ee oe Ome) 
ti 133) 5 1395) \1S7 ee 209 eos 2 Oe OS 


V,Alog 0:60 0°55 0-52 0-49. 0-45 0-44 0:41 
77 146 180° 9 205° $2335" 2605 293 


VAI, 0:36 0:28 0:28 0:26 0:24 0-22 
77 127" 160 21S eos, 


V;Alg 1°71, 31-68" 1-685 E65 16403 timo) eee 
77 129% 14252159 SSO RSS eae 2s 23d 


V;Alg 1259 V5 9 el See oS 
2518 202 S282 2935 


Cr,Aly, 1:10 (0:97) 0:96:)0:96710-96 at - 0d 12, 
77 135, 173) 1995213 ese 6 


CrAl, 0-40 0-43 0-45 0-46 0-46 0-46 0-48 0-50 
77 131) DATE 1850 e225 ee eo oS 


CrAl, 1:82 51582 © 18250 TS oeSSaeet 53 
77 157 | L845 217262296 


MnAl, 0:91 0:90 0-88 0:82 0-81 0:80 0-79 0-76 
77 132 “158.8 2247 92325247] 22085 295 


MnAl, 9:9, 8:7. (8605S :3) | AS mes ame ee tar 
77 110! 117 O13 11 7 OS me SO meee 


MnAl, Gr lmO:0 15:05 ems <6 
238249. 257 269 4290 


p (AIMn) 14-3124 12°12 11-4 10:8 W10-1e 4927589 S'S are 
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Table 3. The Effective Magneton Numbers, Curie-Weiss Temperatures and 
Spin Quantum Numbers for Aluminium-rich Transition-metal Inter- 


metallic Compounds 
Pet 
MnAI, 1°77 
Mn;Aljo 1-66 
Mn,Al,, 1:59 
Fe,Al,s 2:37 
Fe,Als 2-47 
FeAl, 1:32 


(°K) 


— 163 
—120 
= 50 
— 300 
— 103 
— 80 


S 


No. unpaired electron 


spins 
1-02 
0:94 
0-88 
1:58 
1-66 
0-66 


The compounds may be divided into two groups on the basis of their suscepti- 
bilities: the compounds of the first group (VAlj», V7Alss, VaAles, VAIs, V5Alg, 
Cr,Al,,, CrAl,, CrAl,, MnAl,, Co,Aly, CoyAl,3, CoAl,, NiAl, and Ni,Al;) show 
a small approximately temperature independent paramagnetism (see Fig. 1); the 
compounds in the second group (MnAl,, MnzAljo, Mn,Al,,, Fe,Al,;, FeAl, and 
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Fe,Al;) show large susceptibilities obeying the Curie-Weiss law; however, 
v(AIMn)(~Mn,,Aly (Taylor 1960)) (see Fig. 2), has a large temperature 
dependent paramagnetism which does not obey the Curie-Weiss law. 
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Fig. 1. The temperature dependence of the magnetic susceptibility of some aluminium- 
rich transition-metal intermetallic compounds. 


300 


T (°K) 
Fig. 2. The reciprocal of the temperature dependence of the magnetic susceptibility of 
pb (AIMn). 


Table 3 gives, for the compounds obeying the Curie-Weiss law, the values of the 
effective magneton numbers Pert, the Curie-Weiss temperatures 6, the total spin 
quantum numbers of the atoms S and the numbers of unpaired electron spins. 
These have been derived from plots of the reciprocal of the susceptibility against 
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Fig. 3. The temperature dependence of the reciprocal of the magnetic susceptibility of 
Fe,Al;. 
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temperature (Fig. 3). The magneton numbers have been derived on the 
assumption that no moments are localized on the aluminium ions, and orbital 
contributions to the moments of the transition-metal ions have been neglected. 

Ideally, one should subtract contributions (i) to (iv) ($2) from the observed 
susceptibility; since these contributions cannot be accurately calculated this has 
not been done. In the case of, for example, MnAl, neglect of a temperature 
independent paramagnetism of 10~* e.m.u. g—! would introduce errors, relative to 
the values given in Table 3, in pet: and 0 of 12% and 23°x respectively. 

The paramagnetism of «(AlMn) is anomalous; it is relatively large and the 
temperature dependence is marked but does not follow a Curie-Weiss law. It is 
possible that the multiplet intervals are comparable with kT’ so that the treatment 
of narrow multiplets is not applicable: then the Boltzmann distribution of the 
various states would produce striking departures from a Curie-Weiss law (as, for 
example, in samarium and europium). Another possibility is that @ and/or py 
varies with temperature. 

The Curie-Weiss 6 gives an indication of the freedom of a spin to orientate in an 
applied magnetic field. The values of 6 (see Table 3) lie between —50 and 
—300°k and indicate that the spins are relatively free to orientate themselves. 
The absence of a strong temperature dependent susceptibility in AI-Ni, Al-Co, 
AL-Cr and Al-V compounds and in MnAl, shows that either no effectively 
localized moments occur in these alloys or the spin interactions are very strong 


(>RT). 


§ 7. Discussion 


The results of Taylor, Burger and Wucher (1959) on dilute solution of V, Cr 
and Mn in Al are readily explained in terms of the Friedel concept of virtual bound 
states. Since this treatment is applicable only when the transition-metal atoms 
are sufficiently dilute not to interact strongly it need occasion no surprise if it does 
not apply to the intermetallic compounds; in Mn,Al,, for example, certain 
manganese atoms are found at a distance of 2°75 A apart (Taylor 1959). 

The Lomer and Marshall (1958) scheme for the behaviour of transition-metal 
elements is now well known. This was based on the x-ray counts of Weiss and 
DeMarco (1958), the neutron diffraction results of Shull and Wilkinson (1953, 
1955) and ferromagnetic saturation data on many alloy systems. Since then, 
however, Batterman (1959) and Batterman, Chipman and DeMarco (1960) have 
shown the results of Weiss and DeMarco to be incorrect. However, the empirical 
Lomer and Marshall scheme still provides an excellent classification of the mag- 
netic properties of transition-metal alloys in terms of numbers of effectively 
localized 3d electrons. It is shown below that the magnetic behaviour of alumin- 
ium transition-metal alloys fits into this scheme. 

In these intermetallic compounds no effectively localized magnetic moments 
exist on either the nickel or the cobalt atoms. ‘This might be due to the con- 
duction electrons from the aluminium atoms filling the vacancies in the 3d band: 
this implies absorption of approximately 0-6 and 1-7 electrons by the Al-Ni and 
Al-Co bands respectively. Another possibility is that the 3d states are not fully 
occupied, but that no localized moments occur since Hund’s rule is not obeyed 
(as in the aluminium transition-metal dilute solutions discussed earlier in this 
section). 
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The numbers of unpaired spins on the iron and manganese atoms in the Al-Fe 
and Al-Mn compounds (see Table 3) are as follows: 


MnAl, MnAl, Mn,Al,, Mn,Al,, ''Fe,Al, FeAl, FeAl, 
0 1-0 0-9 0-9 1-6 1-7 0:7 


The differences of the number of spins from one in the case of the manganese 
compounds (with the exception of MnAl,) and from two in the case of the iron 
compounds (with the exception of FeAl,) are not considered to be significant ; 
these differences might be caused by several factors, such as incomplete quenching 
of the orbital contribution to the paramagnetism, spin polarization of the conduc- 
tion electrons, or the neglect of the temperature independent paramagnetism in 
deducing Perr from the observed data. It is possible, however, that in the case of 
Fe,Al,, and Fe,Al, the moment of iron atoms in an aluminium-rich environment 
is slightly less than two, as was found by Nathans et al. (1958) in the case of Fe,Al. 
Therefore, with the exception of MnAl, and FeAl,, in these compounds the 
manganese and iron atoms retain the effectively localized 3d electron configurations 
of the pure metals (i.e. 1 in Mn and 2 in Fe respectively). 

The crystal structures of the phases MnAl, (Nicol 1953), Mn,Al,) (Taylor 
1959) and Mn,Al,, (Bland 1958) show many similarities (the crystal structure of 
the MnAl, phase is unknown). ‘The manganese atoms in all three phases are 
surrounded by ten aluminium atoms in similar spatial arrays. ‘The striking 
difference between MnAl, and the other two phases, however, is that in MnAl, 
the manganese atom is in very close contact with two aluminium atoms which are 
not in contact with other manganese atoms. It is suggested, therefore, that strong 
covalent bonding occurs between the manganese atom and the two aluminium 
atoms and that the one 3d electron which may be expected to be effectively localized 
on the manganese atom is involved in the formation of these covalent bonds, giving 
zero resultant localized spin on the manganese atom. Other possibilities are that 
the localized 3d state occurs above the Fermi surface and is therefore unoccupied, 
or that manganese in MnAl, behaves as manganese in dilute solution in aluminium. 

The crystal structure of FeAl, is unknown (the crystal structure reported by 
Osawa (1932) has been shown by Forsyth (1959) to be incorrect) ; it is suggested 
that some anomalous feature exists here also which would account for the differ- 
ence between the spins on the iron atoms in FeAl, and in Fe,Al,, and Fe,Al;. 

The absence of any effectively localized magnetic moments on the chromium 
and vanadium atoms in these compounds shows that the behaviour of chromium 
and vanadium atoms is approximately the same as in the pure metals: the 
chromium atoms appear to have lost the small moment (0-4 4p) which they possess 
in the pure metal. 

The behaviour of transition-metal atoms in compounds with aluminium is very 
similar to their behaviour in the ferromagnetic binary alloys discussed by Lomer 
and Marshall. Furthermore, the marked difference in the magnetic properties 
between the Al-Fe and Al-Co compounds is similar to that observed between the 
metals Fe and Co in many ferromagnetic binary alloys : the x-ray work of Batterman 
now shows that the marked change in the electronic distribution between the pure 
metals Co and Fe suggested by Weiss and DeMarco does not exist. : 

The discussion by Hume-Rothery and Coles (1954) of the variation in cohesion 
in alloys of Al with Ni, Co, Fe, seems to be in line with the scheme for the number 
of effectively localized 3d electrons suggested in this section, although melting 
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points give only a very rough indication of bond strengths and the contributions 
of electrons in various states to the cohesion of a metal cannot be analysed. 

Lomer and Marshall suggest that the electronic structure is not appreciably 
affected by the crystal structure and that the crystal structure is chosen to be the 
most appropriate to the electronic structure rather than vice versa. Some 
characteristic features of the structures of the aluminium transition-metal inter- 
metallic compounds have been reviewed by Black (1956) who showed that size 
factor considerations alone could not be responsible for the observed co-ordination 
numbers and concluded that the co-ordination numbers are influenced by some 
specific characteristic of the aluminium transition-metal interaction. In the case 
of MnAl, the unusual magnetic behaviour may possibly be explained by a particular 
structural peculiarity; a similar explanation is put forward for FeAl,. But in 
general the results of the magnetic analysis do nothing to explain the occurrence 
of the complex crystal structures taken up by these compounds. 


§ 8. CONCLUSIONS 


1. The behaviour of transition metal atoms in the aluminium transition-metal 
intermetallic compounds bears some resemblance to that in the pure metals and 
in the ferromagnetic binary alloys discussed by Lomer and Marshall (see Table 4). 


Table 4. ‘The Analogy between Binary Ferromagnetic Alloys and Aluminium 
Transition-metal Alloys 


iver Nw He Co. Ni 


Bi fe i 
a Sa alloys (Lomer and Regen A ee lo gh d 


some low no 


Aluminium transition-metal alloys no moments 
dmoments | moments 


2. The absorption hypothesis of Raynor cannot explain the magnetic behaviour 
of the Al-Fe, Al-Mn, Al-Cr and Al-V compounds. 

3. The results of the magnetic analysis do nothing to explain the occurrence 
of the complex crystal structures taken up by these compounds. 
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LETTERS TO THE EDITOR 


On the © Values from the Temperature Dependence of the 
Laue-Bragg Scattering 


The Debye temperature values occurring in the theory of the temperature 
dependence of the Laue—Bragg scattering can be calculated with the aid of the 


relation (Blackman 1955) 
3 _ (R\? Spl(v)v?dv 
O7,(X-ray) (i) Jp(v)dv 

which is valid at moderately high temperatures. Here y is the frequency of 
the normal modes of the vibration of the crystal, p(v) is the normalized frequency 
distribution function, h and k have their usual meanings and the integrals are 
taken over the whole vibrational spectrum. For aluminium, using p(v) calculated 
by Walker (1956 a), the integrals were evaluated graphically and this yielded a 
value of 402°K for @,,(x-ray). Walker’s spectrum is derived from the measure- 
ments at room temperature, for which case the theory should apply quite well. 

The computed value of @,,(x-ray) for aluminium falls between the scattered 
experimental ©, values. The measurements of James, Brindley and Wood 
(1929) give Op w.=410°K at 290° (Lonsdale 1948), whereas the experiments of 
Owen and Williams (1947) on powdered samples give the room temperature 
(293°K) value of Op w.=395°K. Walker (1956 b) gives 402°k as the value of 
Opw. His value is based on data taken both at low temperatures and at room 
temperature. As the force constants change appreciably with temperature, his 
measurements refer to conditions where the spectrum is not constant. The 
accuracy of the experiments is also limited to some extent by temperature 
diffuse scattering (Nilsson 1957, Warren 1953, Paskin 1958), extinctions, 
Compton and fluorescent scattering. Without estimates of errors due to all 
these factors, a comparison of @,.(x-ray) with © pw. is not quite justified. 
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Effect of Variations in the Quantum Counting Efficiency of Detectors 
on the Mean Wavelength of X-ray Emission Lines 


Modern x-ray diffractometers, used to define the position of an x-ray line by 
means of its centroid, can now be used to obtain results which are reproducible to 
1 part in 105 or better. Sources of error which can be neglected in methods of 
lower precision must be taken into account in this work. One such possible 
source of error is the variation in the mean wavelength of the detected line profile 
which can be caused by the change, over the range of wavelength used, of the 
quantum counting efficiency of the detectors. This variation of the quantum 
counting efficiency with wavelength will cause the fraction of the incident 
intensity detected to vary with wavelength. The mean wavelength of the detected 
profile will differ, therefore, from the mean wavelength of the true profile and, in 
general, from the mean wavelength of the same line recorded by a different 
detector. 

We shall consider first the general case of a true wavelength distribution 
I(A)dA modified by a factor f(A). ‘The true centroid is 


er | AI(A)ar 


me (1) 
| I(d)ad 
and the modified centroid 
Jyen (A)dA 
se a ie! DS (2) 
| FOIA 
Near the centroid, f(A) can be expanded as 
FA)=FA)+ AAP Ao) + ee. tees (3) 
= fbr agi iueki 0) Tae! ol Smnetieae (4) 
Then : 
No + [orth (A—Ao)f’ +... LL(A)aA 
(\)= 2S ee ee (5) 
[ur (A—Ap) f’ +... U(A)dA 
a as tne (6) 


f 


where V is the variance of the wavelength. ‘he fractional change in the centroid 
wavelength is given to the first order by 


Ue 4 i 
Or. |e (7) 
In the specific case of a change caused by variation in quantum counting 


efficiency the factor f’/f is simply the fractional rate of change of quantum — 
counting efficiency with wavelength. The Table gives values for f’/f for the 
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Values of f’/f (A~') for Various Detectors at the Wavelengths of Molybdenum, 
Copper and Chromium Kz Radiations 


(1) (2) (3) (4) (5) (6) 
Mo + 2-80 +262 + 2-38 +2:78 0 
Cu +0-35 +031 +0-88 + 0:82 — 0-06 
Cr —0:51 —0-45 —0-14 + 0-04 —0-13 


(1) Radiation; (2)—(6) f’/f (A~}) for different detectors: (2) Geiger; (3) proportional 
(Xe); (4) proportional (Kr); (5) film; (6) scintillation. 


most commonly used methods of detection, at the wavelengths of the 
molybdenum, copper and chromium Kz lines. These values were obtained 
from the Figure. 

It is clear that when comparing results obtained by two different detectors the 
fractional change in wavelength, or in practice the fractional change in lattice 
spacing, can be found by substituting the difference between the respective values 


Ka-Radiation : Ag Mo CuNi Co Fe Cr 
100 


Scint. (NaI-T1) 


80 }+— SS ee SO ——— —— 


60 


— Prop. (Kr) 


40 


20 


]] 


K-Absorption edge: Xe I Ag Mo Kr Br CuNi Co Fe Cr 


Lis 4 
etal 


Calculated quantum counting efficiency E as a function of wavelength A for four counter 
tubes. The absorption of Eastman No-screen double-coated x-ray film is indicated 


by the dots. 
Counter Gas (cm Hg) Length (cm) Window thickness (cm) 
Geiger 55cm A 10 Mica 0:0013 
Proportional 50 cm Kr 2-2 Mica 0:0013 
Proportional 32 cm Xe 2:0 Mica 0-0013 

+ Be 0-013 
Scintillation (Nal.T1) 0-1 Be 0-013 


(Reproduced by permission of W. Parrish (1962).) 


of f/f’ in Eqn (7). For the case of copper Ka this varies from nearly zero, when 
comparing results from Geiger and proportional counters, to 3 parts in 10° when 
results from scintillation counters are compared with those obtained from krypton- 
filled proportional counters. (‘The variance is taken as one-third of the square of 
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the peak separation.) Much larger differences can be found in the case of molyb- 
denum Ka, where a comparison of results obtained by a scintillation counter with 
those obtained by a Geiger counter can produce differences of 2:5 parts in 10°. 

‘The fractional change of the peak wavelength is easily calculated to be —f’Z/AfI’, 
where f, J, f’, 1” are the values of f(A), /(A) etc. at the peak (Wilson 1958). 

Although at the moment this effect is on the fringe of detectability for normal 
diffractometer techniques, it may well be of importance in the field of x-ray 
spectroscopy. ‘lhis will be especially true if, as is hoped, work is done on the line 
profiles of the more important x-ray emission lines. At the moment, however, 
this effect is yet another unknown in the determination of x-ray wavelengths. 


Viriamu Jones Laboratory, A. J. C. Winson. 
University College, B.'W. Detr, 
Cathays Park, 
Cardiff. 


16th October 1961. 


ParrisH, W., 1962, Int. Tables for Cryst., Vol. 3 (Birmingham; Kynoch), 
Witson, A. J. C., 1958, Proc. Phys. Soc., 72, 924. 


The Structures of NaNbO, and Na,.,,,Ky...,NbO, 


We have recently determined the structures of pure NaNbO, and of a material 
of composition Nav.975Ko.925NbOs, which we have called phase I]. Three- 
dimensional intensity data were used, obtained from Weissenberg and oscillation 
photographs with MoKa, and the structures were refined using successive 
differential syntheses. This letter gives preliminary details of the results. 

Pure NaNbO, has been the subject of several x-ray studies (Wood 1951, 
Vousden 1951 a, b, Megaw and Wells 1958). ‘There has been some doubt about 
the space group; Megaw and Wells showed it to be Pbma (No. 57, in the bca 
setting) and this is confirmed by the present work. 

Phase II is very closely related to NaNbO,. The obvious differences are 
that it is ferroelectric (Cross 1958) and ieretore polar, and that the 6 dimension 
of its unit cell is half that of NaNbO, (Wells and Megaw 1960), corresponding to 
2d instead of 4a,, where ay is the oe edge of ideal perovskite. Its space group 
is P2,;ma (No. 26, in the cab setting); it spoint group is thus 2mm, while that of 
NaNbO, is mmm. 

Cell dimensions and atomic coordinates of the two structures are given in the 
‘Table. 

Both structures are based on distortions of ideal perovskite. Individual 
NbO, octahedra are only slightly distorted, but are rotated relative to each other 
about the y axis. ‘lhe Nb atom in each is\displaced by about 0-15 A along the 
« axis, towards the middle of an octahedron edge in the (010) plane; within this 
plane all Nb displacements are (nearly) in the same direction, and no 0 is 
approached by more than one Nb. 

‘The principal difference between the two structures lies in the way in which 
successive layers of octahedra normal to [010] are arranged. In both structures 
there are pairs of layers related by a (010) mirror plane, with parallel Nb dis- 
placements. But, while in phase II one such pair constitutes the translation 
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NaNbO, Phase II 
Space group Pbma P2,ma 
Lattice dimensions (A) 
a 5-568 5:582 
b 15-518 7-782 
(a 5-505 5-528 
Atomic coordinates x y z x y z 
Na, 3 0 0-250 0-771 (0) 0-272 
Na, 0-769 + 0-251 0-734 4 0-242 
Nb 0-261 0125) 10-257 0-260 0-253 0-243 
©; 4 0 0-208 0-198 0 0-201 
O, 0-271 4 0-290 0-231 4 0-305 
O; 0:010 0-121 0-532 0-005 0-231 0-531 
O, 0-446 0-126 0-972 0-451 0:277 0-969 


Note: In phase II the origin is on the screw diad, at a position arbitrarily chosen to give 
the same x coordinate as in NaN bO; to the centre of gravity of the O30, square. 


ie 


repeat unit, in NaNbO, the pairs are operated on by a screw diad along [010], 
giving an antiparallel array. The Nb arrangement in NaNbO, is in essentials 
that found by Vousden (1951 b). 

The suggestion (Wells and Megaw 1960, following Cross 1958) that phase II 
is probably identical with the polar phase (‘forced ferroelectric’) produced by 
the application of a strong electric field to NaNbO, at room temperature (Cross 
and Nicholson 1955) has received strong support from the recent work of Wood 
and Miller (1962), who showed ina very elegant way that the forced ferroelectric 
phase also has a b dimension of Zine 

There are, of course, points of detail—for example, departures from perfect 
egularity of the octahedra (different for NaNbO, and phase II) and differences 
n the polyhedra around Na—whose significance needs further consideration. 
l'hese will be discussed more fully in the detailed report now in preparation. 


One of us (M.W.) is grateful to the Royal Commission for the Exhibition of 
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Absorption of Coesite in the Wavelength Region 5-22 Microns 


The optical properties of coesite, a dense, high pressure form of silica, are 
less well known than those of quartz, crystobalite and tridymite, the other 
members of this family. 

Small samples have been made at N.P.L. using a tetrahedral anvil apparatus. 
Following the data by Boyd and England (1960), a pressure of 42 kilobars and a 
temperature of 1400°c were used, with finely ground crystal quartz as the 
starting material. Refractive index and x-ray measurements (Boyd and England 
1960) indicated a high yield (~90%) of coesite crystals, approximately 50 
microns in diameter. 


Cristobalite ------- 
Coesite 
Quartz ———— 


All samples~| mg 


Absorption Increasing 


ees sere T=e= 
5 16 7 cn 9 20 eee 


Wavelength (microns) 


The infra-red spectrum of coesite shown in the diagram was obtained usin{ 
the KCl disk technique. Also shown, for comparison, are spectra of crystobalit 
and a-quartz recorded under similar conditions. The latter shows good agree 
ment with single crystal data (Simon and McMahon 1955, Sevchenko an 
Florinskaia 1956), thus providing a check on the method. 

Structurally, the various forms of silica may be regarded as SiO, tetrahedr 
linked by their corners in different ways. Comparative studies of the variou 
polymorphs of silica (Sevchenko and Florinskaia 1956, Haccuria 1953) 
silicates (Matossi 1949) and silicic esters (Weiler 1933) have shown that th 
bands in silica near 8-4, 9-2, 12-6 and 20-22 microns may be associated with th 
four fundamental vibrations of the SiO, group. Except for the last band, thes 
wavelengths are relatively insensitive to the form of the lattice coupling th 
tetrahedra. Additional bands which appear in the region 13-18 microns ar 
specific to each polymorph. | 
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The spectrum of coesite is consistent with this general view. The marked 
differences, which occur between coesite and the other polymorphs, are in the 
fundamental region 20-22 microns and the region 13-18 microns. 


Basic Physics Division, I. G. AusTIn. 
National Physical Laboratory, H. A. GEBBIE. 
Teddington, I. Morin. 
Middlesex. 
10th October 1961. 
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Anisotropy in the Electric Strength of Alkali Halide Crystals 


Previous investigations (Cooper, Grossart and Wallace 1957) have shown 
that KCl is strongly anisotropic but NaCl appears to be isotropic with respect to 
electric strength. No other members of the alkali halide family have been investi- 
gated but the discharge tracks from point electrodes have been extensively studied 
and they are preferentially directed in NaCl and other crystals. Isotropic electric 
strength is not easily reconciled with this fact. This work has been reviewed 
recently in detail (Davisson 1959). 

In the previous investigation (Cooper, Grossart and Wallace 1957), apparently 
similar specimens of NaCl and KCl exhibited great variation in their electric 
strengths. ‘The work of preparation limited the number of specimens in each 
group and it was not possible for statistical reasons to detect small differences in 
average electric strengths. The cause of this difficulty has been determined and 
t can be eliminated by using specimens appreciably thicker than the ones 
generally used in the past (Cooper and Smith 1961). Using thick specimens, 
we have re-investigated the electric strengths of NaCl, added to the previous 
vork with KCl, and investigated KBr. The results obtained are stated below. 
he experimental method was similar to that adopted previously (Cooper and 
*ernandez 1958) but on this occasion a series of flat-topped impulses was applied 
o each specimen until it broke down. ‘The amplitude of each impulse exceeded 
hat of the previous one by not more than 3%. The specimens were all annealed. 

The values of electric strengths quoted in Table 1 were obtained at 20°c from 

rroups of NaCl specimens with the applied field in the directions stated. The 
equal component’ specimens were cut so that the resolved component of the 
ield was the same in a [100], a [110] and a [111] direction and it amounted to 
9% of the applied field. The 25° specimens were prepared from plates obtained 
y cutting the parent crystals perpendicularly to the (001) planes and at 25° to 
he (100) planes. In Table 2 similar results are stated for KBr. The average 
lectric strength of both materials is least in the [100] direction. The difference 
etween this value for NaCl and the corresponding [110] value is small but 
pplication of Student’s ‘t’ test indicates it to be significant at the 5% level. 


3 Q2 
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‘Vable 1, Uleetrie Atrength of NaCl at 20°¢ 
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‘able 2, (eetrie Atrength of Kir at 20% 
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Hincharwe tracks in directions other than the applied field were noted in both 
iterate, Consideration af ‘Table 1 aad ‘able 2 indicates that breakdown 
aoourced in the diveetion tn whieh the resalyed component of the applied feld tp 
equal to the electro atvength, ‘he hehavianr of KCI is consistent with this, 
Hevicie experiments (Cooper and Hernandes 1984) have shown that the eleetrie 
atrength af vastralned [HO] specimens is about 4/2 times that of similar (100) 
opectiens and (he discharge tracks in both groups were in [LOO] diveetions, In 
(he prevent (Hivestiqation an average electric strength of 0:70 ern | was obtained: 
fav thick equal campanent! specimens af KCL and OG@My en! for similar 
100} apectiiena Only [100] (racks were observed in both groups, 

iy the case of Wty, experiments were made at = 190%, = 100%, + 20°, 
1110 o wnd 4 170°C (a determine Wf the preferred track diveetion depended 
jonperdiive, “qual component uniform feld specimens were teed, an 
aloo opectnena With embedded point eleetrades of both positive and negaty 
palariiy, ta thease, breakdown eeeurred in the absence of arblent discharges 
ii all cases the discharge Cracks were in [100] direetions, 

‘The present (iveatiqation, combined with (hatef Cooper, Grossart and Walla 
(1087), shows Chat Hives members of the alkali halide family ave anisetvopley, th 
L100) direction belng the weakest, ‘The discharge track in a spherleally sy 
etvioal Held should be tia [100] diveetion (Cit results From the primary eleetva 
jvatibility and not from other secondary processes resulting fon this Instabill 
Hiis ie (he cave (an Ke and in KCL at low tomperatives, Above about 150°) 
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conditions of breakdown in KCl may be modified by ionic migration (Cooper, 
Higgin and Smith 1960). The [100], [110] and [111] tracks were all observed in 
NaCl by Cooper, Grossart and Wallace (1957). This is attributed to the 
difficulty in producing a truly spherically symmetrical field in a material that is 
not very anisotropic. 

It would be surprising if other members of the alkali halide family behaved 
qualitatively differently from KCl, KBr, and NaCl, and limited experiments 
suggest that NaF, and NaBr are respectively similar to KCl and NaCl. The 
evidence of isotropic behaviour usually quoted consists of experiments performed 
using small numbers of unannealed NaCl specimens. It is now evident that such 
experiments could not yield significant results. 

Neither this investigation nor the previous one (Cooper, Grossart and Wallace 
1957) has provided evidence of marked temperature dependent transitions in 
the preferred track direction (Davisson 1959). Caspari’s investigation (1955) 
indicates that these occur when breakdown is initiated by discharges in the 
ambient near to the anode, a condition which did not arise in the present or 
previous investigation. 


Electrical Engineering Laboratories, R. Cooper. 
The University, A. FERNANDEZ. 
Manchester, 13. 


25th September 1961. 
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o-bonding in (CuCl,)*- 


Paramagnetic resonance methods have been used to investigate the electron 
distribution in (CuCl,)*~ complexes present in mixed crystals of Cu: CdCl, with 
Cu:Cd~1:200. Extensive hyperfine structures from the Cl nuclei are found 
which indicate that there are surprisingly strong Cu-Cl o-bonds. An example is 
shown in the Figure, where the Cu hyperfine structure is negligible and the Cl 
structure is particularly well resolved. 


Typerfine structure with H at 45° to x in the xy plane. The structure is from 4 equivalent 
Cl nuclei, with B(Cu)=0. The spacing between adjacent lines is 14 gauss. 
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Previous measurements by Partridge (Orton 1959) have shown that the 
behaviour of the system is typical of that expected of a trigonally distorted octa- 
hedral complex of Cu2+ (Abragam and Pryce 1950, Bleaney, Bowers and Pryce 
1955). For the present purpose the important point is that at 20°K there are, 
in addition to the trigonal distortion, frozen-in Jahn—Teller distortions, with the 
result that the Cu2+ ion sees a field of tetragonal symmetry with axis along a 
Cu-Cl bond direction. The ground state is then d,._,,, which bonds to four Cl— 
ions. ‘This is the state which has been investigated in detail at 20°K using wave- 
lengths of 1:2cm and 3-0cm. 

The results may be described by the spin-Hamiltonian 

A, =g PHS. +g ,B(H,S, ar 73) 
+AS,J,+B(S,1, + Saba) tor fee 11+ 1)] 
+A'S 11+ B (SS) +82f7)+4 5,17 48 Bela 
+ A'S, 0,2 +B(Sy13 + S,h8)4-4'S,0 f+ Bisel eee) 
where S=4, I(Cu)=3, I(Cl)=$, 2 is the distortion axis; the numbers 1, 2, 3 
and 4 refer to the Cl ions on the positive and negative x and y axes respectively. 
g = 2°339 + 0-002, g, =2-070 + 0-002, A=113 +3 x 10*cm™, 
B=0:04+4x 10-4 em—, A’=18-54+1:0x 10 cm, B’=5-0+0-5 x 10+ cm. 
The limits of B were calculated assuming that the magnitude of P is 
approximately as found in most other Cu salts (10x10-4cm~). In the Cl- 
sub-Hamiltonians the dipolar interaction, the quadrupole interaction and direct 
effect of the field on the nucleus are omitted because they are negligibly small. 

To interpret the Cl hyperfine structure it will be assumed that the distribution 

of the unpaired electron can be described by the antibonding molecular orbital 


Y yp = N[ (den ctn = 0% (81 = 89 83 = 84) — Op, (Pi Pet Ps — Pols 


where s and p refer to chlorine 3s and 3p, orbitals respectively; N is the nor- 
malization constant, and admixture coefficients «, and ap, are expected to consist 
of an overlap term S plus a covalent bonding parameter A, «~ S+A (see Freeman 
and Watson 1961, who also give earlier references). Overlap with other chlorine 
orbitals, e.g. 2s and 2p,, may also be important but will be omitted in order that 
a simple approximate estimate of the bond strength can be made. ‘The chlorine 
hyperfine structure constants are then expected to be 


A,= ony eeu _— N?a,?|s(0)|,,.7, Ap, = su (Tsp? )N?ap,"5 


where these are related to the experimentally observed quantities by 
A'=A,+2Ap, B’ = A,— Ap,. 


Assuming that |s(0)|,,.2=69 x 1074 (Hartree and Hartree 1936) and that 
{’3p °)=55-6 x 10%*cm-* (Sternheimer 1953), the results lead to the values 
given in the Table. “ 


(CuCl,)*— (NiF,)*- 
Aig (Coils?) MeeysoD dee 39-1 Ose 
Ap(cm) 45%x10-4 10-9 x 10-* 
fs (%) 0-67 0:5 
Fr, (%) 8:3 4.95 
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f,=N?a,? and fp,=N?xp,? can be regarded as the effective fraction of un- 
paired spin in a Cl 3s or 3p, orbital, subject to the approximations made above 
(neglect of 2s, 2p, etc.). The nuclear magnetic resonance results of Shulman 
and Knox (1960) on (NiF,)?~ are also given, where the c-bonds are between 
d,._,, and d,.,_,. Ni?+ orbitals and 2s and 2p,F~ orbitals. It is seen that the two 
sets of results are consistent, in that the ratios of f,/ fp, are much the same in each 
case, the bonding being stronger for Cl than for F, actually about twice as strong 
if allowance is made for the fact that in (NiF,)*~ d,. 2, a8 well as ds_,,, can 
o-bond to ligands on the x and y axes. The present results thus support these 
authors, Keffer et al. (1959) and Shulman and Sugano (1961), in suggesting that 
the admixtures in this type of complex are large and apparently much larger than 
estimates based on overlap effects alone with no covalent bonding. 

The values of the parameters for the Cu?+ ion, A, B and g given above, also 
support the general picture of relatively strong bonding as can be seen by com- 
paring the present results for (CuCl,)*~ with those of Bleaney, Bowers and 
Pryce (1955) for Cu?*+(H,O),. Using the hyperfine structure theory of these 
authors, we find p’=2y8B,(r->)N?=212+15x10-*cm, which compares 
with p’~300 x 10-*cm~! for Cu?+(H,O), and suggests that N?{r-*) is about 
30% smaller in the present case. Similarly, the isotropic s electron contribution 
is found to be 25% smaller with value «p’=73-1x10-*cm-, where 
«=0-345+0-015. Finally, the orbital part of the g value, g—2, is reduced in a 
manner roughly consistent with the other results, but a detailed analysis awaits 
optical measurements of the splittings of the d orbital levels. 


Clarendon Laboratory, J. H. M. Tuorntey. 
Oxford. B. W. Mancum.t 
4th October 1961. J. H. E. Grirrirus. 
J. Owen. f 
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Damping of Sound Waves by an Ideally Rough Surface 


A sound wave propagated in a gas confined in a tube has an amplitude attenua- 
tion coefficient given by the Helmholtz—Kirchhoff relation (Rayleigh 1894). The 
majority of experiments using smooth tubes have resulted in attenuations about 

- 15% in excess of the theoretical value. A summary has been given by Lee (1957) 
and more recent data by Edmonds and Lamb (1958) and by Smith and Wintle 
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(1960). When tubes with a rough surface are used the attenuation rises but no 
experiments have been carried out in which the change in attenuation could be 
compared with a numerical value for roughness. 

In the present experiments a sound tube 39-1cm long and 4-3 cm internal 
diameter was employed. Each end was closed by a telephone, one of which was 
fed from a variable-frequency oscillator at about 420c/s. ‘The amplitude and 
phase of the voltage output from the second telephone were compared with the 
input current using an oscilloscope. It can be shown (Zwikker and Kosten 
1949) that with poor matching between telephones and gas column and with 
a<w/c, the transfer impedance Z is given by 


L= : cosech qi, 


using the notation of an earlier paper (Wintle 1960). As the frequency is in- 
creased Z executes a dumb-bell figure in the complex plane similar to that of 
sech $q/ (Wintle 1960, Fig. 2). The maximum value of Z is given by 


sinh ol ~ al, 


Zmax 
while the phase angle ¢ taken with respect to the position of the maximum is given 
by 

tan¢d~ — 2n(f—hn) ' 

ac 
where fn is the resonance frequency. 

‘The roughness of the sound tube was increased by gluing ball bearings 0-63 cm 
in diameter to its inner surface. They were placed in rows and arranged ran- 
domly along the length of the tube, the least number of rows employed being three. 
The increase in roughness was presumed to be proportional to the number of 
balls used. An approximate value for the attenuation due to a sphere placed on 
the surface of the tube can be calculated by comparing the forces exerted on unit 
area of the cylindrical surface and on the sphere when subjected to unidirectional 
Poiseuille flow. The force on the surface is simply 7(dv/dx), where 7 is the 
coefficient of viscosity, v the gas velocity and x the coordinate normal to the 
surface. ‘The mean velocity past the sphere will be approximately v(a), where a 
is the radius of the sphere. Since v(0)=0, this becomes a(dv/dx) and the drag 
given by Stokes’ relation is therefore 67na?(dv/dx). With m spheres per unit 
area the total viscous force is 


2 
(1+ brain) @ Hi (1+ a mS 


ila) Axe 
where N is the number of balls in the tube, r the radius and / the length of the tube, 
so the viscous force should be increased in the ratio 1+3a2N/rl compared with 
that for a perfectly smooth tube. Under oscillatory conditions an increase in 
attenuation of this order of magnitude must be expected. A graph of « against NV 
should therefore be linear with a slope of about 3a,,,,a?/rl. & 
The experimental plot is shown in Fig. 1. The individual values of « are 
correct to about 3%. The graph is linear as expected, with a slope 3-6 x 10-6 cm 
per ball to be compared with the calculated value of 1:0 x 10-* cm- per ball. 
The attenuation with no balls present is three times that expected for a perfectly 
smooth tube. 
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Fig. 1. Graph of attenuation against number Fig. 2. Graph of attenuation against 
of balls in the sound tube. 1/Zax- The straight line passes 
through the origin, indicating 
direct proportionality. 


A graph of 1/Zmax against « is shown in Fig. 2. The straight line is drawn 
through the mean of the experimental points and the origin and shows that within 
the experimental error these quantities are in direct proportion, thus establishing 
the satisfactory operation of the apparatus. It is therefore concluded that the 
attenuation of sound increases linearly with the numerical measure of the rough- 
ness of the tube, and that the magnitude of this increase agrees within a factor of 
four with that expected upon the basis of an extremely simple approximate theory. 


The author wishes to thank the Dean, Royal Military College of Science, for 
permission to publish this work. 


Physics Branch, 
Royal Military College of Science, H. J. WINTLE. 
Shrivenham, Wilts. 
11th September 1961, in revised form 5th October 1961, 
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REVIEWS OF BOOKS 


A Degree Physics, Part 1: The General Properties of Matter, by C. J. SMITH. 
Pp. viii+ 732. (London: Edward Arnold, 1960.) 63s. 

Dr. Smith accomplishes the task he sets himself with his usual competence. 
This volume is well written, well produced and a pleasure to read. The price, 
an important consideration for a students’ textbook, is not unreasonable for a 
book of this bulk. 

‘I'he tremendous increase of knowledge in the last half century and the fact 
’ that students are allowed only three years study for their first degree have together 
confronted university teachers with the dilemma of the quart and the pint pot. 
‘The solution, however unsatisfactory, must be to make space for the fresh brew 
by rejecting the stale beer. It is with this in mind that Dr. Smith must be 
criticized; his book fails to fill the requirements of an English university student 
of physics in the middle of the twentieth century. It treats in great detail many 
well-established topics but sadly lacks any novelty of approach. 

‘To illustrate this criticism two examples may be chosen. ‘The subject of 
surface tension is discussed in some seventy pages. ‘Two short paragraphs 
“explain” surface tension as a result of intermolecular attraction but no des- 
cription or explanation of intermolecular forces is given. Nearly two hundred 
pages are devoted to elasticity and the strength of materials. A description of a 
method of determining Poisson’s ratio for a piece of tubular rubber is given but 
no account of the elastic properties of a single crystal. 

In his preface Dr. Smith regrets that the choice of subject matter is in part 
fixed by university examination syllabuses. One can sympathize with him, but 
he alone is responsible for the presentation, and it is difficult to reconcile the 
above examples with the claim that ‘‘ the book is written to meet the needs of 
those who wish to gain a thorough insight into the fundamentals of physics... .. 

‘To sum up, the book is well written and should be in university libraries as a 
work of reference for students. The length of the book and its selection of 
material make it unlikely that it will become a standard textbook. J. A. NEWTH. 


Structure and Change: An Introduction to the Science of Matter, by G. S. 
CHRISTIANSEN and P. H. Garretr. Pp. xv+608. (San Francisco, London: 
Freeman, 1960.) 63s. 

This book does not fit into any of the categories of textbooks normally published 
in this country, but it leaves one with the impression that the general state of 
scientific education here would be better if such books were less exceptional. 
After studying it any intelligent person with no previous training in physics or 
chemistry and with only the most elementary knowledge of mathematics would — 
have a real understanding of the nature of the physical world and of how,our 
understanding of it has been obtained. I should like to see it made compulsory 
reading for all sixth-form pupils or first-year undergraduates. 

The authors have, at the outset, rejected the distinction between physics and 
chemistry, and the anatomization of these subjects into such moss-encrusted 
sections as heat, light, sound, properties of matter, and organic, physical and 
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inorganic chemistry. They discuss in general terms the structure, principles 
and methods of science, pointing out the relationships between the various stages 
of observation, generalization, hypothesis, further experiment and modification 
of hypothesis. My only criticism of this section is that they fail to emphasize 
how greatly the physical sciences have profited from the possession, in 
mathematics, of a means of examining rapidly and thoroughly the logical 
consequences of a postulate. 

Part 1 is entitled ‘The mechanical view of the physical world’, but rightly 
adds to what is normally called mechanics mechanistic accounts of atomic theory, 
chemical combination, the behaviour of gases, the concepts of energy and 
momentum and the nature of solutions. With the same inclusive viewpoint, 
the authors show in Part 2, ‘The electrical view of the physical world’ , how the 
principles of electricity and magnetism govern the behaviour of atoms and ions 
in their chemical behaviour when these principles are taken to include an 
account of the electrical constitution of matter. All too often students are led 
to regard physics as the search for general laws governing the behaviour of things, 
and find later with surprise that much of the activity of physicists is concerned 
with finding ways of describing the constitution of things, whether these are nuclei, 
atoms, solids or stars. A common manifestation of this is a dreadful ignorance 
of the Periodic Table, a topic returned to several times in this book. 

The last part of the book provides a simplified, but not misleading, account 
of modern physics, including the nature of light, quantum theory, radioactivity, 
and nuclear reactors, and a final chapter glances rather hastily at some of the most 
fundamental topics in atomic and cosmic physics. The whole book is well supplied 
with diagrams which are with very few exceptions clear and helpful, and each 
chapter is followed by questions which are by no means simply arithmetic and 
which should help any serious student. Some mathematical operations and 
some techniques of chemical book-keeping are given in appendices. 

Only two criticisms seem worth mentioning. Chapters 15 and 24, The 
mechanical and chemical views of the earth, by their inevitable differences in 
approach from those preceding and following them, break the flow of the book, 
and would be better together at the end; and a chapter on oxidation—reduction 
reactions serves to introduce some rather arbitrary techniques and terminology 
(how, in the sense in which the term is defined earlier, does hydrogen increase 
its valence on being oxidized to water?) which add nothing to an understanding 
of the constitution or behaviour of matter. 

These are minor flaws, and I can think of no better book to recommend to 
any arts graduate or undergraduate wishing to have a foot in both cultures. 

B. R. COLES. 


Fourier Transforms: Cambridge Tracts in Mathematics and Mathematical Physics, 
No. 52, by R. R. Goxpperc. Pp. viiit+76. (London: Cambridge 
University Press, 1961.) 21s. 


This monograph deals directly with mathematical rather than physical 
theory. Using the ideas of Lebesgue integration, Dr. Goldberg describes the 
theory of Fourier transforms of integrable-modulus and integrable-square 
‘functions so as to provide an introduction to the generalized theory of Fourier 
transforms on a locally compact group. The latter theory has applications of 
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physical interest, but these are not discussed in the present work, and indeed the 
extension beyond transforms on the real line is confined to seven pages of 
appendix. . 

After a short first chapter which recalls the necessary definitions and theories 
on the Lebesgue integral, the second chapter, which is half the book, is devoted 
to the Fourier transforms of functions in J’, that is, functions of integrable 
modulus, Every such function has a Fourier transform which is continuous on 
the real line and vanishes at + co. However, not all functions with these two 
properties are Fourier transforms, and not all Fourier transforms of functions in 
L' lie themselves in L', Inversion then is dealt with by using the convergence 
factor, 1—|x|/R between —R and R and zero outside that range, then letting R-> 00. 
The problem of what sort of functions are Fourier transforms is then discussed, 
leading up to the remarkable theorem of Wiener that, if the Fourier transform 
of a function in L' is nowhere zero, then any function of Z can be constructed 
as a linear combination of the original function with itself translated by various 
amounts (more precisely, L1 is the closure of the set of translates of this function). 

A shorter chapter on the transforms on L® is followed by a discussion of 
generalizations of Wiener’s theorem, stopping at the point where functional 
analysis is needed for further progress. ‘There is a final chapter on the Fourier— 
Stieltjes transform and Bochner’s theorem, and a short appendix on abstract 
harmonic analysis on groups more general than the real line. 

This book is very clearly written and makes an admirable guide through the 
thickets of real variable theory. It is well worth reading even if one has no 
immediate need to advance into abstract harmonic analysis, but intends rather 
to turn back from the guided path to a more detailed study of the classical theory. 

GEORGE WYLLIE. 


The Theory of Neutral and Ionixed Gases, edited by C. Dewrrv and J. F. Derorur. 
Pp. 469. (London: John Wiley, 1961.) 140s. 


This book is based upon the lectures given at the 1959 Summer School at 
Les Houches. ‘There were seven lecturers and the scope of their lectures was 
rather more general than the title suggests. The first article is by E. W. Montroll 
on modern developments in statistical mechanics, being mainly concerned with 
the diagrammatic expansions which have recently been applied to equilibrium 
and to transport problems. ‘There is also an account of random walk problems 
and the Ising problem, IL. van Hove's article is concerned with transport 
theory and the problem of relating the Pauli and Boltzmann equations to the 
new closed forms for transport coefficients. ‘The current situation as described 
by these two articles has enormously clarified in the last few years, but this 
clarification has amounted to vigorously justifying results already known by other 
methods. ‘The time should now be ripe for really new ground to be explored, 
and these articles are a very good introduction to the current situation. 

The remaining articles on ionized gases fall into three classes. 'Thosesof 
J. L. Deleroix and A. N. Kaufman and J. P. Denisse on the microscopic properties 
of plasmas (in French), plasma transport theory and waves in plasmas (in French), 
respectively, can be regarded as concerned with ideal plasmas, i.e. those properties 
corresponding to simple physical situations which may be far removed from those 
obtained in important practical cases. ‘The lectures of M. Kruskal are concerned 
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with the problems of stability based on hydromagnetic equations. The final 
article by E. Schatzman (in French) applies plasma theory to astrophysical 
problems. Again these articles are an excellent introduction to the current 
situation in plasma theory. The book is rather expensive but it must be 
admitted that it is beautifully produced. S. F. EDWARDS, 


The Application of Group Theory in Physics. By G. Ya. Lynparsxu. 
Translated from Russian by Stevan Deniyer. Pp. ix+380. (London: 
Pergamon Press, 1960.) 63s. 


This is a translation of a Russian textbook based on the author’s lectures 
at Kharkov University. It commences with a general introduction to groups 
and their representations, followed by chapters on particular topics. For finite 
groups the applications are to the theory of small oscillations, second-order phase 
transitions, crystal properties and the absorption and Raman scattering of light. 
Of particular interest is the chapter on phase transitions, since apart from a brief 
discussion in Landau and Lifshitz’s book this is not available elsewhere and here 
it is given in some detail. On infinite groups there are chapters on Clebsch— 
Gordon and Racah coefficients, on the Lorentz group, relativistic wave equations, 
and on the application of group theory to nuclear reactions. 

The main trouble with books on group theory, and even more so with 
chapters on group theory in more general books, is that they do not usually go 
into their subject sufficiently fully for the reader to master an application, before 
they move on to another field. On the whole this book avoids this trouble, 
though the Lorentz group for example cannot be thoroughly discussed in thirty 
pages. Almost any theoretical physicist will find reading this book worth while 
and probably find some new approach or new application in it. There is how- 
ever one serious drawback to it: it is quite deplorably printed. It is produced 
by photolithography direct from a type and handwritten manuscript. Group 
theoretical formulae usually involve lots of subscripts and superscripts and these 
are quite often illegible, and these and other symbols are sometimes completely 
missing. If Pergamon want to produce books this way the least they could do 
is to buy a decent typewriter and employ a competent proof reader. The 
reviewer’s copy had but half an index; where the other half ought to have been 
was an apology from the publisher for the state of the book and its price which 
were excused “‘ with a view to making the information contained in this publi- 


cation speedily available’. In fact group theory cannot be regarded as hot news 
and one hopes that standard Russian texts will be treated better than this in 
future. S. F. EDWARDS, 


A Bibliography of The Honourable Robert Boyle, by J. F. Futton. Pp. 217 + xxvi. 
(Oxford: The Clarendon Press, 1961.) 50s. 
This second edition of the Bibliography of Robert Boyle coincides with the 
Tercentenary of the Royal Society 
Since the first edition of the Bibliography in 1932, a number of fresh studies 
of Boyle and various aspects of his life and work have become available, and 
discussion of these is included in the new edition. 
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Introdution 4 V blectrodynamique Quantique, by D. Kagtie. Pp. xiti~ 333. 
(Paris: Dunod, 1961) 66 n fr. 


One might expect a Frenchman to be as exact and degant 2s possible. — 
Prohessor Kastler does not disappoint on this score. His book on dlementary 
quantum electrodynamics uses the resources of modern pure mathematics to 
present an exposition of its subject which is as logically precise as possible. It 
is his hope thereby simultaneously to clear the minds of physicists, who may be 
bewildered by false difficulties which arise from imprecision of statement, and 
also to present the subject in a form which is accessible to pure mathematicians 
without the need of conscious slumming, In this he succeeds, but it seems 
doubtful to this reviewer that many fruitful consequences will flow from it. 

Quantum electrodynamics is in excellent agreement with experiment. The 
apparent juggling with infinities in the renormalization programme should not 
be taken too seriously, Whe difficulties here are really physical rather than . 
mathematical for it seems reasonable to suppose that the quantities would be 
finite if we understood the details of the theory at short distances. In facta 
renormalizable theory is simply one whose low energy behaviour can be pre-— 
dicted without a detailed knowledge of its high energy structure. The real 
formal difficulties of quantum electrodynamics are largely concerned with the 
proper formulation of the Lorentz condition and gauge invariance, and within 
its elementary limite this book gives a good account of them. j 

‘The first two chapters are devoted to mathematical preliminaries and then 
the theory of second quantization is developed, There are chapters dealing 
with the Klein-Nishina formula and Compton and Moller scattering, The 
book concludes with the introduction of Veynsnan graphs and the use of external 
fields, Jt does not deal with renormalization theory. ‘Thus the material is as 
clementary as the style is advanced, J. ©. POLKINGHORNE, 


Proceedings of the VINth International Conference on Low Temperature Physics, 
edited by G. M, Guauam and A, C, Howse Haserr. Pp, xviti+ 725, 
(‘Soronto; University Press; Amsterdam: North Holland, 1961.) £5 14s. 


No doubt this was a very enjoyable and profitable beano for those who enjoy 
and profit from such beanos, Only I cannot imagine why all those reputable 
scientists should want to publish the scraps of information which they communi- 
cated there, Wither they had something new and important to say, when it should 
have been published (i,e, made public) in a standard scientific journal, available in 
any ordinary scientific library, or elve it was old, or unimportant, and there was 
no need to waste print on it, It has been suggested to me that I should corp 
ment the editors and publishers for getting it out 90 quickly, Certainly, by th 
usual standards of such publications, eight months is quite expeditious; but may 
I remark that any physics journal that took so long between receipt of the manu- 
seript and publication would be considered a bit dilatory. ‘I'he fact is that large 
expensive miscellanies of this sort are a curse to modern science. Let us*all 
resolve never to make reference to thern (it is difficult enough anyway, the title 
being more a dinner than a mouthful) so that no one ever looks at them, libraries 
will not buy them, and publishers will refuse to touch them for lack of a profit. 
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Fundamentos Teéricos de la Fisica Atémica y Nuclear, by C. SANCHEZ DEL RIO. 
Pp. vi+167. (Madrid: Servicio de Publicaciones de la J.E.N., 1960.) 
175 Pesetas. 


The purpose of this book is to provide a qualitative introduction to the 
theories of the atom, the nucleus and elementary particles. It is meant for two 
classes of readers: students who are just starting the study of such theories, and 
engineers and others who are dealing with the technical aspects of atomic energy 
and want to have at least some notions of current theoretical ideas. 

For this second class of readers the book should succeed admirably because 
the exposition is always as simple as the subject allows it to be and is based on 
semi-classical arguments, while providing, however, substantially sound infor- 
mation, even on such concepts as ‘ isotopic spin ’, ‘ non-conservation of parity ’, 
or ‘strangeness’. As for students, one is doubtful. It is certainly an advantage 
to be introduced without tears to the concepts of modern physics, but in a field 
in which the point of view, the methods, the approximations, the very mathe- 
matical techniques are of paramount importance and are inextricably mixed up 
with the physical results, an introduction which gives these results in a dogmatic 
way (even if the doubtful points are fairly stressed) may not lead to the right 
frame of mind in approaching the subject. 

The titles of the eight chapters are: ‘ Basic ideas on atoms and nuclei’, 
“Fundamental concepts of quantum theory’, ‘ Structure of the atom’, ‘ Inter- 
actions between particles and between particles and radiation’, ‘ Structure of 
the nucleus’, ‘ Nuclear levels ’,‘ Nuclear reactions’, ‘Elementary particles’. 
There are two mathematical appendices, a table of constants and a list of books 
for further reading. This small volume is well produced and will undoubtedly 
become very popular in Spanish-speaking countries. L, PINCHERLE. 


Praktische Mathematik fir Ingenieure und Physiker, by R. Zurmiint. Pp. 
xiv+548. (Berlin, Géttingen, Heidelberg: Springer, 1960.) DM 29.40. 


This book is an introductory reference work for those who, using desk 
calculators, have frequent occasion to use numerical methods to solve their 
problems. ‘The inversion of a matrix, eigenvalue problems, questions of 
numerical integration, the significance of the y?-test are some of the topics 
treated. 

The author gives in most cases a good account of the background theory 
(without getting lost in it), and then takes off his jacket in order to work through 
a few numerical examples which illustrate the procedures which he has discussed. 
This, together with clear diagrams and a lucid style, makes this handbook of 
numerical analysis very useful. It must be highly recommended as a first 
reference, with the aid of which one may hope to avoid recourse to a more 
specialized literature. 

The contents include the following: (1) Methods of solving equations of 
third, fourth or higher order; (2) Linear equations and manipulation of matrices; 
(3) Interpolation and integration; (4) Statistical methods; (5) Representation of 
-arbitrary functions, including harmonic analysis; (6) Initial and boundary value 
\problems in differential equations. P. T. LANDSBERG. 
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The Principles of Nuclear Magnetism: International Series of Monographs on 
Physics, by A. Asracam. Pp. xvi+599. (London: Clarendon Press, 
Oxford University Press, 1961.) 84s. 


A theoretical argument does not become acceptable to Professor Abragam 
until he has reproduced it in his own way. Although the subject of nuclear 
magnetism is a fairly new one, there exists, scattered through the literature, a 
considerable amount of theory. This has all been brought together in the present 
volume and presented in a clear, comprehensive and thoughtful way, so that 
throughout one feels guided by an author who not only has the whole subject 
at his fingertips but who has also gone to immense trouble to present the argu- 
ments in the most instructive ways. Mathematics is not avoided, but it is not 
indulged in for its own sake, and it is continualiy reinforced by physical argu- 
ments and well-chosen experimental results. 

The result is a lengthy but invaluable account of the whole field of nuclear 
resonance and the associated phenomena of nuclear magnetism, and a book of 
which the author and publishers can well be proud. Your reviewer is very 
impressed by the high standard of scholarship maintained throughout, and 
although one might hesitate to recommend the book as a first introduction to 
nuclear magnetism, it is obviously a text to which all serious workers in this 
field will refer repeatedly. As for its contents it is sufficient to say that all the 
theory is there, even including topics such as cross-relaxation, which can hardly 
have been discovered when the manuscript first went to press. 

K. W. H. STEVENS. 
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Abstract. A value of 930 + 70 mbn has been obtained for the proton total reaction 
cross section for copper at 9-3 + 0-3 Mev by a poor geometry transmission method 
not involving counter coincidence techniques. This result, which is in good 
agreement with values obtained by indirect methods, is appreciably higher than 
values predicted by published optical model analyses using a volume absorption 
term. Differential elastic cross sections are presented for the angular range 
30°-155° (centre of mass). These were obtained using the same target as in the 
reaction cross section measurement. Good agreement with both the differential 
cross sections and the reaction cross section can be obtained using an optical 
model potential with an absorptive term peaked at the nuclear surface. 


§ 1. INTRODUCTION 


URING the past few years the measurements of proton—nucleus elastic 
i) scattering angular distributions has received considerable attention in 
the low and intermediate energy regions and considerable success has 

been achieved in describing the results in terms of the optical model (Glassgold 
et al. 1957, 1958, Melkanoff et al. 1957). This model has also been found capable 
of reproducing the general features of such polarization measurements as have 
been made (Rosen and Brolley 1958) but, unfortunately, it has been found to be 
incapable of fitting the available data uniquely, this failure giving rise to the 
familiar V—R ambiguity relating the possible sets of parameters judged to rep- 
resent equivalent fits to the data. This ambiguity should be resolvable, at least 
in part, by a comparison of accurate total reaction cross section measurements 
with the predictions made by the model for each of the different sets of parameters. 
As yet, few total reaction cross section measurements have been made in the 
proton energy range below 100 Mev owing to the experimental difficulties involved. 
For proton and deuteron energies of only a few Mev, the total reaction cross 
section can be determined as a sum of all the various partial reaction cross sections 
that are significant. Thus Slaus and Alford (1958) have measured the total 
reaction cross section for 4 Mev deuterons on ®Cu as the sum of the cross sections 
for the (d,d’), (d, n), (d, p), (d, «) and (d, pn) reactions. This procedure is 
particularly simple when one type of reaction makes the dominant contribution. 
At higher energies this method becomes less satisfactory owing to the increasing 
number of reactions that are energetically possible. Recently, however, measure- 
ments at 9-85 Mev have been reported by Meyer and Hintz (1960) of the proton 
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total reaction cross sections for copper and zinc. ‘These determinations were 
made by measuring the total charged particle-reaction cross sections and com- 
bining the results with existing measurements of the (p, n) cross sections. The 
results of the work, which are in good agreement with the present determination, 
will be discussed in some detail in a later section. Finally, Fulmer (1959) has 
obtained determinations of the proton total reaction cross sections for the uranium 
isotopes at 23 Mev; this is a special case since the fission cross sections make an 
80-90°% contribution. 

Total proton reaction cross sections have been measured by direct trans- 
mission methods at several energies above 200 Mev, at 134Mev (Cassels and 
Lawson 1954) and, more recently at 61 and 34 mev (Meyer, Eisberg and Carlson 
1960, Gooding 1959). ‘These experiments involve the use of counter coincidence 
techniques to determine the attenuation of the proton beam on placing the 
absorber between a set of ‘passing’ counters and the final detector. At high 
energies such experiments are not greatly troubled by the energy loss due to 
ionization in the passing counters and the absorber, but at lower energies the 
specific ionization increases rapidly and at 10 Mev constitutes the dominating 
feature of this type of measurement. 

Because of the short range of protons at 10 Mev, the present experiment was 
designed to use no ‘passing’ counters to define the beam but to rely on the beam 
intensity remaining constant over a short time interval. whilst the counting rate 
was determined with and without the absorber in position. The experiment is 
only practicable using an accelerator providing a continuous beam; in the present 
work, the Birmingham 60 in. cyclotron was used. The statistics of the experiment 
are those appropriate to a Poisson distribution so that at least 10! protons must 
be recorded in order to obtain a 5% result with a copper absorber 0:6 Mev thick, 
since such an absorber gives an attenuation due to non-elastic processes of only 
0:02%. Copper was chosen for the present measurement because this element 
has been the subject of detailed optical model analyses and both angular distri- 
bution (Hintz 1957, Greenlees, Kuo and Petravic 1957) and polarization (Rosen 
and Brolley 1958) data are available; also it is an element for which the optical 
model is expected to apply using 10 Mev protons. 


§ 2. EXPERIMENTAL METHOD 


As mentioned above, advantage is taken of the fact that the fixed frequency 
cyclotron is not a pulsed machine and that the beam intensity can be held 
reasonably constant over short time intervals. With a beam of sufficiently 
constant intensity it would be possible to measure the total reaction cross section 
simply by making counting rate determinations with and without the copper 
absorber in position. In practice, however, the measurements were repeated 
cyclically with a fairly rapid repetition rate (nearly twice per second) so that any 
fluctuations in the intensity of the beam averaged out over a sufficient number of 
cycles. The requirement of a constant intensity was further relaxed by the 
use of a monitor counter which sampled the beam entering the experimental area. 
In principle, using a monitor, constancy of beam intensity is no longer important ; 
it does, however, enable higher mean counting rates to be used and this is essential 
from a practical viewpoint. 

The measurement of the beam intensity was made in poor-geometry usin 
a large, accurately defined, acceptance angle subtending a cone of half-angle 
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8 (~50)° at the absorber. A separate experiment was performed to determine 
the magnitude of the correction term required to allow for the elastic scattering 
of protons through angles greater than 6. A large acceptance angle was used 
to reduce the error introduced into the elastic scattering corrections by the 
uncertainty in this angle. A second correction term was also required to givea 
measure of those inelastic events occurring in the absorber which give rise to: 
charged particles entering the detector with energies sufficient to overcome the 
set detector bias (Emin). This term was necessary since it was not possible to 
bias the detector just below the pulse height corresponding to elastically scattered 
protons because of the rather poor resolution given by the plastic scintillator used 
as a detector and because, at the counting rate used throughout the experiment 
(about 3 x 10° pulses per second), fluctuations in the gain of the electronics must 
be expected. The bias was set to 50% of the peak height. The magnitude of 
this non-elastic scattering correction was small and could be estimated from the 
results of Meyer and Hintz (1960). 

Owing to the possibility of the incident protons undergoing nuclear interaction 
in the scintillation material, as well as in the copper absorber, it was necessary to 
ensure that the beam energy at the detector be the same for the two counting 
rate determinations. A comparison absorber of gold, which was chosen so as 
to give an energy degradation equal to that of the copper, was therefore placed 
in the beam during the ‘no-absorber’ measurements. The total reaction cross 
section for copper was determined from the measurement of the counting rate 
ratio R(@), which gives the relative counting rates with the copper and gold 
absorbers in the path of the beam. The necessity for introducing this com- 
parison absorber had the unfortunate consequence that the appropriate elastic 
scattering correction was large, being several times the magnitude of that for the 
copper absorber. It was therefore necessary to determine this correction 
accurately. ‘The choice of gold for the comparison absorber was indicated by 
the small total reaction cross section for 10 Mev protons, this being less than 10°% 
of that for copper owing to the relatively high Coulomb barrier. Since the thick- 
ness of the gold absorber (measured in terms of number of nuclei per cm?) 
required for the energy compensation was less than one half of that for the copper 
absorber, it is seen that the total reaction cross section for gold makes only a 4% 
contribution to the result of the experiment; a rough estimate of its magnitude 
was therefore sufficient. This was obtained for published optical model pre- 
dictions based on the results of Hintz (1957) at 9-8 mev. 

The total reaction cross section for copper may be expressed in terms of the 
measured ratio R(#) and the various correction terms mentioned above in the 
following form 


= Nau 7 (do =e do dQ 
es Nou LT (in), ,@2 f oy(Au) | 0 dQ, el,Cu 


"iden (eo Viena ese [2@) 1 
+ -— = 
| iets ae el,Cu Cu 


where N,,,, No, are the surface densities (number of nuclei per cm?) for the two 
absorbers. 
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§ 3. APPARATUS AND PROCEDURE 
3.1. The Absorption Measurement 


A diagram of the apparatus is shown in Fig. 1. This consisted essentially of 
a vacuum chamber in which the counting rate determinations were made, and a 
counting rate monitoring unit which recorded protons elastically scattered from 
a thin gold foil placed in the path of the collimated beam. The vacuum chamber 
contained a rotating wheel which placed alternately the copper and the gold 
absorbers in the path of the beam before the main detector unit. Two sets of 
scaling units were coupled to each of the two particle detectors and these were 
gated on and off in synchronism with the rotation of the wheel such that one set 
was operative when the copper absorber was in the beam and the other set when 
the gold absorber was in the beam. The gates were opened by pulses from two 
photomultipliers (not shown in the diagram) attached to the chamber upon which 
light was allowed to fall each time the wheel passed through two positions; the 
gates were closed precisely 0-16 sec later by a delayed signal derived from a 1 Mc/s 
crystal oscillator and a bank of scaling units. In this manner the gate-open 
periods for the two absorbers were made equal to better than one part in a million. 


Counting rate 
monitor 
Plastic scintillator 


Plastic, Main detect 
scintihater / unit 


Thin gold 
scatterer 


Energy monitor 


Rise 1) 


A simplified diagram of the electronic system is shown in Fig. 2. This 
shows that the pulses from the two detectors were first scaled down by a factor 
of 32 before entering the gating unit. This procedure did not lead to the loss of 
useful information owing to the very high counting rates used throughout the 
experiment. ‘The scaling units used were capable of recording at a continuous 
rate of 20 Mc/s. No electronic counting losses were therefore involved as the 
cyclotron radio frequency is only 10 Mc/s. ‘The acceleration is such that if two 
or more protons are accelerated together during the same radio-frequency period 
the time spread between them will be less than 20 nsec; the scaling units were 
set so that they would not record such protons separately. Thus, the counting 
rate correction for the experiment was dependent only on the cyclotron beam 
intensity and the radio-frequency acceleration period. A pulse sampling system 
was constructed which accepted a small fraction of those pulses recorded by the 


input circuit and displayed them on a 100-channel pulse height analyser. This) 
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gave a visual display of the bias level setting and also of the fraction of the spectra. 
which comprised two or more protons simultaneously accelerated and recorded ; 
the counting rate correction was therefore given uniquely by this system. The 
possibility of electronic gain drifts in the various units was unimportant owing to: 
the rapidity with which the comparative counting rate determinations were 
made and the fact that those units in which the drift could affect the result were 
common to both counting channels. 


Pulse Kick — 
sampler sorter 


channe 


caler 
channel I 


GPM. 
foil wheel 


PM.I. Counting rate monitor 
PM.2. Energy monitor 

PM.3. Main detector unit 

+32 Scale of 32 and similarly 


Fig. 2, 


The Birmingham 60 in. cyclotron was originally designed for the acceleration 
of H,* ions but, by reducing the magnetic field to half, and with the aid of current 
shims on the magnet pole faces to shape the field, free protons can be accelerated. 
(Fremlin, Hardy and Shaylor 1959). It was this ‘half-field’ beam which was. 
used in the present experiment. A difficulty in using the beam arose when it was. 
found that a range of energies could be obtained under different machine con- 
ditions for the low circulating currents used. To overcome this difficulty a 
beam energy monitor was included in the apparatus to give a continuous check 
on the energy and to relate the energy at which the absorption measurement was. 
made to that at which the elastic scattering corrections were determined. This. 
monitor unit consisted of a scintillation counter set to receive protons elastically 
scattered through 15° by the thin (80 kev) gold foil placed in the path of the beam 
(Fig. 1). Half of the acceptance window of this counter was covered by a 
100 mgcm~ aluminium foil, with the result that the recorded pulse spectra 
showed two sharp peaks, the relative positions of which could be related directly 
to the beam energy. Energy changes of the order of 30 kev could be detected 
with this system. 


3.2. Elastic Scattering Corrections 


The elastic scattering corrections were determined with a separate scattering 
chamber. Only a brief description of this chamber will be given here since a 
more detailed description may be found in a previous paper (Greenlees, Kuo and 
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Petravic 1957). After collimation the beam passed through the target; the 
scattered beam was detected in a scintillation counter and the unscattered beam 
was collected ina Faraday cup. The scintillation counter, which was also used as 
the energy monitor in the absorption measurement, was mounted on the lid of 
the chamber so that the line joining the centre of the target to the detector made an 
angle of 15° with the horizontal plane containing the incident beam; as a result of 
this geometry, scattering angles between 15° and 165° could be studied. Pulses 
from the detector were displayed on a 100-channel pulse height analyser gated 
to record until a specific charge had been collected by the Faraday cup. Absolute 
cross sections could be measured with an accuracy to +1°% using this apparatus. 


Table 1. Elastic Scattering of Protons by Cu 
Proton Energy (lab) = 9-47 + 0:05 Mev 


Oem (do/dQ).m, (do/d®)ons Cone (do/d). m, (do/dQ)ops 

(mbn sterad) (do/dQ)pitn (mbn sterad~') (do/dQ) pity 

32° 50’ 1760 + 30 0-90 + 0-017 76° 20’ 30:8 0:36 

36° 20’ 1235 0-93 79° 10° 33-5 0:44 

40° 0’ 830 0-91 83° 0' 34-91 0-54 +0-017 

43° 40’ 573 0-87 sie We 35-2 0:63 

45° 40’ 45449 0-81 +0-017 90° 30’ 36°3 0-74 

48° 30’ B32 0-75 94° 40’ 35-0 0-82 

50° 30’ 266 0-70 95° 40’ 33:3cr 10 0-80 + 0-025 

52° 10’ 2A 0-64 101° 20’ 30:4 0:87 

54° 10’ 167+5 0°57 +0-017 104° 20’ 27:4 0-85 

56° 30’ 132 0-53 109° 0’ 23:8 0-83 

58° 0’ 103 0-45 113" 50" 18-7+0-7 0-73 + 0-026 

60° 0’ 78 0:39 118° 40’ 14-2 0-62 

61° 50’ 69+2 0:38 + 0-009 123220. 11-1 0:53 

63° 50’ 53 0-33 128° 0’ 7:6 0-40 

65° 40’ 44-4 0-31 137° 20’ 6:2+0°8 0:37 + 0-040 

67° 30’ 41-4 0-31 146° 20° 5 0-38 

70° 30’ 3444+1:0 0:30+0-009 154° 40’ 8-9 0 64 

73> 20) 31-2 0:32 


In order to determine the correct elastic scattering corrections it was considered 
desirable to perform this part of the experiment using targets which presented 
the same surface density to the beam as those used in the absorption measurement. 
Consequently, two targets were used for each angular distribution; the first, being 
set normal to the beam direction, was used for scattering angles 6 in the range 
30°<6@<75° and 105° << 165°, the second being set at 45° to the beam direction, 
was used for 75°<@<105°. The beam energy at which these angular distri- 
butions were obtained was determined from the range of protons as measured ina 
nuclear emulsion (Ilford C2) using the range-energy data of Shapiro (1958). The 
value so obtained was found to compare well with that obtained from the constants 
of the scattering chamber and of the Faraday cup beam integrator unit on the 
assumption that the scattering from gold follows the Rutherford formula exactly 
for forward scattering angles. 

The differential elastic scattering cross sections for gold were found to follow 
the Rutherford formula closely for scattering angles below 70° and to fall off 
gradually with increasing angle above this value. The maximum (extrapolated) 
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deviation from the Rutherford formula was only 10% at 180°. The results for 
copper are given in Table 1; these measurements are in close agreement with 
earlier results obtained in this laboratory at a comparable energy (Greenlees, Kuo 
and Petravic 1957). In order to obtain the elastic scattering correction, the 
cross section data was integrated numerically over the relevant angular ranges 
and the energy E was adjusted according to the Rutherford 1 /E? relationship so 
as to be appropriate to the absorption measurements. 


§ 4. RESULTS 
The absorption apparatus was first tested without the absorbers in position to 
ensure that there was no asymmetry between the two counting channels. No 
evidence for such an effect was obtained. A measurement was next undertaken, 
with the absorbers in position, to discover whether the observed result depended 
on the bias level of the input circuitry. Bias settings of 25°% and 40% of the 


eo 2 ee a a a ee re 
Table 2. A Typical Set of Results 


Element Surface density Energy equiv. at 9-7 Mev 
Au 34-8 mg cm? 0-630 +0-006 Mev 
Cu 22-6 mg cm~? 0-638 + 0-006 mev 
Proton energy (lab) 9-30+0-05 mev 
R (8=48° 30’) 1:000328 + 0:000016 
1 
(R(@)—1) —1530+70 mbn 
Nou 
Nay (7 [d 
2a ie.) dQ +2840+70 mbn 
NouJ 6 \@2/ 1,40 
a (do 
a == dQ —420+10 mbn 
0 \@Q] acu 
® (Emax/ d?o 
{ | dQdE +29+6 mbn 
Od Enin dQdE non el,Cu 
Nau op(Au) +40+7 mbn 
Nou 
Energy balance correction +6+4 mbn 
Correction for finite beam pencil +15+3 mbn 
Correction for scintillator response variation —50+25 mbn 


Final value for o,(Cu) averaged over three runs = 930+ 70 mbn. 


Note. Probable errors are quoted in this table. 


peak pulse height gave counting rate ratios R(#) which differed from unity by 
(33 +2) x 10~> and (32 +2) x 10- respectively. These results set an upper limit 
on the magnitude of any bias dependent effects which might have been present. 
Unfortunately, the energy monitor was not used in this first experiment and the 
beam energy was uncertain to + 150 kev so that an absolute uncertainty of +9°% 
exists inthe resultant value for o,(Cu). This large error for an uncertainty in 
energy of + 150kev is due to the large Coulomb scattering from the gold (see 
Table 2). 

A second experiment was performed (with a different pair of absorbers) 
during which the beam energy was monitored using the system described 
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previously ; a result was obtained with a similar statistical uncertainty to that of the 
previous measurements. After being suitably weighted the several results were 
combined to give a single cross section. Before a final value for the total reaction 
cross section for copper can be obtained several corrections must be included. 
Apart from terms already mentioned, corrections are required for the lack of 
energy balance between the two absorbers, for the fact that a finite area of the 
absorbers is illuminated by the proton beam and also for the non-uniformity of 
response of the scintillator over its surface. ‘The magnitudes of these terms are 
quoted in Table 2, which is only representative of the three sets of results obtained. 
The total reaction cross section for copper was found from the weighted mean of 
three runs to be 930+ 70 mbn at 9-30 +0-30Mev. The total length of machine 
time required for this measurement was about 100 hours. 


§ 5. Discussion 


5.1. Proton Total Reaction Cross Section Data near 10 Mev 


It has already been mentioned that Meyer and Hintz (1960) have obtained 
values from the proton total reaction cross section for several elements at 9-85 Mey 
by the addition of the partial cross sections involved. Their cross sections do 
not include values for the (p, y) reaction but this is expected to be small 
(~1-2mbn). The value quoted by these authors for natural copper is 
7, =910+60mbn, this result being obtained as a suitable average over the two 
isotopes. ‘This result is clearly in good agreement with the present measurement 
of 930+ 70mbn at 9:30Mey. The value for Op at 9-30 Mev would in fact be 
expected to be less than that at 9-85 Mev (by about 30 mbn) owing to the reduced 
penetrability of the Coulomb barrier, but this could easily be masked by the 
experimental errors. 

The values of the (p, n) reaction cross sections for Cu and Cu used by 
Meyer and Hintz were 480+%mbn and 819 +75 mbn, respectively (the errors 
represent the spread in the existing measurements). Albert and Hansen (1961) 
have recently published new measurements for o (p,n) at 9-85Mev. These 
new values combined with Meyer and_ Hintz’s measurements yield 
o,=865+60mbn. Benveniste (private communication) has made measurements 
of the charged particle reaction cross sections for Cu at several energies. ‘These 
values together with Albert and Hansen’s o(p, n) results yield o, =921 +45 mbn. 
Combining the several measurements of all the partial cross sections without 
preference to any particular data we find Fp = 900 +56 mbn at 9-85 mev. 

Before the experimental values can be compared directly with predictions 
from optical model analyses, it is necessary to add the contribution to the total 
reaction cross section appropriate to compound elastic events. The compound 
elastic cross section for copper is expected to\be small on theoretical grounds. 
Experimentally, the existence of compound elastic scattering is generally assumed 
(Wall and Waldorf 1957) when the optical model angular distributions fall below 
the experimental values for large scattering angles where the Coulomb and shape 
elastic scattering is least and the compound elastic scattering of comparable 
magnitude. For the even A isotopes of nickel it is indicated that the compound 
elastic cross section is about 50 mbn (Greenlees and Rolph 1960), but no such 
effect is found for copper. The presence of compound elastic scattering would, 
of course, increase the experimental values of ine 
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5.2. Optical Model Analyses 


The elastic scattering angular distribution for copper at 9-75 Mev due to 
Hintz (1957), was first analysed by Glassgold e¢ al. (1957) using an optical model 
potential for which both the real and imaginary parts were described by the 
Saxon—Woods form factor (Saxon and Woods 1954). The angular distri- 
bution was found to be fitted equally well with several sets of parameters, the 
values for the total reaction cross section lying in the range 660-790 mbn. In 
this analysis polarization effects were not considered. Nodvik and Saxon (1960) 
have repeated the analysis using a potential which includes a spin-orbit term to 
describe the polarization data of Rosen and Brolley (1958). They found that 
the inclusion of the spin-orbit term gave rise to only second-order effects in op, 
the range of values predicted being unaltered. Definite preferred sets of 
parameters were obtained, however, the set giving the best fit to the data being 
associated with a value for o, =720 mbn. 

Now that experimental values for o, have become available it is clear that 
the predicted values are too low. In order to obtain values of o, from the 
optical model, which are as much as 200 mbn above the best fit of Nodvik and 
Saxon, it seems necessary to make some alteration in the form of the potential. 
There is some theoretical justification for the use of a surface absorption term 
rather than the volume absorption of the Saxon—Woods form-factor and also for 
extending the radius of the absorptive part of the potential beyond that for the 
real part (Shaw 1959, Gomes 1959). 

The need for a surface absorption is indicated by the analysis of neutron 
scattering work by Bjorkland and Fernbach (1958) who found that, in order to 
obtain a set of optical model parameters which do not change greatly between 
heavy and light nuclei, it was necessary to use a form-factor for the imaginary 
part of the potential well which is strongly peaked at the nuclear surface. ‘That 
this has not so far been necessary in proton scattering is probably due to the 
influence of the Coulomb potential. It has been indicated on theoretical grounds 
(Kikuchi 1959) that whereas a surface absorption is probably necessary below 
20 Mev its presence above this energy is not very realistic. This is interesting 
since the reaction cross section measurements for protons at 34 Mev (Gooding 
1959) and 61 Mev (Meyer, Eisberg and Carlson 1960) are in reasonable agree- 
ment with predictions from optical potentials using only a volume absorption 
term. 

Optical model analyses have recently been carried out by Easlea (1961) using 
an imaginary potential which combines both volume and surface absorption 
terms. The effect of varying the relative contributions of these terms was. 
investigated, as was also the effect of increasing the radius for the imaginary part 
of the potential well relative to that of the real part. The results of this work 
are published in an accompanying paper and will not be discussed in detail here. 
The main difficulty in arriving at a unique conclusion was due to discrepancies in 
the experimental data. Whilst, as discussed earlier in this paper, the reaction 
cross section measurements available for Cu agree within the experimental errors 
around 10 Mey, there are significant differences in the differential cross section 
data. Nevertheless, in order to obtain the required reaction cross section 
-and simultaneously obtain a good fit to any of the differential cross section and 
polarization data, it is necessary to use an imaginary potential with a peaking in 
the nuclear surface. ‘To obtain a fit it is not necessary to increase the radius of 
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the imaginary potential. Since different. radii for the real and imaginary 
potentials introduces an additional parameter it is a step to be avoided unless 
essential, 

Considering only the results (c, and differential cross sections) presented in 
this paper, Easlea was able to obtain an excellent fit to the differential cross section 
and predict a value of c, ~ 900 mbn using two sets of parameters; one set involved 
a purely surface imaginary potential of — 8-2 Mev and gave oy =920 mbn and the 
other an imaginary potential with a central value of — 2-9 Mev and a surface value 
of —5-8Mev, gave og=915mbn. These are both in good agreement with the 
present value of 930+70mbn. Both these sets of parameter give a good fit to 
Rosen’s polarization data (Rosen and Brolley 1958). 

In conclusion, the total reaction cross section for Cu obtained in the present 
work by a direct method, agrees with values obtained by an addition of the partial 
cross section involved, within the accuracy of the experiments; if such values, 
which fit the differential cross section data, are to be obtained from an optical 
model analysis it is necessary to use a surface peaking in the imaginary part of the 
potential used in the model. 
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Proton Scattering by Copper at 10 Mev 


By B. R. EASLEAt+ 
Institute for Theoretical Physics, University of Copenhagen, Denmark 


Communicated by G. E. Brown; MS. received 31st May 1961 


Abstract. An optical model analysis is given of the experimental data of Hintz 
at 9-75 mev and of Greenlees et al. at 9:30 and 9:47 Mev on the scattering of 
protons by natural copper. A sufficiently general form factor for the imaginary 
part W of the optical potential is used such that W can have a maximum value 
lying in any desired region of the nucleus. It is found that the absorption must 
be peaked at the surface of the nucleus in order to fit not only the polarization 
and differential elastic cross section, but at the same time to give the correct 
magnitude of the total reaction cross section. The available experimental data 
do not at present allow the determination of how much absorption occurs at 
the centre of the nucleus or whether the maximum of W should lie slightly 
beyond the half-way radius of the real part of the optical potential. 


§ 1. INTRODUCTION 


EVERAL calculations (Verlet and Gavoret 1958, Oda and Harada 1959, 
S Shaw 1959, Gomes 1959) have been carried out to determine the magni- 

tude and radial dependence of the imaginary part W of the optical 
potential. These calculations have predicted W to have a smaller value at the 
‘centre of the nucleus than determined empirically by optical model analyses 
which use only a volume absorption, i.e. a radial dependence for W given by 
the Saxon—Woods form factor 


1 
ar) = 1+exp [(r—R)/a] 


On the other hand none of the theoretical predictions agrees with such a radial 
distribution. Their prediction is rather that in the surface region W first rises 
to a maximum value some two or three times greater than its value at the centre 
of the nucleus before finally falling to zero far enough outside the surface. The 
calculations assume a nucleon density distribution given by f(r) and predict the 
peaking of W to take place at, or slightly beyond, the half-way radius R. 

Now although one or two of the simplifying approximations made for the 
surface region in the calculations cannot be justified (Gomes 1959, Weisskopf 
1959), nevertheless it is usually assumed that they ought at least to give some 
guide to the radial dependence of W and accordingly we have chosen a form 
factor for W in our phenomenological investigations which allows W to follow, 
if necessary, such a radial dependence. 


+ The greater part of this work was done while the author was a research student in the 
‘Department of Physics, University College London. 
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We may note here that Bjérklund e¢ al. (Bjérklund and Fernbach 1958, 
Bjorklund, Fernbach and Sherman 1956) have carried out an analysis of elastic 
Scattering and polarization data over a wide range of E and A using either pure 
volume absorption or pure surface (Gaussian form factor). Their conclusion 
was that surface absorption seems to fit the available data slightly better up to 
energies as high as 100Mev. Now a suitable optical model potential must at 
the same time fit the total inelastic scattering and, with the measurement of such 
reaction cross sections, it becomes possible to decide quite definitely between 
the two kinds of radial distribution. 

With this consideration in mind we have attempted to fit the available experi- 
mental data on proton scattering by natural copper in the energy range 9-10 Mey, 
choosing this particular nucleus and energy region for several reasons. Firstly, 
the copper nucleus is heavy enough so that compound elastic scattering should be 
small and the (p, n) thresholds for Cu and Cu, 4:21 and 216 Mev respectively 
(Marion and Fowler 1960), are both well below the energy region of 9-10 Mev. 
Hence one of the main decay channels of the compound nucleus is not blocked. 
(The author has found that the elastic scattering of protons by *8Ni at approxi- 
mately 9-5 Mev has too much scattering at backward angles to be fitted by the 
optical model. This is undoubtedly caused by compound elastic scattering 
since the incident proton energy is only just on the isotope’s (p, n) threshold of 
9:-46Mev. On the other hand, the evidence is that scattering by %Ni at this 
energy, (p, n) threshold 7-03 Mev, can be fitted much better by the optical model.t) 
Secondly, the copper nucleus is not deformed so that one can deal with spherical 
potentials. Finally, its Coulomb barrier is not so high as to prevent protons of 
low angular momentum from getting into the nucleus at the energies we consider, 
but is sufficiently high so that, together with the centrifugal barrier, it prevents 
those of high angular momentum from penetrating. ‘Thus the scattering is very 
sensitive to the details of the nuclear surface and particularly to the amount of 
absorption at the surface. 


§ 2. THE OpticaL PoTENTIAL AND ITs UsE 


The optical potential we have used may be written as 


V(r)=— ViA()—iw{h Maes ath Oh 


= fae 1) |? A Ne +iw LON, a= ifermi, eee (2) 


where f,(7) and f,(r) may contain different parameters, i.e. R,#R, and a, 4 ap. 

e Coulomb potential is obtained by solving Poisson’s equation assuming a 
charge density proportional to fir). V, W, wand w are the absolute magnitudes 
of the potentials such that — V is an attractive potential, —iW an absorptive one, 
while the spin up potential (J =L + 2, upper half of square brackets) is attractive 
and the spin down (J =L—}, lower half) is repulsive. For w the same sign 
convention is maintained and thus w effectively accounts for any difference in 
the density of J=L+4 and L—¥% levels. At the energies considered w has 
been found to be very small or zero. 


t Optical model analyses on new data for *8Ni and ®°Ni confirm these suggestions 
(G. W. Greenlees, private communication, Brown 1961, Greenlees and Rolph 1960). 
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We write the form factor for W(r) as 
d 
Sy(r)=kfy(r)—n a ae (3) 


There are three cases of interest. (i) Ifn=0 then g,,(r) has the radial dependence 
we refer to as volume absorption. (ii) If k=0 then g,,(r) is symmetrical about 
R,. We refer to this as surface absorption. (iii) If k is taken as unity and n 40 
(n> a,) then W is finite at r=0 and rises to a maximum at a value of r slightly 
less than R,. ‘This corresponds to the radial dependence of W calculated 


Variation of gw(r) with r 


1 


f(r) = ra 


; R= 5f,a=0.65f, k=1, n=6a 


l+e a 


0 1 2 3 4 5 6 7] 8 g 10 
r (fermi) 


Fig. 1. Curves illustrating the three different radial distributions used for W. Curve (1) 
shows pure volume absorption, (2) pure surface absorption, and (3) combined volume 
and surface absorption. 


theoretically. Fig. 1 shows g(r) plotted for the three different combinations 
of kandn. They are 


(1) k=1,n=0; (2) R=0,n=6a,; (3) k=1, n=6a,. 


The third case corresponds to a maximum of W just over twice the value at the 
centre of the nucleus and lying about } fermi inside Ry. 

If we define W(0)= We, W(R,)= Ws, and W(rmax)= Wmax and remember 
that R=r,A3, we see that /(r) may be completely specified by either 


Ajdsroifon (termi) V WeWwuw(Mev). es (1) 
or 
@,Qo%q,7max (fermi) VWeWmaxvw(MeV). tte (2) 


If a,=a, and/or R,=R, or rmax, as will usually be the case, then the suffices 
will be dropped and only one parameter quoted. 

The form factor g(r) introduces the possibility of using three extra para- 
meters compared with the usual single parameter of pure volume or pure surface 
absorptive potentials, which is simply the magnitude of W. In general we can 
have a,#a,, and we must choose the ratio of Ws/W, or Wyax/W, as well as the 
value of R, or rmax- However, the advantage of the optical model is that it is 
able to follow the broad trends of the elastic and polarization data over a wide 
range of EF and A with only regular systematic changes of its, up to now, six 
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parameters (or seven with Gaussian surface absorption). To fit also the reaction 
cross section og, both at a particular energy and to follow its energy variation, 
we do not of course wish to introduce more parameters than seems absolutely 
necessary. Hence we shall concentrate on keeping a,=a, and R, or rmax the 
same as R,. We shall be chiefly interested then in altering the ratio of surface 
to volume absorption and examining its effect on the elastic scattering and reaction 
cross section. We have not carried out time-consuming least squares analyses 
but rather investigated the more general behaviour of the optical model curves. 
As we shall show, the experimental data are not entirely consistent and while it 
is possible to draw certain conclusions without a least squares analysis we do not 
feel that such an analysis could at present decide either between particular 
choices of form factors or between the experimental data. Furthermore we must 
suppose that one may not be able to reproduce the data at all angles or the detailed 
energy variation using such an optical model. In particular the presence of 
compound elastic scattering, i.e. scattering through compound states, may give 
rapid energy variations. In such cases we believe that most attention should 
be paid to fitting data at small angles since the compound elastic scattering is 
small in this region relative to the scattering by the complex potential which is 
large at small angles due to coherence from many partial waves. With such 
theoretical biases we discuss now our analysis of the available experimental data. 


§ 3. THE EXPERIMENTAL DaTA AND THEIR ANALYSIS 


It will be instructive to examine first of all the extensive analysis of Hintz’s 
9-75 Mev elastic scattering data (Hintz 1957) already performed by Nodvik and 
Saxon (1960, to be referred to as NS) but with a volume absorption only. Fig. 2 
shows both the experimental data (plotted against 6, as the ratio to the Coulomb 
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Nodvik and Saxon best fit = 722mbn 
—a=0518 r=126 V= 549 W=- 8 W=4 w-7 w= 2 
(8) I Experimental results Hintz 


2 . 
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8°c.m. 
biel 


Fig. 2. Curve showing the best fit of Nodvik and Saxon to the elastic scattering 
data of Hintz. 


or Rutherford cross section) and the best fit reported by NS using a radius of 
t9=1-26 fermi. (This curve has been obtained from the author’s programme 
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using the parameters given by NS. The sole difference between the two. 
potentials is due to our use of a Saxon form factor for the charge density distri- 
bution.) Nodvik and Saxon noted that, within a range 1:20 <ry< 1-30 fermi, 
almost identical fits to the elastic data could be obtained by making use of the 
Vr." degeneracy (n ~ 2-35) and in Table 1 we reproduce their values relating the 


Table 1. 
ro (fermi) 1:20 1:23 1:26 1:28 1:30 
oz (mbn) 671 702 725 746 762 


total reaction cross section to 7. As a consequence of these results Nodvik and 
Saxon declared that a measurement of op to an accuracy greater than 5°% would 
be necessary to disentangle the Vr” degeneracy. However, we shall see that 
this ambiguity between V and 1, is, by itself, insufficient to allow the recently 
measured values of o, to be reached by a volume absorption alone. 

In addition, looking more closely at the best fit of NS, we see that for all angles. 
greater than @=50° the fit is excellent but between 20° and 50° there are four 
experimental points lying above the theoretical curve, the maximum point at 40° 
being nearly twice the standard deviation above. From our previous consider- 
ations this seems somewhat surprising, especially since NS found that there was 
no combination of parameters which removes the discrepancy between 20° and 
50° and at the same time preserves the fit for angles greater than 50°. However, 
a reasonable fit to the newer elastic data of Greenlees and Jarvis (1961) is possible 
in this region with only a volume absorptive potential. Hence the discrepancy 
referred to by NS may not be as serious as at first appears. The main point to 
note from the analysis of NS is that their reaction cross section was 762 mbn 
with ry) = 1-30 fermi and, since the fit to o(@) deteriorated using a larger radius, 
a value of about 780 mbn effectively represents their maximum reaction cross 
section. It is this upper bound of 780 mbn to o, which is far more worrying. 

Values for o, have recently been given by Hintz and Meyer (1960) at 9-85 mev, 
by Albert and Hansen (1961) at the same energy, and by Greenlees and Jarvis at 
9-30 Mev. Hintz and Meyer measured the cross sections for all reactions in 
which a charged particle is emitted. When this sum is added to the total (p, n) 
cross section a lower limit is obtained for oz. To this lower limit should be 
added the values of o(p, y) and o,,, but Hintz and Meyer claim the former to 
be of the order of only 1 or 2 mbn and the compound elastic scattering is probably 
very little greater for the reasons mentioned. (The good optical model fit at 
backward angles is also an indication of very little compound elastic scattering. ) 
Basing their estimate on rather conflicting measurements for the (p, n) cross 
sections of ®Cu and ®Cu Hintz and Meyer gave the value of o, as 910 + 60 mbn. 
Albert and Hansen remeasured these (p, n) cross sections to give og for Cu 
as 875+60mbn and for Cu as 855+60mbn. A mean value between these 
isotope cross sections gives the lower bound of o, for natural copper as. 
865 + 60 mbn. 

_ Greenlees and Jarvis measured og by a somewhat more direct attenuation 
measurement at the slightly lower energy of 9-30 Mev. Essentially they measured 
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the number of protons absorbed by the copper target by taking the difference in 
counts between the direct beam with no target absorber present and then with 
the absorber in place. heir final value for natural copper was og = 930 + 70 mbn. 
‘Thus the two measurements of Greenlees and Jarvis and Hintz et al. agree within 
the errors quoted although one might expect c, to rise as E increases since the 
protons are better able to penetrate the Coulomb barrier. 

These two values for op of 865mbn at 9-85 Mev and 930mbn at 9-30 Mev 
show the theoretical upper bound of 780 mbn for o, using only volume absorption 
to be low. For the moment we take the lower value of 865 mbn in analysing 
Hintz’s data and see what can be done to improve matters. 

In Fig. 3 we again show the best fit of NS (curve I) as well as one attempt, 
still using only volume absorption, to fit the forward data better (curve IT). 
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Fig. 3. Curves illustrating the effect of introducing surface absorption on the elastic 
scattering and reaction cross sections. 


However the fit at other angles is destroyed and a decrease in o, results. It does 
not seem possible to increase o, for the value of ry taken by using pure volume 
absorption and at the same time to maintain or improve the fit to the elastic data. 
Hence we introduce a surface absorption (curve III) given by W.=3, Ws=6 Mev; 
all other parameters are the same as for curve II. The effect is striking. With the 
sole exception of the minimum at 70° the elastic scattering is everywhere enhanced, 
and in particular the maximum at 40° rises to within the experimental limits. 
But corresponding to the increase in o(@) is a large decrease in op from 662 to 
625 mbn. At first sight the situation does not look encouraging. We have 
achieved a fit at forward angles only to lose it elsewhere and we have decreased 
oy When a large effect in the opposite direction is desired. However, since the 
increase in o(6) and the decrease in oy are caused solely by putting the absorption 
at the surface we see that this procedure alone is equivalent to increasing the 
reflectivity of the absorptive surface. ‘To compensate for this we ought to 
increase the diffuseness of both real and imaginary surfaces (a,=a,) both to 
increase o, and to restore the elastic fit at backward angles. Fig 4 (curve I) 
shows that a large increase from a=0-5 to 0-6 fermi is necessary and the 
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magnitude of V has to be decreased from 57 to 54 Mev to compensate for the 
increased range of the potential. 

This interplay between the diffuseness and the distribution of W brings about 
welcome improvements. Curve I shows that the fit to o(6) is now everywhere 
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T —a=06 6-124 V= 54 W=3 W= 6 w= 14.4 Oq=,785mbi. 
© (8) T[—-=a=0.6 =1.24 V= 54 We= 0 W,= B50= 12.0 oQ=[787mbn 
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Fig. 4. Two fits to Hintz’s elastic data with the absorption peaked at the nuclear 
surface. Note the increase in a. 


very good (note the forward angle fit between 20° and 50°) and, even better, the 
value of o, has increased from 625 to 785 mbn, a value some 70 mbn over an 
inferior fit to o(@) obtainable with only volume absorption. Curve II shows the 
effect of putting all the absorption at the surface. Both the elastic fit and the 
value of c, are comparable to those of curve I. Provided then that the absorption 
is peaked at the surface it is evident that the fit to both o(@) and cy can be improved. 

However, while a least squares analysis could now be used to improve even 
further the fit to o(@) we must note that c, is still some 80 mbn or so short of the 
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Fig. 5. Two fits to Hintz’s elastic data with pure surface absorption and a radius of 
79=1:30 fermi. The value of og is now experimentally acceptable. 
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value given by Albert and Hansen. ‘The only means we have left to push up the 
value of op is to use the Vr,” degeneracy which we achieve by increasing 79 to 
1-30 fermi. This is shown in Fig. 5 with only surface absorption. The fit to 
a(@) remains very good and og has increased from 785 to around 865 mbn. 
Curve II, with o, =868 mbn, is perhaps the best overall fit to both o(6) and og. 

Thus, taking Albert and Hansen’s value for the reaction cross section, we see 
that this extra knowledge both demands the absorption to be peaked at the 
surface and at the same time removes the Vr)” ambiguity by rejecting a radius 
of 1:24 fermi in favour of the upper limit region around 1-30 fermi. 

If however we suppose that c, is more in the neighbourhood of 900 mbn 
(remembering Greenlees and Jarvis’s value of 930+ 70mbn at 9-30 Mev) the 
question arises as to how we could push up og even further. The fit to o(@) 
deteriorates as rg is increased much over 1-30 fermi although this procedure 
certainly increases og. We can also achieve the same result by increasing a, to 
be about 0-05 fermi greater than a,._ Finally in Fig. 6 we show the effect of pure 
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Fig. 6. Effect of extending pure surface absorption beyond the half-way radius used 
for the real potential. 


surface absorption with its peak 0-48 fermi beyond the half-way radius R, of V. 
The diffuseness (a,= a.) is now 0-63 fermi and op is up to 902 mbn while the fit 
to o(@) is still acceptable. However, an extra parameter has been introduced 
and we do not feel that it is worth while to pursue this possibility further until 
there are strong reasons. In fact we shall show the value of 930mbn for oy 
given by Greenlees and Jarvis can be obtained quite easily when fitting their 
corresponding elastic data with a surface absorption. 

Before describing the analysis of their data we mention briefly our polarization 
fits to Rosen’s 10Mev data (Rosen 1959, unpublished Proceedings of the 
Tallahassee Conference). Curve IV of Fig. 7 shows the best fit of NS which is 
acceptable at all angles other than between 40° and 70°. However, we prefer 
to fit this forward angle data better if possible even if it means producing more 
structure at backward angles. It is reasonable to presume theoretical pre- 
dictions to show more structure than experimental values especially since the 
latter quantities are liable to inelastic contamination at backward angles. Thus 
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we feel curve I probably gives the best all round fit to the datat. It turns out that 
fits to o(@) are not very sensitive to such changes in the value of 2. 
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Fig. 7. Typical fits to Rosen’s 10 Mey polarization data. 


In Fig. 8 we have plotted the 9-75 Mev elastic scattering data of Hintz together 
with those of Greenlees, Kuo and Petravic (1957) at 9-37 Mev and of Greenlees 
and Jarvis at 9-47Mey. The two sets of data by Greenlees, Kuo and Petravic 
and Greenlees and Jarvis agree extremely well with each other between 30 and 
120° although there is a rather large difference in the backward angle scattering 


Nat. Cu 
1 9:-47MeV—a-0°65 r=130 V-470 W=0 W=82 w-i2 6,-920mbn 
I 9-75MeV---a-0-6! 1-130 V-47:5 W.-0 W=83 w-l2 6,-868mbn 


{ x Hintz 9:75 MeV, 6,-865*60 mbn(9'85 MeV) 
$ Greenlees et al. 9-37 MeV 


I Greenlees and Jarvis 9:47 MeV, 6-930*70 mbn _/ 
6 (0) (930Mev) 


6°c.m. 


Fig. 8. Comparison of fits to elastic scattering data given by Hintz and by Greenlees, 
Jarvis et al. 


+ Large polarization at backward angles has been found by Robbins, Grotowski and 
Greenlees (1961). In fact the polarization predicted using the parameters of curve I, 
Fig. 8, with v =12 mev is in excellent agreement with their data. 
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beyond 120°. However, as explained earlier, our preference in such cases is to 
fit the smaller angle scattering and we shall concentrate on the available data 
between 30° and 120°. As it turns out good fits in this region are about half-way 
between the two sets of data beyond 120°. 

We now compare the experimental data of Greenlees and Hintz between 30° 
and 120° remembering that one difficulty experienced with Hintz’s data was our 
inability to achieve enough scattering at 40°. In fact the maximum value of 
o(@)/c-(@) obtained using surface absorption and keeping the good elastic fit 
elsewhere lay at about 0-96 compared with Hintz’s value of 1-01+0-03. Green- 
lees’ data are lower in this region, about 0-92 + 0-02, and we shall show that this 
region can now be fitted very well with surface absorption and almost as well 
using only volume absorption. Hence this difficulty disappears. Also, how- 
ever, at 100° Greenlees’s results lie again lower than those of Hintz (at 100° 
Greenlees obtains 0-87+0-025 compared with Hintz’s 0-97+0-03). This 
difference is important because the position of the maximum at 100° determines 
the amount of diffuseness necessary and on this depends to a large extent the 
value of the reaction cross section. Because Greenlees’s maximum lies lower 
than that of Hintz, a diffuseness of 0-65 fermi is necessary when surface absorption 
is used (curve I), and this large diffuseness enables the large reaction cross section 
of 920 mbn to be reached so easily, combined with an excellent fit to the 9-47 Mey 
elastic data for all angles up to 120°. At the same time the fit to Hintz’s 9-75 Mev 
data is likewise good except around 40° (although the theoretical curve is never 
more than one standard deviation away from the experimental results) and Hintz’s 
value for o, of 865 mbn is also fitted well with surface absorption and a diffuseness 
of 0-61 fermi. 

Looking now only at the 9-47 Mev data of Greenlees we show in Fig. 9 that 
volume absorption is completely unacceptable even though the fit to the elastic 


Nat.Cu 9:47 MeV 
Jo a=0°57 5-130 V-49'5 W=72 W=3:6 w-l2 69-815 mbn 
[---- 0-064 r130 V-47-0 W=2:9 Wy5.5°8 w-12 6,915 mbn 
I— a-0:65 6-130 V-47:0 W.=0 W,-82 w=l2 6-920 mbn 


1 Greenlees and Jarvis 6,=950#70mbn / 
. (9:30 MeV) // 


10 i 


180 
@ cm. 


Fig. 9. Three curves illustrating how knowledge of og distinguishes between pure volume 
absorption and that peaked at the surface. 


data is about as good as with surface absorption. This is because og is only 
813 mbn which is certainly not high enough for the value of 930+70mbn by 
Greenlees and Jarvis. Even if we take the value of 865 + 60 mbn by Albert and 
Hansen it is still only just over the lower limit of a lower bound for og. Curve 
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II shows another good fit to the elastic data using a ratio of surface to volume 
absorption of 2:1. ‘The maximum of W lies at R, and is twice the value of 
W(2:9mev) at r=0. In this case og is 915mbn. Curve III is the fit with all 
surface absorption (co, =920 mbn) shown again for comparison. Hence, we see 
once again that one cannot easily distinguish between a volume and surface 
absorption fitting only elastic data but that, once reaction cross sections are 
known, it becomes imperative to place most of the absorption at the surface. 
Provided the ratio of surface to volume absorption is about 2: 1 or greater, equally 
good fits to both o(@) and o, can be obtained. 

It is of interest to see that the increase in o, which results from the combination 
of surface absorption and large diffuseness comes principally from the partial 


Table 2. Partial Wave Contributions to o,(/)(mbn) 


Volume absorption Volume + surface absorption Surface absorption 
We=72, W,= 3:6 We=2:9 Wax =0'8 W,=0, W,=8-2 
1=0 66 66 65 
1 159 153 149 
he, 243 284 276 
[=3 BAG) 255 267 
l=4 75 O07, 119 
=i) 22 35 38 
= 1 4 5 
l>7 0 1 1 
Gp (total) 813 915 920 


waves /=3 and 4. ‘This is shown in Table 2 where we give the partial wave 
contributions to o, for the three curves of Fig. 9. 


§ 4. CONCLUSION 


In analysing the available experimental data for protons scattered by natural 
copper in the energy range 9-10 Mev we have been interested mainly in the changes 
necessary in the optical potential, if any, which have to be made when fits to og 
are attempted at the same time as the more usual fits to o(@). We found in fact 
that fits to o(@) are not very sensitive to the distribution of W in the nucleus but 
that fits to co, demand W to be peaked in the surface region. 

It is difficult to say anything more definite than this. Fits to both o, and 
o(@) with either a ratio of surface to volume absorption of 2:1 or with all surface 
absorption seem equally good. However, since we know theoretically that some 
absorption does take place well inside the nucleus it is reasonable to assume that 
the former radial dependence is the more appropriate one. ‘This then agrees with 
the distribution of W predicted theoretically in the surface region. 

The disagreement between the elastic data of Hintz and Greenlees et al. 
seems too great to be due to an energy difference of about 0-3Mev. Preliminary 
data by Meyer and Beneviste (private communications) in this energy range also 
appear to be somewhat conflicting in the heights of the two maxima at 4° and 
100°. For a more thorough analysis it would be desirable for the elastic data to 
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agree and for the experimental errors in op to be reduced if possible. For 
example, consider a possible fit to both Hintz’s elastic data and the upper limit 
of approximately 1000 mbn for o, given by Greenlees and Jarvis. ‘Then the 
difficulty experienced in reaching a value for cy as high as 900 mbn makes such 
a fit appear extremely improbable even with all surface absorption extended 
beyond the half-way radius of V(Fig. 6). On the other hand if we take the 
lower limit of 800 mbn as given by Albert and Hansen and try to fit Greenlees’ 
elastic data, then in fact we could do so using only volume absorption. While 
neither of these extreme cases seems likely the possibility indicates how welcome 
further experimental clarification would be. If however we take og to lie between 
850 and 950 mbn and the elastic data to lie somewhere between those of Hintz 
and Greenlees et al, then the conclusion is unavoidable that W must be con- 
centrated at the surface of the copper nucleus. 
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Abstract. ‘The reaction Pt(n, «)Os has been investigated by a nuclear emulsion 

_technique, using the thermal neutron flux of the Pennsylvania State University 
reactor. A semi-empirical range-energy relationship has been developed for 
«-particles in platinum and has been used for the evaluation of data. ‘Two groups 
of alpha particles have been observed with certainty, corresponding to Q-values 
6:9+0-3 Mev, and 8-5+40-3mev and have been identified with reactions 
194Pt(n, «)!Os and !%Pt(n, «)!*Os respectively. A probable group of alpha 
particles corresponding to Q-value 12-1+0-3 has been associated with the 
reaction 8Pt(n, «)!®Os. 


§ 1. INTRODUCTION 


HE aim of the present investigations was to establish the existence of (n, «) 

| reactions for five isotopes occuring in natural platinum by the bombardment 

with thermal neutrons. The available mass data (Wapstra 1958) for 
platinum and osmium indicate positive Q-values for (n, «) reactions. 


§ 2. EXPERIMENTAL DETAILS 


The Pennsylvania State University reactor provided the thermal neutron 
flux. The natural platinum targets used in the experiment consisted of foils 
sandwiched between 400 Ilford G5 electron sensitive emulsions. The electron 
sensitive plates were used in order to detect any beta particles originating from 
the same point as an alpha particle in the emulsion and would thereby aid in 
establishing a reaction. In the interests of resolution of the different Q-values, 
the platinum foil was chosen as thin as possible. However, consideration of 
the Coulomb barrier indicated a relatively low reaction cross section, and a com- 
promise had to be reached as regards the minimum number of observable events 
acceptable for measurement. This number was limited by the fact that gamma 
radiation which blackens the plates was also present in the thermal neutron flux. 
Consideration of these factors and preliminary trial exposures indicating that a 
foil thickness of 2-54,. was about the optimum under the existing conditions. 
The plates were placed inside a lead container and exposed for one minute in 
front of the thermal column, the reactor operating at a power level of 1 kw. 


§ 3. MEASUREMENTS AND CALCULATIONS 


The plates were examined after development with Leitz Ortholux microscoper, 
By calibrating the microscopes and determining the emulsion shrinkage factos. 
the ranges R corresponding to energies E, (see Fig. 1), of over 1300 alpha particle 


+ Work supported by U.S. Atomic Energy Commission. 
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tracks were measured. Only those tracks which entered the emulsion from the 
surface were taken to be originating in platinum and were considered for measure- 
ments. ‘The angles which each track made with the surface of the emulsion were 
similarly determined. 

With this information, the energy £, which each particle had or would have 
had at the centre of the foil, on the trajectory defined by the microscope measure- 
ments, was calculated. It was intended to determine the different Q-values by 
taking the values of E, at which peaks in the £, spectrum occurred. Particles with 
E, values near to one of these peaks would in general correspond to their being 
produced in the immediate vicinity of the centre of the foil. 


ay 
B ’ 
Platinum Fs waite Orie 
| ig? es 
Weg seep A ye 


i 
i) xX emulsion 
Tepe Fe 
oy Emulsion 
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Fig. 1. Schematic representation of the path of an alpha particle. 


‘To determine the energy E, it was necessary to develop a range—energy relation 
for alpha particles in platinum. The passage of a heavy particle through matter 
is described by the well known relation (Evans 1955): 


4 2 2 
A OEP Bare ge (= ) gh) (1) 
ov I 


where m, and ¢ are the electronic mass and charge, ze the charge of the particle, Z 
the atomic number of the absorber, N the number of atoms per unit volume of the 
absorber, and J the average excitation potential. The above expression is valid 
for 24/1378 <1 and B>Z/137. By integrating and substituting the parameter 
values appropriate to the description of the passage of an alpha particle through 
platinum, Eqn (1) becomes : 


R=1-084Ei (log0-470B2) a (2) 


where R microns is the range of an «-particle of energy E Mev in platinum and 
FEi(«) is the exponential integral 
: oe alos 
Bi(s)= [| du 
whose values are known (National Bureau of Standards, 1940). 

Although the conditions mentioned above are not satisfied for alpha particles 
of about 10 Mev in platinum, an equation similar to (2) was derived for lead, and 
the theoretical range values so calculated for «particles compared favourably 
with the values given by previous workers (Aron, Hoffman and Williams 1953, 
Whaling 1958). For this reason, Eqn (2) was taken to be valid for «-particles in 


platinum. 
To determine E, a function K(R) was defined by 


Ryrii-R 
K(R)— 2eti7te-1 
f ) R'g41—R'p-1 
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where R,., and R’,,, are the ranges in microns of «-particles of energy 
(£ + 1) Mev in emulsion and platinum respectively. The former can be obtained 
from the data of Rotblat (1951) and the latter from Eqn (2). The function K 
was constructed empirically in order that once the distance AB = d was determined 
_ from the miscroscope measurements, the equivalent distance Kd, which would 
represent the distance travelled in the emulsion by an alpha particle between the 
same two energy limits, #, and E,, could be obtained. It was found that the 
function K could approximately be represented by the form K=0-0112R+2-72 
within the limits of R, the range in microns in emulsion of a particle of energy 
Emevy, which were going to be used. An approach of this type is justified 
because it is used to determine FE, — E, =AE which is only a small fraction of the 
energy Ey. 

Accordingly E, Mev is the energy of a particle describing a path of length R, 
microns in emulsion where, since K varies only very slowly with R, R, is given by 

WSR 2A COE UNE A E 8  E rr (3) 

The calculation indicated in Eqn (3) was performed for some 1300 tracks measured 
and the R, spectrum obtained. 


§ 4. ResuLts AND Discussion 


The number of «-particle tracks has been plotted as a function of the corrected 
range, R,, for a total of over 1300 events as shown in Fig. 2. 

It can be noted from the figure that there are two maxima of different intensities. 
corresponding to R, =34-1 and 43-9. A probable third group of much smaller 
intensity is observed at R,=77-8. The Q-values derived from the values of 
R, at the maxima are given in the Table together with the values obtained from 


mass data. 
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R, (microns) 
Fig. 2. Corrected range spectrum of 1300 alpha particle tracks. 


The experimental O-values agree well, within experimental error, with the 
values obtained from mass data. ‘There is no evidence of a peak around 5:24 Mev 
_ corresponding to the target nucleus **Pt at 25-4% relative mass abundance. ‘This, 
however, can be explained by examining the range-energy relation (2) together 
with the following fact: in order to make a measurement of the length R of any 
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Q-values obtained from Experiments and from Mass Data 


Reaction Mass data Q-value Observed Relative mass 
(Mev) Q-value (Mev) abundance of 
target 
192Pt(n, «)18°Os 9-40 no evidence 0-:78% 
193Pt(n, «)19°Os 12-12 12-1 0:3 0-095 
20Pt(n, of). °4O5 7:02 6:9+0-3 32:8% 
T85Pt(n, &)2°2Os 8-39 8:5 £0:3 33°75 
196Pt(n, «)198Os 5-24 no evidence 25-4% 


—_—— OO COOOL 


track in the emulsion with tolerable error, the minimum range acceptable for 
measurement was about 20. According to the relation (2), a 5-24 ev particle 
can travel through no more than 0-954 of platinum before entering the 
emulsion with sufficient energy to describe a track at least 20 u long and qualify 
for measurement. This means that a very small number of these tracks would 
actually be observed in the experiments. Furthermore, those that were counted 
would originate from a region close to the emulsion surface of the foil and would 
consequently be overcorrected for their energy loss. Thus, their E, values are 
not truly representative of the actual Q-value. 

Additional confirmation of the identification of the 6-9 Mev peak with the 
reaction 1Pt(n, «)!®1Os was obtained from the fact that the 1%Qs nucleus is not 
stable but decays by the emission of a 0-143 Mev electron (Rey and Baro 1958). 
In some fifty cases, beta particle tracks of about this energy were observed origi- 
nating from the same point as alpha particle tracks. The R, spectrum of these 
particular «-particle tracks indicated fairly well that particles concerned were 
associated with the experimental Q-value of 6-9 Mev. 

The decay of excited states of medium and heavy elements has been well 
studied and has been compiled in many review articles (National Research 
Council Nuclear Data Sheets, 1961, Stroninger, Hollander and Seaborg 1958). 
No gamma rays of the right energy have been reported that suggest that, within 
the limits of experimental error, the observed peaks are due to transitions other 
than to the ground states of different osmium end-products. 

The 9:39 Mev Q-values were not observed in the experiment which might be 
due to low abundance, 0-78°%, of the isotope 19?Pt. However, there is an indi- 
cation of a small peak for the target 13Pt although its mass abundance is of the 
order of only 0-1%. 
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Abstract. Ilford G5, 400u thick nuclear emulsion plates were bombarded by a 
hardened x-ray beam of energy 5-90 Mev. Altogether 54433 fields of view were 
examined, the volume of each field of view being 120u x 150 x 220. A total of 
21887 pairs, 1935 triplets, 106 quartets, 10 quintets and one sextet have been 
observed. Frequency of occurrence of multiplets, (quartets, quintet and sextet), 
together with the energy distribution of the small energy partners of the multiplets 
have been presented. Possible explanations of the origin of multiplets have been 
discussed. 


§ 1. INTRODUCTION 


sTUDY of the electron—positron pair and triplet production in nuclear 
uN emulsion is being completed at this laboratory. Ilford G5 nuclear 
emulsion, 400. thick, was exposed to a hardened x-ray beam from the 
National Bureau of Standards electron synchrotron. The incident photon 
spectrum extended from 5 to90 Mev. While these plates were being scanned in 
search of pairs and triplets, there were observed events in which four, five and six 
electron tracks originate from the same point. We refer to these many-track 
events as ‘multiplets’. Some examples are reproduced in Fig. 1 (Plate). ‘There 
was no magnetic field present, and therefore no way to discriminate between 
positron and electron tracks. In every one of these events most of the energy 
is shared between two fast particles and the remaining tracks correspond to 
electrons with energy less than 0-5mev. ‘There is good reason to believe that 
the events in question are not examples of multiple pair production, but consist 
of multiple ionization in single pair production. The ratios of production; 
pair/triplet/quartet/quintet/sextet, fluctuate strikingly little around a mean value 
of about 12:5, for the mixture of elements in G5 emulsion for which the average 
value of Z is 13-3 and the root mean square value of Z is 21-5. 


§ 2. RESULTS 


Altogether 54 433 fields of view of the microscopes were examined; the volume 
of each field of view was 120u x 150ux220u. In the volume of emulsion ex- 
amined there were observed 21 887 pairs, 1935 triplets, 106 quartets, 10 quintets 
and 1 sextet. 

Fig. 2 gives the distribution of the sum of the kinetic energies of the low 
energy tracks of each event. The abscissa is the sum of the two lowest energies for 
quartets, three lowest energies for quintets and four lowest energies for the sextet. 
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The ordinate is the number of events in each total-low-energy bin. No distinction 
is made between different multiplicities or between different photon energies in 
this figure. 


Number of Events 


a 0 
| | | 


O 100 200 300 400 


Energy (keV) 


Fig. 2. The ordinate gives the number of events whereas the abscissa represents the sum 
of the kinetic energies of the small energy partners of multiplets. 


§ 3. Discussion 


It is necessary to show that the multiplets are not due to the chance occurrence 
of two or more small energy background electron tracks born at the origin of a pair 
or of a triplet. ‘Two independent studies were made to estimate such a chance 
occurrence. ‘The first method consisted of scanning about 900 fields of view from 
different plates. The aim of this experiment was to determine the number of 
small energy electrons, pairs and triplets born per field of view of the emulsion and 
to calculate the probability of a false multiplet due to the chance occurrence of two 
or more small energy electrons at the origin of a pair or of a triplet. The average 
number of small energy electrons, pairs and triplets observed per field of view were 
respectively 31-20, 0-26 and 0-02. With these data it can be shown that the 
probability of small energy electrons born within O-4u (average grain size) of a 
pair or a triplet thereby giving a false multiplet is indeed very small. 

The second method of estimating the chance occurrence of a false multiplet 
consisted in counting the number of small energy electron tracks ending at the 
origin of a pair or of a triplet. This number will then give the actual false 
multiplet, since the probability of a small energy track’s ending at the origin of 
a pair or of a triplet is the same as the probability of its being born at the origin. 
Some 500 pairs and 100 triplets were specially studied in search of false multiplets. 
None was observed. 3 

It was therefore concluded that the multiplets observed in the experiment 
represented the real events. 

It seems unlikely that the events under discussion involve multiple pair pto- 
duction, because the ratio of the double pair production cross section to that for 
single pair production is expected} to be of the order of (e?/hc)* = (19 000). 

t W. Heitler (The Quantum Theory of Radiation, 3rd edition; Oxford, 1954) gives an 
estimate on p. 228 which differs from that quoted above. Heitler’s incorrect estimate 
seems to result from an invalid extrapolation (originally suggested by J. E. Hooper and 


D. T. King, Phil. Mag., 41, 1194, 1950) of the ‘ substitution law’ to multiple events. 
Multiple pair production is expected to be even rarer than emphasized by Heitler. 
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On this estimate we should have seen only about 22 000/19 000 ~ 1 quartet, whereas 
we have 106 quartets, an excess of two orders of magnitude. One can perhaps 
get some feeling for the nature of the effects involved here as follows. Suppose 
that a pair production takes place in the field of one of the atomic electrons in the K 
shell, and that the atomic electron thereby acquires a recoil momentum g. The 
electron will have left the K shell, with a kinetic energy of the order of E, = q?/2m, 
in atime of the order of T=(a,,,,/Z)/(q/m). Its removal will constitute a pulse of 
electromagnetic field containing frequencies up to w = 1/7, and may thus transfer 
energies as high as E,=(Zqh)/(ma,,,,) to the other K electron. For g~mc we 
have E, ~ 4mc* and E,~ (Z/137)mc?. For the highest Z in emulsion, these energies 
are seen to be comparable with the observed quartet recoil energies. (This 
argument is evidently very rough, neglecting relativistic corrections and binding 
energies, and is intended only as an order-of-magnitude interpretation. ) 
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Abstract. The isotope shifts in the singlet resonance line of CdI have been 
observed. ‘The line was excited by electron bombardment of an atomic beam 
and the high resolution was obtained with a Fabry—Pérot interferometer. The 
shifts measured in this line (A2288A) are compared with those previously 
measured in the intercombination resonance line (A 3261) to show that the specific 
mass effect is small. Comparisons are made with similar measurements in 
magnesium, zinc, and strontium. 


§ 1. INTRODUCTION 


the field or volume effect. In the light elements the observed shifts can 

be accounted for by the mass effect while in the heaviest elements the shifts 
are attributed to the field effect. The mass effect can conveniently be separated 
into the normal mass effect and the specific mass effect (Hughes and Eckart 1930, 
Bartlett and Gibbons 1933, Vinti 1939, 1940). The normal mass effect is easily 
determined from a simple reduced mass calculation and thus can be taken into 
account in all atomic energy levels. The specific mass effect, on the other hand, 
requires the computation of a number of integrals involving the products of 
radial wave functions of the atomic levels, and, except in the case of helium, has 
achieved only moderate success. Both mass effects decrease with increasing 
atomic number but it is not certain where the specific mass effect can be neglected. 
It is possible, however, to make an experimental estimate of the specific effect by 
comparing the shifts in a pair of lines. Such a pair is the singlet and inter- 
combination resonance lines of cadmium. 

The singlet resonance line 12288 (5s? 1S,-5s5p 'P,) and the intercombination 
resonance line A3261(5s? 1S,-5s5p #P,) have a common lower level. The upper 
levels arise from the same (5s5p) electronic configuration. The field effect shift 
of either a py Or a Psp electron is small compared to the shift due to an s electron 
so that the shift arising from the field effect should be the same in both these lines. 
The specific mass effect, however, predicts that the shifts of these two lines should 
differ by an amount depending only on K(5s, 5p), one of the specific mass integrals 
in the notation of Bartlett and Gibbons (1933). 

Isotope shifts in A3261 have already been reported (Kelly and Tomchuk 
1959). ‘The shifts observed in 42288 are reported here, and are compared with 
the shifts in A3261. Similar comparisons in lighter elements have been made 
for zinc (Crawford et al. 1950), magnesium (Kelly 1957) and strontium (Hughes. 
1957). 


T are two causes of isotope shift in atomic spectra, the mass effect and 
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§ 2, EXPERIMENTAL ARRANGEMENTS 


The singlet resonance line was excited in the atomic beam source used for the 
study of 43261. The collimation of the beam was such that the calculated source 
line width was 0-:002cm-!. The line was isolated with a Hilger medium quartz 
spectrograph and the high resolution was supplied with a quartz Fabry—Pérot 
interferometer mounted externally to the spectrograph. A 10cm spacer was 
used. The reflectivity of the aluminium films at A2288A was estimated to be 
80% from the measured transmission coefficient in the blue and the curves of 
Burridge, Kuhn and Pery (1953). The patterns were recorded on Ilford QI 
and QII plates with exposure times up to two hours. 


§ 3. RESULTS 
The line A 2288 was resolved into three closely spaced components. ‘Twenty- 
five exposures with structure in two to five orders were measured five times by 
‘each of two observers. Microphotometer measurements were not satisfactory 
due to the curvature of the fringes. ‘The three components are designated A, B 
and C with A having the highest frequency. The measured separations are 
Av(A;,B)=16-3 0-3 x 104 cm 
AY(B;, C)=12)5 20-5 x 10-tem=?. 
The errors quoted are the average deviations from the mean multiplied by 0-68. 
The assignment of component A to a blend of components due to isotopes 
110 and 111, component B to a blend of components due to isotopes 112 and 113 
and C to isotope 114 is consistent with visually estimated relative intensities. 
The unresolved separations of the isotope pairs (110-111) and (112-113) 
were assumed to be in the ratio found in 43261, and, by Kuhn and Ramsden 
(1956), inA4416. Then, if we use the relative abundance as a weight factor the 
separations between even isotopes can be calculated. These calculations give 
Av(110-112) = —17-:0+ 0-6 x 10-¥§ cm 
Av(112-114) = —13-2+ 1-0 x 10-?¥cm, 
In this the error has been doubled to allow for the extra uncertainties introduced. 
We also assumed that the magnetic hyperfine structure in the 1P, level is negli- 
gible. ‘The negative sign means the lighter isotope has the higher frequency. 
A plot of theoretical curves shows that the influence of isotope 116 on the 
position of isotope 114 is much less than the experimental error. 


§ 4. Discussion 
The isotope shifts between even isotopes in the singlet (A 2288) and the inter- 
combination (A3261) resonance lines may be analysed in a manner similar to that 
used for the Zn1 resonance lines (Crawford et al. 1950). 


Table 1. Isotope Shift in Cdr (in 10-*cm~) 


2288 3261 
110-112 112-114 110-112 112-114 
Observed shift —17-0 —13-2 — 16-3 —13°5 
Normal shift + 3-4 + 3:7 + 2:7 + 2:6 
Residual shift (Av) —20:9 —16:9 —19-0 —16-1 


3261-2288 (S(Ar)) +19 + 08 
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The residual shift (Av) is the observed shift minus the normal mass shift. 
The differences between the residual shifts are +1:9+ 1-1 for (110-112) and 
+0-841-4 for (112-114). These two values ‘agree within experimental error 
and the average is +1:3+41:-3. 

The difference between the isotope shifts in the triplet and the singlet resonance 
lines according to the specific mass theory (Bartlett and Gibbons 1933) is 


6(Av) (triplet-singlet) = ~4 Rm — my K(ns, np) 
where R is the Rydberg constant (cm~), m the electron mass, M,, M, the nuclear 
masses (M, >M,), and K the specific mass integral which is intrinsically negative. 
The data for Mg (Kelly 1957), Zn (Crawford et al. 1950, Hately and Littlefield 
1958), Sr (Hughes 1957) and Cd for the shifts arising from isotopes differing by 
two neutrons are summarized in Table 2. 


eee, 


‘Table 2 
5(Av) 
n Triplet—singlet K(ns, np) 
(x 10 cm) 
Meg 3 +57:9 41:6 — 0-076 + 0-002 
Zn 4 “HO ats) —0-091 + 0-014 
Sr 5 + 3°06, £458 — 0-033 + 0-024 
Cas fede) co dieg —0:03 +0:03 


i eee 


The value of the specific mass integral K(ns, np) is not very sensitive to the 
value of the principal quantum number n, and for n=5 appears to be decreasing. 
The factor AM/M,M, in the heavy elements will reduce the resulting specific 
mass shifts to small values. Consequently in the heavy elements one can expect 
to obtain specifically nuclear data from the observed isotope shifts. 
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Abstract. ‘The rotational analysis of twenty bands of the E-x system of SiS has 
been carried out. The system arises from a transition 1X*—1X+, and, 
unexpectedly, no perturbations have been detected in FXX*. Constants (in 
cm~*) for the state E4X*, valid for 0<v<7 are as follows: 
T,=41743-8,, G, =406-8, (v+ 4)—1-95, (v+ 4), 
B,=0-2213,—0-0013, (w+ $)— 14,5 x 10> (vw +4). 
It seems probable that the state E is the 'X* state arising from the configuration 
Eaysteries mo*7*, analogous to the state B'X+y of the isoelectronic molecule P,. 


§ 1. INTRODUCTION 


RESENT information about the lower lying electronic states of CO and of 
similar molecules, such as CS, SiO and SiS, indicates that they arise from 
the three configurations 


yao MS qo2—x yt Beever na) (Li) 
Wie tee won* II, 11 seererer te) 
wee Wem — lt, uy at a, LA, PA. fae stes (3) 


The absorption systems allowed in Hund’s cases a and 6 are I< x'X* and 
1y+<x!X+*. Rotational analyses of the well-known longest wavelength 
absorption systems of SiO and SiS have shown that they arise from transitions 
J<1>+ (Lagerqvist and Uhler 1953, Barrow 1946), and studies of pertur- 
bations in the 1II states (Lagerqvist, Nilheden and Barrow 1952, Nilheden 1955) 
have provided information about some of the other states which arise from con- 
figuration (3). 

It was therefore of interest to examine the rotational structure of the second 
ultra-violet system E-x. For SiO this lies in the Schumann region (Barrow and 
Rowlinson 1954), but in the case of SiS the most readily observed bands lie 
between about 2200 and 25004 (Vago and Barrow 1946). ‘The present paper is 
concerned with the rotational analysis of bands of the E-x system of SiS. 

Experimental details have already been given. Measurements and analyses 
were carried out independently in Stockholm and in Oxford. 


§ 2. ANALYSIS AND DIscussION 


All the bands show a simple structure of single R and P branches. Rather 
surprisingly, by comparison with the p'II state, no perturbations were detected. 


PROC. PHYS. SOC. LXXVIII, 6 3.0 
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The analyses were straightforward since values of the ground state combinatio: 
differences A,F”(J) were available from earlier work. Constants for the ED: 
state were calculated from those of the ground state, using the relation 
RU —1)+ PW) =2)+2ABJ (J +1)—2ADJ2(J2 +1). 
The results are given in Table 1. 
The constants derived in this way for the state E1D+ fit well with those obtainec 
for other states believed to arise from the configuration...... o*737*, as may be 


eee 
Table 1. Constants for Bands of the E-x System of SiS 


Band T', Tea oe Be By By 
v', vu" mean value calculated mean value calculated 
7-1 44481-89 44481-89 44481-98 0-20997 0-20997 0-20996 
6-1 102-47 102-40 102-48 0-21165 0-21167 0:21160 
6-2 102-30 0-21170 

5-1 43719-19 43719-20 43719-07 0-21321 0-21320 0-21320 
5-2 719°24 0:21320 

5-3 719-16 021320 

4-1 83172 331-88 331-76 0-21481 0-21475 0:21476 
42 331°55 0:21476 

4-3 332-03 0-21476 

4-4 332-37 0:21462 

3-1 42940-61 42940-48 42940-55 0-21621 0-21633 0:21629 
3-2 940-42 0:21634 

3-3 940-37 0-21643 

3-4 940-62 0-21628 

2-1 545-04 545-34 545-43 0-21782 0:21779 0-21779 
2-2 545-42 0-21781 

2-3 54547 0-21775 

1-2 146-48 146-45 146-41 0-21925 0-21924 0-21925 
1-3 146-43 0-21924 


0-2 41743-86 41743:86 41743-49 0:22067 0-22067 0:22067 
(1) The following ground-state constants were used in the calculations: G,”=749-69 
x (v+4)-2'58 (v+ 3)’, By” = 0-303 63-0-001 49 (v+4); (2) amean value, D’ = 2:6 x 10-7 cme 
was used; (3) the calculated values of 7',, and of B, are with T)=41 743-49 cm-, 
G,=406°83 (v + 3)-1-95, (v +3)", B,=0-221 37- 0-001 39 (v + 4)-1",, x 10-5 (w+). 


Table 2. States of the Configuration .. . 73a2x* 


co SiS 
State dh w/ wy B/Bx State Ty w/ wy B/Bx 
B1D+ 41915 0:54 0-73 
112-t <66380 30-48 >0-75 11> <37290 +0:54 >0-70 
CA)t  <66230 — > 0-83 F(1A) 37114 0-59 0:75 
e®x-t 64803 0-50 0-66 e*=- $35140 250-54 20-73 


d (@A)§ 61824 0:52 0-65 

a’ SDt+t 55354 0-57 0-70 
} See references given by Lagerqvist, Nilheden and Barrow (1952), 
} Herzberg and Hugo (1955), 
§ Mulliken (1958). 
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seen from the values given in Table 2. It is probable too that the state & of SiS 
is analogous to the well-known state B'X,,+ of the isoelectronic molecule P, (see 


Table 3). 


Table 3. 

Molecule State De @e/ W(X) B,/B,(x) 
SiS E1L+ 41915 0:54 0-73 
Pat B1x,+ 46943 0-61 0-80 
SiS pil 35027 0-68 0-88 
Pot AS 34515 0-79 0-91 


+ The data for P, are from Douglas and Rao (1958). 


At this point some evidence is available for six of the nine electronic states 
arising from the configurations (1), (2) and (3). Analysis of the visible emission 
bands of SiS may provide further information, and it might be that a study of 
the absorption spectrum in the visible region with long paths would reveal the 
forbidden *II—x!X+ system. Apart from the fact that no state of CO analogous 
to state E of SiS is yet known, there is no evidence yet to suggest that the lower 
excited states of SiS are other than similar to those of CO. 
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On Perturbation Calculations for the x-Electrons and their 
Application to Bond Length Reconsiderations in Aromatic 
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Abstract. An alternative method for calculating the atom-atom, atom—bond, 
bond-bond and other polarizabilities in z-electron molecules, originally due to 
R. D. Brown, is extended to deal with orbital degeneracy. It is then applied to 
a new discussion of the bond lengths in certain aromatic hydrocarbons. A 
simple and partly self-consistent method of calculation is developed, which 
yields results in satisfactory agreement with recent accurate experimental 
measurements. 


§ 1. INTRODUCTION 


NE of the simplest and relatively powerful methods in quantum chemistry 
(*) is the LCAO MO theory of z-electrons in planar aromatic hydrocarbons. 
This method is particularly simple in the Hiickel approximation (Hiickel 
1931, 1932), and all our subsequent theoretical analysis will be in terms of it. 
Since this standard method is discussed both in papers (e.g. Hiickel 1931, 1932, 
Coulson and Longuet-Higgins 1947 a, b) and in books (e.g. Daudel, Lefebvre and 
Moser 1959, Coulson 1961) there is no need to do more than recapitulate the 
notation and a few of the basic equations. Our present paper is concerned with 
the development of a simple form of perturbation theory within this framework, 
and its application to the calculation of bond lengths. 
The normalized molecular orbital ys, of a particular z-electron is approxi- 
mated, in Hiickel’s theory, by a linear combination of atomic 2pz orbitals ¢,: 


n 
b= > Coop =Co.. a ee (1) 
r=1 
In (1) C,, is a column vector with elements ¢;1, Cz2, . . - Cyn 3 C;,t is the transpose 
of C,, and is a column vector with elements ¢,, do,...¢,. The index k 


enumerates the MO #,, whose energy is «,. An important concept in this theory 
is the Hamiltonian matrix H; its elements are given by 


Hee | $#Hbde=o,. 2) aii (2) 


He | (:t116,dc= pe (3) 


It is most frequently assumed in this theory that when dealing with hydro- 
carbons we may put all Coulomb integrals «, equal («,=« for all r), and all 
resonance integrals f,,, for neighbour carbon atoms equal (8, = for all neighbour 


+ Now at The Department of Theoretical Chemistry, Jagellonian University, Krakow, 
Poland. 
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r,s). The remaining f,, are put equal to zero. We usually take « as the zero of 
energy and f as the unit in which it is measured. 

Let us denote by € any perturbation parameter. In a particular case € may 
be a change of one or more Coulomb integrals, or one or more resonance integrals, 
explicitly or implicitly. Whatever the precise meaning of € we have essentially 
to solve the eigenvalue problem 


DEG (HIC =O ta enn (4) 
where ONL OE el (5) 
CiimOn el Oea imc Wy. cues (6) 


Eqns (4)—(6) are particularly simple for the unperturbed problem, when £=0. 
Eqn (6) expresses the orthonormality of the Mo’s. 

There are two important situations where the case of £=0 has been solved. 
These are the effect of introducing some heteroatom, such as nitrogen, instead 
of one of the carbon atoms, and the effect of changing the £,,’s, as in a kind of self- 
consistent LCAO Mo calculation (Coulson, Daudel and Robertson 1951, Pople 
1953, Md. Asgar Ali 1960). Both situations could be discussed either ab initio 
or with the use of a perturbation theory (Coulson and Longuet-Higgins 1947, b), 
provided that the perturbation calculations are simple enough. In this paper 
we shall consider only perturbation calculations, but with a particular regard to 
their simplicity. 

Hitherto perturbation calculations in the Lcao Mo theory have usually been 
based on the concept of atom-atom, atom-bond and bond polarizabilities, 
introduced by Coulson and Longuet-Higgins (1947a,b). But unfortunately 
the calculation of all the polarizabilities needed for any particular problem is 
usually a tedious task. However Brown and Bassett (1958), independently of 
the present authors, have pointed out that a more convenient method exists, 
without depending explicitly on these polarizabilities. In the following section 
we shall re-discuss this method and remove some of the difficulties which Brown 
and Bassett found for degenerate levels. Subsequently we shall apply the method 
to an approximate SCF LCAO Mo treatment of conjugated molecules. The object 
of this application is to reconsider theoretical predictions of bond lengths in 
butadiene, naphthalene and anthracene. Such reconsideration is desirable in 
view of new experimental results of high accuracy for these latter two molecules 
(Unpublished work by Almenningen, Bastiansen and Dyvik, reported in references 
6, 7 of Bastiansen and Skancke 1961, Cruickshank and Sparks 1960). 


§ 2. GENERAL FORMULATION OF PERTURBATION PROCEDURE 
We shall express our analysis in a form that is suitable for calculating the first- 
order perturbation of any finite Hermitian matrix. 'The method, therefore, is 
much more general than the specific use that we shall later make of it. It is 
necessary, however, to distinguish between degenerate and non-degenerate levels. 
We deal with them separately. 


2.1. Non-degenerate Levels 
Equations (4)-(6) are obviously valid for all values of €, and its seems reason- 


able to assume continuity of C;,(€), ¢;,(&), H,.(€) and their first derivatives in the 
neighbourhood of =0. Differentiating (4)-(6) and letting ->0, we obtain 
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[H(0) —€,(0).1]d€,.(0) = [de, .1-dH]C,(0) ce (7) 
wher 
‘ de;,,=C,1(0).dH. C,(0) v0 ty Eee (8) 
(dH),,=d(H,,) 
C40) dC ()=0.'" 4 to) (9) 


Eqns (7)-(9) are effectively the same as those given by Brown and Bassett (1958, 
to be referred to as BB). According to them it is convenient to look for a solution 


dc,. =a), +A,€;.(0) see eee (10) 
where a, is any particular solution of (7) and where, from (9) and (10), 
AL =— Ct) a (Oe (11) 


The set of equations (7) is easy to solve (in order to get a,,) because on account of 
(8) there is no eigenvalue condition, and (7) is therefore a set of simultaneous 
linear equations. 

Having found dC,, for all occupied orbitals, we can easily obtain the new 
formal charges q,(é) and the new z-bond orders Pup(€). For, if mj, is the occu- 
pation number of the mo ¢,, 


qu(E) = qu(O0) + (¥), d&= q,(0) +2 > nostic) At ae (12) 


Pur(&) =Pyp(0) nF (42), dé =e os > Mi (Cpy AC jy ay Chey Cy)» 
Pia (13) 


Egns (7)—(13) show that this type of perturbation calculation is simpler than the 
repeated solution of the new eigenvalue problem for each (40). For there is 
now no eigenvalue condition and, further, the solution of (7) for dC,, is much 
simpler than that of the analogous equation for C,(€). It would, of course, be 
perfectly possible to express qu(€) and p,,(€) of (12) and (13) in terms of the 
Coulson—Longuet-Higgins polarizability coefficients. But, as BB pointed out, 
and as we shall see later in in our detailed application, the large number of these 
mutual polarizabilities (4m(n +1) for the atom-atom polarizabilities in a molecule 
containing » carbon atoms) makes the older” method less convenient than the 
new ones. 


2.1. Degenerate Levels 


So far we have assumed that none of the occupied MO’s is degenerate. For 
degenerate states the method of Brown and Bassett needs special care. This is 
particularly true if the presence of the perturbation € changes the symmetry 
properties of the molecule. Since our approach for these degenerate levels differs 
considerably from that of BB, we shall first. describe our own method. ‘Then 
certain differences and contradictions between the two treatments will have to be 
discussed. 

Let us assume that <,(0) has a g-fold degeneracy, and C,,(0),..., C,,,(0) 
are the appropriate eigenvectors, which we assume to be orthonormal. We also 


suppose that all occupation numbers are the same (usually two, corresponding to 
a closed-shell molecule). We now have 


[H@)—en(2) A On) 0 eee (14) 
Cit. (ENC (€)=35 with 4,7=1,2,...2. cesar, (15) 
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In general ¢,(€)#e,,;(€) if iAj, but of course ¢,;(0)=e,;(0) (=«; for short). 
Then by differentiation of (14)-(15) and going to the limit as 0: 


[H(0)—e,1]dC,,(0) =[de,;-1-dH]JC,(0) 9 -.. (16) 
Ee (Oiede, 0) O.N0) dee (0)e0, 0... e (17) 

where 
C,,(0) = A COA oie bbe (18) 


Equations (7)-(9) are now replaced by (16)-(18). But certain important 
differences must be noticed between the two sets of equations. Thus, according 
to (18), we must start with properly chosen eigenvectors C;,,(0) of the un- 
perturbed problem, and in addition dC,,(0) is no longer necessarily orthogonal 
to C,;(0). However the following theorems simplify the solution of (16)-(18). 
Their proofs are given in the Appendix. 

Theorem 1. If the occupation numbers of all g degenerate levels are equal, so 


that mj, =Ny2=. . -=Nzg) then without loss of generality it may be assumed that 
in the calculation of q,,(€), p,,,(€) and €,;(€) 
C,;'(0).dC,;(0)=0 for alli,j, we aeee (19) 


Theorem 2. 'To avoid inconsistency in the linear set (16) the vectors C,,(0) 
must be properly chosen. The necessary and sufficient condition for this 
proper choice of the zero-order eigenvectors is that 


C,,;4(0).dH.C,,(0)=0 foralliAj, seeeee (20) 
This theorem is proved (see later) on the assumption that the degenerate eigen- 
vectors are orthonormal: 

C,,'(0). C,,;(0) =5;;. scenes (21) 

Theorem 3. In practice the degeneracy is seldom greater than two. Let us 
put g=2, and take X,, and X;». to be any orthonormal eigenvectors of the un- 
perturbed molecule for the degenerate eigenvalue «,. ‘Then it follows from 
theorem 2 that the properly chosen zero-order eigenvectors for the perturbed 
molecule are given by the following explicit formula. 


C.(0) = lim C,(€)=aX pit bXpq vee ee (22) 
where ce 
(i) if dH,,(€) vanishes in the neighbourhood of €=0, then 
a=1,b=0 oralternatively a2=0,b=1, = esse (23) 
(ii) if dH,,(€) does not vanish in the neighbourhood of €=0, then 
Ba —O (1 Oe eee (24) 
with ried 
Sg¢ 11 — 44199 
Q=ilim{ an \. pone (25) 


Theorem 4. When the proper zero-order eigenvectors have been chosen 

according to theorems 2 or 3), and when all the occupation numbers are equal 
6 P a 

(with the consequences of theorem 1), then the solution of the linear equations 

(16) can be obtained in a similar way to that in the case of non-degenerate levels : 


dC, = agit 2% AyfPCz (0), 7=1,2,0--8 reves (26) 
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where a,; is any particular solution of (16) and 

AM== CLO) ay. | 9 (27) 
This rather involved discussion of the situation in degenerate levels is essenti: 
if we are to deal effectively with molecules such as benzene, where differer 
perturbations affect the molecular symmetry in different ways, as for exampl 
in Jahn-Teller distortions in aromatic ions. 

Theorems 1 and 4 are different from those given by BB; theorems 2 and 3 ar 
new. ‘The reason for our differences in theorems 1 and 4 lies in BB’s claim tha 
with degenerate states a direct solution of (16) in terms of a,;, C,,(0), ... C,.,(0 
is not in general possible, when the perturbation dH arises from changes in th 
bond-resonance integrals 8. BB say that this arises from an error, usualh 
repeated from Schrédinger, that the vectors dC,,; and dC, must be orthogona 
for each i andj. But from the proof of our theorem 1 it follows that althoug! 
such an orthogonality is not really necessary, it can nevertheless be assumed with. 
out any lack of generality in calculations of qu(E)s Pur(€) and €;,(€) if, as is usually 
the case, the occupation numbers of all the degenerate eigenvectors considerec 
are the same. BB’s failure to find the proper solution of (16) may be due either 
to not having insisted on the proper choice of zero-order functions C,,(0), 
t=1,2...4, or to having looked for a solution of the form 


a tA,CO+A.CO+...+1,69, 
which does not have a sufficient number of indices, as (26) shows. 
Our discussion is independent of the kind of degeneracy. This can be eithe: 


essential (in the case of a high symmetry) or accidental (as in the case of many 
large polynuclear hydrocarbons). 


§ 3. APPLICATION TO HypRocARBON MOLECULES 


We shall now apply this perturbation analysis to develop a simple self- 
consistent theory for the 7-molecular orbitals of an aromatic or condensed hydro- 
carbon. In the simplest theory (Hiickel 1931, 1932) the Mo’s are only self- 
consistent with respect to the Coulomb terms «, (Eqn (2)). For the secular 
equations are based on the assumption that all Bs (Eqn (3)) are equal. Yet it is 
then concluded that the 7-bond orders Prs are unequal, and hence that the bond 
lengths are unequal. This should, of course, also imply that the £,, are unequal. 
Ideally we should now start the cycle of calculations again, using the f’s inferred 
from the first cycle; and we chould continue this iterative procedure till con- 
sistency is obtained in the ’s. (Fortunately this process does not spoil the 
consistency in the «’s.) But we can show that our perturbation analysis enables a 
satisfactory calculation of almost-consistent bond lengths to be made without any 
further solution of the secular equations. \For this we use the same outlook as 
Coulson, Daudel and Robertson (1951), though the particular representations 
(29) and (30) are taken from the successful analysis of bond length alternations in 
conjugated chain molecules by Longuet-Higgins and Salem (1959) and later 
papers). 

We therefore make the following assumptions concerning the relations between 
bond lengths R,,, 7-bond order P;s and resonance integral £,,: 


(1) Bye=Boexp(—aR,,) for neighbouis.9 a) | eae (29) 
(2) B,.=0 for non-neighbours 
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(3) «,=constant («) for all r 
( scaiggts Peis po. = eimlinialaeat eeia ene CC (30) 
(5) all overlap integrals are zero. 


We differ a little from Longuet-Higgins and Salem in our choice of parameters 
a,b,c. The parameters b and c were fitted by use of the following bond lengths: 
ethylene 1-3374, benzene 1:3974, graphite 1:-421A. (Longuet-Higgins and 
Salem used 1-350 for ethylene. Our value of 1-337 A is the mean of three recent 
very accurate measurements: Bartell and Bonham (1957) 1-334, Allen and 
Plyler (1958) 1-3374, Dowling and Stoicheff (1959) 1:339A). So we take 
R,,= 1-517 —0-180,, 
: 2? 23 
ie. P= 3G (Riga Ne397), hae in ob Glasto st (31) 
If this relation were valid down to p,,=0, it would predict that a pure single bond 
between sp? trigonal carbon atoms would have a length 1:517A. This is a little 
longer than is sometimes believed, but not impossibly so. Our change in b and 
c necessitates changes in a and By. We find 
B= Peek 2 Cosi.) | et tea Reese's (32) 
where R,, isin A. The precise value of Bo is not needed in these calculations. 
We have used these relations in a reconsideration of the theoretical bond 
lengths in butadiene, naphthalene and anthracene, for all of which new accurate 
experimental results have recently been obtained (Coulson, Daudel and Robertson 
1951, Almenningen, Bastiansen and Traetteberg 1958, Bastiansen and Skancke 
1961, Cruickshank and Sparks 1960). Our procedure is as follows. Let 7,, be 
the deviation of the final bond length from the benzene value 1:397A. Then we 
have two different approximate relations between p,, andr,,. ‘These are given 
in (13) and (31). If both are satisfied, we have a self-consistent set of bond 
orders and lengths. By elimination of p,, we obtain 
: = tea Pes(O)+ > (#2) 200 rere (33) 
where p,,(0) denotes the value of Pp, calculated with all 8,, equal. For different 
bonds rs this gives a set of linear simultaneous equations whose solution leads at 
once to the required bond lengths 7,,. For large molecules this solution is 
conveniently obtained by an iterative procedure in which, when finding the nth 
iterative to r,, we use the (n—1)th iteratives on the right-hand side of (33). A 
very few iterations are sufficient to give the required values. The numerical 
values of the various (@p,,/0r,,) can easily be obtained from (13), using the 
perturbation theory to give each de,,, etc. 


§ 4. NUMERICAL VALUES 


Accurate comparison of theoretical and experimental bond length has always 
been beset by one great difficulty—further refinements have frequently made 
considerable changes in the ‘observed’ values. Thus the comparison for 
naphthalene and anthracene which was first made by Coulson, Daudel and 
Robertson (1951) had to be re-made by Pritchard and Sumner (1955). More 
recently still, some new different experimental values have been reported by 
Cruickshank and Sparks (1960) using x-ray methods, and by Almenningen, 
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Bastiansen and Dyrik. (see Bastiansen and Skancke 1961) using electron- 
diffraction methods. These latest observed values differ considerably from the 
earlier observed values, and inspire us to reconsider the theory. It is true that 
Cruickshank and Sparks have already made some such reconsideration. But 
they used only x-ray values and did not include the most recent electron diffraction 
values, nor of course could they include our present calculations. In addition 
they used for their criterion the root mean square of all bond length deviations. 
This particular criterion, though probably the most important single one, is dis- 
advantageous to the Lcao method. For it is well known that this method leads 
to a value for the shortest bond which is usually too great. The Pauling super- 
position method, on the other hand, generally gives a good value for this bond. 
Thus in the r.m.s. procedure using LCAO values the bond is weighted highly, so 
that it is possible to mask a good agreement with other bonds by a poor agreement 
for this one. 

Our results for butadiene, naphthalene and anthracene are given in Tables 1-3. 
In these tables : 

(1) Pauling’s superposition method refers to the semi-empirical correlation 
between bond length and double-bond character, as discussed in the latest edition 
of Pauling’s book (1960). 

(ii) Spin states method refers to the use of Slater determinants discussed for 
example by Daudel, Lefebvre and Moser (1959, pp. 130-134), but using the new 
experimental values for ethylene, benzene and graphite instead of Table V.10 of 
their book. 

(iii) The Lcao Mo method is the original simple Hiickel method, using an 
order—length curve but constant B,s) a8 described by Coulson (195m): 

(iv) The approximate scr Mo method is the result of solving the Eqns (33) of 
this present paper. 

According to Cruickshank and Sparks three independent X-ray estimations of 
the bond lengths in anthracene gave very close results, but with naphthalene two 
independent estimates did not agree well. ‘This leads us to trust the anthracene 
average values more than the naphthalene average values. Fortunately with 
electron diffraction the situation is reversed, For as Bastiansen and Skancke 
showed, two different zero-order models for naphthalene gave very close agree- 
ment, but not for anthracene. The x-ray and electron-diffraction average values 
are shown in the Tables. For the purposes of our comparison of theory and 
experiment, we have used the average of the x-ray and electron-diffraction 
measurements as the experimental lengths. Since the estimated errors of the two 
methods are closely similar this is at present the best that can be done. 


Table 1. Comparison of Bond Lengths for Naphthalene in (A) 


Method Bonds ‘ Mean errors 
1-2 2-3 1-9 9-10 X-ray e.d. average 
1. Pauling’s 
superposition 1-371 1-422 1-422 1-422 0-005 0-003 0-004 
2. Spin states 1-389 L397) 1-417 1-438 0-017 0-014 0-016 
3. LCAO MO 1:387 1-408 1-417 1-424 0-010 0:007 0-009 
4. Appr. scr 
(this paper) 1-382 1-414 1-420 1-419 0-005 0-004 0-004 
5. X-ray 1-364 1-415 1-421 1-418 — 0-003 — 
6. El. diffr. 1374 1-412 1-422 1-420 0-003 — — 


7. Exp. average 1-368 1-414 1-422 1-419 
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Finally the mean error columns in Tables 1-3 require some comment. We 
have calculated these values as the arithmetic mean of the absolute deviation, 
but only considering non-equivalent bonds. In this way we hope not to exag- 
gerate the influence of the errors for the shortest bond, already referred to. (It 
is only for the 1-2 bond of naphthalene that this error is at all serious.) 


Table 2. Comparison of Bond Lengths for Anthracene (in A) 


Methods Bonds Mean errors 
1-2 1-11 2-3 9-11 11-12 x-ray e.d. average 
1. Pauling’s 
superposition 1-361 1-439 1-439 1:394 1-439 0-009 0-019 0-014 


2. Spin states 1-389 1-417 1:397 1-408 1-438 0-016 0-009 0-012 
3. LCAO MO 1:389 1-421 1-412 1-408 1:430 0-011  0:004 0-007 
4, Appr. SCF 
(this paper) 1:377 1:427 1-420 1-405 1-428 0-005 0-005 0-002 
5. X-ray 1-368  1:436 1-419 1:399 1-428 — 0:009 — 
6. El. diffr. 1-390 1420 1:419 1404 1-425 0-009 — — 
7. Exp. average 1:379 1428 1419 1-402 1-427 
Table 3. Comparison of Bond Lengths for Butadiene (in A) 
Methods Bonds Mean errors 
1-2 2-3 X-ray ed. average 
1. Pauling’s 
superposition 1:337 1:507 0-03 0-012 0:023 
2. Spin States 1:362 1:431 0-02 0-038 0-028 
3. LCAO MO 1:356 1-436 0-015 0:033 0-023 
4, Appr. SCF 
(this paper) 1-346 1-465 0-005 0-013 0-003 
5. X-ray 1-35 1:46 —_— 0-018 
6. El. diffr. 1:337 1-483 0-018 — 
7. Exp. average 1:345 1-470 


The following conclusions follow from these three tables. 

(1) The poorest agreement with experiment is associated with the approximate 
spin-states method (which is, however, the simplest). 

(2) On average, the Pauling superposition method is about as reliable as the 
LCAO Mo method. It is better by 0-005 A for naphthalene, but worse by 0-007A4 
for anthracene. Cruickshank and Sparks have already drawn attention to the 
surprising reliability of this simple method. 

(3) Our approximate scr method gives the best results with a mean error for 
the three molecules of only 0-003A. The inclusion of approximate self- 
consistence reduces the mean error for naphthalene by a factor of two, and for 
anthracene by a factor of three. Where the x-ray and electron-diffraction data 
are the same, they are also practically the same as the scr results, the difference 
being usually less than 0-003 A (which is approximately the same as the experi- 
mental accuracy of measurement). Where the x-ray and electron-diffraction 
differ appreciably, our predicted scr results lie near the average (with the exception 
of the shortest bond in naphthalene, where the error is 0-014A). In all cases the 
predicted sequence of increasing bond lengths is identical with the experimental 
average. 

It would be interesting to make similar comparison for other aromatic mole- 
cules. But this must be done with great care, since the experimental results are 
usually not known with sufficient acccuracy. Thus in coronene, which has 
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often been used in comparison of theory and experiment, the new electron: 
diffraction data (as in Bastiansen and Skancke 1961, references 6 and 7) differ 
from the older x-ray data (Robertson and White 1945) by as much as 0-05, 0-03, 
0-023, and 0-008 for the various distinct bonds. Until these discrepancies, 
have been elucidated there is no point in attempting a serious comparison with 
theory. 


§ 5. Some OTHER REFINEMENTS 


Pritchard and Sumner (1955) have discussed the influence of some other 
refinements in the prediction of bond lengths in aromatic molecules: 

(1) Pople’s scr method, 

(2) modified Pople method, with inclusion of compression or extension 
energy for o-electrons, | 

(3) simple Hiickel method with variation of Coulomb integrals, | 

(4) scr Mo method with variation of Coulomb integrals, 

(5) as in (4), but with inclusion of compression energy. 
Of these only (2) and (4) appear (see also Cruickshank and Sparks 1960) to give 
significant improvement. We have therefore though it worth while to compare 
these two approximations with our own, and with the experimental averages 
previously described. ‘Tables 4 and 5 show our results. 


ee EE eee 


Table 4. Errors for Bond Lengths in Naphthalene (A) 


Bonds Average 
1-2 2-3 1-9 9-10 error 
Experimental bond length 1:368 1-414 1-422 1-419 — 
LCAO MO 0-019 — 0-006 — 0-005 0-005 0-009 
Approx. scr (this paper) 0-014 0-000 — 0-002 0-000 0-004 
Approx. (2) 0-014 0-001 0:001  —0-004 0-005 
Approx. (4) 0-011 0-007 0-005 — 0-003 0-006 


Table 5. Errors for Bond Lengths in Anthracene (A) 


Bonds Average 
1-2 1-11 2-3 9-11 11-12 error 

Experimental bond 

length 1-379 1-428 1419 1-402 1-427 — 
Simple Lcao mo 0-010 — 0-007 —0:007 0-006 0-003 0-007 
Approx. scF (this 

paper) — 0-002 —0-001 0-001 0-003 0-001 0-002 
Approx. (2) 0-002 0-003 0-003 0-004 — 0-003 0-003 
Approx. (4) 0-000 0-009 0-011 0-009 0-011 0-008 


\ 


a a ee 


In the last two lines of these tables we have used the same bond length changes 
in approximations (2) and (4) as were calculated by Pritchard and Sumner. It 
would appear from these values that, when the experimental values are taken to 
be those which we have adopted in this paper, approximation (2) is better than 
(4), and about equal to our approximate scF method. But the approximate 
scF method is the simpler. In both these two methods the average error is of 
the same order as the best experimental accuracy that may yet be claimed. 
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APPENDIX 
Proof of theorem 1. We can obviously expand dC,, of (16) in the form 


dC;,; a. wen Di:i, mn©mn(0) yale. ye (Al) 


where the b;,;,,,, are at present undetermined. Here, and in (A2) and (A4), the 
index m enumerates the degenerate orbitals associated with the eigenvalue index 
m (ork). Inserting (A1) in (16) we find that 


dcr > (Sui) Loa} Cn (0) 


m#zKn En — &m 
5 p3 Dri, en©ren (0) 5 ep eh Pe oho (A2) 


Now from (A1) and (17) it follows that 

Drei ej = — Ong. ts) Oise =O. ttn (A3) 
So the coefficients b,,; ,; are antisymmetric in 7, j. On the other hand the charges 
q, and bond orders p,,, and related quantities such as the energy, are symmetric 


in i,j. This follows from (12) and (13). Thus the second summation in (A2) 
can at least formally be neglected. Therefore, if all occupation numbers of the 


degenerate orbitals are equal (,;=1,9=-.-=Mq), in all calculations of q,, Py, 
etc. it is sufficient to take 
io {Su oie) pommner cst (4) 
mezkN €x— Em 


Theorem 1 follows immediately from (A4) and the orthogonality of C,,,, and 
C,,; for m#R. 

Proof of theorem 2. ‘This is really the familiar theorem concerning the correct 
zero-order functions in degenerate first-order perturbation theory. ‘To prove 
the necessity of (20) we take the product of (16) with C,,;*(0). ‘The left-hand 
side vanishes and so also does the first part of the right-hand side. The rest is 
(20) with i and j interchanged. Also, if (20) holds, then dH.C,,(0) must be 
some multiple of C,;. There is then no difficulty in solving (16) without the 
possibility of any inconsistency. Condition (20) is therefore both necessary 
and sufficient. 

Proof of theorem 3. This is a simple application of theorem 2 Eqn (20), when z 
and j can only take the values 1 and 2. 

Proof of theorem 4. When theorems 1-3 are satisfied, (A+) does in fact give the 
solution for dC,;. Alternatively, if we can find one particular solution dC;,,;=a,,;, 
then the linearity of (16) shows that the full solution must be 


dC, = agit 2 AjPCi4(0) 


where, to preserve the orthogonality condition (19), the A;; must satisfy (27) 
Eqn (A4) shows that this solution is unique. 
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Abstract. The theory of the magnetic properties of iron put forward by Mott 
and Stevens made a number of assumptions about the band structures of the body- 
centred cubic 3d transition metals. The purpose of the present paper is to give 
an account of a theoretical study which has been made to see what could reasonably 
be expected on fairly general grounds about the band structures. It then becomes 
possible to see more clearly what innovations are required for the Mott and Stevens 
theory. The method used is essentially a tight binding method, with the feature 
that the functions used are not located at lattice sites but are on the links joining 
nearest neighbour lattice points. It leads to an 8x8 matrix for the lattice 
potential for each value of K. A discussion of the diagonalization of this 8 x 8 
matrix is given for a number of symmetry points and directions in K-space, and 
it is shown that a good deal of valuable information can be obtained from relatively 
simple ideas. It is also shown that the band structure so obtained is incomplete 
because two of the d-functions are omitted, and these are then included by per- 
turbation methods. The Mott and Stevens model of iron is shown to follow 
from assumptions about the results of this perturbation treatment. A discussion 
is given of the ground state determinantal functions for vanadium, chromium and 
iron which it is hoped will be of use in interpreting the physical properties of these 
elements. Apart from the value the theory may have in its application to the 
above metals, the algebraic treatment provides an elegant example of the effects 
of symmetry on band structures, previously thoroughly discussed in terms of 
groups by Bouckaert, Smoluchowski and Wigner. 


§ 1, INTRODUCTION 

HE study of the properties of transition metals and alloys has proved to be 
| of considerable experimental interest, and theoreticians have long been 
under pressure to produce theories which can be used to interpret the 
observations. As it is not possible to give complete theoretical treatments of the 
enormously complicated many-body problems involved, approximations are 
always made. It is not our purpose to review the types of approximations which 
have been made (see Herring 1960) but it seems worth emphasizing that it is 
highly desirable that all such approximations should be recognized as such and 

subjected to close examination. 

In an earlier paper one of the present authors, in collaboration with Professor 
Mott, put forward a theory of the above sort to account for the magnetic properties 
of iron (Mott and Stevens 1957). This theory has been subjected to a close 
examination by a number of workers (Marshall and Weiss 1959, Slater, unpub- 
lishedt, Slater and Wood unpublished{) as well as by ourselves, and it has been 

+ Solid State and Molecular Theory, Group Quarterly Progress Report, No. 34, p. 11, 
- 1959, Massachusetts Institute of Technology. 


t Solid State and Molecular Theory, Group Quarterly Progress Reports, Nos. 27-38, 1958- 
1960, Massachusetts Institute of Technology. 
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criticized quite strongly, mainly on theoretical grounds. In order to have as 
clear a picture as possible of what may be happening in iron, and also to under- 
stand the criticisms in detail, we have been examining, from a general point of 
view, the band structure which might be expected for a body-centred transition 
metal. ‘To this we have added special assumptions which lead to the Mott and 
Stevens model. 


§ 2. NON-MATHEMATICAL DESCRIPTION OF MODEL 


A body-centred cubic lattice can be regarded as composed of two inter- 
penetrant simple cubic lattices. Although all the atoms in the lattice are identical, 
it is convenient to refer to them as A or B atoms according to the simple cubic sub- 
lattice A or B on which they lie (see Fig. 1). Suppose now that the crystal is 


@ A site 
© B site 


Fig. 1. Body-centred cubic lattice showing the labelling of the links joining an (A site) atom 
at 0 to its eight nearest neighbours (B site) atoms. 


regarded as a large covalently bonded molecule in which each A (or B) atom is 
linked by a bond to each of its eight neighbouring B (or A) atoms. Sucha bond 
will be said to lie on a link, a link being the line joining two nearest neighbour 
atoms. ‘To construct such bonds we may proceed as follows. At each A (or B) 
atom eight orbitals, formed by hybridizing suitable atomic orbitals, are con- 
structed, so that each one is, in turn, directed principally towards a nearest 
neighbour B (or A) atom. Then consider a typical AB link. Along it there will 
be an orbital ¢, located at the A atom and directed towards the B atom, and at the 
B atom there will be a similarly shaped orbital 4, directed towards the A atom. 
The two orbitals may then be combined symmetrically and antisymmetrically, 
thus: 


_ date _ ¢a—¢p 
" Base pd syee en waa @) 


where S is the overlap integral. .S will probably not be negligible. 5 and fa 
are orbitals which encompass both atoms and, in the language of theoretical 
chemistry, 4s may be called a bonding orbital and %q an antibonding orbital. 
This nomenclature arises because although they are both constructed from ON 
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and x, %a vanishes on the plane which bisects the link at right angles. ‘Thus if 
they were both eigenstates a higher energy would normally be associated with 
b,, and the probability of its occupation would be less than that of ¢s. This is 
because the charge density associated with yz is less localized than that associated 
with y% (both charge densities are normalized to unity) since that of #a certainly 
vanishes on a plane. 

Having constructed pairs of such orbitals on each link of the crystal the method 
of construction is now largely forgotten, for we proceed as if the ws and ya are the 
basic orbitals. The general principles of band theory require the one-electron 
wave functions to be orthogonal to one another, and although bonding and anti- 
bonding orbitals on the same link are orthogonal, pairs on different links are not, 
in general, orthogonal. To move in the direction of obtaining fully orthogonal 
functions it is necessary to pass from the localized bonding and antibonding 
orbitals to non-localized Bloch functions. This is readily accomplished by 
following the usual prescription (Bloch 1928). Each Bloch function is charac- 
terized by a propagation vector k and two such functions with differing k are 
automatically orthogonal. Further, any single particle operator which has the 
same periodicity as the lattice has zero matrix elements between Bloch functions 
of differing k’s. ‘Thus as well as obtaining orthogonal functions progress is made 
towards diagonalizing the approximate Hamiltonian. As eight links end on 
each atom and on each link there are two localized orbitals, sixteen Bloch functions 
can be formed for each value of k (assuming the A atoms are different from the 
B atoms, so that the lattice symmetry is that of a simple cube). Actually the A 
and B atoms are identical and in the detailed theory it will be shown that the 
sixteen can be decomposed into two groups of eight. 

In a complete treatment one would have to use an infinite number of Bloch 
functions for each k, and one would then have to find linear combinations of them 
to diagonalize the Hamiltonian. Once the Hamiltonian is diagonalized the 
linear combinations are automatically orthogonal. The approximation we make 
is that of selecting sixteen functions of each k, and diagonalizing the associated 
16 x 16 sub-matrix of the Hamiltonian, the assumption being that matrix elements 
from these sixteen to the rest of the infinite set are negligible. In fact, for a given 
value of k it is usually not possible to diagonalize the 16 x 16 matrix unless the 
lattice potential is given explicitly, though it is always possible to reduce the 
problem to that of diagonalizing two 8 x8 matrices. However a good deal of 
progress can be made with a general Hamiltonian for special values of k, and it is 
with these values that we shall mostly be concerned. 

The method we use appears to be similar to that described by Hall (1958) and 
used for the diamond lattice. It appears to differ from that used by Hall (1952, 
1953, b) for a body-centred cubic lattice (though see Slater and Koster 1954). 


§ 3. CONSTRUCTION OF THE ORBITALS 


At each lattice point eight equivalent orthogonal directed orbitals are to be set 
up, each directed towards a different nearest neighbour atom. A simple appli- 
cation of group theory shows that this can be achieved by hybridizing functions 
which transform according to the ,, [',;, ',;’ and I,’ irreducible representations 
of the cubic group (the notation of Bouckaert, Smoluchowski and Wigner (1936), 
‘to be referred to as B.S.W. will be used throughout). The specification need 
be no more detailed than this, but in order to be on familiar ground we may 
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suppose that the I’, function is similar to the normalized 4s orbit of the free atom, 
l\; to 4p,, 4p, and 4p,, T',5’ to 3d,,, 3d,, and 3d,,, and I,’ to 4f yo. Where Ox, 
Oy and Oz are taken parallel to the cube edges (Fig. 1). The hybridized function 
which is directed primarily along the (1, 1, 1) direction, or link 1 in Fig. 1, is 
similar to 


ba= Fi {4s +4pe+4py ci ADeT 3d. oF 3dy,+ 3d,, + 4h nye} 


The others may be obtained from this by suitable rotations of axes and, for 
example, the function directed along the (1, —1, 1) direction is similar to 


1 
78 8+ Pe Py t Pe— day — dye + dee — abel 


where the principal quantum numbers have been omitted. It is not possible 
to demonstrate the degree of directivity achieved without making assumptions 
about the radial parts of the atomic wave functions. If however we assume that 
at some value of the radius all the radial functions are equal, then the values of 
ex ih the (1,1,2),. (Oop (= tet —1), (—1, 1, 1) and (1, 1, 0) directions 
are proportional to 9-85, 2°73, —0-10, —1-26 and 5-39 respectively. The next 
step is to construct the bonding and antibonding orbitals as described by Eqns (1), 
to obtain new functions which are strongly concentrated on the links. 


§ 4. THE BLtocw Functions 


The eight links which meet on an A atom are labelled from 1 to 8 as shown in 
Fig. 1. Any link orbital can then be specified by a number which describes the 
link to which it is parallel and similarly directed, a letter a or b according to 
whether it is antibonding or bonding and the coordinate of the midpoint of the 
link on which it is situated. Thus |1, b, r,) is the normalized bonding orbital 
which parallel to link 1 and centred at r,, [1, a, r,) is the corresponding anti- 
bonding orbital. Sixteen nearly normalized Bloch functions are then formed, 
thus: 


ls, by= Ee (tkviry)[s; ‘bj ry) 0 eo eee (2) 
ls, a) = abe (ik. rn)|s, Ay Pg De ee (3) 


where s takes values from 1 to 8, NV is the number of A atoms in the lattice, rp 
depends on s, and k is a vector of the first Brillouin zone of the simple cubic lattice. 
In practice little confusion arises if the k dependence is not always given explicitly, 
and this has been anticipated on the left-hand sides of Eqns (2) and (3) where the 
k dependence has been omitted. | 
We now recognize that the A and B atoms are identical, so that the full sym- 
metry is body-centred cubic, not simple cubic. Then the orbitals which, for 
example, have been labelled as 1 and 8 are seen to be identical in shape and — 
orientation, but differently placed in the lattice. Suppose then we consider-the 
linear combinations of Bloch functions: 


ail, BS 18. by) Uh ae eet eee (4A) 


Silt By (oy a Me Dae (4B) 


and 
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The first can be written as 


TaN {x exp (7k. ry )|1, b, rn.) + > exp (7k. rn,)|8, b, rn, > \ 


or as 
1 
——— > exp (ik. Rn)|18, b, R 
Jame: P( n)| n) 
where the summation of R, refers to both 1 and 8 orbitals. ‘To write the second 
expression (4B) in a similar form it is necessary to introduce a new vector K such 
that 
exp (¢k. r'n,) =exp (iK. rn,) 
but exp (7k. rn.) = —exp (7K. rp). 
Then (4B) becomes 
1 
»1)= sexe © exp(iK.Rn)|18, b, Rn). eee ee 5 
IB > 4/(2N) Ra p ( n)| n) ( ) 
The simplest form for K is K=k+k,, where k; is one of (z/a)(+1, +1, 0) or 
(2m/a)(+1, 0,0). Then as k ranges over the first Brillouin zone of the simple 
cubic lattice, K ranges over the volume external to this but internal to the first 
Brillouin zone of the body-centred cubic lattice. This point is illustrated in Fig. 
2, in which the first Brillouin zone of the simple cubic lattice has been shaded. 
If now K is allowed to range over the whole of the inside of the first Brillouin zone 


\\ 
\\ 


ES 


\I 


Fig. 2. Brillouin zone of a body-centred cubic lattice showing the inscribed cube corre- 
sponding to the Brillouin zone of the simple cubic lattice. 


of the body-centred cubic lattice the expression (5) for |, 1) includes both linear 
combinations (4A) and (4B). A similar argument can be given for the other link 
directions and for the antibonding orbitals, though for the latter it may be noted 
that it is the antisymmetric combination, 


bak ih, a)—|8, 2)} 


which corresponds to K inside the first Brillouin zone of the simple cubic lattice. 
For each value of K there are now eight Bloch functions. The approximate 


3U2 
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Hamiltonian which is used in band theory has the lattice periodicity, body. 
centred cubic, and it will have no matrix elements between Bloch functions o: 
differing K’s. For general values of K no further progress seems possibl 


Fig. 3. Brillouin zone of a body-centred cubic lattice showing the axes and points of 
symmetry as used in the text. 


unless the approximate Hamiltonian and the orbitals are given in much greater 
detail. For special values of K (Fig. 3) a number of valuable results can be 
obtained. 


§5. THE Point I, or K=(0, 0, 0). 


With K=0 rotations which leave the lattice invariant permute the Bloch 
functions amongst themselves, and they are found by inspection to group naturally 
as follows: 


Ty; s ; [G(1+2+3+4)) dy; [B(1+2—-3-4)) 
Pe; |a(l1—2—3+4)) D534 ees (BOL —2=3-4)) 
Vis; oe |a(1+2—3—4)) d,,; |B(1—2+3-4)) 
(pee [e234 4)) Ty 3-7 tapas fo ese 


where the un-normalized function [I8; 1) +], 2>+ I8, 3) + |B, 4)] is denoted by 
[B(1+2+3+4 4)> etc. On rotation a state in one set either turns into a multiple 
of itself or into another state in the same set. Thus they can be used as bases for 
irreducible representations of the cubic group, as specified by the I’s. The 
8, Pa» Py etc. denote atomic orbitals which transform in the same ways. As no 
irreducible representations occur more than once the Hamiltonian has no matrix 
elements between the sets, as indeed is readily seen by considering the effects of 
suitable rotations and reflections. Also the states in a given set have the same 
energies, so we see that at I’ there are two triplets and two singlets. 

It is now of interest to consider the physical characteristics of these states. 
Consider the state denoted by T',. It is formed entirely from bonding orbitals, 
and in the neighbourhood of any nucleus it has local T',symmetry. Thes atomic — 
orbitals also have this symmetry, as does one of the g atomic orbitals. However 
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| as 5g is likely to have a much higher energy than 4s it seems likely that near any 
|nucleus [', will be dominantly s-like, with possibly a small amount of g-like 
|symmetry. (One might imagine it as mainly spherical with extensions in the 
directions of nearest neighbours.) As K=0 this local symmetry is repeated at 
| each nucleus, as shown schematically in Fig. 4. Similarly the states in I',, will 
| locally be predominantly p-like, the states in [’,;’ will be locally like d,,, d,. and 
_d,,, and the state [,’ will be locally like f,,,,.. If we now wish to infer something 
| about the relative energies of these states we note first that the s- and d-like states 


‘ol 
Seon: 
cay tee) 


Fig. 4. Schematic diagram showing the local character in the plane containing the 1, 3, 6 
and 8 links at the point I in the Brillouin zone for the state having I’,-type symmetry. 
(Allowance for possible g-type orbit has been made by distortions which point 
towards nearest neighbours, superimposed on a spherical s-type orbit). 


are of the bonding type, whereas the p- and f-like are antibonding. ‘Thus as 
the atoms come together to form a solid we may expect that the s- and d-like 
orbitals will have their energies reduced, whereas the p- and f-like orbitals will 
have their energies increased. It is probable that the p- and f-like orbitals will 
not be occupied by electrons, so we are unlikely to be very interested in them. 
It is, however, important to decide on the order of the s- and d-like orbitals. This 
cannot, strictly, be decided without a detailed calculation. However all cal- 
culations seem to agree in putting the s-like function lowest, and we shall assume 
that this is so in our problem. Thus, in order of increasing energy the levels 


occur as I'y, Mo5’, 'y5 and Py’. 


§ 6. THE Point H, or K=(0, 2n/a, 0) 


The point H lies on the boundary of the Brillouin zone of the body-centred 
cubic lattice, but corresponds to k= (0, 0, 0) in the simple cubic zone scheme. 
Thus H has the full cubic symmetry. The states can again be grouped according 
to the irreducible representations of the cubic group, thus: 


Ho 8 > jx 2—3-4)> dp gin [atl 25-324) 
Pa: [p(1—2+3—4)) elena: dee? lati 2-4 34) 
Hys: 4 py: [B+2+3+4)) d,y: |a(1-2-3+4)) 
P,: [B+2-3-4)) Hy: foye: [P(1—2—344)) 


It may seem strange that a state such as |B(1+2+3-+4)) appears as a singlet at 
the point I’ but belongs to a triplet at H. The reason is that the various orbitals 
in the Bloch functions are centred at different places, so that, if one considers, 
for example, the contribution near a given nucleus from |1, b> and |8, b) they add 
when K=(0, 0, 0) but subtract when K=(0, 2z/a,0). Again no irreducible 
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representation occurs more than once, so the Hamiltonian is diagonal. The 
state denoted by H, has the same local symmetry as the state denoted by Tj. 
However, on moving from the vicinity of one nucleus to that of a neighbouring 
nucleus the same function is obtained only with its sign reversed. This is 
indicated in Fig. 5, from which it is also clear that H does have full cubic sym- 
metry. Similarly Hj, is locally p-like, with a reversal in sign on passing to a 
neighbouring nucleus, Hy,’ is locally like d,,, d,, and d,,, and H,’ is like fui 
In considering the energies it is now the locally s- and d-like states which are anti- 
bonding and the p- and f-like states which are bonding. There is thus the 


[1 =) Z-axis 
& oC (110) direction 
Fig. 5. Schematic diagram showing, for the [1, 3, 6, 8] plane, the local characters of the 
H,-type state at the point H (0, 2z/a, 0). The local character is shown to be mainly 


of s-type modified by a small amount of a g-type orbit. Note the alteration in sign 
in the y direction. 


possibility that the antibonding d-like states will be above the bonding p-like 
states, and at one time we thought that such an arrangement might help to reduce 
the amount of d-character in the electronic distribution, as seemed to be required, 
However, it now seems that the d-character is not greatly different from that of 
the free atom and in any case such an ordering did not reduce the d-character as 
much as was apparently needed. There is thus no experimental requirement 
that H,; be below H,,’, and a number of theoretical calculations predict the 
reverse order. We therefore assume that the levels, in order of increasing energy 
are Hy’, H,;, H, and H,’. It is possible that the order of H, and H,’ is wrong, 
but this is of no importance since these levels are not occupied by electrons. 


§ 7. THE Line jorntnc I’ and H 


Any point on the line A which joins I’ and H has K=(0, K, 0). Except at 
the points T and H, the only rotations of the lattice which permute the Bloch 
functions are rotations which leave K unaltered. These are rotations through 
multiples of 7/2 about the line having direction cosines (0, 1, 0). Reflections in 
symmetry planes through (0, 1, 0) also permute the Bloch functions. The states 
can now be conveniently grouped thus: 


Ay: [B(1+24+3+4)) woe ofl =2—8.4)) 

Ay: [a(1+2—3—4)) ci et 
eae Ay’: |8(1—2—34 4)5 * 
IBGE 2 gees Aj’: [a(1-2+3-4)) 


where the A,, A, etc. denote the irreducible representations in this smaller group 
of rotations and reflections. A,, A; and A,’ each occur twice, so the Hamiltonian 
1s not completely diagonalized by this choice. However, forgetting for the — 
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moment off-diagonal elements, it is instructive to follow the state |[8(1+2+3+4)) 
as K moves along A from Ito H. At I this state is the same as I’,, and is s-like 
locally and bonding. At H it belongs to H,, and is locally p,-like, but still 
bonding. For some intermediate value of K the local function is, symbolically, 


cos ($aK){s}+7sin (3aK){p,} 


and its square modulus, the local charge distribution, gradually becomes more 
and more elongated in the +y direction as K increases. From this it is to be 
expected that the energy will increase as K increases. However, it must also be 
remembered that on passing from one nucleus to a neighbouring nucleus, the 
local function changes by exp (iK.r), in this case exp (+7Ka/2) for all neigh- 
bours. Thus the situation in a region where the local distributions overlap is 
complicated and difficult to picture. The other level of A, symmetry, 
|«(1+2—3-—4)), is antibonding f-like at I and antibonding s-like at H. The 
diagonal elements of the two A, states are unlikely to become equal, so we may 
expect that the off-diagonal elements, which in any case vanish at T and H, will 
generally have a negligible effect on the states and their energies. Similar con- 
siderations hold for all the other states, and the results so far may be summed 
up diagrammatically as in Fig. 6. Various comments can be made. There is 


A = G D 
(K,K,K) (K,0,K) 


—_— 
is 


H 
(0,0.0) (0.2810) 


Fig. 6. The predicted energy band structure for a typical body-centred cubic transition 
metal for various directions in K space. The doublet eg band has been inserted 
only in the A direction for clarity and states of the same symmetry have been allowed 
to cross. Provided that a cross-over does not occur at the Fermi level this approxi- 
mation has no effect on the ground state determinantal wave-function. 


no level of s-like local symmetry throughout which overlaps the other bands, 

although one frequently reads that in the transition metals there is a broad s-band 

overlapping the d-band. The broad overlapping band, which does exist, is 

s-like at ', but p-like at H. There are no energy gaps below H,. The d,,, d,, 

_ and d,,-like states at I" go into similar states at H, which is consistent with three 
narrow bands having local d-like symmetry throughout. 
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§ 8. ‘THE Point P anp THE Lings JOINING IT To [ anp H 


Suppose we now choose K to lie on the line which joins I’ to P, the point 
(7/a, 7/a, 7/a). Then K=(K, K, K). The K vector is unaltered by rotations 
about the (1, 1, 1) direction, but the lattice symmetry requires that such rotations 
be restricted to multiples of 27/3. Consider that rotation which takes 2 into 4, 
4 into 6 and 6 into 2 in Fig. 1. Then |B, 2) goes into IB, +), |B, 4) into |B, 3) and 
|B, 3) into |B, 2). There is a slight difference for the a-type states, for |x, 3) and 
|x, 4+) go into — |x, 2) and — a, 3) respectively, while |x, 2) goes into |x, 4). Itis 
therefore natural to group the states as 


Ag.” |, i “A |B(2 +03 + w?4)) 
Ay: |x, 1) A tebe +w4)) 
Ay: |B(2+34+4)) ra ep snerhye 
Ay? |a(2=3+4)) °° | Jo(2— 23 + w4)) 


where w = exp (2777/3). 

They do not completely diagonalize the Hamiltonian, but show that it gives 
rise to four singlet and two doublet levels. The singlets are linear combinations 
of |B, 1), |x, 1), |8, 2+3+4) and |x(2—3+4)) and if one of the states in a doublet 
is 

A[B(2 + w3 + w4)) + puloc(2— 3 + w*4)) 
the other is 
A|B(2 + w?3 +a4)) + pla(2—w*3+w4)). 


At I’, which is the special point (0, 0, 0) on (K, K, K), there are two triplets and 
two singlets. ‘To understand the relation of these to the above states we can, for 
example, form the following linear orthogonal combinations of the states in Moss 
d,,+@*d,,+wd,, 
d,,+wd,,+wd,, 
oat aK ass of Ce 
Inspection shows that they are the same as 
2[B(2 + w3 +.w4)) 
2|8(2+ w?3 +a4)) 
3/8, 1) —|8(2+3+4)) 
respectively. The first two form a special case of a A; doublet, with A=1, »=0, 
and the third is a special case of a A, singlet. Thus as I is approached from the 


(K, K, K) direction, a Ay doublet and a A, singlet move into coincidence. The 
extra symmetry operations available at I’ can then be used to interchange the 


/ 


three states as required for a I,;’ representation. Similarly the states in Pe 
can be combined as 


P2toPyt+o*py Petw*py+op, PtP, +P, 


which are respectively the same as A 


—2|a(2—w23+w4)), —2lo(2—w3 +w°4)) and 3x, 1)+Ja(2—3+4)) 
and the states in I’, and TP,’ can clearly be written as A, singlets. 


Results of this type can be obtained quite generally by the methods of B.S.W. 
but it has seemed of value to derive them by the above algebraic considerations 
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because the results of group theory are sometimes made clearer by such an 
investigation. In the notation of B.S.W., L,, and I',; would both be said to be 
compatible with A, and A,, whereas I,’ and I’, would both be compatible only 
with A,. 

It is at first sight surprising that a similar analysis can be given for the states at 
H, for H does not lie in the (K, K, K) direction. ‘This statement however does 
not take into account the peculiar structure of the Brillouin zones, as is shown by 
consideration of what happens if one proceeds along the (K, K, K) direction, 
through P(z/a, /a, 7/a) to the point (2n/a, 2a, 27/a). In the simple cubic 
zone scheme this point would be equivalent to (0, 0, 0), but in the body-centred 
lattice we have seen that both I and H correspond to (0, 0, 0) for the simple 
cubic lattice. It transpires that (27/a, 2m/a, 27/a) does in fact correspond to H, 
andnottol. ‘Thusapoint equivalent to Hlies on (K, K, K)at (2m/a, 2n/a, 27/a). 
We shall call this point H’. It is necessary to distinguish between H and H’ 
because of the definitions of our states, which involve terms like exp (iK. Rn). 
Inspection of our definitions shows that 


(8, 1; H)= —|8, 1, "), [8, 2, H)= +8, 2, H") 
(8, 3; H>= +|8, 3, H’), [8, 4, H)= —|8, 4, H’> 
where the occurrence of H or H’ indicates that the corresponding value of K has 
been used. 
Similar results hold for a-type states. Then, for example, expressing the 
states at H,, in the notation for H’, thus: 
pee = |b(b+2—3-*)) 
Po aie) aac ee 
pai S10 - 243 =4)) 
we see that the linear combinations 
Py a WP r a wp, 
Pyt @*P2t Pz 
Py + Pz a Pz 
are the same as 
—2[B(2 +3 + w4)) 
—2|B(2+w3 +w*4)) 
—3[6, 1)+|B(2+3+4)> 
respectively. The value of this result lies in the observation that usually the 
energy is a reasonably smooth function of K, so that if we know the energies at 
T and H it is likely that the energies at P will be intermediate between suitable 
pairs from I and H. 
At P certain additional symmetry elements can be used, for the local function 
becomes multiplied by exp (iK.r), where K= (za, w/a, n/a) andr= ja(+ Ice 1, 
+1), on moving from a given nucleus to a neighbouring nucleus. For neigh- 


bours at positions 1, 3, 5 and 7 the factor is —i, while for neighbours at 2, 4, 6 
and 8 the factor is +i. All rotations and reflections which leave the [1357] 
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tetrahedron invariant can thus be used, and by inspection the states can be grouped 
thus: 


Pps ti oS |B(1—2-—3-4)) 
Pa: —foyetis : [a(1+2—3+4)) 
—d,,+ip, : |B(1—-2+3+4)) 

Pa: 4 —d,,+ip, : [6(1+24+3—-4)) 
—diytip, : |B(1+2—-34+4)) 
—Pettdy, : |a(1+2+3-—4)) 

Py: 4 —pytid,, : Ja(1-2+344)) 
—Petid,, : |a(1—2—3-4)) 


showing that at P there are two singlets and two triplets, the states being suitable 
linear combinations of the above states, which, as written, do not diagonalize the 
Hamiltonian completely. The P, states are readily seen to be compatible with 
A, and the P, sets are each compatible with A, and A,, as follows, for example, 
because 

X+wY+w*Z, X+wY+wZ, X+YV+Z 


are respectively the same as 2|a(2—w23 + wt) ), 2|o(2—w3 + w?4)) and 3a, 1)— 
Ja(2—3+4)) where (—p,+id,,) has been written as X etc. 

If we now study the behaviour of the states as K moves from I’ through P 
to H and require that states of the same symmetry do not cross (for there will 
always be off-diagonal elements to prevent crossing) it follows that the A, state 
which leaves I’, must finish at H,;’, and A, which leaves I’,;’ must also end at 
H,,’. However, at P, this Ag must coincide with a A,, which can only be the A, 
coming from I. The P, triplets are, in their local properties, linear combi- 
nations of d,., d,,, and d,,, with, respectively, p,, P, and p,. We may expect 
that the lower of the two P, triplets will be dominantly d-like. If it is pure 
d-like its energy is likely to be intermediate between that of Y,5’ and H,,’. To 
allow for small admixtures of p-like states we may suppose that its energy is lower 
than that for pure d-type; that is, its energy is less than the mean energies of I’,,’ 
and H,,’. This is indicated in F ig. 6. It is important now to note that the 
s-like state at ' becomes dominantly d-like at P, which is quite different from the 


usual assumption in transition metals that there is a broad overlapping band of — 


predominantly s-character. We may expect that in going from I to P its energy 
will change appreciably, because of the change in local character. In going 
from P to H the change in character is much less and we might expect that the 
A, and A, states will here remain quite close in energy. By a similar argument, 
the A, doublet which leaves Y,; must end at H,;, where it is joined by a A, singlet. 
This A, can only come from P,;’. Also, at P this A, doublet is coincident with 
a A, singlet, which can only be the singlet joining ',, to H,. Further, the states 
in T',; and H,; are p-like, the A which joins them is predominantly p-like, so we 
may suppose that the energy of this P, is slightly greater than the mean energies 
of I'|;and H,;. It is to be noted that the A, from [',, remains mainly p-like to P, 
and thus remains fairly close to the A; doublet from I’,; to P,. However, the 
energy change for this singlet from P, to H, is likely to be appreciable, as the 
local symmetry is changing. The rest of the energy level structure for [-P-H 
can now be readily deduced as the A, singlet from T’,’ can only end at H,’. 
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Thus it is seen that from a knowledge of the relative states and energies at I’ 
ind H it is possible to deduce a good deal about the behaviour from I to P and 
hen from P to H, which is equivalent to the edge of the first Brillouin zone. This 
-dge is denoted by F (B.S.W.) and as might now be expected, its symmetry 
sroperties are the same as those for A. This explains why the energy bands 
coining P to H in Fig. 6 have been labelled by A rather than the customary F. 

In the first Brillouin zone of the body-centred cubic lattice there is one point 
labelled [', but there are six points equivalent to H, namely (+ 2n/a, 0, 0), 
(0, +27/a, 0), (0,0, +2n/a). It is immaterial which of the six directions ’ to 
H are considered, as the energy against |K| curves will be the same for each. 
The states are not identical except at ' and H. Similarly the directions from 
[' to the four points equivalent to P, 


(n/a, /a, 7/a), (—7/a, —z/a, n/a), (—n/a, /a, —7/a), (n/a, —7/a, —t/a), 


give identical curves. ‘The states are only identical at the four equivalent points 
and at’. ‘The same curves are obtained for the lines joining I to the other four 
points equivalent to P, 


(—a/a, —n/a, —x/a), (7/a, a/a, —nla), (r/a,—7/a, —7/a), (—7/a, /a, 7/a), 


and the states at these four points are identical but different from those at the 
other set of four. Most writers on band theory choose the points H, P and N 
in the positions used by B.S.W. In the present paper we do the same for H 
and P (though we prefer to use right-handed axis in K space), but for N it is con- 
venient to make a different choice. The curves for T to N will be unaffected 
by our different choice. 


§ 9. Tue Point N and the LINEs JOINING IT TO EjeHand)P 


We now consider the direction (K, 0, K) and the point N=(z/a, 0, 7/a). 
For a general value of K the symmetry operations which permute the Bloch 
functions are rotations through multiples of 7 about (1, 0, 1) and reflections in 
the symmetry planes through this line. The functions group naturally as: 


Sy: [B(i+4)), Ba: |a(d+4)), — Yat (B(2+3)> 
5: [B1—4)), Za: [e(1-4)), Bs? |a(2—-3)? 
Z,: |B(2—3)), B4: |a(2+3)) 


All the levels will be non-degenerate, there being three &,-type bands with the 
states compounded from the three above D, states, three X, bands, one 2, and 
one ©, band. At I’, which is a special point on this line, |8(2—3)) is locally the 
same as [d,,—4py]/1/2, which is a typical d-like function but so orientated that it 
is perpendicular to the (1, 0, 1) direction. This result is also obtained for a 
general K, except that the local function changes by exp (iK.r) on moving from 
one nucleus to another. However, if it is assumed that the local d-function is 
more or less confined to the [2367] plane it is to be expected that because K 
is perpendicular to this plane, the energy variation with K will be small. This 
- has been emphasized in Fig. 6 by drawing %, as if its energy were independent of 
K. In fact at I’ it is entirely bonding and at N it has some antibonding features 
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so it is probable that its energy increases slightly from ' to N. A somewhat simila: 
picture emerges for ,, which is locally p-like with the p-axis perpendicular t« 
K. It is presumably more sensitive to K, for p-functions are less planar thar 
d’s, and we would thus expect the X, state which leaves I’,; to decrease slightly 
in energy as N is approached, where it is more bonding. At N extra symmetry 
arises because on moving to a neighbour in the 2, 3, 6 or 7 direction the local 
function is unaltered, whereas for neighbours in the 1, 5, 8 and 4 directions the 
local function is reversed. The functions can now be grouped as: 


Ny ode : Ja(1+4)) N,: s—d,,: |8(2+3)) 
Ny’: pe+Pz : |B(1+4)) 

No = de |B(2—3)) 

N,’: p,—Pz > [a(2+3)) 

Ns : doy+d,, : fa(1—4)) 

N;’: PySts : Ja(2—3)) N;’: oye eye |B(1—4)) 


It can easily be seen that N, and N,’ are both compatible with 2,, Ns and N,’ 
are both compatible with 23, N,’ with X, and N, with 2X». Now consider 
le(1—4)). This is a d-like function locally, lying in the [1485] plane. On 
moving to a neighbouring site in this plane, the local function reverses, so that 
as far as this particular plane is concerned the function is the same as one which 
can be constructed from the three antibonding d-functions in H,,’. There is a 
difference between the two functions on moving to neighbours in the [2376] 
plane, for at N there is no change in the local function, whereas at H the local 
function is reversed in sign. If then it is assumed that the d-like function is 
confined to the [2376] plane the energy of N; will be the same as that of Has 6 
This result is indicated in F ig. 6, though in fact because N 3 is more bonding than 
H,,’ it will be slightly lower in energy than H,,’. This result may also be deduced 
by considering the direction G= ESO; 2n/a—K) which joins H(0, 0, 2m/a) to 
N(z/a, 0, z/a), for the [1485] plane is perpendicular to this direction. Ny, is 
compatible with ¥3, which is compatible with T,,’, so we expect to have a 3 
level joining T’,,’ and Ns. Similarly |8(1 +4)) is a p-like function with its axis 
in the [1485] plane, and it bears the same relation to one of the states in H,, as 
lx(1—4)) does to one of the states in H,,’. The p-like functions will be less 


planar than the d-like functions, so we expect N 1 to be slightly higher in energy © 


than H,,. Compatibility requires that this level be joined to I’,,’ by a , level. 


The only other state of physical importance is the =, state which leaves I',, and 


becomes N, at N. It will be a linear combination of |a(1+4)) and |B(2+3)) at 


N. Now {{a(1 +4))+ [B(2+3))} is locally s-like, with four bonding and four — 


antibonding neighbours, so its mean energy is likely to be intermediate between 
that of I, and H,. Similarly (IB(2+3))—|a(1+4))} is locally the same as 


{[R(2+3))—|p( +4))} at I. That is, itvis locally like d,,, with four bonding ~ 
and four antibonding neighbours. Its mean energy will therefore lie between 


T,;’ and H,,’. This energy is probably less than the energy of 
(la(1+4)) +[8(2+3))} 


so we infer that the ¥, level which leaves T, arrives atiN (where it is denoted 
by N,) with an energy somewhat less than the mean energy of I,’ and H,,’. 


ba | 


Thus we are able to deduce a good deal about the direction (K, 0, K) from a 
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traightforward study of the local character of the respective states. On con- 
inuing along & beyond N, the point (27/a, 0, 27/a), which belongs to [’ in both 
he simple cubic and body-centred Brillouin zone schemes, is reached. As the 
nergy levels at N are all singlets, the energy versus K curves are horizontal at N. 

At this stage we have dealt with all the points in the Brillouin zone of high 
ymmetry, and the lines joining these to IP and also the line P to H. The lines 
J to H and N to P can be investigated using similar methods, though for the 
ehaviours of the bands it is enough to know the compatibility relations. ‘The 
esults of such a study are given in Fig. 6. 

It may be noted that there is no implication that covalent bonds occur in bere: 
ransition metals, for the properties of the symmetric and antisymmetric ‘link’ 
unctions, which might be termed bonding and antibonding, are removed when 
3loch functions are formed. 


§ 10. THe e, Banps 


The above discussion began with a model which seemed to incorporate the 
dea of covalent bonds between neighbouring atoms and then went over into a 
sand description. It might therefore be thought to be satisfactory as it in- 
corporates a number of features which seem to be needed. It is however deficient 
in one very important respect. From the point of view of symmetry operations it 
would have been desirable, in building the initial directed orbitals, to have used 
states which transform according to all the irreducible representations of the 
cubic group. In fact a number of irreducible representations were not used, 
namely Py, 49, Cys’, Py’, Pie’ and V',;. To see whether anything important has 
been omitted we may ask what atomic orbitals transform according to these 
representations. Without going into full details the answer is that I',, is spanned 
by the x2—y?, 3z2—r* orbitals, but that none of the others occur with principal 
quantum number less than 4. The latter are unlikely to be important in the 3d 
transition group and can safely be ignored. 3d,:_,2 and 3d,,._,. cannot, however 
be ignored. 

In attempting to incorporate d,._,, and d3,s_ there is no reason to introduce 
hybridization, and the first step is to form Bloch functions from them in the 
standard way, with the orbitals centred on lattice points. We should now go 
back to the beginning in our problem of finding the eigenfunctions, and work 
with ten Bloch functions for each K. That is, the eight we have discussed at 
length above, and the two new ones from dy», and dg, which are usually 
referred to as eg bands. This however is unnecessary if the matrix elements 
between the original eight and the two new ones are small compared with the 
energy differences, for we can then use perturbation theory. Our first step is to 
show that there is good reason to suppose that the matrix elements are indeed 
small. ‘They are not small compared to the energy differences for all values of 
‘K, for on neglecting them levels of the same symmetry will cross for certain 
values of K. At these points there will be a good deal of mixing of the levels, 
but if the matrix elements are small this mixing will be confined to very limited 
regions in K space and, as will be shown later, can probably be neglected as far 
as physical properties are concerned. 

The reason we suppose that the matrix elements are small is that, in their 
evaluation, it is necessary to determine the matrix elements of the lattice potential 


‘between dx ia and dja orbitals located on lattice sites and bonding or 
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antibonding functions located on links. From simple symmetry arguments al 
such matrix elements are zero if the lattice site is at one end of the link. The only 
contributions come from lattice sites and links for which the link does not joi 
up to the lattice site in question. Thus the magnitudes depend on the radia 
extents of the d,._,, and d3,:_,: orbitals and the localization of the bonding and 
antibonding orbitals. But the important observation is that the elements which 
might have been expected to give the major contribution do in fact give zero for 
Symmetry reasons. Further, there is no reason to suppose, in a cubic environ- 
ment, that the radial parts of the dj.» and d;,._,. functions (which will be 
identical) will be the same as the radial parts of d,,,d,,andd,,. We suggest that, 
possibly because of the bonding which takes place, the interatomic spacing is deter- 
mined so that the radial extent of d,, d,, and d,,, is expanded in the metal com- 
pared with that in the free atom but that the radial extent of dj. a and dy... iS 
much the same as in the atom ; this does, in fact, make the latter ‘inner? orbitals 
in the metal. Any tendency in this direction decreases the matrix elements 
between the eight and the two, and leads to the concept of pure d,,_,, and 
ds, OF eg, bands. (In accord with common usage, the d,,_,, and dy. 
atomic orbitals are referred to as eg orbits instead of I',,, the B.S.W. notation used 
elsewhere in this paper). ‘The variation in energy with K of these bands is deter- 
mined by overlap of functions on different nuclei, and the more ‘inner’ these 
orbitals are the less the energy will vary with K. Also xy etc. at I,,’ have lower 
energies than in the atoms whereas xy etc. at H,;’ have higher energies than in the 
atoms. We therefore expect the 3d, and 3d,,,_,. bands to be narrow and 
lie between these limits. In an exaggeration of the expected situation and for 
clarity, we have drawn the two extra bands in the direction A only, with energy 
independent of K, and have allowed states of the same symmetry to cross (Fig. 6). 
It may be noticed that no concept of crystal field splitting has been used. 

It is difficult to compare directly the band structure calculations discussed 
here with previous work due to the nature of, and the many differences in, the 
approximations and assumptions made. Many previous discussions and cal- 
culations on the band theory of iron have been published (Manning 1943, Slater 
1953, Slater and Koster 1954, Callaway 1955, Stern 1959) and a detailed study 
has been undertaken at the Massachusetts Institute of Technology (Wood 1960, — 
Slater and Woodf). 

The forms of the energy bands deduced here from simple physical con- 
sideration are supported by the much more detailed calculations of Wood for the 
same symmetry directions. 


§ 11. THe Exectronic ARRANGEMENT 
Having obtained a band structure for a number of points and directions in 
K space it is possible, by interpolation, to infer something about the density of 
states curve. However, recent thinking suggests that the independent electron 
model is not perhaps the best way of viewing the situation, and we shall therefore 
be concerned first with the ground state of the many electron system, and then 


the ground state, we have to place the electrons in suitable states to give the 
minimum possible energy and we assume that this can be done in some cases to 
a good approximation, by filling up the band scheme with paired-off electrons to 


t see footnote to Dels2ie 
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Fermi level. The many-electron wave function is then a single determinantal 
inction. 

The low temperature phase of titanium is close-packed hexagonal, so it would 
sem appropriate to begin our discussion of the transition metals with vanadium, 
rhich is body-centred cubic and has five electrons outside the argon core. An 
xamination of the energies up to H,,’ shows that, ignoring the eg bands, there 
re three complete bands starting from I’,;’ and part, probably about one half, 
f the band which starts from [',. Thus up to energy H,;’, we might expect to 
e able to accommodate about seven electrons even without using the eg bands. 
n vanadium it would seem that the five electrons can be accommodated in the 
ingle band from I’, and the three bands from I’,,’ filled up to a level which is some- 
vhere between I’,,’ and H,,’ in energy, and which is probably nearer to H,;' 
han to I',,’, since the number of states with a given |K| increases with K in 
egions away from the zone boundaries. We assume that the eg bands are 
bove this level and are unoccupied. The Hall constant of vanadium has been 
neasured by Foner (1957) who reports that it is positive. To account for this 
ve need to study the slightly excited states which may not be single determinantal 
tates, at least in our representation. It is, however, interesting to note that, on 
he independent electron model, the electrons at the top of the distribution in 
he bands from I’,,’ probably have 0?#/dK? negative and so behave as positive 
harge carriers. ‘Lhe electrons in the band which starts at I), may not act as 
sitive charge carriers, in which case the question arises as to whether their 
nobilities are less than or greater than those of the positive holes. In the direction 
- to P it is seen that although the band from I, starts as s-like it is d-like at P, and 
we suggest that there is no real reason to suppose that the mobilities of the electrons 
4t the Fermi level in the band from I’, will be substantially different from those 
of the holes in the other bands. The hole contribution to the Hall effect will 
then outweigh the electron contribution. 

Chromium, the next body-centred cubic metal, has six electrons per atom 
1o be accommodated. They can be accommodated below H,,;’ without using 
the €g levels, but it may be that some of the electrons are in the eg levels. How- 
ever, chromium is known to be antiferromagnetic, so our use of a simple deter- 
minantal function to describe the ground state cannot be correct, and it is not 
entirely clear how to proceed. One observation though may be important; 
states near H,,’ are now being used and an electron in one of these is aware of 
the crystal structure, since the wavelength of its Bloch function is comparable 
with the lattice parameter. It may be that this property helps to stabilize 
an antiferromagnetic structure (Friedel, Leman and Olszewski 1960, private 
communication). (It may also have a bearing on the alloying properties of 
chromium.) 

Above H,,’ the band structure has the special feature that an electron has a 
very limited choice of levels. Below Hy,’, and for any line through I’, there 
will, in general, be several states of the same energy. Above H,,' (but below 
H,;) there will only be one state. ‘Thus on moving to the next metal, manganese, 
the extra electrons, one per atom, will either have to go into levels of appreciably 
higher energy or they will have to go into the eg levels, assuming these are ener- 
getically suitable. The interesting fact is that manganese does neither of these 
things, for it does not have a body-centred cubic lattice, suggesting either that 
€g is not available (in which case it is probably not available in chromium either) 
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or that, having put electrons into eg, the lattice undergoes a Jahn—Teller type o 
distortion (Griffith and Orgel 1958). 

The next metal, iron, with eight electrons per atom outside the argon core, i: 
body-centred cubic at low temperatures, and is ferromagnetic. Mott anc 
Stevens (1957) explain this by postulating that the ground state is approximately 
one in which the extra two electrons above chromium (for which it can be assumed 
that eg is empty) are in the eg bands with their spins parallel. If the eg bands 
are regarded as consisting of + spin and ~ spin bands, the bands of +spin are 
completely full, whereas the — spin bands are empty. ‘The +spins do not take 
part in electrical conduction etc., because the +band is full. Further, by using 
a well-known theorem (Wannier 1937) an equivalent description can be given in 
terms of localized Wannier functions. In this description it is then seen that the 
energy associated with the determinantal state is not simply that given by summing 
the energies of all the occupied single electron states, but that there is likely to be 
an important contribution from the so-called exchange interactions between 
parallel spins on the same lattice site. There are other smaller energy terms as 
well; the importance of this intra-atomic energy is that it provides an explanation 
of why a ground state with a large spin moment is energetically favoured. It is 
further postulated that the low-lying excited states are like spin-wave states in 
which spin-deviations of unity are propagating through the lattice. States which 
consist dominantly of determinantal functions in which electrons have either 
been removed from eg and placed at the Fermi level, or have been taken from the 
Fermi level and placed in the empty eg —spin bands are supposed to be 
appreciably higher in energy. 

A number of further refinements can be added, though these are more easily 
described physically than mathematically. In atoms it is known that the energies 
of outer unpaired electrons are spin dependent when there are unpaired electrons 
in inner shells. That is, the spins of outer electrons have a tendency to set 
parallel to the spins of inner electrons. In the model of iron it therefore seems 
reasonable to suppose that the conduction bands (that is, all the bands except eg) 
should also be regarded as composed of separate + and — spin bands, and that, 
due to the localized moments, the K* states will be lower in energy than the K-, 
at least near the Fermi level. On filling to a Fermi level there will then be a spin 
polarization in the conduction band. As this polarization is due to the localized 
moments and is in an electron distribution which conducts, there is the further 
desirable effect that, through it, the localized moments are indirectly coupled. 
There is also a more subtle effect, as follows. It has been assumed that there 
are no matrix elements of the lattice potential between the eg bands and the other 
bands. Suppose now that this is not true, and that there are small off-diagonal 
elements. When these are included the eg bands and the conduction bands 
will be repelled slightly. But the eg +bands are filled and are below the Fermi 
level. Thus a + spin conduction state near the Fermi level will have its energy 
increased. On the other hand the €g— bands are empty and are thus above the 
Fermi level, so that a —spin conduction state at the Fermi level has its energy 
reduced. Anderson (1960, private communication) argues that the net result of 
this effect and the direct spin polarization effect is to give almost a cancellation, 
which helps to remove the difficulty of accounting for the relatively small spin 
polarization actually observed in the conduction bands. 
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Having lifted the assumption that there are no matrix elements between the 
and the conduction bands a further step is possible, particularly where bands 
ould otherwise cross. Consider an egK+ state which has almost the same 
lergy as a K+ conduction state. If we assume that both of these states contain 
ectrons then the determinantal function is unaltered by using the correct linear 
ymbinations to diagonalize the sub-matrix. 'The same argument can be given 
 —spin states which cross, except that now neither state will contain electrons. 
hus the neglect of the off-diagonal elements is not an approximation provided 
at both the states involved either do or do not contain electrons. ‘The possibility 
at, with such a pair of states, one does and the other does not contain electrons 
ems unlikely with small off-diagonal matrix elements. 

There are no other body-centred cubic metals in the first transition group, so 
seems appropriate to end our discussion of the implications of the band structure 
hich we have deduced, at this point. ‘There are, of course, many properties of 
anadium, chromium and iron which we have not considered, some of which 
sem to support our band scheme and some of which are difficult to interpret. 
: is our hope, though, that the rather lengthy discussion which we have given 
ill improve the accuracy of some of the criticisms which have been levelled at 
1e Mott and Stevens theory of iron, by providing a better target. 
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Abstract. The electron spin resonance spectra of Gd3+ have been measured in’ 
gadolinium hexa-antipyrene iodide (HAPI), lanthanum HAPI, and cadmium. 
fluoride. In CdF, the Gd3+ jons are sometimes in sites of cubic and some-. 
times in sites of tetragonal symmetry. In the latter the zero field splitting is 

remarkably small, being about 0-05cm~!. In the HAPI there is a large zero field 

splitting, about 0-98 cm overall, and even in the undiluted salt the line width 

is only about 230 gauss, so that it may be suitable for a zero field maser. An 
Appendix gives a discussion of the general problem of rotation of the frame of 

reference in which the crystal field is described so that the spin Hamiltonian 

may be written in a form diagonal in the applied magnetic field. The coefficients . 
have been tabulated for the polynomials involved in the general rotation matrix 

for the operator equivalents. The polynomials have been plotted as a function 

of angle. There is also a table of factors to relate some of the untabulated 

matrix elements of the operator equivalents to the Wigner 3-j symbols. 


§ 1. INTRODUCTION 
HE trivalent gadolinium ion, which is in an § state, is the natural one to 
| choose to investigate the symmetry of the crystalline electric field about a 
site for lanthanon ions in a host crystal. The electron spin resonance 
spectrum is normally visible at liquid air temperatures, if not above, and the 
symmetry of the spin Hamiltonian reflects that of the crystal field. 

There is also the possibility, as the eightfold degeneracy of the ground state 
is partially raised by high-order effects of the crystal field, that the magnitude of 
the zero magnetic field splittings may be such as to make the crystal a useful 
maser element. 

The gadolinium spectrum has been studied in two salts, cadmium fluoride, 
and gadolinium hexa-antipyrene iodide both pure and diluted with the lanthanum 
salt. The former material was kindly grown from the melt by Dr. R. W. H. 
Stevenson of Aberdeen University; the latter is easily grown from aqueous 
solution following the recipe given by Marsh (1951). 

Cadmium fluoride belongs to the O,° space group, and is isomorphous with 
calcium fluoride, but its lattice constant is slightly smaller—5-40A as compared 
with 5-454. It is of interest to compare the spectra of gadolinium in these two 
salts. In calcium fluoride one sometimes finds that the symmetry of the 
gadolinium site is cubic like that of the calcium which it replaces, and sometimes 
it is tetragonal (Friedman and Low 1960). Low has shown that the two forms 
are interconvertible by the appropriate heat treatment. The tetragonal symnyetry 
is thought to be due to an interstitial fluorine ion in a site near the trivalent ion; 
whether such ions have a chance to diffuse to this energetically favoured site, or 
get trapped in other parts of the lattice, depends upon the way in which the melt 
is cooled. 

t Now at Institut d’Astrophysique, Cointe-Selessin, Belgium. 
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The hexa-antipyrene iodides (HAPI) are of interest because they are very 
agnetically dilute. ‘The chemical formula [Ln(C,,H,,ON,).]I5 indicates that 
ere are a large number of diamagnetic atoms between the paramagnetic ones. 
ne might thus expect to find narrow electron spin resonance lines even in 
aterial which has not been diluted with the isomorphous diamagnetic lanthanon 
It. This in itself would be a great convenience in preparing samples for maser 
se. The HAPI are also of interest because they form a homologous series 
\roughout the lanthanon group in which it might be possible to study the effects 
- a uniform crystal environment on all of the lanthanon ions. The results of 
is complete investigation are discussed in the following paper (Baker and 
ubins 1961, to be referred to as II). 

Preliminary investigations by x-ray methods of the crystal structure of 
‘trium HAPI have been made independently by Dr. G. Garton of the Clarendon 
aboratory and Dr. J. W. Jeffery of the University of London. They find that 
1e space group is R3 and that the symmetry at the lanthanon site is probably 3. 
‘his symmetry is confirmed by the electron spin resonance measurements. Dr. 
‘arton also measured the hexagonal unit cell dimensions obtaining a=13-5A 
nd c=33-5A; there are three molecules in this cell, all three metal ions having 
lentical magnetic properties. 


§ 2. THE SPIN HAMILTONIAN 


For both crystals the spin Hamiltonian takes the same form 
2 4 6 
ep BH fur S+ >B" One pe DBO, ee be Uns 
0 0 0 


vhere the O,,”" are operator equivalents in the notation of Baker, Bleaney and Hayes 
1958). These O,,” are present in the sums which transform in the same way as 
he symmetry operations of the point symmetry of the lanthanon site. For the 
ubic form in cadmium fluoride 
H =BH.g.S$+B,(O" +50,') + Bo(O,? —210,"), 
nd the tetragonal form may be written in the following way so that the departure 
rom cubic symmetry is apparent: 
H =BH.g.S$+B,90,° + By(O, +50,') + BO, 
+ B,(O,° —210,*) + B,°O,°. 
*or the hexa-antipyrene iodides the spin Hamiltonian may be written in terms of 
|g axis parallel to the hexagonal crystal axis as 
H =BH.g.S+B,°0,9+ BPO? + BPO, + BPO, 
+ B,?O,? + Be°O,*. 

[he hyperfine structure terms have been omitted in all of these spin Hamiltonians. 

When the external field is not directed along the axis in terms of which the 
yperator equivalents have been defined it is often convenient to work in terms of 
| set of axes rotated so that the new axis is parallel to the applied field. In this 
‘epresentation the Zeeman term in the spin Hamiltonian, which is usually the 
argest, is diagonal and the effects of the crystalline field may be treated by pertur- 
yation theory. The way in which the operator equivalents transform under such 
| rotation is discussed in the Appendix. 
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§ 3. Capmium FLuoripE 


‘Two batches of crystals were grown from powders of different origins. Bot 
were grown from the melt by the same method. The first batch, A, had abou 
0-05% Mn?* impurity, while the other, B, had less than 001%. Crystals o 
batch A, containing 4, 0-5 and 0-03% gadolinium to cadmium, gave only cubi 
spectra except that the most concentrated one showed numerous weak lines (more 
than 50) of other symmetries, but these were too weak to analyse. Crystals o 
batch B, containing 1, 0-1 and 003%, gadolinium to cadmium, all had about 40% 
of these impurity ions in cubic sites and the other 60% in three non-equivalen 
tetragonal sites whose principal axes corresponded with those of the cubic ones 

‘The spin Hamiltonians for both these cases were given in the last section 
The values of the parameters of these Hamiltonians are listed below and com- 


pared with those for calcium fluoride. All our measurements were made at room 
temperature and with 1:4cm microwaves. 


a eee 


Table 1 
Sif vane Cadmium fluoride Calcium fluoride 
Sysnraatry Cubic ‘Tetragonal Cubic ‘Tetragonal 
nets ie: (Low 1958) (Sierro & 
parameter facto 1960) 
3B," — 42+3 —_ +1488+5 
60B, 47-4+0:3 45:2+1-0 +46:25 +0:5 30-4+ 2:0 
60B,° — 1:5+0°3 — =) eee 
1260B, 0:0 +03 0-0+0°3 —1:0+0°5 0-1+0+3 
1260B,° — 0-2+0°5 a dake, 
g 1:992+0:002 1-992 +0-002 1:991+0-002 1-993 + 0-003 


Table 2, Spin Hamiltonian Parameters for Gd HAPI 


Undilute Dilute 
300°K 300°K 90°K 

ray 1-990 + 0-002 1-991 + 0-003 19931 + 0-0005 
ran 1-989 + 0-003 

7 a t25 +2°5 
3B, 71145 702 70:2 827 | 0.2 
60B,° 1:72 +0-35 1341-6 2:8+1-6 
[3B,"| oo — 8-0+1°8 
1260B,° —0:8+0°5 —0:8+1:0 —1:1 +1:0 | 
[36B,"| — — 0-8 +1-4 
1260B,° A 7:3 +09 6:9+0°5 


The B,° and B,* terms are ~ 15° out of phase. All B, are given in units of 10-4 em-1 | 


| Too small to be measured, sixfold variation within the line width. : 


nrg 


“ 


The signs are only relative except those of Low. All crystal field parameters 


are in units of 10-4cm~}, 
The doubling reported by Ryter (1957) and Horai (1960) for the cubic 


spectrum of the calcium fluoride when the magnetic field was not along a principal 
axis was not seen here. 
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§ 4, HEXA-ANTIPYRENE IODIDE 


Measurements were made on both the undiluted salt and on a crystal of the 
inthanum salt containing 0:3% Gd. As the crystal field splitting is large 
yeasurements were made at K-band (~23Gc/s). The parameters of the spin 
Jamiltonian are listed in Table 2. The values of g,, B,°, B,°, B,° were obtained 
rom the spectrum when the magnetic field was parallel to the crystal axis. When 
t is in the plane perpendicular to this axis the spin Hamiltonian becomes 


H = BHS,—4B,°0,9 + $ BO, — $y Be, + dy B® cos 6x0," 
+ $B,?0,? +38 Bef O,? cos 6+... ; 


vhere other terms are too small to give significant contributions and « is the 
tational angle in the plane (see Appendix, Euler angles «, 7/2, 0). Thus one 
ybserves a sixfold rotational symmetry from which the B,° term may be found. 
The B,? and B,? coefficients were found by comparing the spectra on either side 
f the crystal axis in a plane containing it. For a given angle f to the axis the 
sven coefficients will give the same contribution on both sides of the axis, but the 
ydd terms will change sign. Thus upon a rotation («, 8, 0) O,’ becomes 


#sin® Bcos BO, cos3a+..., 


and O,° becomes + sin® 8 cos B (11 cos? B—3)O,°cos3x+.... The largest O,° 
term occurs at B =60° and the largest O,° term at B= 39°, and the size of B,3 and 
B,? were obtained from measurements at these two angles to the axis of the crystals. 

There are small changes in the parameters for the dilute salt between room 
temperature and 90°K. The signs in the table are relative only. It was not 
possible to determine the absolute signs as this requires going to temperatures 
sufficiently low that the population differences between the various states give 
rise to noticeable intensity differences between the lines, and at these temperatures 
the crystal structure has undergone a change in which the number of ions in the 
unit cell changes, and the point symmetry at the gadolinium site is rhombic (see 
Il). In this distorted low temperature state the spectrum is very complicated 
and there are a large number of overlapping lines so no measurements were made 
in this temperature region. 

Above the transition the narrowest lines observed in the lanthanum salt 
containing small quantities of Gd*+ or Ce*+ (see I) are 10 gauss wide, suggesting 
that this is the line width due to nuclei in the material. This indicates that there 
are some protons which are near neighbours to the lanthanon ions; the other 
nuclei in the antipyrene molecule would not give such a large line width at likely 
interatomic distances of about 2 A. 

In the undiluted salt the central line of the Gd?+ spectrum, measured with the 
external field parallel to the crystal axis, is 230+ 10 gauss wide. This is greater 
than the root mean square line width calculated from the theory of Van Vleck 
(1948) for dipolar interaction between similar ions, and this theory would give 
too high an estimate as ions in different states cannot be regarded as similar. ‘The 
other transitions have broader lines indicating that there is some spread of crystal 
field splitting over the ions in the crystal. This effect is frequently observed in 
the Gd3+ spectrum in other host crystals; also in other HAPI salts there is 
evidence (see II) that even above the transition there is incipient distortion of the 
C,, point symmetry at the lanthanon site. 


1344 J. M. Baker and F. I. B. Williams 


§ 5. Discussion 


Above its transition temperature (about 90°x for the undiluted salt and 15° 
when diluted with the lanthanum salt) the HAPI has some interest as a mase. 
material as it has a large zero field splitting, about 0-98 cm— overall. It also ha 
only one type of magnetic ion in the unit cell, is easy to prepare as large specimens 
and the lines in the undiluted salt are narrow compared with other undilutec 
lanthanon salts so far investigated by electron spin resonance. It has of course 
the disadvantage that it is water soluble; it appears otherwise to be fairly stable, 
but it does tend to crack after many successive coolings to low temperatures. 
It compares favourably in stability with potassium cobalticyanide which has been 
used extensively as a maser material. 

Cadmium fluoride, doped with gadolinium, is a more stable material as it is 
grown from the melt and has no water of crystallization. However, its small 
crystal field splitting, even in the tetragonal crystal field, makes it of no use as a 
low field maser. 

It is of interest to compare the crystal field parameters for Gd*+ in CdF, with 
those for CaF,. When the crystal field is cubic the parameters in the two host 
crystals are nearly equal. This is to be expected as the lattice constants are little 
different, and also because the gadolinium ion is larger than the ion it replaces, it 
probably influences the position of its ligands more than the host lattice. How- 
ever, the tetragonal crystal fields in the two host lattices are quite different. In 
CdF, the axial terms are much smaller and also the B, and B, terms are approxi- 
mately the same as they are in the cubic field. There is evidence that when some 
trivalent ions are incorporated in CaF 2 charge compensation is achieved by an 
interstitial fluorine }a along the (100) direction from the trivalent ion; this 
causes the tetragonal terms in the crystal field (see, e.g. Baker, Hayes and O’Brien 
1960). It seems reasonable to suppose that this is the mechanism for Gd3+ in 
CaF, in view of the large effect. If the charge compensation mechanism is the 
same in both CaF, and CdF, and the large differences in B,° arise because this 
term is extremely sensitive to the differences between lattice constants, one expects 
this term to be very temperature sensitive, A rough experiment cooling CdF, 
to 90°K shows that this term increases by only 23+6%. B, in the cubic sites 
increases by 7+3%. The strain produced by cooling CaF, to 90°K is about 
0-4%; that produced in CdF, will probably be somewhat smaller, about + the 
change in lattice parameter between CaF, and CdF,. Hence it is possible that 
there may be a different mechanism in CdF, which gives rise to the smaller 
tetragonal departure from the cubic field. Whatever the mechanism it must be 
due to an effective additional negative charge situated along the ¢ 100) direction. 
It is possible that the Ca?+ ion distant a is replaced by a monovalent ion, or that 
there is an F~ ion in the interstitial site 13a away. There are objections to both 
of these possibilities but there is no direct evidence from which the details of the 
mechanism may be deduced. 

In the absence of a complete theory relating the parameters of the crystal 
field in the spin Hamiltonian to the crystalline electrostatic potential for S state 
ions one cannot make further deductions from these comparisons or from the 
absolute values of the measured parameters. ‘This material is the only one so 
far investigated where the B,° term, when it exists, is smaller than other terms; 
in all other salts, including the HAPI the B,° term is by far the biggest. 
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APPENDIX 


The most convenient way to find the eigenvalues of the spin Hamiltonian is 
to use perturbation theory. Often the largest term is the interaction of the 
magnetic field with the electronic magnetic moment, so that the representation in 
which this interaction is diagonal is chosen. The crystalline electric field is 
normally expressed as a series of terms with the symmetry of the spherical 
harmonics in terms of spherical polar axes determined by the symmetry axes of 
the crystal structure. We want to re-express this crystal field in terms of az 
axis parallel to the direction of the magnetic field. 

An expression will be given for the matrix elements of this crystalline field— 
a real combination of spherical harmonics—within a constant angular momentum 
manifold for a direction of quantization along the z axis of a set of axes which has 
been rotated by Euler angles («, 8, y) from that in which the field is known. 

Define 


1/ 47 \12 ee 
o,, = 5) (a3) Px ak OY al 


=(-1)" (a) P"(cos@)cosmp eave (Al) 
Ow = 5 (atez) Mim (1 Vi ste (A2) 
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The Py” and Y,,, are as defined by Edmonds (1960). The Euler angles als 
correspond to those of Edmonds: « about the original z axis, 8 about the ney 
y axis and y about the newer z axis, A positive rotation is one which advances 
right-hand screw in a positive direction along the axis. Stevens (1952) has giver 
a rule for calculating these matrix elements by using an operator equivalent 
Their form and values have been tabulated for most cases usually met (Steven 
1952, Elliott and Stevens 1953, Judd 1955, Baker, Bleaney and Hayes 195: 
Baker, Jones and Pope 1959), 

‘The matrix elements of these operators —O/" in the notation of Baker, Bleane 


and Hayes (1958)—are related to those of the ©, and to the Wigner 3-j symbol 
as follows: 


- ofl ikke ee ate 
(ju|O/" ju’ > = Ki, iy M)CJHOin lie > 


“Fash m {Cry J / 7) Simao l iy 


hom pw 


f(l, m)=(—1)m (a) eer. of P,"(cos6)) 


where R.F. means rational factor, y denotes a dependence on other quantum 


numbers, j is the angular momentum of the manifold and yu is the projection of j 
on the z axis, 


Using the rotation matrices for the spherical harmonics (e.g. Edmonds 1960, 


Wigner 1959) and letting Pvu,e,, Symbolize the rotation of the coordinate 
system, one finds in the new system that: 


(HHP, By) lm ie’ > a (juld'y,, (B) cos MA) 9 
1 
oi > AC m(P) exp [ + 1(ma “te m'y)| 
11 mx 


a ( = vat m m(B)exp [ ar 1(mea. 7. MY) Om |je »» Lae (A4) 


where 


ert // ue —m' ve (/-+m')\(1—m’)! 1/2 
diy m (f) ina ( 1 y d'_ mm (B ) os (Ga) 


l+m l—m eel B\28tm' +m 7 B\ %—28—m’—m 
soy (eet ANE f )-1) (cos5) (sin$). | 


The top signs are used for #’ > and the bottom ones for p> p’ 


since (jp 


im ju = my =F HO mie i m). ~ 
y may often be chosen arbitrarily—as, for example, in our case since the magnetic 
field is axially symmetric—to simplify the expression. 

‘There are two special cases of particular interest. (i) One wants to know the 
diagonal matrix elements to see how a spectrum should behave to first order 
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nder a general rotation of the magnetic field. ‘These are simply proportional 
) the Legendre polynomials. In terms of the O;”, 


; RF. of PX(cos 6) 
Pp m oy Rete fl ee 
GHP, 5,1" VE = RE of Pm (cos 8) 


x cosma<ju|OP|ju). ---++- (A5) 
ii) One wants to rotate the magnetic field (and with it the quantization axis) ina 
lane perpendicular to the z axis of the coordinates in which the field is known. 
Jere the solution for all the matrix elements is quite simple. It may be shown 


hat, for (—1)'=1, 
CFP fe, 40, 3 Oimbie’ > = <I om (27) cos maOin 


Pn(cos B) 


l 
+2 > [8 y™-™ 1 cos ma exp ( F im'y)—5_y"~™, 1 Sin ma 
m’=1 


exp LF i(m'y oF dat) JQ vm( 37) Om LIE > Sstisnerns (A6) 


where 5,,,, is the Kronecker delta. These matrix elements have been tabulated 
‘or all even / and m up to /=6 by Baker, Jones and Pope (1959). ‘Their results 
re obtained by putting y=7/2 which should make all their matrix elements real. 


NUMERICAL CALCULATION OF THE MATRIX ELEMENTS UNDER A GENERAL ROTATION 
For y=0, Eqn (A4) may be written in terms of the O,” as follows: 
1 
{jH-|P ee, B, yr le » ae (ju|D oom cos maO/ ate >> {De m COS M% 
m=1 
£1D yr m Sin ma}O;” [jp ), 


where again the top sign is used for px’ > u and the bottom one for u>p’. These 
D'* yy, have been calculated at 5° intervals for B=0° to 90° on the Oxford 


University Mercury computer. They are plotted in Figs (1) to (11) for m=, 2, 
3, 4, 6 and /=2, 4, 6. 


2 
D2o 


30% 


45 90 
B (deg) 


Fig. 1 
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- 


45 90 
B (deq) 


Fig. 11 


These Dprrm!*, like the dnrm'(B), may be written as a homogeneous polynomial 


f order 21 in sin(f/2) and cos(f/2). Specifically, 
21 B ag B 2l—n 
n= > B,( 0s 5) (sin 5) 


n=0 


Vg >a B,| (- 1yen(sin a (cos Ans + (cos 5) (sin | ' 


[he B,,, which are functions of J, m and m’ only, are tabulated in Tables 3(a)-(c). 


Marrix ELEMENTS OF O,10,10,1 AND O,° 
Since these are proportional to the Wigner 3-j symbols, which are tabulated 
ip to j =8 (Rotenberg et al. 1959), only the factors of proportionality have been 
riven—the FI, j)f (I, m) of Eqn (A3). They are in Table 4. Orbach (1961) 
1as tabulated the explicit forms of these operators. 
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Table 3(a). Values of B, 


0 1 2 3 
m=0 
1 —4 
6 —6 
3 
m=2 
2 
4 
Table 3(b). Table of B, 
i] 2 3 a 5 
m=0 
—16 36 
20 —120 120 
30 —80 
140 —140 
a 
m=2 
3 —8 
20 — 30 
15 
42 
m=3 
—1 1 
—5 
-—3 
m=4 
ae 
8 


ily 


=20 


= 44 


3 
a 


Anh wWNK SO 


~ 
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168 


108 


Table 3(c). Table of B,, 
1 Ja 3 4 5 6 
m=0 
— 36 225 — 400 
42 — 630 2100 — 2100 
105 — 840 1575 
420 — 1890 1890 
315 —756 
1386 — 1386 
231 
m=2 
4 — 32 60 
56 — 280 336 
70 —224 
168 — 336 
84 
264 
m=3 
—4 18 —18 
—42 126 
4 84 
— 84 
—36 
m=4 
10 —24 
84 —140 
70 
120 
m=6 
4 
24 


15 


—112 


144 


110 


20 


10) etd 
— 36 
=49 
105 
4 
8 
—32 
—12 
18 
12 
3 
—27 
—3 
33 
15 
10 
—20 
—22 
11 
6 
12 
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Table 4. Factors relating some Operator Equivalents to the Wigner 


3-j Symbols 
Operator 
equivalent O,* Of OF O,° 
j Fi, j)f(@, m) 
1/2 
1 *201 
3/2 eg bi) 
2 V1 146 *1401, 
5/2 PiOia: *2411, 
3 *121d, *1411,1 *3420, 11 *4320, 01 
7/2 *0211, *3411,1 *4421, 11 *5521, 01 
4 co fi | idl © i Fy Ui ofS files I] *4431, 01 
9/2 “210 *2402, 11 *7431,11 _ *8331, 01 
5 *2210, 11 *1412, 11 *5431, 111 *6331, 011 
11/2 *1011, 11 *5411, 11 *6621, 111 *7524, O01 
6 211g *2411, 111 ey As Gi bis *6421, 0111, 
13/2 *2111, 01 *3411, 111 *7530) 14147, *8430, 0111, 
a *0011, 011 *2401, 1114, *4631,1111;, *5531, 0111, 
15/2 *1211, 001 *4411, 0111; *5431,.2111, *6331, Tid, 
8 *0210, 0011, *24125 01190; PAA 20114 ¥5321 144d 


The nth digit represents the power of the nth prime starting with 2 and it is understood that _ 
the square root of the product is to be taken. An asterisk denotes that the negative square 
root is to be used and a line underneath indicates that the power is negative. This con- 
vention follows that of Rotenberg et al. (1 959). 
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bstract. Electron spin resonance measurements have been made on lanthanon 
ns in the hexa-antipyrene iodide (HAPI) salts and also in lanthanum trifluoride. 
t room temperature the HAPI have trigonal symmetry with one lanthanon ion 
er unit cell but at low temperatures there is a change of crystal structure. For 
lions except Ce®+ and Gd?+ electron spin resonance is observed only at tem- 
eratures below the transition. The lanthanon ion in the HAPI at low 
smperatures and in the trifluoride have rhombohedral point symmetry and there 
-e several ions in the unit cell. Not all ions with Kramers degeneracy exhibited 
ssonance in both salts, and the few non-Kramers cases investigated also exhibited 
o resonance. In both salts the most extensive measurements were made on 
‘8+. Inthe HAPI Ce?+ has a remarkably long relaxation time and the spectrum 
visible at 90°K. 'The measurements on Ce*+ in LaF; are correlated with the 
neoretical discussion given by Van Vleck and Hebb in 1934. 


§ 1. INTRODUCTION 


—~ ome of the most interesting results of electron spin resonance studies of the 
lanthanon ions have come from homologous series of salts. In such salts 
the crystalline electric field varies from one lanthanon ion to the next 

nainly because of the change in the radial dependence of the 4f electron wave 

unction, and not because of a change of surroundings. For example in the 
thyl sulphates (Elliott and Stevens 1952) it has been possible to find the para- 
neters which describe the crystal field from the electron spin resonance spectrum 

f one of the ions. Approximate extrapolation to neighbouring lanthanon ions 

ould then be refined from a detailed knowledge provided by the electron spin 

esonance spectrum. 

This paper describes measurements on two similar series: the hexa-antipyrene 
odides (HAPI), a truly homologous series, and lanthanum fluoride containing 
bout 0-3% of the other lanthanons as impurities (incorporation of this small 
juantity has been found possible in spite of the fact that the trifluorides do not 
orm a homologous series throughout the whole group). 

Either of these series might be of interest as maser elements. They contain 
10 water of crystallization and so may be expected to withstand successive coolings 
o low temperatures without cracking (in fact the HAPI crystals do sometimes 
‘rack at low temperatures). Exchange interactions between lanthanon neigh- 
sours are likely to be small as the 4f electrons are deep seated in the ion, and it 


+ Now at Department of Physics, The Hebrew University, Jerusalem. 
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may be possible to work with quite a high concentration of paramagnetic ions, 
indeed the HAPI may be sufficiently dilute without the addition of the dia- 
magnetic salt as the lanthanon ions are about 8A apart. 


§ 2. THE LANTHANON HEXA-ANTIPYRENE TODIDES 

The hope that one might be able to make an extrapolation of the crystal field 
from one lanthanon ion to the next in the group was frustrated by a crystallo- 
graphic transition at low temperatures. The simple Cz, symmetry with one 
magnetically distinguishable ion in the unit cell, which was found morphologically 
and by x-ray analysis by both Dr. G. Garton and Dr. J. W. Jeffery (both un- 
published), becomes distorted below the transition temperature into a symmetry 
with more than one ion in the unit cell. 

The transition temperatures in the various lanthanon salts have been studied 
by observing the spectrum of about 1% Gd3+ incorporated into each of them. 
The results of these experiments are shown in Table 1. The transition is seen to 
depend on the size of the lanthanon ion; in particular the upper temperature 
limit of the transition varies in an approximately linear manner with ionic radius. 


Table 1. Transition Data for Hexa-antipyrene Iodides 


Metal Upper limit of Approximate range No. of ions per 
ion Radius the transition (°k) of transition unit cell at 20°x 

Yb°+ 1-00 130 see note a 

Er'+ 1-04 125 125-20 12 

Were 1:06 120 120-20 12 

Dy*+ 1:07 120 see note b 

Tb*+ 1-09 100 100-20 2 

Gd3+ loa li 80 see note c 

Nd?+ ded 5 60 60-25 6 

Pres 1:16 60 60-25 6 

Ce#+ 1:18 40 40-15 3 

La®+ 1:23 15 15-5 1 


Note a. At 20°K resonance lines from Yb** obscure those from Gd3+. 

Note b. Below 90°x Gd?+ lines broaden to about 100 gauss 4 width. 

Note c. Lines are too broad for detailed investigation. 

With the exceptions of Ce®+ and La?+ HAPI, investigations were not taken below 14°x, 


By measuring the resonant frequency of a cavity containing the crystal it was 
established that there is no large change in dielectric constant at the transition. 
Nuclear resonance of the protons in a crystal of NdHAPI showed no change of 
line width between room temperature and 14°K, indicating that the transition 
does not arise because of the freezing out of hindered rotations of large molecular 
groups. It thus seems most likely that the transition is related to small move- 
ments of the molecular groups surrounding the lanthanon ion. 


2.1. Resonance Results 
Most of the measurements were made on the Ce'+ ion, as it is the only ion 
apart from Gd*+ (Baker and Williams 1961, to be referred to as 1) which is obsetv- 
able both above and below the transition. Resonance was also observed (Rubins 
1961) in the Nd?+, Er3+ and Yb3+ salts at 4°x but the rhombic g-tensors do not 
uniquely define the ground state. No resonance was observed in the Dy?+ salt, 
although in a rhombic crystal field one is expected. In the Nd?+ salt diluted with 
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he La’+ salt, no resonance was observed ; this may be due to a very small value 
f g,, but this is unlikely to be the reason in other cases. In ions without Kramers 
legeneracy transitions are unlikely as all the states are probably singlets in a 
hombic field; no resonance was observed in Tb?+ or Pr?+, the only two such 
ons studied. 

The cerium spectrum is remarkable in that it can be observed at 90°k. ‘This 
ndicates a considerably longer spin-lattice relaxation time than that found in 
-erium salts previously. Line width measurements show that T, is approxi- 
mately 3-5 x 10-!°sec at 90°K and greater than 10~° sec at 20°x. ‘The spectrum 
nas been observed in the undiluted salt and also in the lanthanum and neodymium 
salts containing 1% Ce?+. The spin Hamiltonian for each ion is: 

H =¢,BH,S,+8yPHySyt+8BHS: Ses (1) 

where g,, g, and g, are the principal values of the g-tensor and S=4. The 
g-values and number of ions in the unit cell are given in Table 2. Where there is 
one ion in the unit cell the symmetry is axial; and when there are more than one 
it is orthorhombic. In the latter case the principal direction of the g-tensor 
corresponding to the largest principal value g, lies very close to the crystal axis ; 
the angle @ in the table is that between these two directions. Changes in the 
g-value are seen to occur over a much wider range than that of the transition 
region. At temperatures too low for spin-lattice relaxation to contribute, the 
line width in both dilute (see I) and undiluted salts in the parallel direction is 
about that expected from dipolar interaction; but in the perpendicular direction 
‘it is much greater. This is probably due to a spread of values of g, due to the 
‘incipient distortion. 
The only other ion which was measured completely is neodymium. 
‘Resonance is observed at 4-2°K and below. There are three ions in the unit 
cell with g-values g,=0-51+0-01, g, ~0-77+0-02, g,=4:34+0-05; the angle 
between the z axis and the crystal axis is 10S 


2.2. Discussion 


The g values of Ce** above the transition cannot be fitted to any ground state 
within J =5/2 in a field of C,, symmetry. They can be fitted with admixtures 
to the ground state from the J =7/2 state, but there are too many parameters for 
unambiguous fitting. ‘The rhombic g-values below the transition are also easily 
fitted by a suitable admixture of states by the rhombic terms, but here again there 
are too many parameters for unambiguous assignment. 

It is hoped that additional information might become available about the 
excited levels from susceptibility or infra-red absorption measurements, Or about 
the crystal field when the surroundings of the lanthanon ion are completely deter- 
mined by x-ray analysis. If complete information were obtained it would be of 
considerable interest to attempt to explain theoretically the spin-lattice relaxation 
in view of the great difference between the relaxation time in this salt and that in 


other cerium salts. 


§ 3. LANTHANUM 'TRIFLUORIDE 


Two slightly different crystal structures have been proposed for LaF;. One 
thas a bimolecular unit cell with C6/mme symmetry, the other a hexamolecular 
* cell with C6/mcm symmetry (see Wyckoff 1951); the latter is derived from the 
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Table 2. g-values of Ce*+ in HAPI Salts 


Diluent metal ion La’+ : Ce3+ Nd8+ 
‘Temperature 
90°K 2°62 +0-01(1) 
&, =0:553 + 0-002 
60°K 2-664 + 0:005(1) 
20°x 2-686 + 0-001(1) 2-649 + 0-002(6) 2-619 + 0-003(6) 
&, =0-5281 + 0:0003 £,=0°51+0-01 0=5+1 
&y=0'55+0-01 
0=3+1 
14°K 2-687 + 0:002(1) 
4°K 2-692 + 0-004(3) 
OS ete 


former by very slight displacements of the lanthanon ions. The electron spi 
resonance results on Gd’+ in LaF, favoured the hexamolecular structure as thre 
magnetically distinct ions were observed in the unit cell; the six ions in the hexa 
molecular unit cell being magnetically equivalent in pairs. The present result 
on other lanthanon impurities also favour the hexamolecular cell. The Figur 
is a sketch of the positions of the F— and La®+ ions in this hexamolecular structure 
The surroundings of a lanthanon ion have orthorhombic symmetry. In non-S. 
state ions with Kramers degeneracy the crystalline electric field will give rise tc 
a ground doublet with a rhombic g-tensor. Two of the principal values of this 
tensor lie in the plane perpendicular to the crystal axis and the overall hexagonal 
symmetry of the crystal requires that the six ions in the unit cell fall into three 
groups of two, the two ions in each group being identical and the g-tensors of the 


three groups being the same except for 120° rotations about the crystal axis: this 
is the situation in Gd?+. 


Plan of the hexamolecular unit cell of CeF;. ‘The shaded circles are F- ions and the un— 
shaded ones Ce*+ ions. Numbers above the circles are the coordinates of the F— 
and those below the circles refer to Ce®+: w=0°175. 
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The measurements on Ce*+ are compared with the interpretation by Van 
leck and Hebb (1934) of the susceptibility of CeF; and the Faraday rotation in 
‘ysonite, where it was necessary to postulate 3 or 6 ions in the unit cell, each in. 
thombic crystal field of the type described in the last paragraph. 


3.1. Resonance Results 


The crystals used for this work were grown from the meit by Dr. D. A. Jones 
1 Aberdeen. The details of the method used are described by Jones, Baker and 
ope (1959). 

Resonance lines from those ions which have Kramers degeneracy have been 
bserved either at 20 or 4°K. There are six ions in the unit cell with identical but 
lifferently oriented g-tensors. These are derived from one another by 120° 
otations about the crystal axis and reflection in the plane perpendicular to it. 
[he spin Hamiltonian for each ion is given by Eqn (1) in § 2.1 if hyperfine structure 
s neglected. One Cartesian axis, chosen to be the y axis, lies in the plane per- 
sendicular to the crystal hexad axis. This plane is easily determined in LaF, as 
t is a cleavage plane which reflects light in an almost metallic manner. The 
ther two Cartesian axes bear no obvious relationship to the external crystal faces ; 
of these, the x axis is assumed to make an angle 0 with the crystal axis. The 
-esonance results which are set out in Table 3, show that in general the spectra 
are strongly rhombic. 


i Lv —E—E—E——EEE an 


Table 3. Resonance Results for Rare Earth Ions in Lanthanum Trifluoride 


Temp. 
Ion (°K) £, 25 By 6 HFS(gauss) 
Ce*+ 4f1 20 2-608 +0:005 0:32 +0-01 0:90 40:02 14+1 
Nd*+4£* 4-2 3-11 40:03 1:356+0:006 1:092+0-005 45+ 2 
Dy*+4f?® 4:2 13-8 +0°5 7-005 -60:5 15m 0:4 9+3 


Er®+ 4f1 20 10:89 +0:05 2-99 +0-05 4-91 +004 44+1 73°5 42-07 
14 11:09 +0:04 2-98 +0-03 4-91 +0:03 4544 
Yb*+ 4£% 20 1:210+0-005 3-76 +0-03 5-20 40:01 10+3 586 +20] 


Note 1. In the results for Dy**, the large error quoted for g, arises from the extrapolation 
method used to determine this quantity, that for g, arises from the large line width at this 
orientation, and that for g, from the large effect on the g-value of a slight misorientation of 


the crystal. 
Note 2. 6 was generally obtained by measuring the angle of rotation of the magnet between 
the z-direction and the parallel direction. For Er*+, however, 9 was determined by 
measuring g, and using the relation g,?=g,” sin? 6+g,° cos” 0 

+ cf. 71-5+0°4 in LaCl, (Hutchison and Wong 1958) and 72+1 gauss in CaF, (see 


Orton 1959). 
f cf. 572-045 in yttrium acetate (Cooke and Park 1956). 


Pee 


No resonance lines were observed from the crystal containing Pr?* when 
experiments were conducted at 20°x or 14°K with both the steady and microwave 
magnetic field directed parallel to the crystal axis. The negative result is not 

3Y2 
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; 
Surprising as one would expect a singlet state to lie lowest in a ‘non-Kramers 
ion situated in a crystalline field of such low symmetry. For this reason n 
experiment at 4-2°K was carried out. 


3.2. g-values of Cerium—Discussion 


In view of the rhombic spectrum which is observed in Ce8+, it is convenien 
to begin by assuming the ground doublet to be of the form 


alg, £$)+9]§, +4)+cl§, + #) 
where admixtures from the J =7/2 level are neglected. 
‘The principal g-values are then given by: 


8&2 =6(5a" + b? — 3¢2)/7 
Mg. +ey|=6(2/Sac-+362)/7 
41r—8y|=6(4y/2be)/7 
where a?+b?+c?=1. 

The best set of values for a, b and c is a=0-717, b=0-604, c= —0-216 whick 
give g-values g,=0-33, g,=0-93 and g,=2-71. The differences between the 
theoretical and experimental values are small and may be accounted for in terms 
of admixtures from the higher J =7/2 level, which is only some 2240 cm— (Lang 
1936) above the ground state. 

It is of interest to compare these values for a, b and c with those obtained by 
Van Vleck and Hebb (1934). Using the measurements of Becquerel and de 
Haas (1934) on the Faraday rotation in Tysonite, and the susceptibility of CeF; 
powder (de Haas and Gorter 1930), they inferred that £, =2°36 and g, =1-44, 
and obtained for the ground state parameters a=0-762, b=0-525, c= —0:379. 

For comparison of these g-values our g-tensor has a value g, =2°53 along the 
crystal axis and g, =0-81 as an average in the perpendicular plane. The dis- 
crepancies between these two results may be due to (i) other paramagnetic 
impurities contributing to the Faraday rotation (ii) differences between the lattice 
spacing of Tysonite and lanthanum trifluoride leading to different g-values, 


3.3. g-values of Ytterbium—Discussion 
In Yb*+ the ground state is a J=7/2 level and is separated by 10300cm— 
from the excited J = 5/2 level (Gobrecht 1938). In view of the large separation, 
admixtures from the excited level should be negligible. Thus if the crystal field 


is of rhombic symmetry it should be possible to fit the experimentally determined 
&-values exactly to a ground state of the form: 


alg £4)+0[%, $8)+clz, $4)+d|g, £8) 
where a’+b?+¢c?=1. The principal g-values are given by 


&,=8(7a® + 3b? — c2—5d2)/7 
3le2t+z,|= 8(24/7ad + 24/15bc)/7 
3182 —8y|=8(21/12bd +.4c2)/7. “ 
Fairly close agreement is obtained by taking a= +0-13, b= $ 0-73, c=0-64, 
d= +0-20 which gives principal g-values &=1-2, g,=3-6, 2,=5-0. “The 
agreement is close but not exact, suggesting that the crystal field may not be one 
of purely rhombic symmetry. 


' 
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3.4. Discussion 


The measurements on Ce®+ in LaF, are in essential agreement with the 
ory of Van Vleck and Hebb but give more detailed information about the 
ound state of the ion than the experiments on which their theory was based. 
ur results go further in that they suggest six rather than three ions in the unit. 
Jl: from the measurements.on bulk properties it was not possible to distinguish. 
etween these two possibilities. : 

Unlike the measurements on Gd?* in LaF, the present results indicate even. 

ywer point symmetry at the lanthanon site than that suggested by the crystallo- 
raphic arrangement described in §1. To explain the present results one needs 
further distortion of the surroundings of the Janthanon ion, or a displacement of 
ne lanthanon ion out of the plane of the diagram in the Figure. In order to 
yaintain the overall crystal symmetry it would be necessary to displace some 
ons upwards and some downwards, hence making all six ions magnetically 
nequivalent. In a site of such low symmetry one would need to know a great 
eal about the excited states as well as the ground state of a lanthanon ion before 
he crystal field acting on it could be determined. As one cannot therefore inter- 
ret the g-tensors of the various impurities in terms of the crystal field one cannot 
ay how much the crystal field varies from ion to ion. However, the fact that the 
ymmetry for Gd?* is entirely different from that of the other ions suggests that the 
srystal field does depend upon the nature of the impurity ion. ‘Thus, although 
yur results support the hexamolecular unit cell structure, the electron spin 
resonance data from which this support is derived is all taken from impurity 
sites in mixed crystals, so that one cannot positively infer that the hexamolecular 
cell is also appropriate for the pure lanthanum trifluoride. 


§ 4. CONCLUSION 


Although some results of interest have come out of this investigation as 
described in the previous sections, the low point symmetry of the lanthanon 
sites and the large number of ions in the unit cell in both crystal structures makes. 
the salts of little general interest. For this reason the measurements were not 
extended to other specimens. For the same reason they would not make usefull 
maser elements with any paramagnetic ion except gadolinium. The properties. 
of the gadolinium salts as maser elements have been discussed by Jones, Baker 
and Pope (1959) and by Baker and Williams (Paper [). 
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Abstract. Thermal conductivity data at liquid helium temperatures, on poly- 
crystalline rods of three dilute silver alloys (containing respectively 0-55, 0-32 and 
0-14 at. % of manganese in solid solution) in magnetic fields ranging from 0 to 25 
kilogauss, have been analysed afresh. The electronic and lattice components of 
the thermal conductivity are separated by the method of Griineisen and de Haas. 
It is inferred that the electronic Lorenz parameter L, (i) is independent of the 
magnetic field but varies with the temperature in the liquid helium region, (11) 
‘exhibits a minimum at a temperature which increases with the increase in man- 
ganese content, and (iii) is much smaller than the normal ‘Sommerfeld’ value, 
but seems to extrapolate to that value at about 1°K. 

This behaviour of L, is explained on the basis of inelastic scattering of the 
conduction electrons by the magnetic impurity centres having closely spaced 
energy states, for such an inelastic scattering would contribute considerably to the 
electronic thermal resistivity while making only a small contribution to the 
electrical resistivity. Further, since such a scattering cannot occur at 0°x, L, 
should approach the normal value at the lowest temperatures. 


§ 1. INTRODUCTION 


1951a) on silver alloys containing small amounts of manganese in solid 

solution, showed that instead of attaining a temperature-independent 
‘residual’ resistivity at low temperatures, each of them exhibited a resistance 
minimum somewhat below liquid hydrogen temperatures, followed by a maximum 
Tm at still lower temperatures. The electrical magnetoresistance was also 
found (Gerritsen and Linde 1951b) to be anomalous, being negative, below a 
temperature 7, (7, being somewhat higher than Ty). Korringa and Gerritsen 
(1953) made a close study of such behaviour in a number of noble metal alloys 
containing a small amount of transitional metal in solid solution, and suggested 
that this behaviour could be due to a re-arrangement scattering of the electrons 
from the impurity, with resonance close to the Fermi level. They visualized 
electron states localized near the impurity ion and split by the magnetic inter- 
action so as to lie just above and below the Fermi level. . Y 


[ temperature electrical resistivity measurements (Gerritsen and Linde 
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Owen et al. (1957) and Van Itterbeek, Peelaers and Steffens (1960) studied 
the magnetic susceptibility of such alloys around about these temperatures and 
concluded that they exhibited a slow transition to anti-ferromagnetism, with 
indications of ferromagnetism as well. The specific heat C of such alloys at 
helium temperatures showed an anomalous behaviour, the (C/T, T) cute 
exhibiting a pronounced ‘hump’ (de Nobel and du Chatenier 1959, Zimmerman 
and Hoare 1960). 

Schmitt and Jacobs (1956, 1957) ‘discussed their experimental data on the 
electrical and magnetic behaviour of dilute copper—manganese alloys. They 
suggested that some form of cooperative magnetic transition occurred in these 
alloys; and, below the temperature of transition, the spin degeneracy of each 
impurity ion is removed and the scattering which involves spin-flips of the con- 
duction electron and the ion becomes inelastic. This inelastic scattering would 
not occur at0°K. Yosida (1957) and Brailsford and Overhauser (1960) have also 
discussed the scattering by impurity centres having closely spaced energy states. 

Thermal conductivity measurements on _ three silver-manganese alloy 
specimens, containing respectively 0-55, 0-32 and 0-14 at.°% manganese, showed 
(Chari 1956, Chari and de Nobel 1959a) an anomalous behaviour at liquid 
helium temperatures, in a zero magnetic field. This anomaly consisted in the 
(A, T) curvet exhibiting a ‘knee’. In other words, the lower portion (below 
2:3°K) of the (A, 7) curve had higher values than should follow from a simple 
extension of the higher temperature part (viz. that above 2:8°K) of the curve. 
The (A/T, T) curve exhibited this anomaly in the form of a ‘dip’ at about 2:8°x 
followed by a ‘hump’ near 2:3°x. The thermal magnetoresistance was also 
anomalous, being negative. 

The shape of the (A, 7) curves was not significantly altered even in strong 
magnetic fields of about 25 kilogauss. It was therefore suggested that this 
anomaly might be due to an extra contribution to the lattice thermal conductivity, 
owing probably to a partial uncoupling of the longitudinal and transverse phonons 
(Chari 1956, Klemens 1954, 1956, 1958). 

In the present paper, our thermal conductivity data at liquid helium tem- 
peratures have been analysed afresh and information is obtained regarding the 
variation of the Wiedemann—Franz—Lorenz parameter for electronic conduction 
(referred to, in the rest of this paper, as the Lorenz parameter) with respect to 
temperature and magnetic fields. 

In §2, we explain the full significance of assuming the Wiedemann—Franz 
relation to be valid. The method of Gruneisen—de Haas for the separation of 
A, and ),, without a specific assumption of the validity of this relation, is discussed 
in §3. A possible explanation for the behaviour of the electronic Lorenz para- 
meter with respect to temperature, as derived by this method, is discussed in § 4. 


§ 2. THE WIEDEMANN—FRaNz RELATION 


It has been mentioned above that the thermal conductivity of certain alloys 
measured by us was anomalous at liquid helium temperatures. Following the 
procedure usually employed in the case of non-superconducting alloys, we then 

t The symbols \, w, o and p will be used to represent respectively the thermal 
conductivity, thermal resistivity, electrical conductivity and electrical resistivity; and, 


where necessary. the qualifying subscripts e, 0 and g respectively to signify electronic, 
residual and lattice. will be expressed in w cm~! deg~1, and p in ohm cm. 
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separated the measured \ into its components, Ac and \,, employing the 
Wiedemann-Franz relation Ae=LnT/p,, where Ly is the normal ‘ Sommerfeld’ 
value of the Lorenz parameter in a zero field. The anomaly in A was thus attri- 
buted wholly to the lattice component. 

This assumption of the validity of the Wiedemann—Franz relation implied (i) 
that the Lorenz parameter Le for electronic conduction is a constant, independent 
of temperature, at any rate, for the liquid helium region, and (ii) that Le has the 
normal value (2-45 x 10-SwQdeg~*) in zero magnetic field. It was also 
difficult to anticipate how Le would vary with the strength H of the magnetic 
field, in these alloys, although this is known in the case of zinc (Alers 1956) and 
tungsten (de Nobel 1957). 

Dilute Ag—Mn alloys exhibit antiferromagnetism, with indications of ferro- 
magnetism (Owen et al. 1957), in this temperature region, and their anomalous 

electrical resistivity in a zero field can be simply attributed to a temperature- 

dependent relaxation time for elastic—inelastic impurity scattering of the con- 
duction electrons (Schmitt 1956). Since it was shown by Kohler (1941) that 
the Lorenz parameter should be independent of temperature for elastic 
scattering of the electrons, such an assumption of the validity of the Wiedemann— 
Franz relation seems questionable in the case of these anomalous alloys. 


§ 3. THe METHOD OF GRUNEISEN AND DE Haas 


We have now analysed (Chari 1961a) our experimental data on the thermal 
and electrical conductivity of dilute silver-manganese alloys at liquid helium 
temperatures in transverse magnetic fields (ranging from 0 to 25-5 kilogauss), 
employing the method of Griineisen and de Haas (see, for instance, Kohler 1949). 
This method has been employed earlier by de Haas, Gerritsen and Capel (1936) 
and Reddemann (1934) for bismuth, Rausch (1947) for antimony, Griineisen 
and Adenstedt (1938) for tungsten and beryllium, Griineisen and Erfling (1940) 
for beryllium, and de Haas and de Nobel (de Haas and de Nobel 1938, de Nobel 
1949) for tungsten at liquid hydrogen temperatures. White and Woods (1958) 
applied it to their data on antimony at liquid air temperatures. 

We have A=ActAg=oLeT +Ag. Here, Le is looked upon simply as the 
quotient Ae/oT, at temperature T, without making any specific assumptions as. 
to its behaviour. If and o are measured for a few values of the magnetic field 
H, then, for any particular value of T, we can write Aun = Sune! +Ae- The 
subscript [H] here signifies measurements in a magnetic field; we actually used. 
transverse fields of the respective strengths 0, 12, 19 and 25-5 kilogauss. This 
assumes, firstly, that A, is unaffected by magnetic fields. Even though, at these 
temperatures, A, is supposed, in normal alloys, to be limited principally by the 
conduction electrons, and the paths of the electrons are affected by the magnetic: 
fields, it was shown (Makinson 1938) that the electron-lattice interaction depends. 
solely on the equilibrium constants of the lattice, provided no electric current is. 
flowing (Sondheimer and Wilson 1947). One would thus be justified in assuming 
Ag to be unaffected by H. 

The other assumption is that Le is independent of H. This would only be 
justified if Aj.) against o_,7 turns out to be a straight line graph, at fixed T. 
Figs 1, 2 and 3 show that this is indeed the case, within the experimental un- 
certainties, for the dilute silver-manganese alloys at liquid helium temperatures. 
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Fig. 2. Az plotted against oT, for the Ag—0-32°/, Mn specimen. 


The Lorenz Parameter in Dilute Silver-Manganese Alloys 1365 


ale 
Ag.0.55%Mn 
tie 
Ou fo 
jes 
= 
1 
iS 
2 0.09 
= ox, 
= », 
es 
BS 
{ fe 11% 
0.07 
0.05 mi 


2 6 
=O oat. (KX 10°/ohm- cm) 


Fig. 3. ArH plotted against opg)T, for the Ag—0-55°% Mn specimen. 


In order to avoid confusion, the plots for 1-5, 2:5 and 3-5°K are omitted from 
these figures. The slope of each of these straight lines gives the value of Le at 
that temperature. 

Plotting Le against T (Fig. +), we find (i) that Le is smaller than ‘the 
Sommerfeld value Ly and probably attains that value near about 1°K; (ii) that 
Le has a minimum value (at a temperature Tmin); we direct attention to the 
similarity with the results of Rosenberg (1955) for pure iron, and Roder, Powell 
and Hall (1959) for ‘high purity’ copper; (iii) that Twin varies with the man- 
ganese content ¢, shifting to a higher value with increasing ¢; and (iv) that the 
depth of the minimum is reduced by increase of c. 

We wish to emphasize that two circumstances have made it possible to derive 
information regarding the behaviour of Le with temperature and magnetic field, 
jn the silver-manganese specimens: (i) the large (though negative) magneto- 
resistance, especially the thermal magnetoresistance, and (ii) the rectilinearity of 
the Ayn against ‘OumnT curves, indicating an Le more or less independent of H. 
In the case of alloys which have a normal (that is, positive), magnetoresistance, 
the magnitude (especially of the thermal magnetoresistance) is quite small. In 
fact, our measurements on a Ag-0-24% In specimen (Chari 1956, Chari and de 
Nobel 1959a) gave a positive electrical magnetoresistance of about 1%, while the 
thermal magnetoresistance was of about the same order of magnitude as our 
accuracy of measurement. RO nevi Oi) 
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Fig. 4. The electronic Lorenz parameter L, plotted against T for the silver-manganese 
alloys. 


As regards the criterion (ii) mentioned above, Le is generally not independent 
of H, so that the plot of Ag against o,,,T would not be a straight line, and the 
method of Griineisen and de Haas can not be applied for the separation of the 
lattice and electronic components of the thermal conductivity. Hence, in general, 
information regarding Le in alloys would be difficult to obtain. 


§ 4. Discussion 


4.1. The ‘ Dip’ in the Value of Le, below the Normal Value ibe 


The law of Wiedemann-Franz—Lorenz is known to hold at high temperatures 
(T> 6), where the change in energy of the conduction electron by the emission 
or absorption of a phonon would be very much less than kT ; and also at suffi- 
ciently low temperatures, where the predominant scattering of the conduction 
electrons is due to static, irregular imperfections or impurity centres. This is 
because, in both these cases, the scattering can be considered to be effectively 
elastic, and the relaxation times for electrical and thermal conduction would be 
identical. In the intervening range of low temperatures, the phonons available 
for scattering of the electrons would be of long wavelength and the angle of 
scattering of the conduction electrons small. Such small-angle scattering, 
whether elastic or otherwise, can make only a small contribution to the electrical 
resistivity. But inelastic small-angle scattering can contribute substantially to 
the heat resistivity. In other words, in the presence of the latter type of elec- 
tron scattering, the electronic Lorenz parameter Le would fall significantly 
below the normal value Ly (see Makinson 1938, Fig. 3). 

The question arises as to how inelastic impurity scattering would show itself 
out, in the temperature region where the electrons are scattered predominantly 
by the impurity centres. Could the ‘dip’ in the value of Le (Fig. 4) be due to 
inelastic electron scattering ? 
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Schmitt (1956) and Schmitt and Jacobs (1957) made specific reference to 
ich a scattering, for interpreting their experimental data on the electrical 
ssistivity of copper—-manganese alloys at low temperatures, where (as in the case 
£ our dilute silver-magnanese alloys) the resistivity decreased with fall of tem- 
erature. The transition to antiferro/ferromagnetism of these alloys (Owen 
t al. 1957, Schmitt and Jacobs 1956, van Itterbeek, Peelaers and Steffens 1960) 
ould remove the spin degeneracy of the ground state of the manganese ion. 
the scattering of the conduction electrons by the impurity centres, each of which 
jould occupy one or the other of the energy states, could give rise to inelastic 
‘cattering (apart from elastic scattering). This inelastic scattering would be 
emperature-dependent not only because of varying occupation of the states by 
he ions, but also because the availability of states into which the electrons can be 
scattered will vary with temperature. 

Ziman (1960, see also Kohler 1949) has pointed out that the critical test for 
the existence of inelastic scattering would be in the thermal resistivity. The 
‘vertical’ transitions of the electrons (wherein the electrons gain or lose energy 
without suffering a significant change in direction), to which heat conductivity is 
very sensitive, would result in an anomalous ‘hump’, provided the electronic 
thermal resistivity is limited predominantly by the inelastic impurity scattering. 
In our graphs of weT against T (Fig. 5) and we against T, we find evidence for 
such an extra term in the electronic thermal resistivity ; in the former, this shows 
as a pronounced ‘peak’. 

Starting from the assumption that the anomalous fall of electrical resistivity 
with fall of temperature arises specifically from the magnetic character of the 


- 


50 


Ag-0.55% Mn 


Ag-0.32% Mn. 


Ag-0.14% Mn. 


) \ 2 3 4 
Saitek) 


Fig. 5. T times the electronic thermal resistivity, plotted against T. 
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Fig. 6. f (lower curve) and f’ (upper curve), the maximum contributions of inelastic impurity 
scattering expressed as fractions of Po and (wT), respectively plotted against the 
atomic percentage of manganese. 
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impurity metal, Schmitt and Jacobs (1957) find, in the case of their copper— 
manganese alloy specimens, that spin—flip scattering processes contribute, in the 
paramagnetic limit, about 10% of the residual electrical resistivity. Following 
them, we put f= [(pm/po) — 1] (where pm is the electrical resistivity at the ‘hump’ 
of the p-T curve at low temperatures, and pp is the value at 7-0), and find that 
in our silver-manganese specimens also, the contribution of inelastic impurity 
scattering processes, at the hump, amounts to a fraction f~0-1 of py. There 
may even be a slight variation of f with the manganese concentration, as indicated 
in the lower curve of Fig. 6. However, we must emphasize (i) that these esti- 
mates of ours are based on interpolation to the temperature region between liquid 
helium and liquid hydrogen temperatures (Fig. 7), and (ii) that these ignore any 
temperature-dependent contribution from elastic scattering by the impurity 
(solute) ions. 

We make a similar estimation in the case of the electronic thermal resistivity, 
writing f’ =[{(weT)m/(w,T)o}— 1]. Here, (weT)m and (w&eT), are the values at 
the peak and at T->0, respectively. Using the values of these from Fig. 5, we 
obtain f’~0-5, 0-6, and 0-8,, in the order of decreasing manganese content. 
Thus the contribution of inelastic impurity scattering processes, at the ‘peak’, 
amounts to a large fraction of the value of (,T)o. This is shown graphically in 
the upper curve of Fig. 6. 

The fact that inelastic impurity scattering makes such a large contribution to 
the electronic thermal resistivity of these alloys at liquid helium temperatures, 
while making only a comparatively small contribution to the electrical resistivity, 
accounts for the ‘dip’ in the value of L, (Fig. +) with respect to the normal value 
Ly (Chari 1961b). ‘The further result that L, seems to approach Ly at tem- 
peratures close to absolute zero (below about 1°K) is explained by the fact that 
this inelastic scattering cannot occur at 0°K. Scattering which would involve 
loss of energy by the electron is not permitted since there are no lower electronic 
states available; scattering which would involve gain of energy by the electron is 
also not possible since, at 0°x, there are no ions in the excited states to transfer 
energy to the electron. 


4.2. The Energy Difference between the Split States 


Ziman (1960) has pointed out that, if the scattering of the electron is such 
that the differential scattering cross section has a large forward lobe, and the in- 
elastic scattering contributes the predominant portion of the electronic thermal 
resistivity, there should be an anomalous ‘hump’ around about a temperature 
T, given by kT,~4AE (where AE is the energy difference between the resolved 
degenerate levels of the impurity ion, and k the Boltzmann constant). Assuming 
these criteria to be satisfied in the case of our dilute silver alloys, and taking the 
values of 7’, from the occurrence of humps in the plot of w, against T, we obtain 
AE|/k~ 10, 11 and 14-,°K, in the order of increasing manganese content. 

We refer now to the model due to Korringa and Gerritsen (1953); this was 
postulated to account for the electrical resistivity maximum in a zero magnetic 
field (the position as well as the prominence of this maximum being dependent 
on the transitional ion content only) and also the negative (electrical) magneto- 
resistivity. (Magnetic susceptibility and other data on such alloys were forth- 
coming only in 1956.) From their analysis of the electrical resistivity data of 
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Gerritsen and Linde, on the dilute alloys Ag-Mn, Cu-Mn, Au—Mn and Au-Cr 
the above authors found the relation « = 1:54kT yp satisfied. Here, as elsewhere 
in this paper, 7m represents the temperature of occurrence of the electrical 
resistivity maximum; +e is the energy separation of the resolved local energy 
State with respect to the Fermi level. Substituting the values of T'm estimated 
by us (by interpolation between the liquid hydrogen and liquid helium tem- 
peratures in Fig. 7) into this relation, we obtain e/k=~ 9-2, 10-8 and 13-9°xK, in the 
order of increasing manganese content. This is in satisfactory agreement with 
the above-mentioned values for AE obtained from our thermal conductivity data. 


§ 5. CoNncLusion 


In the present method of analysis, which employs the method of Griineisen 
and de Haas, w, is considered an exact counterpart of the Gerritsen—Linde 
anomaly in the electrical resistivity at low temperatures. This leads to an 
electronic Lorenz parameter which is more or less unaffected by the magnetic 
fields, but presents a marked minimum within the liquid helium region itself. 

Apparently, the transition of these alloys to antiferro/ferromagnetism in the 
region of helium temperatures, which can account for the anomalous fall of their 
electrical resistivity with fall of temperature (at the lowest temperatures), is also 
responsible for the anomalous behaviour of L, with respect to temperature in 
the helium temperature region. 
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Dispersion Relations for Superconductors 


By A. W. B. TAYLOR 
Department of Theoretical Physics, University of Liverpool 


Communicated by H. Fréhlich; MS. received 31st May 1961 


Abstract. 'The general macroscopic description of the electromagnetic behaviour 
of superconductors and normal conductors is developed and dispersion relations 
for the frequency dependent material functions are rigorously established. From 
these dispersion relations expressions similar to the usual sum rules of electro- 
magnetic theory are derived. Using these, Ferrell’s proof that the Meissner 
effect is a consequence of the energy gap is shown to be unsound. Using the 
complex surface impedance it is shown macroscopically that as a consequence of 
the Meissner effect the area under the absorptivity curve for a superconductor is 
less than for the normal state. 


§ 1. INTRODUCTION 


HE dispersion relations which relate the real and imaginary parts of the 
| frequency dependent material functions describing a system’s electro- 
magnetic behaviour, e.g. the complex conductivity, provide a possible 
means of relating in a completely macroscopic manner the zero frequency 
behaviour of the system to its electromagnetic absorption properties. This is 
of interest when the system is superconducting for then the energy gap in the 
superconducting state reduces the superconducting absorptivity below its 
normal state value for frequencies less than the gap frequency. We therefore 
have a possible means of relating macroscopically the energy gap or at least the 
effects of the energy gap to the zero frequency behaviour viz. the Meissner effect. 
In $§2 and 3 the electromagnetic behayiour of linear isotropic systems is 
described by means of space-time dependent material functions and criterja to 
distinguish the zero frequency behaviour of superconductors and normal 
conductors are rigorously established. 

In §4 the dispersion relations applicable to superconductors and normal 
conductors for these functions are rigorously derived. These dispersion relations 
lead directly to an expression which relates the Meissner effect to the difference 
between the normal state and superconducting state values of the integral over 
all frequencies of the real part of the transverse conductivity. This relation is 
similar to the well-known optical sum rule. This however cannot be used to 
relate the Meissner effect to the absorption properties. Ferrell’s proof (1959) 
that the Meissner effect is a consequence of the energy gap which is based on a 
similar expression is unsound. 

The frequency dependent material function which is directly related to the 
electromagnetic absorptivity is the complex surface impedance. Assuming the 
Meissner effect and also that the high frequency behaviour is the same in both 
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superconductors and normal conductors, we have shown macroscopically by 
neans of rigorously established dispersion relations that the total area under the 
absorptivity curve for the superconducting state is reduced below its normal 
state value. This is verified experimentally. 

This however does not follow from the mere existence of an energy gap unless. 
an additional assumption about the absorptivity for frequencies greater than the 
gap frequency is made. Such an additional assumption is certainly needed to: 
distinguish the superconductor from the insulator which also has an energy gap: 
but does not of course exhibit the Meissner effect. 


§ 2. Isorropic LINEAR SysTEMS 
In the following all space-time functions f(r, t) are transformed to Fourier 
space by 
f(a,)= (2n)-+| ard thexp(iq.rtiwt).  ...... (2.1) 


If f(r,¢ ) is real then 
f(—q, —o)=f*(4,%). wee (2.2) 
If f(q, w) is a vector f(q, w) then its longitudinal component f!(q, w) and its 
transverse component f*(q, w) are defined by 
f(q, ») =f*(q, o) +f1(q,o) qafl(q, w) =. F(a, 9) = Oa. s (23) 
From the identity 


@f(q, ~) =9q. f(q, »)—qa(qaf(q,@)) sree (2.4) 
it follows that 
f 
f'(q, w) = sat), fig, w= aac) oe (2.5) 
Now Eqns (2.3) are invariant under the transformation 
fee foe Ge fas fe — Gir) At 1) eee (2.6) 
where G is a function of q and w satisfying 
q.G=qrG=0 ic. Goqgd(lq|). «eee (2.7) 


Therefore, since G=0 for |q|#0 but is indeterminate for |q|=0 it follows that 
a vector in Fourier space can only be decomposed uniquely into its longitudinal 
and transverse components when |q|#0. 

Maxwell’s equations in Fourier space are 


qrE(q, #) = — = B(q,w) q.B(q,w)=0 —... (2.8) 
iqaH(q, w) = — * 4(q, w)+ pa, w) iq.D(q, ») =47p(q, w) 


and the continuity equation is 
4nq .J(q, w) =iwq.D(q, @) sg oi 0) == (2.10) 
Longitudinal equations. From (2.5), (2.8), (2.9), (2:10) the longitudinal field 
equations are 
B! (q, w)= 0 AnJ\(q,w) =iwD!(q, w) = —4nwp(q, w)q\q?. ...-- (2.11) 


By VAS 
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so that all longitudinal magnetic quantities are zero and there are two equation: 
connecting the four quantities E', D!, J!,p. Therefore, for a complete and unique 
description of the longitudinal behaviour two additional relations are required 
For an isotropic linear system we take them to be 


—tod'(q, o) =S(q, w)E(q, w), Di(q, w)=(g, w)EI(q, w) 


- da (2.12) 
where S(q, w), e!(g, w) are complex scalar functions of g=|g| and w. 
Defining the complex longitudinal conductivity, o!(g, w) by 
J(q,w)=olg,w)E(q,w)  — ...... (2.13) 
we have from (2.12) S(9, w)= —twol(g,e). (=, non (2.14) 


Transverse equations. From (2.5), (2.8), (2.9) the transverse field equations are 


qaE‘(q, wo) = = B(q, w), iqaH(q, w)=— = J*(q, w)+ = D‘(q, w). 
va (2.15) 


Now J*(q, »), D*(q, w) appear in these equations only in the combination 
* yxq, w)— = D‘(q, w) 
G c 
so that there are two equations connecting the four transverse fields, B, H, E*, 
47J*/c—iwD'/c. Therefore, for a complete and unique description of the trans- 
verse behaviour two additonal relations are required. For an isotropic linear 
system we take these to be 


B(q, ©) =4(q, w)H(q, w) 
7 3(q, w)- “dq, 0)= StrevarB(a.o) Ae (2.16) 


where 4(g, w), K(q,w) are complex scalar functions of q=|q| and w. p(g,~) is 
the conventional magnetic permeability. 

Substituting (2.16) in the second equation of (2.15), we obtain the differential 
quation satisfied by B(q, w) in Fourier space as 


L(q, w)B(q, w)= = B(qa)ien 9. tla’ Mae (2:17) 
where . 
1 
L(g, 0) =K(q,0)= [1-5] ee 2.18 
(q »)=K(q, w)—¢ aren (2.18) 
Substituting (2.16) in the first equation of (2.15) gives 
eK(q, w) = —4riwot(q, w) == tote’ Gned ins Aue eae (2.19) 


where o'(q, w), <*(g, ) are the conventional complex transverse conductivity 
and dielectric constant respectively, introduced by 


J*(q, w)=o'(9, w)E*(q, w), D‘(q,.w) =e*(q, w)E*(q, a)... <4. (2.20) 
Hence o*(q, w) and e*(q, w) are not defined separately in terms of K(q, w), which 
is sufficient to describe the transverse behaviour completely. o*(q, w) and 
'(q, w) separately therefore overdescribe the transverse behaviour of the system. 
The most usual ways of removing this ambiguity (cf. Fréhlich 1958) are: 
(i) to put o°(g, )=0 and use only a complex dielectric constant defined by 


ORG, ae sakeat(Gie) eee a We (2.21a) 
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ii) to put (gq, w)=1 and use only a complex conductivity defined by 


2K (g, w) = —4rriwop'(g, w)—w%, eee (2.216) 
iii) to use only a real dielectric constant and a real conductivity defined by 
7K (q, w) = —4riac(g, w)—wrect(q, w). eee (2.21¢) 


These representations evidently provide equivalent macroscopic descriptions of 
the transverse behaviour and are connected by the well-known equation 


4rop'(q, w) =iw(1 os, ea’(q, w)). ooeeece (2.22) 
Now for a conducting system lim,,,o'(g, w) is non-zero and finite and (2.22) 


then implies that lim,,,<*(q, #) diverges. For example the Drude theory of 
an electron gas gives 


et(g, w)=1- oe (2.23) 
1) el ren me 23) 
where w,, 7 are real positive constants. 
Le. 
limet(g, w)=(1—@,2/7) +700 (2.24) 
w>0 
and 
limot(q, w)=@,2/47. we nes (2:25) 
o>0 


Representation (i) above is therefore inconvenient for conducting systems in 
the stationary limit w=0. In the following representation (ii) will always be 
used. 
Therefore from Eqns (2.16), (2.21) 
— 4rriwS*(q, w) ={?K(q, w)+w}Et(q,w). vee eee (2.26) 
Eqns (2.26), (2.12) and the first equation of (2.16) are the constitutive 
equations which we shall use with the Maxwell equations, to give a complete and 
unique description of the electromagnetic behaviour of a linear isotropic system. 
Combining with (2.26), (2.12) gives 
—4riw) (q, w) ={2K(g, w) + w}E*(q, w) +47S(q, @lEacw) ices (2.27) 
the constitutive equation relating the total electric current to the electric field. 
Now from (2.6) and (2.7), E*(q, w) and E'(q, ) are not uniquely defined 
for g=0. Therefore in order that (2.27) provide a unique description in the 
limit g=0 we shall require 


lim{?K(q, w)+a7}=lim47S(g,@), vee (2.28) 
q>0 q>0 
for then (2.27) is in the limit g=0 
—4rivJ={cClimK+w?}E=47limSE —...--- (2.29) 
q>0 q>0 


which is of course unique as it involves only the total field and the total current. 
An alternative notation for the transverse equations is to define a magneti- 
zation vector M(q, ) and a magnetization current Jm(q, w) by 


4nM(q, w) = B(q, ») -H(q, w) Jm(q, #) = —ciqaM(q, ).  «----s (2.30) 
The transverse equations then become 
qaEt(q, w) = — ~ B(q, w); icqaB(q, ») = —47{J*(q, w) +Jm(q, ~)} +ioD*(q,0) 
6 Sone CARY) 
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—4{3'(q, ») +Jm(q, w)}+iwD*(q, w) =cL(g, w)iqaB(q, w)/9?, 


Bppoce (2.32) 
where L(q, w) is defined by (2.18). 
In this notation we define a complex conductivity om(q, w) by 
CL(q,w)=—4riwom(g,w)—@? eae (2.33) 
and therefore from (2.18), (2.25), (2.32) 
J¢(g, w)+Jm(q, w)=om(q, w)E*(q, ow). «ae (2.34) 
§ 3. SUPERCONDUCTORS AND NorMAL ConDUCTORS 
If we define L(q)=limL(q, w) and S(q)=limS(qw) —....... (3.1) 
a>) w>0 


then we shall prove below that 
L(g), S(q) ate real. and finite = ee (3.2) 
for superconductors and normal conductors, and that 


for normal magnetism lim L(q)=0 
q>0 


hg ON eee ee (3.3) 
for Meissner effect lim L(q)>0 
q>0 
for normal conduction S(q)=0 
ee) SR ae (3.4) 
for perfect conductors S(q)40 


Now Eqn (A8) of the appendix gives A, the penetration depth of a stationary 
magnetic field into a semi-infinite system, as 


ld | pales Baa 
A Al SELGy! itn OLS) Gee (3.5) 


For normal magnetic behaviour J is infinite, i.e. the integral in (3.5) diverges 
and consequently lim, ,»L(q)=0. For the Meissner effect ) is finite and non-zero : 
i.e. the integral converges to a positive, non-zero limit and consequently we 
require lim, ,oL(q)>0. Eqn (3.3) is thus proved. 

Consider now the longitudinal equations (2512) 

~iw3'(q, w) = S(9q) w) Eg.) =) (3.6) 
in the stationary limit w =0. 

We have limJ'(q, w) # 0 and finite and hence 

o> 


ie St @)E(q, o)=0l5 =) a ee (G27) 


Perfect conduction means that stationary longitudinal currents flow in the 
absence of a (macroscopic) longitudinal electric field, i.e. when 
lim El(q, w)=0. 
w>0 


From (3.7) the necessary and sufficient condition for this is lim ws 9 (d @) gO 
and finite. “ 


For normal conduction lim «+0 7(9, w) is finite so that from (2.14) 
limiwo!(g, »)=—limS(g,w)=0.  — ...... (3.8) 
0 w0 
(3.4) is thus proved. 
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From (3.5) L(q) is finite for both superconductors and normal conductors 
ince the penetration depth A is non-zero. From (3.4) S(g) is also finite for 
oth superconductors and normal conductors. Therefore, from the reality 
onditions (2.1) 

S(q, —w)=S*(q,), L(y -—o)=L*(go) — ---ee (3.9) 
nd L(q), S(q) are also real. This proves (3.1). 

For example the second London equation for superconductors (London 1950) 

s given by 


L(q)= = SCONStant yy VMI) en! ote. a3 (3.10) 
or then (2.17) becomes % 
B 
— q?B(q) = = eee (3.11) 
L 


which is the second London equation in Fourier space. 
The ‘non-local’ theory of Pippard (1953) on the other hand requires a 
y-dependent L(q) 


3é 
L(q)= oes (1 + Eq) arctan Eq—Eqs es ees 3.42 
()= tag Egil tee) Eq— £9} (3.12) 
where é, & are positive constants and A, is the London constant of (3.10) above. 
Here . is 
nil) == OE ceSinds ells) 
a (q) Xo (3.13) 


and by (3.3) we do have a Meissner effect. 


§ 4. DispERSION RELATIONS 
Define 
S~(q)=limS(g, w), L*(q)=limL(q,w). + see (4.1) 


For infinitely high frequencies the current carriers of the system will behave 
as if free so that S%(q), L%(q) can both be assumed real. 

We shall now show that for both superconductors and normal conductors the 
functions S(q,w)—S%*(q), L(g #)—L°(q) satisfy the conditions of the well- 
known Titchmarsh theorem (Titchmarsh 1948), namely that they are square 
integrable with respect to and that their F ourier transforms with respect to w 
vanish for all negative times. 

Now, by definition (4.1) 


apt as w)—S(gyt=O0 wetness (4.2) 
and by (3.2) 
lim{S(q, w) — S%(q)} is real and finite «++ (4.3) 
w0 


for both superconductors and normal conductors. 

Equations (4.2), (4.3) are necessary conditions for square integrability of 
S(q, »)—S%(q). If we assume that S(q, w) is not infinitely discontinuous for 
any finite w then conditions (4.2), (4.3) are also sufficient. 

Performing a Fourier transformation of Eqn (2.12) which defines S(q, w) one 
finds 
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where Ji(r, t), El(r, t), S(|r|,t) are Fourier transforms of J'(q, w), E'(q, «), 
S(q, @) respectively. Eqn (4.4) relates the longitudinal current response at 
time ¢ to the values of the longitudinal electric field at all times t’. Causality 
requires that the field at time ¢’ should have no effect on the response at earlier 
times ¢<t’. The limits of the ¢’ integration in (4.4) therefore become (— ©, #). 
This is evidently equivalent to putting 


S(|rf 2)=0:0f #0) | ee (4.5) 
Therefore the Fourier transform of S(q, w) and hence also of S(q, )— S°(q) 
with respect to w vanishes for all negative times. 


S(q, w) —S*(q) and similarly L(q, w)—L(q) thus satisfy the conditions of 
the Titchmarsh theorem from which follow the Hilbert conjugate relations 


AS(q, w)—S(q) = =f Gees 
bs tie eee (4.6) 


and similarly for L(q, w). 
Applying the reality conditions (2.2) 
AS(q, 2)=B#S(q, —z) IFS(q, z)= FS (gi =2)G Waa (4.7) 


to convert the limits of the z integration in (4.6) to (0, 00) gives the dispersion 
relations 


. ? 2 (° FL(q, 2)zdz 
Re EPO) = ee : 
L(q, w) (q) 7 2 22 (4 8) 
2 (° AL(Q, z)wdz 
I ee een : 
L(q, w) 7 | g2— aw? (4 9) 
ASG a\oSeq)a- | 2G (4.10) 
TJo ome Ore 
FS (ge) wi —2>| EGA ede eae (4.11) 
TS 0 Fatt 2) 
where the principal value of the integrals is implied. 
Taking the limit w =0 in (4.8), (4.10) and using (2.14), (2.33) 
| Fem(a #)de=4e4L-(4) -L(q)} 
oT ee ee (4.12) 
[eta =\dz= snl84(q)— SQ) 
We now compare these equations with the sum rules 
[Aom(g 2)ds=32L>(a) 
2 ° Rey CE) 
[Fea 2)de=495"(Q) 
0 “~ 
which obtain their familiar form with the values 
2 2 
Se) oc Oe sosoes (Alay 
Ant m 


where n is the electron density (cf. Buckingham 1957), 
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Comparing these sum rules, (4.13) with (4.12), it is seen that, since by (3.3),. 
3.4), L(q) and S(q) are non-zero and finite for superconductors the sum rules. 
4.13) are not obeyed by superconductors. 

Now the sum rules (4.13) can be derived from the Kramers—Kronig dispersion 
lations for om(q, w) and o!(q, w) in a similar fashion to the derivation of (4.12) 
rom the dispersion relations (4.8) to (4.11) (Ferrell and Glover 1958). How- 
sver, the Kramers—Kronig dispersion relations for om(q, ») and ol(g, w) are not 
»beyed by superconducting systems. For 


2 
limom(q, ) = Eg CGO) ec 
«0 woo  AmTlw 
Prog (4.15) 
limo!(q, w) = —lim 1g.) ~10 
«0 woo 1 


and om(q, ) and o!(q, w) will therefore not be square integrable with respect to» 
w unless it is postulated that 


Fom(q, 0) ~S(w), Fo!(g, w)~S(w) for w>0,  ....-. (4.16) 


But then the second condition of the Titchmarsh theorem is violated, for the: 
delta functions will give non-vanishing time independent contributions to the 
Fourier transforms of om(q, w) and o'(q, w), i.e. the Fourier transforms will not 
vanish for negative times. The Titchmarsh theorem is therefore not applicable 
to om(q, w) and o'(q, w) for superconducting systems. ‘This is the formal reasom 
for the inapplicability of (4.13) to superconducting systems. 

Now one may postulate that the high frequency behaviour of a system in the 
superconducting state is identical to its high frequency behaviour in the normal 
state. ‘This is in accord with experiment (e.g. Serin 1956) 


1.€. ls L*(q) = ED nonce ai oe erpercond =0. ....-, (4.17) 
Therefore from (4.12) 


Ne { RGR de da AEN CEC)! & Vis £00k (4.18) 
0 
and from (3.3) the Meissner effect implies 


lim don Row(q, 2)dz>0, finite. sees (4.19) 
q>0 0 

Evidently if one could prove that Eqns (4.18) and (4.19) hold for some 
particular system denoted by the subscript s then this system will exhibit the 
Meissner effect. 

Now Ferrell (1959) has in fact derived an equation equivalent to (4.18) for 
a system of electrons by applying perturbation theory to evaluate the system’s 
current response to an external magnetic field. 

In an attempt to deduce (4.19) he makes the assumption that the electron 
system possesses an energy gap in the one-electron energy spectrum. This 
energy gap will therefore annul the electron system’s electromagnetic absorptivity 
for frequencies less than the gap frequency and if one now assumes in addition 
that (i) for frequencies greater than the gap frequency the absorptivity is the 
same as in the normal state, (ii) lim, pAon(G ~) is proportional to the electro- 
magnetic absorptivity for frequency w (Ferrell’s Eqn (13)), then (4.19) follows 
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immediately from (4.18), i.e. the electron system exhibits the Meissner effect as 
a consequence of the energy gap and assumptions (i) and (ii) above. 

However, assumption (i) is clearly an additional assumption which does not 
follow from the existence of an energy gap alone. F urther, it would have to be 
shown that it does not contradict the assumption of an energy gap (cf. Buckingham 
1957). Nevertheless such an additional assumption as (i) is required physically 
to distinguish the system from an insulator which also has an energy gap but which 
does not exhibit the Meissner effect. 

Assumption (ii) is equivalent to the neglect of the spatial dispersion of the 
electromagnetic field by the system. For, from the well-known energy integral 
of Maxwell’s equations the absorptivity is proportional to 


| Fom(q, »)|E*(q, w) dq 
0 


which is proportional to lim, ,» Zom(q, w) only when |E*(q, w)|?~8(q), ie. 
when the electric field is assumed uniform in space. One cannot make this 
assumption since it is the very nature of the spatial dependence of the electro- 
magnetic field which characterizes the Meissner effect. 

We conclude that Ferrell’s derivation of the Meissner effect is unsound. 


§ 5. ELECTROMAGNETIC ABSORPTION 


Consider a transverse electromagnetic wave normally incident on a system 
which may be in the superconducting or normal state. We assume that the 
radii of curvature of the surface of the system are everywhere sufficiently large 
to neglect the tangential derivatives of the fields (e.g. plane surface). 

Hence, if we take the x axis as the inward normal at the surface with the 
origin lying on the surface, we can write the Maxwell induction relation as 


C) 1) 
ay, Lal if) == aap Bul t) ébeiokmtelbs (5.1) 


where the electric field E,(x, t) is in the z direction and the magnetic induction 
B,,(«, t) is in the y direction. Fourier transforming with respect to time t 


0 1 
a, Bex, w) = — = BY, 0) aed Math eee (5.2) 
Define a real function of time Z(t) by 
é 
E,(0, t)= i Z(t—i)B. (0:14 (5.3) 


4(t—t’) thus relates E,(0, t), the electric field on the surface at time t to B, (0, t’), 
the magnetic induction on the surface at all previous times 7’. 

Performing a Fourier transformation on Eqn (5.3) with respect to time 
EO, w) =2(w) BO) wo) 4 orane a (5.4) 


where 
Z(w)= (2m) | 20) ett ah “wip cats ceae (5.5) 


Z(w) is the complex surface impedance. It provides in (5.4) a boundary condition 
to the Maxwell equation (5.2). 


Since Z(t) is real, 
Z(—w)=Z*(w). 7 itaeneeree (5.6) 
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sy its definition (5.4), Z(w) is square integrable with respect to w since E,(0, w) 
nd B,(0,) are necessarily square integrable. Also by (5.5) the Fourier 
transform of Z(w) vanishes for all negative times. Z(w) therefore satisfies the 
onditions of the Titchmarsh theorem. 

The surface impedance Z(w) is important because it is directly related to the 
lectromagnetic absorptivity A(w) by (Dingle 1953) 


_ 4RZ(w) 
A(w)= ec EP A) Rie! by ahem “SY (5.7) 
Therefore for a normal conductor Z(w)~bw? asw>O0 see ees (5.8) 


where b is a positive finite constant (Landau and Lifshitz 1960). 
Now the penetration depth of a stationary magnetic field into the system is 
jefined by 


_ (2 B, (x, w) dx 
Rene ee ee a be ae 5.9 
ey 50,9) me) 
From (5.2), (5.4) 
_ cE,{0,w) , ,. cZ(w) 
Da RN CN Se Lat Natl OTD aaa Ph Al 5.10 
en iwB,,(0,w) i = iw Coe 


By (5.2) the first term is proportional to the magnetic induction at «= o in the 
stationary limit w»=0. For a bulk superconducting system this will vanish 
because of the Meissner effect. Therefore the superconducting penetration 
depth is related to the surface impedance by 


cZ(w) 


As=lim = ree es LL} 
wr ww 
i.e. for superconductors Z(w)~ricdw asm >0. sees (5.12) 


Having described the main properties of the surface impedance we now wish 
to formulate the dispersion relations for the complex function F (w) defined by 
Zn() Zs3(w) iw 
jolie a Mi ms SS al he he ee ee 53 
(= [EZR TF Zt0)F Za By? 
where the subscripts s, n refer to the same bulk system when in the super- 
conducting state and when in the normal state respectively. 


From (5.7), (5.8), (5.11) 


limF(w) = a real, finite and positive = (5.14) 
0 b 
also 
Gray Oe OO eee (5.15) 
0 


since the high frequency behaviours of superconducting state and normal state 
are identical. 

Equations (5.14) and (5.15) are necessary conditions for the square integra- 
bility of F(w). Since by definition An(w) > 0 for finite w it is seen from definition 
of F(w), (5.13), and definition of Z(w), (5.4), that F(w) has no infinite 
discontinuities for finite w. (5.14) and (5.15) are therefore also sufficient 
conditions of square integrability. F(w) is therefore square integrable with 
respect to w. 

Now, as Z(w) satisfies the conditions of the Titchmarsh theorem it is an analytic 
function of w in the upper half of the complex w plane. By definition, An(w) 
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has no zeros in the upper half plane. Therefore from (5.13) F(w) is an analytic 
function in the upper half plane and so satisfies the condition of Titchmarsh’ 
theorem that it be analytic. 

F(w) therefore satisfies the conditions of the Titchmarsh theorem and the 
Hilbert conjugate relations follow. 

From (5.6), (5.13) 

Ppa) =F *(e)v" i Oe eae (5.16) 

so that the dispersion relations relating the real and imaginary parts of F(w) 
follow immediately from the Hilbert conjugate relations. 

One of the dispersion relations is 


. 2 [° FF (2z)zdz 
AF(w)=={ ee wang a (5.17) 


Now from (5.7), (5.13) 
4) = Aale)= Arlo ye 


oi uae 5.18 
4An(w) oe 
and therefore (5.17) gives 
” An(z)—As(z) 
(: 7a4.(2), a dz= pesca ee a eeeee (5.19) 
Therefore from (5.14) 
° An(2)— Ag(z) 3 
ib See erst dz>0 and finite, 1), a & (5.20) 


This result, correlating the normal and superconducting absorptivities, is a 
rigorous consequence of the Meissner effect and the assumption that the high 
frequency behaviours in normal and superconducting states are identical. 


Eqn (5.20) has been verified experimentally (Biondi and Garfunkel 1959, 
Richards and Tinkham 1960). 
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APPENDIX 


In this appendix we derive an expression for the penetration depth of a 
stationary magnetic field into a System occupying the half space x>0. The 
magnetic field is taken in the y direction and will be a function of x only. 

We assume that the electrons are specularly reflected at the boundary « =0 of 
the system. This assumption simplifies the mathematics, but is unlikely to 
affect the results since we make the same assumption for both normal and super- 
conducting systems and the results are only used in §§3 and 4 to compare the two. 

Specularly reflected electrons correspond to electrons coming from a system 
in x <0 which has the same field distribution as the system in x>0 except“that 
the magnetic field (and hence the Lorentz force) is reversed. In other words 
the system filling x>0 can be represented by an infinite system with the 
discontinuity 

B,(x=0+)= — B,(x=0-) 
in the magnetic induction, 
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We can therefore Fourier analyse with respect to x by (2.1) and use the 
‘lations of §2 if we take this discontinuity into account. 

The differential equation satisfied by the magnetic induction in Fourier 
yace, (2.17), becomes 


igB ,(x=0 
L(q)B,(q)= ~ @B,(q) + HEP), (A2) 
e& 
igB ,(x=0+) 
Bape ee ok aD FS X) 
(OD ~ 1g+ LM) ae 
Therefore 
) (oe) +0 
| * By(w)dx= | be { FECT (A4) 
0 —0o 
Fran dq 
= ne ee AS 
; 1 09 +L(q) soe 
since 
i ee ee F(a EE AT eth al MEE seo" (A6) 
0 q 
where P denotes principal value. 
The penetration depth A is defined by 
GD 15) ((Ga) eb 
A= Se ee GE SE Pe A7 
I. B,(a=0+) 2 
Therefore from (A5) 
Lope i ag 2 [ dq 
——_ pes Oe ee ee ee rc A8 
aera) m™Jo @+L) as 


the last step following since L(q) is even in gq. 
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Abstract. "The Boltzmann equation for polar semiconductors is solved formally 
as a series expansion. ‘The form of the collision operator used is that derived by 
Howarth and Sondheimer. The method of solution is based on an iteration 
procedure analogous to Neumann’s series solution for an integral equation. The 
solution has been computed numerically as a function of electron-energy—phonon- 
energy for certain typical combinations of values of the temperature and degeneracy 
parameters. Guided by these ‘control solutions’ algebraic equations are derived 
which approximate to the Boltzmann equation in important limiting cases. From 
these algebraic equations the conductivity and the thermoelectric power are 
deduced. 


§ 1. INTRODUCTION 


HE distinctive feature of the electronic conduction phenomena in polar 
| semiconductors is the predominant role played by the optical branch of the 
lattice vibrations in scattering conduction electrons. As a first approxi- 
mation these vibrations can be treated as having a common frequency v». In 
this limit the Boltzmann integral equation reduces to a second-order finite 
difference equation. Howarth and Sondheimer (1953) have shown how this 
difference equation can be solved, in successive approximations, using a vari- 
ational principle. Delves (1959) has obtained some accurate numerical values 
of transport coefficients by numerical integration of the Boltzmann equation. 

In the present paper the problem is re-examined along the following lines. 
The Boltzmann difference equation, for each of the two formal times of relaxation 
(Dingle 1956), can be considered as the limit of an integral equation when the 
vibrational spectrum of the polarization waves tends to a delta function. This 
suggests that the relevant solutions of the difference equations can be defined as 
the limit of appropriate Neumann series. Such definition avoids the difficulty 
that the solution of the difference equation itself is not unique; the general 
solution being w,u,+w,u,+v, where u, and uy are a fundamental system of 
solutions of the homogeneous equation, w, and w, are arbitrary functions of 
appropriate period and v is a particular solution of the complete equation (cf. 
Milne-Thompson 1960). , 

A digital computer has been used to calculate this solution to the Boltzmann 
equation for combinations of values of the temperature and degeneracy para- 
meters typical of the cases of (i) no degeneracy, high temperatures, (ii) no de- 
generacy, low temperatures, (iii) degeneracy, high temperatures, (iv) degeneracy, 
low temperatures. Guided by these ‘control solutions ’, it is possible to simplify 
the difference equation and thereby obtain approximate solutions in closed 
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algebraic form. (The results could, of course, be further improved in accuracy 
by successive approximations.) The results obtained reduce to well-known ones 
whenever the two formal times of relaxation turn out to be slowly varying 
functions; this is to be expected, for in these circumstances the precise form 
of the trial function inserted in the variational principle is not critical. However 
there is marked disagreement when the two formal times of relaxation are rapidly 
varying functions, as in the degenerate limit at low temperatures. 


§ 2. ForMAL SOLUTIONS OF THE DIFFERENCE EQUATIONS 


2.1. General Considerations 


It is convenient for the present purposes to express the electrical conductivity 
and thermoelectric effects in the following notation : 


2s 2 Ta ay eet ee ae (2.1) 
where 
_ _ 8MaPv,? © gi Ofo 
Ky= — SESE |" oo) Pea 
__ 8Ma*th (* syne Oho 2 
=o i P(E) ede. ses (2.2) 


Here M is the reduced mass of the ions, a is the interionic distance, €=E/hv, 
where E is the electron energy and hv, the optical phonon energy, Cis the Fermi 
energy level and f,=1/{exp [(hvoé — £)/RT] + 1} is the Fermi function. The two 
formal times of relaxation, 7,(€) with r=1, 2, satisfy the following finite difference 
equations 
71/2 (N +1) fofhro(E + 1)} 7.(é)sinh—-2é1? 
; Riel ee ae 
—'7,(€+1){(1 + $€4) sinh 161? — 3(1 + €-1)1?} 


+h(€-1) Nihal) [7.(é) cosh-2é1? 
= tees 1){( —té-1) cosh7 112 — (1 — £-1)12] is ate (2.3) 


where N=1/{exp (hvp/kT)—1} and A(é—1) is the step function defined by 
h(é—1)=0 for <1, h(E—1)=1 for E>1. If r2(€)=é7,(E), a universal time of 
relaxation can be defined by + = Ma3(hvp)??74/{27e*(2m)'?} ; the integrals (2.2) 
are easily seen to go over into their usual expressions for this case. 
With 
(N +1) fothro(E+1)} f= N fothvo(é — 1)} 


+ €)= = a”? 
a gate poles day (2.4) 
D(é)=f.(€) sinh-¥41? + h(E — 1) f_(€) coshe™, 
ér-U2/D(E)=4,(E) «++ (2:5) 
k,(é)= (1+ 36-1) sinh 1g" — 4 +2)" 
fe (eke 8) coma ea ae) ea ens: (2.6) 
K.@)=f (Ok. O/IDO, K-)=f-C)R-EYPE). ----+ (2.7) 


(2.3) can be written 


7 (é)—-K,(6)r(E +1) -hE- DK EE“ = G8). (2.8) 
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2.2. The First Order Difference Equation 


All the essential features of the solution are present in the first-order difference 
“equation obtained from (2.8) for <1 and r=1 


k,(é) a tS iy: 
r(€)— { anit} r(€+1)= AGUS (2.9) 


cand thus, this equation will be dealt with first. 
Consider the set of integral equations 


rulb)— [Kylee Bry(#) dem FQ) asees (2.10) 


where K,,(x, €)—> {k, (€)/sinh2€4}8fx — (€ + 1)} for y+ oo. The limit of these 
‘integral equations is the difference equation (2.9). 

If the Neumann’s series is absolutely and uniformly convergent the solution 
“of (2.10) will be given by 


ry(€)=f ()+ | | Kyu 8) (ade | ¥ | “K, (t)K (tf (a)dtde+ ... 


For yi oo ag (2.11) 
a ki) 
Ty() > r(E) =f (€) + sinha] (E +1) 


ki ()Ri(E+ 1) 
sinh sinh ep iypml(E+2)+... 


which is a solution of (2.9). The proof that (2.12) is convergent presents no 
‘difficulty. Comparison of (2.12) with the general solution of a first-order 
-difference equation (cf. Milne-Thomson 1960, p. 329) shows that it is determined 
by assigning the value « to the arbitrary constant and 0 to the arbitrary periodic 
‘function. 


2.3. The Second Order Difference Equations 


The same method can be applied to the second-order difference equations (2.8). 
In a symbolic notation the solutions can be written 


7(E)= 4) + [K,.(€)0, +h(E—1)K_(€)0_]d,(é) 

».-+[K,(€)0,+h(€- DEG) O id (Ei oes era (2513) 
where 0, F(€)=F(€+1) and 0_F(€)=F(€-1), F(€) being an arbitrary function 
-of E. 

[K,(€)0, +A(é— 1)K_(€)0_]"d,(€) is thus defined by 
[K(6)0, + M(E—1)K_(€)0_[K , (2), + H(E-1)K_(€)0_]d,(6) 
-and [K,.(€)0, +h(€-1)K_(€)0_]4,(é)= 
K(€)d(€-+1) +h 1)K_(6)4,(€-1). 


The properties of the series (2.13) can best be visualized by the use“of a 
‘graphical representation. If we plot the integers on the x axis and € on the y axis, 
K_,,(&) is represented by a line joining (p, €) and (p+1, €+1) and K_(€) by a 
line joining (p, €) and (p+1, € —1), where p is an arbitrary integer. Thus 
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ery term of the series (2.13) has a definite corresponding path, as seen in Fig. 1, 
here the terms K_(£)K_(€—1)K,(€—2)K,(€—1)K_(€)K.(é—1)d,(€) and 
+(6)K,(€+1)K,(€+2)K.(€+3)K_(€+4)d,(€+3) have been represented. 
is clear that the terms in d,(£) contain 2n(n=0, 1, 2, . . .) products of the form 
+(é)K_(€' +1). On the other hand the terms in d,(&+p) contain p unpaired 


104 
eE 
10° 
al 
g 
§-1 
LP a e910) 
Cmimees4 5 6 ‘ eS : 
Fig. 1. Graphical representation of Fig. 3. Exact solution for hyp/kT=10, 
terms of the series (2.13). C/kT= —20 


exact solution 


Q & = E/hy 


Fig. 2. Exact and approximate solutions for hyof/kT=0-1, ¢/kT = —20. 
The + is a value of the exact solution. 
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K,(&). These facts suggest how the convergence of the series (2.13) can b 
established ; it is sufficient to find an upper limit small enough for K ,(€’)K_(€’ + 1 
and K,(€’). This topic is further discussed in the Appendix. 

Values of 7,(€) for some typical cases have been calculated with the help of 
digital computer; these are plotted in Figs 2 to 5. For low temperatures the 
main feature of these curves is a strong oscillation with period one. 

For high temperatures the oscillations rapidly disappear with increasing 
and, for large €, 7,(&) tends to a universal relaxation time. 


exact solution 


18 19 20 21 22 
S=E/hy, 


Fig. 5. Exact solution for hy)/kT=6, ¢/kT=120. The +’s are values of the 
approximate solution (3.9). 
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§ 3. Limir ExpRESSIONS FOR THE CONDUCTIVITY 
3.1. The Non-degenerate Limit 


The conductivity in this case is given by 


34, 4 oo) 
= ae * sa(@)EP exp (— hing IAT) AE. ones (3.1) 
If the variation of 7,(€) with € is neglected the integrand has a maximum for 
= 3kT|2hv,; this suggests that at high temperatures only values of £> 1 contribute 
significantly to the conductivity, whereas at low temperatures only the range 
€<1 is important. These conclusions are indeed confirmed by the resultant 
expressions. 
As —{/kT is large and positive, 


f(E)~ (N+ 1) exp (—fm/RT) 


f(E)~ Nexp (hvo/RT). 


and 


For high temperatures, 7,(£) is a slowly varying function of £ for moderate values. 
of € (see Fig. 2). It follows from (2.3) that 7,(€) ~ é"4?/(N+4). In Fig. 2 the 
exact solution for the high temperature case hv,/kT =0-1, ¢/kT = —20 has been 
plotted together with the above approximate expression, both forr=1; agreement. 
is excellent for £1, the range required. By (3.1) the conductivity is 


16 Maik? T?exp (C/kT 
oe ee exp (hvp/RT) — 1} 


in agreement with Howarth and Sondheimer’s result. As 7)(€)=&7,(€), a 
universal time of relaxation exists in this case. 

For low temperatures only the range <1 is important and an approximate 
expression for 7,(€) can be obtained from the following relations (cf. 2.8) valid 


for €<1; 
n(é+1)—K, (6+ I)n(€+2)-K (E+ n= +1) 
74(€)—K,(€)1(€+1)=4,(€). e+ (3.3) 

Eliminating 7,(€+1), 
74(é)[1—-K,(€)K_(€+1)] 

=d,(€)+ K (E([K (E+ 1)n(E+2)+ (E+ 1) 

PU(A h hae lateriues «i> ORY ee Tecan (3.4) 
since K (€)K,(€+1)n(€+2)< n(€ +2) can be neglected in comparison with 


d,(€)~ d,(0) ~ exp (Av9/kT) — 1 (see Fig. 3 where exp (hy/kT)—1= 22025). 
For small é, as K (0) = 3, 


K,,(€)d,(€+ 1) ~ §[exp (— hvo/RT) sinh-1(é + 1)? + cosh-*(E + 1)"?] > 


and in particular K ,(0)d,(1) ~ {exp (hvo/kT). This latter term is not small in 
comparison with 4d,(0)~exp (hv[kT) (cf. 3.4). Nevertheless K (Ed (E+ 1) 


4A 
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decreases rapidly with the increase of cosh—1(€ + 1)" and for not too small values 
of €, K,(€)d,(§+1) can be neglected. The rapid decrease of K,(é)d,(+1) 
can be appreciated from the following figures: 


(Av/kT=10, S/T =—20, dy()~d,(0)~22025) 


é 0 105° 10= 10-4 
7(€) 44046 22235 22093 23340. 


To calculate the conductivity the further approximation 
74(£) ~~ d,(0) ~ exp (hvo/kT) — 1 
can be made as only small values of € make a significant contribution. Thus 


2. 1/243 kT 3/2 
pie = el {exp (hvp[kT) —l}exp (£/RT) (3.5) 


in agreement with Howarth and Sondheimer’s expression. 
The same approximations are valid for 7(€), resulting in 


72(£) ~ do(£) ~& {exp (hyo/RT) — 1} ~ £7, (€) 


and again a universal time of relaxation exists. 


3.2. The Degenerate Limit 


For simplicity only the case g= ¢/hvp>1 will be considered. 

For high temperatures 
7(£) ~~ & 4? /(N +4) ~ & 12 fexp (Avo/kT) — 1} is a valid approximation as in the 
non-degenerate case. In Fig. 4, g1?/(N + 3) has been plotted together with the 
exact solution for hy/kT=0-2, C/kT=4. Agreement is good for é>1, 
Inserting 7,(&) ~ €¥*{exp (hvp/kT) — 1} in the expression (2.2) for the conductivity 


sw _ 8Ma*v,3 {exp (hyo/kT) — 1} ip g2 of ae 
38 pu ROe 
_ 8Ma*vf? {exp (hvp/kT) — 1} 
3272 
8Maiy,202 
erie es seae (3.6) 


in agreement with Howarth and Sondheimer’s result. 
In the limit of low temperatures the integrals (2.2) need only to be evaluated 
between for example g— 4, and § +3, since df,/d& has a sharp maximum for EF. 


An approximate expression for 7,(€), in this region, can be obtained from the 
following relations (cf. 2.8). 


™HE+1)—Ky(E+1)7,(E+2)—K_(€+1)7,(6)=d,(E+1) 


72) —-K,(€)7,(€+1)—-K_()7,(€-1)=4(é) —..... (3.7) 
t(€—1)—K,(€—1)7,(€)—K_(é- 1)7,(€—2)=d,(é—1). 
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For large values of hv,/kT the following relations hold (with X=exp[(hvoé—€)/RT]) 


ae k,(g) 2 k_(g) 
K(@)~ Gyxysinh ge’ -(@)~ GEx=Hcoshgi 
bauaet (3.82) 
K(€—1)~k,(g)/sinhg"”, K_(€+1)~hk_(g)/cosh 1g"? 
me (3.85) 
pe SP (7/7) Mee TK te eee (3.8c) 


(+X) +X) sinh 
-1)-4(1+X) 


“sinh EFT)” (er ee 
sinh + 


aay ~ sinh 7+ 1 


d,(€+1)~ 


As k.,(é)/sinh-1¢12 and k_(€)/cosh—é1? are slowly varying functions of €, their 
values at €=g have been taken. Also since € is large cosh—€12/sinh—-1€? has 
been approximated to one. If the expressions (3.8) are substituted into (3.7) 
these equations can be solved giving 


pre er ee exp irik) 4 
() (1 — A2(g)} sinh 112 la +X) +X) +k(g)(1+X-) 


where k®(g)=k,(g)k_(g)/{cosh-1g¥” sinh—1g1?}._ Values of (3.9) are plotted in 
Fig. 5 for hvy/kT =6, ¢/kT =120, and agreement is seen to be excellent. 
In this approximation a universal time of relaxation exists since T(E) =E73(€). 
The main contribution to the conductivity comes from the first term of (3.9). 
Neglecting the variation of é/sinh—té1? near g, it is found that 


Zo 4Ma?®v,0? exp (hvo/kT) (3.10) 
921 — 2(C/hv)} sinh— (Z/hy)® : 
This result differs markedly from Howarth and Sondheimer’s corresponding 


expression. It is therefore important to calculate the thermoelectric effects 
explicitly. The thermoelectric power is given by 


@|k=(Ky—(K,)|kK,T~ — hv” AER | 
eee atT) a (Ltt, ac a ee 
1 2A ee ter 
gach eS gba Sal! 
rl aay aa 
with €=g+kTlogx/hvy. The integral K,, in the denominator of Y/k has been 
calculated as in the conductivity (cf. 3.10), and in the numerator the variation of 


sinh-1é12 near g has been neglected. The integral in (3.11) can be evaluated as 
follows 


+0 4292t 02 +0 ef(1+a) o2 re uk 
aE —_— dt =|—]| ~~4 
ie (1 say ml |. (1+e)¢* ie ai (1+u)* u| amt 
ie? 1 (x? 
=s=5 —- =f, = ( = eee anus (3:12) 
Fal Pe +OPG | 5 ( : ) (3.12) 
The thermoelectric power is then given by 


a = “(F -1) en 2 PES (3.13) 


oO 
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APPENDIX 
It is possible to prove without difficulty that the series (2.13) is convergent, if 
K_.(€)<ab, with a< 4, b<1 forlarsef 5 YO see (Ala) 
Kuve) K 6+ 1) sc"<t for. éo 1. a eee (Alb) 


(Ala) is immediate, (A1b) holds for ¢/hvy<1. The proof is somewhat lengthy 
and will be omitted. 
The series (2.13) can be written collecting the terms in d,(E+p) 


T(E) = A_d,(E—m) + A_mi4d,(E— m+ 1)+... Ag(€)d,(E)+.. A, d(E+p)+... 
Bere (A2) 


where m is the largest integer smaller than €. With the help of Stirling’s formula 
the series A, is easily seen to be convergent. Comparing A, with Ay and using 
(A1) it can be shown that A,,d,(é+p) <Cbrd,(&+p), where C is a constant inde- 
pendent of p. (A.2) is thus convergent as Cb?d,(€+p) is the general term of a 
convergent series. . 

The inequalities (A1) are sufficient conditions for the convergence of (2.13), 
but far from necessary; in fact it seems very likely that this series will always 
converge. 
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lbstract. Measurements of the infra-red Faraday effect have been made in 
-type, p-type and intrinsic germanium. ‘The Faraday rotations observed are 
nterpreted as being due to free electrons in n-type germanium, valence to 
onduction band transitions in intrinsic germanium, and light and heavy holes 
nd intervalence band transitions in p-type germanium. ‘The rotations obtained 
or variously doped n-type specimens are used in conjunction with Hall effect 
neasurements on the same specimens to evaluate the Hall scattering constant as 
. function of the impurity content. In p-type material the rotations obtained 
re used to estimate the relative population of the light and heavy hole states. 


§ 1. INTRODUCTION 


This has occurred because measurements of the infra-red Faraday rotation 

and Hall coefficient in a suitably doped semiconductor yield accurate values 
of the effective mass of the free carriers. The first experiments of this nature 
were carried out by Moss, Smith and Taylor (1959). Their results for variously 
doped InSb specimens were used to obtain the (E, k) relationship for the 
conduction band edge of this material. Good agreement was obtained with the 
theoretical (E, k) curve derived by Kane (1957). The Faraday effect method has 
subsequently been applied to obtain the effective mass of conduction band 
electrons in GaAs (Moss and Walton 1959a), InP (Moss and Walton 1959b), 
Ge (Walton and Moss 1959 a) and Bi, Te, (Austin 1960). 

The present paper describes a detailed investigation of the infra-red Faraday 
effect in germanium. In n-type germanium where the electron effective mass 
is accurately known from alternative (cyclotron resonance) experiments 
(Dresselhaus, Kip and Kittel 1955, Lax, Zeiger and Dexter 1956), the results are 
used to evaluate the Hall scattering constant. For intrinsic germanium the 
rotation has been measured into the absorption edge and a reversal of sign 
observed. In p-type germanium the observed Faraday rotation is a complex 
function of the wavelength and is interpreted as being due to light and heavy 
holes and intervalence band transitions. 

A recent paper by Hartmann and Kleman (1960) presents some interesting 
Faraday results for intrinsic and n-type germanium, but reports no observable 
rotation in p-type germanium. 


lk recent years a great deal of interest has been revived in the Faraday effect. 


§ 2. "THEORY 


The Faraday effect is the rotation of the plane of polarization of a beam of 
electromagnetic radiation when a magnetic field is applied along the direction 
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of propagation. The rotation is given by 


0= 2 (ag —n) 3 (1) 


where w is the pulsatance, / the specimen thickness, c the velocity of light and Ny 
and my, are the refractive indices for the right and left circularly polarized com- 
ponents into which the plane polarized beam may be resolved. Here, right and 
left circularly polarized components are defined respectively as the components 
whose electric vectors describe right and left helices in space at any fixed time. 
A positive value of @ corresponds to a clockwise rotation for a wave propagated 
along the direction of the magnetic field away from the observer. 

At infra-red wavelengths, the magnetic dispersion for a semiconductor may 
be due to either free or bound carriers. A simple classical treatment shows 
that the rotation due to free carriers (Mitchell 1955, Moss 1959) is given by 


BNA] 
62 oe ae 2 
8arc¥ eqn(m*)? (2) 
in rationalized units, provided that 
wrS1, oF San kee), 5. ee (3) 


where N is the carrier concentration, e the electronic charge, B the magnetic 
induction, A the wavelength corresponding to pulsatance w, €, the permittivity of 
free space, n the refractive index, m* the effective mass, 7 the relaxation time, 
we=eB/m*, the cyclotron resonance pulsatance, and k the absorption index. 
The requirements of Eqn (3) are readily met beyond the absorption edge of 
semiconductors. Thus, in semiconductors, the infra-red free carrier Faraday 
rotation should be proportional to wavelength squared and the magnetic induction. 
Such dependences have been verified for several materials. ‘The most important 
feature of Eqn (2) is, however, that the rotation is inversely proportional to. 
effective mass squared so that the effect provides a potentially accurate method of 
determining effective mass. 

A more detailed treatment of the free carrier Faraday effect by Stephen and 
Lidiard (1958) starting from the Boltzmann transport equation yields an 
expression identical to that given in Eqn (2) provided that m* is interpreted 
correctly according to the band structure. It should be noted in passing however 
that the sense of rotation is given incorrectly in their paper. The rotation due 
to free electrons is clockwise for a wave propagated along the direction of the 
magnetic field away from the observer (Walton 1960), i.e. is that of the current in 
the coils which produce the magnetic field. The rotation due to free holes is of 
course in the opposite sense. 

Now the equi-energy surfaces for electrons in the conduction band of 
germanium are four ellipsoids of revolution along the [111] directions 
(Dresselhaus et al. 1955, Lax et al. 1956 and\Herman 1955). For such ellipsoidal 
energy surfaces, whatever the degeneracy of the electrons, the infra-red free 
carrier Faraday rotation is (Lax and Zwerdling 1960) 


p— NeBa*l. K(K +2) 
82*cne, 3m,? 
where K =mz,/m, is the ratio of the longitudinal to the transverse effective mass. 


In the valence band of germanium there are two types of carrier, that is both. 
light and heavy holes. It readily follows that in this case the infra-red free 
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carrier Faraday rotation is given by 


SB T p q 
Gas eee | ee en are 
82r2c8ne, ea s! oe ; (>) 


where g and p are the light and heavy hole concentrations and m, and m,, are the 
light and heavy hole masses. ‘The ratio q/p is theoretically equal to the density 
of states ratio which is (m,/m,)° so that the few light holes should contribute 
more than the heavy holes to the free carrier Faraday rotation. ‘The ratio of the 
contributions of the light and heavy holes is in fact (m,/m,)" amounting to +/8 
in germanium. 
Application of simple classical theory to the bound electrons shows (e.g. Moss. 

1959) that the rotation due to these electrons is 

a New? Bl 

~ Qnceg(wy2 — w)?2m? 
where w, is the resonant pulsatance of the bound electrons. ‘Thus, in general, 
infra-red Faraday rotations due to free and bound charges are different functions 
of wavelength and consequently can be separated. 


LOTS ee & Pee (6) 


§ 3. FARADAY EFFECT APPARATUS 


The apparatus was developed from that described by Smith et al. (1959) and 
is shown schematically in Fig. 1. Radiation from the source S passed through 
the polarizer P, and was focused by the mirrors M, and M, on to the germanium 
specimen situated at the centre of the electromagnetic gap. The source S was 


Detector 


2 Exit slit 
Leiss spectrometer Output 
Entrance slit display 


800 c/s P. 
Chopper 


Fig. 1. Schematic diagram of Faraday effect apparatus. (Note that the beam of radiation 
is deflected in the vertical plane by M, on to P, which reflects horizontally into the 


entrance slit of the spectrometer.) 
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either a tungsten filament lamp with a sapphire window or a Nernst filament 
according to the wavelength range required. Both sources were suitably 
stabilized. 

A pile of polyethylene plates set at the Brewster angle constituted the polarizing 
element P;. Twelve plates each five microns thick were used. With these _ 
very thin plates sufficient transmission was obtained between the polyethylene 
absorption bands to allow Faraday rotations to be measured at selected wave- 
lengths from 13 microns down to 1-5 microns. 

The germanium specimen was orientated so that a normal to its surface made 
an angle of 50° in the horizontal plane with the geometric axis of the magnet. 
Because of the high refractive index of the germanium, the approximately 
normally incident radiation was refracted to traverse the specimen accurately 
normal to its surface. Thus the Faraday rotations observed corresponded to the 
magnetic field resolved through 50°. The magnet was always used in the 
saturated condition so that the magnitude of the field was unaltered (by hysteresis) 
upon reversing its direction. The magnitude of the required resolved com- 
ponent of the magnetic induction was measured directly with the aid of a search 
coil mounted on the same support that had carried the specimen. In this way 
the difficulty of measuring the orientation of the specimen with respect to the 
Magnetic axis was avoided. Resolved fields up to 13 000 gauss were used. 

For the n- and p-type specimens, the absorption was such that the radiation 
was considerably attenuated in a single traverse of the specimen thickness. 
‘This loss, together with the attenuation at each reflection, meant that multiple 
internal reflections were negligible and the F araday rotation appropriate to only 
a single traverse of the specimen thickness was measured. In the measurements 
on intrinsic germanium, where transmission losses were rather low, multiple 
internal reflection effects were avoided by using slightly non-parallel specimens 
(see $6). Specimens were prepared by lapping with carborundum powder 
and then polishing with diamond paste on photographic paper. 

After leaving the specimen, the radiation was brought to a second focus at 
the entrance slit of the spectrometer by the mirrors M,, M; and P,. P, was the 
analyser, constructed from polished single-crystal silicon set at its Brewster 
angle. The theoretical characteristics of this reflection analyser show that the 
polarization for a 10° wide beam incident at the Brewster angle is 99%. Since 
the optics of the spectrometer caused significant polarization (~3:1), the 
analyser P, was arranged to polarize in the same plane as the spectrometer and 
‘the polarizer P, made rotatable. Accordingly M, and P, deflected the beam in 
the vertical plane, the radiation finally entering the spectrometer horizontally. 
P, was made in the form of a transmission polarizer to prevent the image of the 
‘source moving on rotation. 

The spectrometer was a Leiss double. monochromator containing either 
NaCl, CaF, or LiF prisms according to the wavelength range and resolution 
radiation was chopped at 800c/s, the detector being either a gold doped 
focused onto a suitable detector T. In the n-type germanium experiments~the 
‘detector was a vacuum thermopile with a KRS-6 window and the radiation was 
‘chopped at 5c/s. For the p-type and intrinsic germanium experiments the 
radiation was chopped at 800 c/s. the detector being either a gold doped 
‘germanium or indium antimonide cell cooled to 77°K. The detected signal was 
amplified, rectified, smoothed and fed to a pen recorder 
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Measurements were made by slowly rotating the polarizer P, through the 
crossed position with the magnetic field in a given direction and recording the 
detected signal. A contact breaker marked every degree on the record. This 
process was then repeated with the magnetic field reversed. Records of two 
symmetrical minima were obtained in this way and half the angular difference 
between the two minima was the required Faraday rotation. ‘The minimum of 
each record was found in the following way. The mean of the two angles at 
which the signal had a given value was found for various signal levels at which 
the signal was changed rapidly with angle and the average value taken as the angle 
corresponding to the minimum. An accuracy to better than +0-2° was obtained 
by this method. 

Measurements of the Faraday rotation were made at room temperature and 
at 77°K. In the latter case specimens were situated in a demountable liquid 
nitrogen cryostat which had CaF, windows. 


§ 4. MEASUREMENT OF CARRIER CONCENTRATION BY FarRaDay ROTATION 


For semiconductors where the effective mass is known accurately from other 
magneto-optical experiments, the free carrier Faraday effect provides a new 
method of determining the carrier concentration N (see Eqn (2)). ‘This method 
of obtaining N has two advantages over the Hall effect method, namely: (i) The 
interpretation of the results does not depend on a knowledge of the scattering 
mechanism since the infra-red free carrier Faraday rotation is independent of 
scattering. (ii) No electrical contacts are required, which is important since 
suitable contacts are difficult to provide for many materials. 

Disadvantages of the Faraday effect method are: (a) The effective mass must 
be known. (b) In practice only a limited range of carrier concentration can be 
measured in this way. For pure materials the rotation is too small while for 
extremely impure materials the optical transmission is too low because of the 
low mobility. 

Faraday rotations measured in variously doped single-crystal n-type 
germanium specimens are shown plotted against wavelength squared in Fig. 2. 


qcm! (104 gauss)" ) 
> wn an 
Oo Oo S 
[=) [=) 
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Specific Rotation 6/1B (de 
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Fig. 2. Faraday rotation in variously doped n-type germanium specimens. 
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For each specimen, the experimental points fit a straight line through the origin 
extremely well. The sense of the rotations is that of the current in the coils. 
which produces the magnetic field as expected for free electrons (see §2). 

The carrier concentration for each germanium specimen was calculated from 
the observed Faraday rotation as follows. Rewriting Eqn (4) we have that the 


carrier concentration in n-type germanium is given by 
Nw 877c8neo(m*)20 
Br] 
where 


m*=|[3/K(K42)m,. 1 ee (8) 


The slopes of the straight lines of F ig. 2 give 6/IB)? for each specimen. Now the 
conduction band of germanium should be parabolic due to the high density of 
States, so that m* is a constant, independent of N, and may be calculated from 
cyclotron resonance data (Dresselhaus et al. 1955, Lax et al. 1956) to be 0:134m. 
Using the refractive index data of Salzberg and Villa (1958) with allowance for 
free carrier dispersion, it is found that n=3-99 for the doped germanium of the 
present experiment over the wavelength range involved. Values obtained for 
the carrier concentration N on inserting the above data into Eqn (7) are given in 
Table 1. 

These experiments show that the F araday effect method of determining N is 
practicable in germanium over the range N=10'%-10%cm-*. The higher 
concentrations of this range are difficult to determine by the Hall effect method 
since the Hall voltages are very small and the Hall scattering constant is particularly 
difficult to evaluate theoretically when neither the non-degenerate nor the 
degenerate statistical approximation applies to the conduction band electrons. 


§ 5. DETERMINATION OF THE HALL SCATTERING CONSTANT 
IN n-TYPE GERMANIUM 


In addition to measuring N by the Faraday effect method described above, 
measurements of the low field Hall coefficient and resistivity were made on the 
Same n-type germanium specimens. The Hall coefficient in n-type germanium. 
at low magnetic field strengths is given by (Brooks 1955) 


Axo = Ni BR(K4 2)/(2K pt] ee (9) 


Accordingly, the Hall scattering constant r was calculated from this equation for 
each specimen by inserting the cyclotron resonance value of the mass ratio K, 
the measured low magnetic field limit of the Hall coefficient A,, and the corre- 
sponding carrier concentration N obtained from the F araday rotation. Values. 
obtained for r are presented in Table 1. It will be seen that r depends on the 
impurity content of the specimens as expected. Jones (1951) has treated the 
problem of the effect of mixed lattice and impurity scattering on the scattering 
constant r and has presented his theoretical results in the form of a plot of r against 
/4;, where » and jy are respectively the actual mobility and the mobility that 
would arise if only impurity scattering were present. In order to facilitate com- 
parison of the present experimental results with the theory of Jones, the para- 
meter j4/; has been evaluated for each specimen. The mobility » was calculated 
from the carrier concentration N and the measured resistivity. Now the 
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nobility pz, when scattering is by lattice vibrations only, is known to be 
1800 cm?sec-tv-! from drift experiments (Prince 1953) on near intrinsic 
rermanium. ‘Thus p/p; was known and p/p; found from the theoretical curve of 
Conwell (1952). 

Figure 3 shows the experimental values of 7 plotted against ./,, together with 
the theoretical curve of Jones. It will be seen that Jones’s theory fits the experi- 
mental results for x./u;<0-5. At larger values of jx/p; it does not fit. However, 
n his treatment Jones assumed non-degenerate statistics to apply throughout, 
whereas in germanium at room temperature N exceeds 10!° cm when p/z < 0-8 
30 that degenerate statistics apply. Thus, at large values of ,u/u;, 7 is expected to 
approach unity somewhat as shown by the broken lines of Fig. 3. 


— Theory of Jones 
x Experimental points 


Hall Scattering Constant r 


0 02 04 06 08 10 
Impurity Parameter p/py 


Fig. 3. Hall scattering constant 7 in n-type germanium as a function of the parameter p4/1;. 


Table 1. Carrier Concentrations by Faraday and Hall Effect Methods and 
Values obtained for the Hall Scattering Constant r 


Resistivity N/rt Nt 

(ohm cm) — Axo (cm?/c~) (cm~) (em-*) rp (em® sec v2) poy 
0-0180 34:4 1:39 x 101” 1-490 S10Le E07 2330 0-13 
0-00710 8:54 5-7(5) x10" 6-2(7) x 10%" 1-09 1400 0:30 
0:00536 4-59 HOF C1028 01-29 <0) 121, 900 0:47 
0-00519 4-30 1:14x10% 1:47x10% 1-29 820 0-52 
0-00315 2-01 -2-45x1018 2:80x10!% 1:14 710 0:56 
0-00244 1-24 3-9(8) x 1018 4-6(3)x 1018 1:16 550 0-65 
0-00109 0-368 1:34x10!® 1:34x10!® 1-00 430 0:73 


+ Calculated from Ayo; } calculated from Faraday rotation. 


The experimental error in a determination of r is approximately + 6% since 
r depends linearly on 6, B and Ay, (compared with the square root dependence 
of m* on these measured quantities where the errors are halved). 

Another way of determining the scattering constant r is from the low and high 
magnetic field limits of the Hall coefficient which are given by: 


WRTISK(K4-2)ion “UN 
HO” Ne (2K+12° ~ 2° Ne 
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so that 
_ 3K(K+2)r 
Pa ie OK +1) 6 eee ee (10) 

Geballe and Kunzler (1959) have measured the ratio Ayy/Ag,. accurately 
for 20 Qcm n-type germanium at 77°K and have obtained r = 1-16 in close agree- 
ment with the theoretical value of 37/8. To determine Ay. 4 magnetic field 
strength H is required such that nxHS1. Thus to find r by this method for 
highly doped n-type germanium, where the mobility is low owing to impurity 
scattering, inconveniently high magnetic fields would be required. This method 
and the Faraday rotation method of finding r are thus complementary, the former 
being applicable to pure materials and the latter to impure. 

It is suggested that the data of Fig. 3 should be of general use in determining 
carrier concentrations in n-type germanium from Hall effect measurements. 


§ 6. ‘THE INFRA-RED Farapay ErFect IN INTRINSIC GERMANIUM 


The Faraday rotation was measured in ‘intrinsic’ germanium (60Q cm p-type) 
over the wavelength range of 1-6 to 5-0 microns at temperatures of 300°K and 77°K. 
The results of these measurements are shown in F ig. 4. At wavelengths long 
compared with that of the absorption edge, the rotation is independent of tem- 
perature, inversely proportional to wavelength squared and is in the same sense 
as the current in the coils producing the magnetic field in agreement with classical 
theory for bound electrons (Walton 1960). However, near the absorption edge 
the rotation becomes temperature-dependent, rapidly deviates from the inverse 
square law and soon changes sign. 


0:20 
1/X(A in microns) 


Specific Rotation @j/LB(deg cm'(l0*qauss)') 


Fig. 4. Faraday rotation in intrinsic germanium at 300°K and 77°K. 


The specimens used in these measurements on intrinsic germanium were 
deliberately made slightly non-parallel (an angle of 1° between transmitting 
faces) to avoid multiple internal reflection effects. In plane parallel specimens, 
where multiply reflected components were detected, rotations were about 13 or 


larger than in the non-parallel specimens. Calculations show that the rotation 
can be as much as 23% too large. 


The Infra-red Faraday Effect in Germanium 1401 


In the original classical treatment, it was shown by Becquerel (1897) that the 
specific rotation is 


0 er dn 
IB ~~ med ete Fe ee (11) 


where dn/dX is the dispersion in the absence of the magnetic induction B and m 
is the free electron mass. This equation may be rewritten 


Ce leh pa 
(Bane dey ose arose 


Now at wavelengths long compared with that of the absorption edge, dn/d(\~) 
is a constant in germanium, as shown by the data of Salzberg and Villa (1958) 
which are plotted in Fig. 5. Thus this theory predicts that the specific rotation 
should vary as \-?, as is indeed found experimentally (Fig. +). Furthermore, 
the absolute magnitude of the rotation expected can be found from Eqn (12) 
using the dispersion data of Fig.5. From the slopes of the straight lines in Figs 
4and 5 we find that the observed rotation is 65% of that predicted—a remarkable 
degree of agreement for such a simple theory with no adjustable parameters. 
Recent results by Hartmann and Kleman (1960) give a similar figure, namely 
that the rotation is 60° of that predicted by Eqn (12). 


4-08 
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Fig. 5. Dispersion in intrinsic germanium (Salzberg Villa 1958). 


The dispersion has not been measured accurately at wavelengths below 2:3 . 
However by using the fact that the refractive index and absorption are inter- 
related (Moss 1959) it can be shown that » will reach a maximum in the neigh- 
bourhood of the absorption edge and then fall. ‘Thus the dispersion, and 
hence the Faraday rotation, should fall to zero and then become negative. Since 
the absorption edge shifts to shorter wavelengths on cooling, the Faraday rotation 
is expected to change sign at shorter wavelengths for the cooled material. 

This simple classical dispersion theory is seen to give good qualitative (and 
reasonable quantitative) explanations of the rotation due to bound charges. A 
full theoretical treatment of the intrinsic effect would need to consider virtual 
transitions between quantized energy levels in the region of the band edge. This 
type of treatment has been outlined by Lax and Zwerdling (1960) but it has not 
yet been developed to the state where it can explain the form and magnitude of 
the observed behaviour. 
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§ 7. ‘THE INFRA-RED Farapay EFFECT IN P-TYPE GERMANIUM 


The infra-red Faraday rotation was measured in p-type germanium botk 
at room temperature and at 77°x. Plane parallel specimens of 0-0278 anc 
0-0100 Qcm resistivity were used and the measurements extended over the 
wavelength range of 2 to 6-3 microns, that is, right through the absorption bands 
(Briggs and Fletcher 1953, Kaiser et al. 1953) at 3-5 and 4-5 microns due to 
intervalence band transitions hv; and hvy, (see Fig. 6). In the room tem- 
perature measurements the specimens were sufficiently opaque to avoid multiple 
internal reflection effects. However in the case of the results at 77 °K, the measured 
rotations have been reduced by 13% at wavelengths where the specimen was 
transparent, to allow for multiple reflections. 


Wave number k 
(0,00) 


Fig. 6. Transitions causing complex absorption spectra beyond the main absorption edge 
in p-type germanium, 
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Fig. 7. Faraday rotation in excess of the intrinsic contribution in p-type germanium 
at 300°K. 
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In order to eliminate the bound carrier rotation associated with transitions 
etween the valence and conduction bands, the rotation in intrinsic germanium 
the measurements of which are described in § 6) was subtracted from the rotation 
btained in each p-type specimen. Figs 7 and 8 show the resulting rotations 
lotted against wavelength squared. In each case the rotation is a complicated 
unction of wavelength but is of the sign expected for a rotation due to free holes, 


e. is in the opposite sense to that of the current in the coils which produce the 
nagnetic field. 
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‘ig. 8. Faraday rotation in excess of the intrinsic contribution in p-type germanium 
at 77°K. 
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ig. 9. Theoretical wavelength dependence of the infra-red Faraday rotation in excess 
of the intrinsic contribution in p-type germanium. 


The rotation shown in Figs 7 and 8 is interpreted as arising from free holes 
nd intervalence band transitions. It is suggested that the theoretical wave- 
sngth dependence of the rotation in p-type germanium in excess of that in intrinsic 
ermanium should be of the form shown by the continuous line of Fig. 9. The 
roken lines show the various contributions: 

(i) The free hole contribution which will be proportional to wavelength 
quared. 
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(ii) The contribution arising from the dispersion associated with the transition 
hv3. ‘The wavelength dependence of this contribution has been taken as that of 
the dispersion associated with a classical oscillator centred at the frequency 143. 
In §6, this technique has been shown to give reasonable results when applied to 
the valence to conduction band transitions in germanium. It follows that, well 
below the resonant wavelength A,3, the rotation is directly proportional to A? 
whilst at wavelengths long compared with A,5, the rotation is inversely proportional 
to A”, The sign of this contribution has been taken to be the same as that of the 
rotation due to valence to conduction band transitions in germanium. 

(ui) Absorption due to transitions hvy; is weak compared with that due to 
transitions hy,,. Accordingly, the transitions hv.3 should contribute a relatively 
small rotation with a wavelength dependence similar to that of (ii) above. This 
small contribution has been omitted from Fig. 9 for the sake of clarity. However, 
it may cause an additional peak in the total rotation near the wavelength 2.3. 

(iv) Proceeding as in (ii), the transitions hv, give a contribution roughly 
Proportional to A? in the region of interest where A<Ajo. 

The experimental results of Figs 7 and 8 are seen to fit the above simple 
qualitative analysis fairly well. The rotation peaks at wavelengths not far 
removed from Aj,5, A»3. Further, the departure of the experimentally observed 
rotation from a quadratic dependence on wavelength is approximately pro- 
portional to carrier concentration and ‘sharpens’ on cooling. These features 
are also in accord with what one would expect if the dispersion due to transitions 
hyo, hv», could be approximated by that of a classical oscillator. 


§ 8. Tue Revative Popuation OF THE Fast AND Stow Ho te States 
IN p-TYPE GE 


The magnitude of the infra-red free carrier Faraday rotation when two 
occupied hole states exist is given by Eqn (5), namely 


3)\2 
go ~ SNELL Da Clee ie (13) 
mein 2 


2rrc%eqn 


Cyclotron resonance experiments (Dresselhaus et al. 1955, Lax et al. 1956) 
have yielded accurate values for the effective mass parameters m, and m,. With 
allowance for warping of the energy surfaces (Lax and Zwerdling 1960), the 
values of m,, and m, to be used in Eqn (13) are 0:35 m and 0-044.m respectively. 

Now the slow hole concentration p can be obtained from Hall effect measure- 
ments. At sufficiently high magnetic fields’ to saturate the fast holes but not 
the slow holes (i.e. when Hg >1>,H where ., and 4, are the mobilities of the 


fast and slow holes respectively) the Hall coefficient is given to a good apprexi- 
mation by 


r 

A; = — 
HS he 
Thus a determination of the infra-red free carrier Faraday rotation allows q to be 
calculated on inserting the values of p, m, and m, into Eqn (13). Since the fast 
holes contribute much more than the slow holes to the free hole Faracay rotation 


(see §2), this is a potentially accurate method of measuring the relative population 
q/p of the two occupied hole states. 
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However, beyond the absorption edge of p-type germanium, the Faraday 
rotation is not simply proportional to wavelength squared and is composed of 
contributions due to free holes and intervalence band transitions as discussed in 
§7. ‘Thus isolation of the free hole contribution required is difficult. Never- 
theless, since the interband transitions should produce a negative rotation in the 
middle of the band (i.e. near A,3, A»3) and a positive rotation outside it, a straight 
line giving the free hole contribution may be drawn fairly accurately as shown 
in Figs 7 and 8. It is assumed here that the contribution to the rotation due to 
transitions hv,. is negligible. Such a contribution, being approximately pro- 
portional to \*, would be inseparable from the free hole contribution. 

From the free hole contribution to the Faraday rotation, estimated as described 
above, the quantity [p+ qm,,/m,2] was calculated using Eqn (13). The data of 
Salzberg and Villa (1958), with allowance for free carrier dispersion, was taken 
for n. The results are shown in Table 2. 

In order to determine the slow hole concentration p in the specimens used for 
the Faraday effect measurements, the Hall coefficient was determined as a 
function of magnetic field both at room temperature and at 77°K. However, 
saturation of the fast holes could not be achieved with the magnetic field available 
and consequently A,’ and hence p could not be obtained directly. This was 
thought to be due to the low value of the fast hole mobility in these impure 
materials. Theoretically, although the ratio of the fast to slow hole mobility 
a=m,/m,=8 for lattice scattering, as the doping increases ‘a’ falls until 
a=(m,/m,)"2=2-8 for impurity scattering (Brooks 1955). Further, the slow 
hole mobility itself falls as the doping increases. 

Now as the magnetic field increases, the Hall coefficient is expected to fall 
from the low field value of 


Ago=(Pt@ayrl(p+aqgyre nee (14) 
to the high field value 


oripg. ot See (15) 


Since aq<p, it follows that as the impurity content increases, the fall in Hall 
coefficient caused by saturating the fast holes in a high magnetic field should 
decrease. With between 2% and 5%, of the holes in the low mass state, ee 
should be approximately 0-95 when impurity scattering is dominant compared 
with approximately 0-5 for lattice scattering. This point was tested experi- 
mentally by measuring the magnetic variation of the Hall coefficient in variously 
doped p-type germanium specimens at 300°x. The results of these measure- 
ments are shown in Fig. 10. It is seen that Ag’/Ago is 0-65 for the purest material 
but as the impurity content increases the change in Hall coefficient on saturating 
the fast holes decreases. Although actual saturation of the fast holes could not 
be achieved in the 0:01 Qcem and 0-0278 Qcm materials which were used in the 
Faraday work, it was estimated from the results of Fig. 10 and the theoretical 
value of Ay’ / Ayo for impurity scattering, that A,’ was 0-90.44, for the 0-0278 Q cm 
at 300°K and 0-95Ay, at 77°x. For the 0:01 Qcm material 4,’ was taken to be 
0:95 Ago: Clearly Ay’ is close to Ay, in these impure materials, so that errors 
involved in finding A,’ from Ag, must be small. Table 2 gives the values obtained 
in this way for Ay’ and also the values of p calculated using equation (15) and taking 
r to be 1-1. 
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Fig. 10. Magnetic variation of the Hall coefficient in p-type germanium at 300°K. 


es ee ee 


Table 2. The Relative Population of Light and Heavy Hole States in p-type 
Germanium calculated from Measurements of the Faraday Rotation 
and Hall Coefficient 


(1) (2) (3) (4) (5) (6) (7) 
00100 300 7-5 x 1018 5-4 5-1 1-35 x 108 0-07 
00278 300 2-1 x 10% 20-0 18-0 3-8 x 10"7 0-07 
0-0278 77 2-6 x 10% 24-3 23-1 30x 10" 0-12 


(1) Specimen resistivity at 300°x (Qem); (2) temperature (x); (3) p+(mpy/m,)?q from 
Faraday rotation (em~); (4) Ayo (cm* coulomb-); (5) Ay’ (cm* coulomb~}); (6) p (cem-3); 
(7) a/b. 


ES eee 


The last column of Table 2 gives the ratio of the fast to slow hole concentration 
obtained by combining columns three and six of the table. Both specimens 
give q/p=7% at room temperature. This value is rather large compared with the 
theoretical estimate of (m,/m,)?? which amounts to about 43%, and it appears to 
increase even further on cooling to 77°x. Galvanomagnetic (Willardson et al. 
1954) and photomagnetic (Walton and Moss 1959b) experiments have yielded 
ql =2% which is somewhat less than the theoretical estimate. Pe 

The values obtained for q/P from the present Faraday and Hall effect experi- 
ments are tentative since the interpretation of the Faraday rotation is difficult due 
to the rotations associated with intervalence band transitions. In the analysis of 
the results, rotations arising from transitions hy,, were assumed negligible. 
However if this contribution to the total rotation is appreciable and of the sign 
indicated in Fig. 9, the values deduced for q/p are too small! It is possible that 
the wrong sign has been attributed to the contribution by transitions hv). For 
example, the rotation arising from transitions between the valence and conduction 


ae 
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band of InSb is of the correct wavelength dependence but the opposite sign to 
that of a classical oscillator (Smith et al. 1959, Brown and Lax 1959). This 
difference of sign for the bound carrier contribution is accounted for by the 
large negative g-factor of the conduction band electron in InSb (Roth et al. 1959), 
Thus it is possible that too large a value of the free hole rotation has been estimated 
from the experimental data and consequently too large a value of q/p obtained. 

In other materials, where absorption bands due to intervalence transitions 
may lie at more convenient wavelengths, it may well be possible to get accurate 
values of the relative population of the light and heavy hole states by Faraday and 
Hall effect measurements as described in this paper. 
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Thermally Stimulated Emission and Conductivity Peaks 
in the Case of Temperature Dependent Trapping Cross Sections 


By P. N. KEATING 


Associated Electrical Industries Limited, Harlow Research Laboratory, Essex 
MS. received 15th June 1961 


Abstract. ‘The original theory of thermally stimulated emission is extended to 
include the effect of a temperature dependent trapping cross section. A method 
is proposed whereby the ionization energy and temperature dependent capture 
cross section of a set of identical trapping states may be determined from the 
half-width and shape of a thermally stimulated emission peak obtained from a 
single experiment. The method is also applicable to thermally stimulated current 
peaks if the free electron lifetime varies only slowly with temperature. 


___ 


§ 1. INTRODUCTION 


N recent years investigation of the fundamental properties of phosphors and 

| photoconductors has intensified and methods of studying trapping states and 

recombination centres have thus gained in importance. The measurements 

of thermally stimulated emission and current are powerful methods of investi- 
gating the properties of trapping centres in these materials, 

Since the original theory of Randall and Wilkins (1945), a number of 
theoretical treatments have been published and several methods of analysis of 
the two types of peak exist; these methods are discussed in detail in §6. In the 
earlier theories, the escape frequency factor (given by the product N,Sv where 
Ne is the effective density of states in the conduction band, S is the trapping cross 
section and v is the electron thermal velocity) has been considered as temperature 
independent; recently Bube (1960) and subsequently Haering and Adams (1960) 
have considered S' to be temperature independent whilst Ne and v vary as T3? 
and 71? respectively. 

According to one theoretical model (Lax 1960), S can vary with temperature 
more rapidly than T-3 whilst Bemski (1958) has shown experimentally that the 
capture of a charge carrier by an oppositely charged gold centre in silicon can have 
a cross section which varies as T-4, Thus, in general, the assumption that the 
capture cross section of a trap does not vary with temperature is invalid and the 
theory which follows is intended to indicate how the temperature dependence of 
S will affect peaks of thermally stimulated emission or conductivity. The theory 
is employed to derive a method of analysis of such peaks which will give the 
ionization energy and temperature dependent cross section of a trapping level. 


§ 2. Basic THEORY 
The theory to be described is an extension of the work of Randall and Wilkins 
(1945) and a brief outline of the basic theory will first be given. The model 
upon which the theoretical analysis is based consists of a number of discrete 
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trapping levels from which electrons may be thermally excited into the con- 
duction band; recombination of free electrons takes place at deep centres. It is 
assumed that: 

(i) Peaks from different trapping levels do not overlap. Although this is 
not true in many cases, the peaks may be separated by suitable experimental 
techniques, e.g. by varying the heating rate or by thermal quenching of the low 
temperature peak (Hoogenstraaten 1958). 

(ii) Transitions directly between trapping states and other centres are 
negligible. 

(iii) The recombination lifetime is so short that dne/dt <nc/r, where ne is the 
concentration of electrons in the conduction band. This is almost always a 
valid assumption for phosphors and photoconductors. 

The rate of change of the electron concentration n in a trapping level with an 
ionization energy E£ is: 


—E 
= = —nN,Svexp (Gr) tea c (IN: = 71) \ Me Peierls (1) 
where N is the number of states in the level and A is a measure of the retrapping 
probability. 
The rate of change of the electron concentration in the conduction band is 
Ih aod 
GE Re ae 
and thus ane \ ne ‘dn 


if B=dT/dt. 

Now since dn,/dt<n¢/7, as assumed above, then mex — Brdn/dT. 

Hereafter the theory will be discussed with reference to the emission intensity 
I but with slight modification it is equally applicable to the conductivity case 
since the stimulated conductivity is, if » is the electron mobility, 


o= meen = — oupr Se, = re ul 
since pati pire: dn pS ae 
lies = B Aeon) 


It has been assumed that retrapping effects are negligible and it will be shown 
later that this is a reasonable approximation in most cases. ‘The solution of Eqn 
(1), with the second term negligible compared with the first, then gives 


N=MNo €Xp \-{, “= exp e a) ar\ 


r E 
I=mNeSeexp {— p—[ "Sex (- im) ar\. he (3) 


§ 3, FURTHER ANALYSIS 


and thus 


The trapping cross section S will be taken to be related to temperature by a 
simple power law as T—“ and, for simplicity of analysis, N-Sv is taken to be BT? 
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so that a=2—b6. Thus, from Eqn (3), 


I 1 hea) 5 la tae Ae E 
Nes ky et ae — —— 0) 4 
n(F) bInT it ae exp ( iz) T (4) 


where J)=m)B and is temperature independent. A linear temperature increase 
has been assumed, i.e. 8 =constant. 

Differentiation of In (Z/J,) with respect to T' yields, at the peak temperature 
Tz, 


eee ex cs (5) 
B (Tent ppp) xP ETa).. ss. eee 
The integral in Eqn (4) may be evaluated, to a good approximation, by an 
asymptotic series which gives 


- E ha E 
Di ver ~ = fh — 
is T° exp ( iz) OM es FE (1—A) exp ( it) 


where A= (b+2)R7/E. 
The error involved is less than 3% if E/kT,> 10. 
Thus Eqn (4) becomes 


Tee T\+2/. BRT: EE 

sq (2) ae Zs bRTg\ (4 _ E Bay 
a(z) = bin t+ (=) (1+ 7) ( Ayexp (ar z) 
Pitan (6) 


This equation is now applied to the two cases when J = J,/2, i.e. at temperatures 
T,, Tz (T,< T,) and is simplified by writing 


Ler Uiplates Tie slicgh 


13 Ao. 
Ts Tg 


Hence 
¢ ¥ =) (1—A)+In2= —$—Bin (1+) 


+(Lbayra( 1 bak F)(Ayexp (Darial eecentte (7) 


where «x is either —, or a and 


yes fx 

= ets) 

Since A<1 for E/kT> 10, (b+2)kT,/E and (6+2)kT./E, have been taken equal 
to A=(b+2)RT,/E. 

Equation (7) has been solved numerically for a and a, for values of b=0, 
+2, —2 and E/T, between 10 and 35, i.e. for values liable to be encountered 
experimentally. The results are summarized in Figs 1 and 2; analysis of these 
curves shows that E/kT, can be accurately related to «/( =%,+%,) for particular 
values of the ratio %y/%, = by an equation which is linear in «: 


=o =a(1-2y—0-54) 45-5 x 10-8 — (Sy. ae (8) 


This equation is an accurate description of the variation of kT,/E with « and 
y for values of E/kT, between 10 and 35 and y between 0-75 and 0-9 and its 
validity should extend some way beyond the limits of this range. 
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Fig. 1. Variation of E/kT, as a function of a, Fig. 2. Variation of E/kT, as 
for b=0, +2, —2. a function of a», for b=0, 
+2, —2. 


§ 4. DETERMINATION OF E, a, S FROM EXPERIMENTAL PEAKS 


In order to evaluate the ionization energy and S=CT~“, where C is a constant, 
it is necessary to measure four quantities, the peak temperature Tg, the half- 
width 7,—7,, the parameter y which is (T,— Tz)|(Tg—T,), and the heating 
rate f. 

(i) E may be evaluated by substituting «, y and T, in Eqn (8). 

(ii) The data given in Figs 1 and 2 are replotted in Fig. 3 to enable a to be 
deduced from the values of E/kTg and y. 


E/kT, 35 \so \as 20 15 10 


°07 075 


08 0-85 


¥v 


Fig. 3. Variation of a as a function of y for a number of values of E/kT,. 
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(iii) B may be evaluated from Eqn (5) by the substitution of b=2—a, Te 
and E/kTz. For negligible retrapping C= B/K,K, where K,, Ky are given by 
Ne =K,T??, v=K,T¥. Hence S=BT-+/K,K,. 


§ 5. ‘THE Errect or RETRAPPING 


In the limiting case of very fast retrapping when A(N—n)>1/7, solution of 
Eqn (1) gives (see Haering and Adams 1960) 


T 
T=ngNeSvexp { = fa — zo (— gpa. 
T, 


A similar procedure to that used previously gives, in this case, 
I E TENGE Rd, 
—Inf —)' —. =p — 1— 8 
(7) = art) (3) 
bkTg E E 
=) EXD ((———— —— 1) re i) 
«(14 FE Jew (Fe iz) (9) 
if 7 varies but slowly. 


(This is to be compared with Eqn (6).) 

Thus the result for very fast retrapping is identical with that for no retrapping 
when b= } (a= }) but Eqns (6) and (9) give differing results for other values of 
b. ‘This difference will be greatest, for the range of values of b considered, when 
b= —2. 

As an example, if E/kTg=20 and b= —2, use of Eqn (9) and the same pro- 
cedure as before yields a, =0-067, %»=0-050, y=0-745 and a=0-117. If these 
two values of y and « are substituted into Eqn (8), one obtains E/kTg=19-3, 
only 35% different. Whilst it does not necessarily follow that, in intermediate 
cases, the error is between 0 and 33%, it is unlikely that a larger error will be 


introduced by ignoring the effect of retrapping. 


§ 6. AN AppralsaL or Existinc MEtTHops 


The main criticism of thermally stimulated current and emission measure- 
ments has been that the values of E obtained by the various existing methods 
sometimes differ by as much as 50%. Part of this error may be attributed to 
experimental difficulties such as uncertainties in measurement of the true tem- 
perature of the specimen and difficulties in achieving a linear temperature increase. 
In addition, there are three sources of error, some of which are inherent in each of 
the various methods employed for the analysis of curves, namely (i) variation of 
the escape frequency factor with temperature, (ii) variations in the initial occu- 
pancy of the trapping states, (ii) retrapping. “ 


6.1. Temperature Dependence of the Escape Frequency Factor 


Most methods consider the product N.Sv to be independent of temperature 
and in fact thus imply that a=2 since Nev may be taken to vary as T?. In this 
case, b=0 and Eqn (5) becomes 


B E E 
B ae RT ge? (=) . eereoe (10) 


Thermally Stimulated Emission Theory 1413 


If 5 is not equal to zero, errors can be introduced into methods which employ 
this equation and these may be appreciable. Hoogenstraaten (1958) has used 
this equation directly by plotting In T,7/8 against 1/T and if b= —2 the error in 
the value of £ so obtained is about 12% for E/RT,~20 and Tg~100°K. Booth 
(1954) has used two heating rates and hence two simultaneous equations to 
eliminate B from Eqn (10); this is thus similar to the previous method and the 
same errors are introduced if b is not zero. Garlick and Gibson (1948) have also 
taken b=0 but if this is not valid then their equation should be corrected to 
InJ=bln T—E/kT +constant, and errors, of the same order as those in the 
two previous methods, are introduced if this correction is not applied. 

Grossweiner (1953) obtained, by approximation methods, an expression 
which may be written 

Ee _ 4.5; 0=%). 

BT = 1-51 ae ik 

this yields values of E/kTz which are somewhat larger than the curve shown in 
Fig. 1. This method is made more inaccurate if the assumption that b=0 is 
invalid since b affects the curve in Fig. 1. Halperin and Branner (1960) have 
derived a very useful treatment of various recombination conditions but their 
method of analysing the peaks is rendered somewhat inaccurate by a geometrical 
approximation, originally due to Lushchik (1955). They assume 6=0 and, for 
the conditions assumed in §2 above, obtain an expression which may be written 

pee Ce Sl a eee (11) 

kTg bk» 
where g is a quantity related to the shape of the peak (and thus y) and A=2kT/E. 
This expression gives somewhat different results from those of the theory pro- 
posed in this article, e.g. if y=0-75, g=1-3 and for #,=0-06, Eqn (11) gives 
E/kTg=19-5 instead of 17-9 obtained from Eqn (8)—about 10% difference. 

Bube (1960) and Haering and Adams (1960) have taken New to vary as T? 
and have ignored any temperature variation of S. Thus b=2 and Eqn (5) 


becomes 
BE 2kTs\ _ =) 
2 = gr, *('+ Be) (ar; 


Bube’s equation (1960) is thus in error by the term 2kTg/E which can easily 
amount to 10%. Haering and Adams (1960) obtained an expression 


Ina/ay =E/kT +1, 


where a, is the product NeSvn eu7; the error in the value of E obtained by their 
method is about 8% if a=4 for E/kTg=20 and T~200°x. 


6.2. Initial Trap Occupancy Variations 


Several methods (Booth 1954, Hoogenstraaten 1958, Haering and Adams 
1960) require a number of measurements at different heating rates and it is always 
tacitly assumed that the initial occupancy (1) of the trapping state is the same for 
each measurement. But in many phosphors and photoconductors the approach 
to thermal equilibrium is dependent upon the past history of the specimen and 
it is extremely difficult to ensure that m is the same for each measurement. 
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6.3. Retrapping 

The values of E derived by methods using a number of heating rates (i.e. Booth 
1954, Hoogenstraaten 1958, Haering and Adams 1960) and that of Garlick and 
Gibson (1948) are unaffected by retrapping but it may give appreciable errors in 
other methods. The method due to Bube (1955) has been shown by Haering 
and Adams (1960) to give values of E in error by about 2% for very fast retrapping 
with larger errors for less retrapping. Halperin and Branner (1960) have con- 
sidered specific cases but since it is not possible to determine the extent of re- 
trapping, uncertainty is introduced if it is not negligible. Grossweiner’s method 
(1953) ignores retrapping and uncertainty (about 8% for extreme retrapping) 
again arises when it is appreciable. 

All of the methods can be used to evaluate S but if retrapping is not negligible 
then the value of S obtained is subject to large errors since Eqn (5) is not valid 
for this case. 


§ 7. CONCLUSION 


Provided that the three assumptions made in §2 are satisfied, the method 
summarized in §4 is valid for thermally stimulated emission even when the re- 
combination lifetime varies as a trap empties since J is independent of 7 (Eqn (2)). 
The theory is also valid for thermally stimulated conductivity peaks, provided + 
varies only slowly. (It is hoped at a later date to extend the theory to include 
variations of 7.) 

The main advantages of the proposed method are: 

(1) The temperature dependence of the trapping cross section is taken into 
account and, in addition, error in E due to extensive retrapping is small since re- 
trapping is partly corrected for by allowing the effective capture cross section to 
vary. 

(ii) Only one experiment at any one heating rate is necessary for analysis. 
The values of a and E obtained by the proposed method do not depend on the 
initial occupancy np. 

(iii) The main experimental error is in the measurement of temperature 
difference and this is about half of that introduced into the somewhat similar 
methods of Grossweiner (1953) and Halperin and Branner (1960). 

As in the other methods, S is subject to large errors if retrapping is appre- 
ciable since Eqn (5) is not valid in this case. However, if retrapping can be 
ignored, S' can then be evaluated as a function of temperature whereas previous 
methods give its value only at the particular temperature at which the peak occurs. 
The value at the peak temperature can easily differ from the room temperature 
value by a factor 5 if 9 varies appreciably with temperature and it is of obvious 
value to be able to determine S at the temperature at which most measureriients 
are made and at which devices are normally used. 
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Abstract. Observations are made of the time variation of the intensities of 
spectral lines emitted by small quantities of impurity ions in a deuterium dis- 
charge in zeta, A vacuum ultra-violet monochromator which covers the wave- 
length range 500-2000A is used. The observations are interpreted in terms of 
temporal ionization distributions determined for a partially contained plasma 
model. The observations are consistent with the model and it is shown that 
plasma containment in zeta is violated by two processes: an escape of plasma to 
the wall represented by a loss rate coefficient A\(sec~), and an injection of atoms in 
a neutral or low state of ionization represented by an injection coefficient A(sec 
The value of A is effectively independent of the stabilizing magnetic field strength 
B,, whereas the injection coefficient varies considerably with this parameter. 
Both A and A are closely correlated with e, the energy input per unit mass of gas, 
and over the range of conditions investigated they show a linear increase with e. 
The ion containment time 1/A is about 100 microseconds at «=3 kev/mp and at 
this condition most of the energy input is carried to the walls by the escaping 
plasma. The net effect of the Processes of loss and injection controls the vari- 
ation of plasma line density, and in general this shows a decrease with time or 
“pump-out’. This is measured and related to other discharge phenomena. 


et 


§ 1. Inrropuction 


HE laboratory production of high temperature plasma has received great 
: impetus over the past decade from experiments aimed at producing 
controlled thermonuclear reactions. At the moment the great need is to 
understand the basic physical processes which occur in such a plasma and 
potentially one of the most powerful methods of achieving this is the observation 
and interpretation of the radiation emitted. This paper deals with one aspect of — 
this field, namely, the spectral line radiation from impurity ions in a deuterium — 
plasma. Emission from highly ionized impurity ions persists after the initial : 
deuterium ionization phase and should therefore give information concerning 
the physical conditions when the plasma is fully ionized. 

The atomic processes governing the state of ionization within a plasma have 
been established for astrophysical conditions. If the electron density, electron 
temperature and dimensions of the plasma are known then one can, in principle, 
determine the quantitative contribution of the different processes. A similar 
approach can be made to the study of a high temperature laboratory plasma but 
two important differences emerge. F irstly, the lifetime of the laboratory plasma 
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is generally short so that the transient phase of the ionization becomes important 
-and must be studied. The second, and more fundamental, difference is that 
the astrophysicist’s assumption of conservation of atoms within his plasma is 
generally not valid when dealing with the high temperature laboratory plasma. 
Indeed, one of the primary objectives of thermonuclear research is the con- 
servation of plasma in a suitable magnetic confinement system. 

Spectroscopic observations of plasma produced in the laboratory are often 
interpreted with the assumption that the plasma is fully confined. In the present 

paper we first describe the ionization processes occurring in such a plasma, and 

then consider the more realistic case of a partially confined plasma. ‘The non- 
conservation of atoms is treated empirically. Ions are assumed to escape from 
the plasma by some loss process represented by a loss-rate coefficient whose 
reciprocal gives the ion containment time. It is also assumed that some injection 
process can operate whereby the plasma receives ions, probably from the walls of 
the confining vessel, in a neutral or low state of ionization. 

The mathematical development of this model gives analytical expressions 
describing the life history of impurity ions in a deuterium plasma, i.e. the temporal 
frequency distribution of the various states of ionization in terms of the electron 
density, electron temperature and the parameters describing the processes of loss 
and gain. ‘The theory is used as the basis for interpreting the observed spectral 
line transients of impurity ions in the experimental device zETA. The observations 
support the model set-up and confirm the existence of the processes of loss and 
gain in the discharge; indeed, these are the dominant processes governing the 
ion population in the physical conditions studied. 


§ 2. "THEORETICAL 
2.1. A Fully Contained Plasma 


We first consider a plasma with neither loss nor injection of atoms. The 
model is specified by constant uniform electron density me and electron tem- 
perature 7, and consists of a deuterium (or hydrogen) plasma containing a small 
quantity of impurity elements which are present in the neutral state at time t=0. 
The work of Knorr (1958) and McWhirter (1959, 1960) has shown that the 
dominant atomic processes in a deuterium plasma of the density, temperature 
and dimensions of ZETA are ionization by electron collision and recombination by 
radiative capture, as in the solar corona (Woolley and Allen 1948) viz. : 


X+e—>X++2e 
and X+t+e—>X +hpr. 
The ionization process for the transition from the mth to the (n+ 1)th state, 
is described by the coefficient S,,, given by 
Si =X (Q(2)e), 
where the cross section Q(v) at velocity v is averaged over a Maxwellian distri- 
bution for an electron temperature T, and the summation is over all electrons in 


the mth state ion. Similarly, the radiative recombination coefficient «, for a 
transition from the mth to the (n—1)th state of ionization is given by 


bn = D<9(2)2)s 


where the summation is this time over all energy levels in the nth state ion. 
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The equations describing the state of ionization of the impurity elements are 
Dax 


eal ¥n—1Sp—1 i x, LS, ote Hn] + Xn 41%n+19 a te (1) 


where x,, represents the proportion of each element in the nth state of ionization 
at time z. The neutral atom is represented by n=0 and the fully stripped ion 
by »=Z where Z is the atomic number. The instantaneous concentration of 
any ion in the plasma is then given by mx, where mj is the initial concentration of 
neutral atoms per unit volume. Analytical solutions of (1) are obtainable with 
the assumption that during the time period that x, is varying rapidly, only the 
adjacent states, »—1 and n+1, have a time varying population, all states lower 
than 7 — 1 having reached a steady state and all states higher thann +1 having yet 
to be populated. Observations of the intensity variation of spectral lines for an 
ionic sequence show that this is a close approximation. The solutions are 


v= Px exp [x= neS,'t] ae Boss. exp b= nes’ »-1¢] FYny tees “ (2) 
where Sy = Sy Oy Fon as: 


Ba =1- Dn 


and y,, is the steady state value of x, given by 


Yn Sm +1 Z 

= Sand yy, =1. 
Yn+1 Sr - 

These satisfy the following boundary conditions: 


£05 eee (he eyed 


t=O; %n=Yn» 


2.2. A Partially Contained Plasma 


Into the model described above, two new processes are introduced: (a) a loss 
of ions from the plasma at a rate \x,m9, where the loss rate coefficient A(sec-) 
represents an inverse containment time, and (b) an injection of atoms from the 
wall at a rate Any, where the injection coefficient (sec) represents an inverse 
time for injecting into the plasma the initial concentration No» 

The model can be represented schematically as follows where the concen- 


trations are all expressed as fractions of No. 
\ 


neutral state nth state fully stripped state 
(n = Q) (n=Z) 
~~ 
MeSn-1 )Xn=1) NeSpXn 
— ----------- Se _ POC ------- — 
Gr were------- <__. j—————__ -------- <a 
Ne% Xp ne nel )*( nel) 
A Kn 
injection from wall loss to wall 


Since the injection is associated with the walls of the confining vessel, the 
injected material will be ‘cold’ and is indicated in the diagram as being in the 
neutral state, although it is sufficient to suppose that the injected atoms are.in a 
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lower state of ionization than those considered. It is assumed that the coefficients 
Aand A are constant in time and apply, not only to the impurity elements, but also 
to the parent deuterium plasma. Consequently, the chemical composition of the 
plasma remains unchanged although its density may vary with time. Spatial 
uniformity and constant T, are still assumed. 

The differential equations describing this system can be written as 


a = %y1Sp—-1— Xn [ Satan =| FM Ont Pa od (3) 
These are similar to the Eqns (1) describing the fully contained model, 
but the boundary conditions are quite different and me is no longer a constant but 
becomes a time-varying function depending on A and A, Since we are dealing 
with a small concentration of impurity ions in a deuterium plasma, we can neglect 
the contribution of the impurities to the electron density and equate me to the 
number density of the deuterons. Further, as we are interested in the higher 
stages of ionization of the impurities, we can ignore the initial deuterium ioni- 
zation phase and assume, as before, that the deuterium is fully ionized throughout. 
Putting m) equal to the initial deuterium number density, we therefore obtain the 


following equation in ne: 


which is easily solved to give 


no=ng| (1-5 Jeet z |: os (5) 


Substitution for me in Eqns (3) gives a set of differential equations for which 
analytical solutions are derived with the same approximations as used above. 


They are: 


A Sy A A ‘ 
ae a BY 20% ad ba i SADNESS cee S t 
(Ae eresier) nea Graven av) ecm 


A fo Sidi (1 " a) 
sel er oer i a 


a $05, -ath +7 | che Wey ag raters (6) 
where I’, is the steady state value of x, given by 
at Bay a: Ba Bi Yn 
E =| oc aS salle Ae) wk 


The solutions satisfy the following boundary conditions : 
#=0; ¥,=0, x%=1 
t=O, X= Ve 
5 
Tl 

The expressions (6) are quite general and reduce to the fully contained case 

(2) when \ and A tend to zero. 


2.3. Relation to Observed Spectral Line Intensities 


The observable quantity is I,,, the intensity of a spectral line emitted by the 
nth ion as a function of time. To relate I, to x, requires a solution of the 
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equation of radiative transfer for Doppler broadened spectral lines emitted from 
the model plasma. The problem is identical with that for solar prominences 
(Ambartsumyan 1958) and the solution can be expressed in the form 
*d il To To 

Tn «( Be ley aa en Bae ae Js 
where d is the diameter of the plasma, x,,* is the fraction of x, populating the 
lower level of the transition, and « is the atomic line emission coefficient. The 
optical depth 7, at the frequency of the line centre is given by 
ate nox af 
“mc Avy 
where f is the oscillator strength of the spectral line and Avy, is its Doppler width 
in frequency units. 

The simplest relation between J, and x, is the proportionality which exists 
when the plasma is optically thin at the frequency of the observed spectral line, 
i.e. when the higher terms in the expression for J, are negligible. The condition 
for this is t)<2!4/2 which is satisfied for the resonance lines to be observed. An 
upper limit to 7) can be estimated by putting «,,* = 1, and then, using the observed 
values for the other parameters we get 7) < 0-2. 

Since 7» is small the excitation processes governing the emission line co- 
efficient € are analogous to those dominating ionization, viz. electron collisional 
excitation and radiative decay. For constant Te we therefore have eoc Me and 
also x,,0cx,*. Hence the expression for the observed intensity of a spectral line 
as a function of time is given by 

1 = Clinch,” | “20 a i eee d(@) 
where me and x, are given by Eqns (5) and (6) respectively, and C,, is a constant 
for any one spectral line. 

Practical considerations make it convenient to divide this general expression 
for I, into two parts: firstly, that part of the distribution resulting from the 
atoms initially present at t=( and referred to as the ‘initial transient’; secondly, 
that part of the distribution resulting from the injected atoms and referred to as 
the ‘injection tail’. The expression for the initial transient is 


L(t) = Can] (1 — 5) e+ | et [ Brexo - wn (1 — 3) (l1—e)— prose} 
ISK 
— PB, exp {a ae _ ale =e) = 7S auth ty | ee (8) 


In the case of the injection tail, we are mainly interested in the steady state value 
and therefore omit the time varying part of the function to give 


AP He AB, A 
LAT) =Cytty > | — ao et ee 
nll) = Cyto 5 Eee WAS SV | % 


T= 


2.4. The Coefficients of Injection and Loss 


Our main concern in this investigation is the determination of the injection 
A and loss rate ) coefficients and we set out here the expressions for these para- 
meters in terms of the observable quantities R, and At,. The intensity ratio 
R,, is given by 


SL® 
ee Le)’ +0 (10) 
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where 7,(V) is the intensity of the injection tail, given by Eqn (9), and I,,(tp) is 
the peak intensity of the initial transient J,,(t) given by Eqn (8). The ‘transient 
lifetime’ Az, is given by 


| I,,(t)dt 
YN eC 
n 186 Sea ei lh eli (11) 


which is approximately equal to the time duration of the initial transient measured 
at an ordinate I,,(tp)/e. ‘Phe parameters J,(I), I,,(tp) and At, are depicted in 
Fig. 1 which is reproduced from an actual oscillogram. 


Initial transient 


In (ty) t---] Injection. tail 


0 VI (1032A) intensity 


Current pulse 


Time (msec) 


Fig. 1. Typical spectral line intensity and current waveforms showing measured para- 
meters (P=4u D,, Ve =10 kv, B,=800 gauss). 


When the intensity level in the injection tail is small, i.e. J,()<J,,(¢p), the 
quantities R,, and At, can be obtained unambiguously from the observed intensity— 
time distributions. When J,,(I°) becomes large R,, can still be estimated, albeit 
less accurately, but the initial transient becomes masked by the injection tail. 
However, it will be shown in §4 that At,, can still be measured under these con- 
ditions by using a small quantity of argon, added as a trace element. The 
injection of argon is very small and therefore reveals the initial transient only 
(see Fig. 4). 

An analysis of Eqns (9), (10) and (11) gives the following approximate 
expression for the injection coefficient : 

24+5A/A+5(A/A)?? R,, 
Netes ASCE 1 Wes werent) 

The value of the transient lifetime Az,, depends on me, Te, A and A, and since 
we know ne in terms of A and A (Eqn (5)), three unknowns remain. Hence, an 
independent measurement of J’. would enable us, in principle, to estimate A and 
\ from Eqns (11) and (12). This would not be very satisfactory since it depends 
on poorly known atomic cross sections and instead we consider the form of Az, 
when n is large. As 7 increases the ionization rate decreases rapidly, so for any 
significant value of \ there must be an ionization stage at which the loss rate 
exceeds the ionization rate, ie. A>meS,,. When this occurs an analysis of Eqn 
(11) shows that At, reaches a constant value which is independent of me and T¢ 


and is given approximately by 


A\ e€ 
i Seay ea ePipitebe ots a(13 
one) S: as) 
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where e is the base of natural logarithms. Thus the asymptotic value of At, 
when 7 is large is a function of A and \ only. Substitution of the observable 
quantities R,, and the limiting value of Az, in Eqns (12) and (13) allows the 
determination of A and \ without knowledge of the electron temperature or the 
cross sections of the ionization and recombination processes. 


§ 3. EXPERIMENTAL 


The plasma studied was produced in the toroidal gas discharge apparatus 
zETA 1A which has been described elsewhere by Butt et al. (1958) and by Mitchell 
et al. (1959). Since that time modifications have been carried out to replace 
the 1600F capacitor bank by a larger unit with a capacity of 11000 ur 
which provides a stored energy of 3my when fully charged to 24kv. The 
original 1600 uF capacitor bank charged to about 5kv is now used as a pre-heat 
bank to ionize the gas before discharging the main capacitor bank. The main 
bank is discharged through ignitrons into the primary winding of a pulse trans- 
former with a turns ratio of 4:1. The secondary of the transformer is a single 
turn discharge in deuterium gas at a pressure of the order of one micron. The 
discharge is operated at approximately one minute intervals with a current pulse 
of about 3 msec duration. An axial magnetic field which can be varied up to 
1600 gauss was used to increase the stability of the discharge. The range of ZETA 
operating conditions used during the present observations is summarized below. 


Voltage on main capacitor bank Ve (7 to 15kv) 

Axial magnetic field B, (200 to 1600 gauss) 
Current (peak value) I (200 to 600 ka) 
Deuterium gas pressure P  ({ to 2um Hg) 


The model which was developed in $2 to describe the life history of impurity 
ions in a deuterium plasma can only be applied after the deuterium has been fully 
ionized. Under these conditions most impurity atoms will be multiply ionized. 
The resonance lines of such ions generally occur with high intensity at wave- 
lengths below 2000A in the vacuum ultra-violet region of the spectrum. A 
vacuum ultra-violet monochromator fitted with a photoelectric detection system 
was used to select particular lines in the zeTa emission spectrum and to observe 
the time variation of the intensity of each line throughout the zera current pulse. 
A plan-view diagram of the apparatus is shown in Fig, 2. 

The monochromator was coupled to zera through a vacuum valve at a port 
providing a radial view of the plasma at the torus centre axis. A vacuum system 
on the monochromator enabled the pressure to be reduced to about 10->mm Hg 
before the valve to the torus was opened. The path of the observed light was 
entirely im vacuo and it was reflected at near-normal incidence by a concave 
diffraction grating which was blazed to give a high intensity first-order spectrum 
at a wavelength of 15004. The grating was a one metre radius aluminized 
replica (Bausch and Lomb Type No. 372). The emergent first-order wavelength 
could be varied throughout the range 300-5000A by a drive mechanism which 
rotated the grating and simultaneously displaced it in order to maintain adequate 
focust. The exit slit was set to pass the required bandwidth of about 1 &. 

The radiation leaving the exit slit illuminated a thin film of sodium salicylate 
coated on the inside of a quartz window. This fluorescent surface converted the 


{ This mechanism was designed by Professor R. W. Ditchburn at the University of 
Reading, where the monochromator was made. 
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neident radiation into visible blue light which passed through the window and 
was detected by a photomultiplier tube (E.M.I. Type: 6256A) placed outside 
the vacuum system. ‘T’o limit electrical interference the photomultiplier tube 
was shielded with 2 cm copper and a balanced output circuit was used to reject in- 
phase signals. The balanced output signal was displayed on a double-beam 
oscilloscope (Cawkell Type SC46) and recorded photographically simultaneously 
with the ZETA current waveform. A remote control motor drive synchro-indicator 
unit enabled the wavelength setting to be adjusted and displayed. 


ZETA TORUS 


atl0° mm H pe 
y Entrance on 


ee EN ‘eo 
Wet amie oi 
s a 


Stainless 
steel liner 


/ 
Concave diffraction grating 
(rotated to vary emergent 
wavelength 300 A to 5000 A) Fluorescent 
surface 
Screened photomultiplier 
tube 


output signal 


Fig. 2. Schematic diagram of vacuum ultra-violet monochromator fitted to zeTa. 


Spectral lines were easily resolved giving signals which were free from electrical 
interference in spite of the close proximity of the photomultiplier tube to the 
ZETA primary winding. Experiments were carried out to check that the gain of 
the detection system did not change significantly during the zeTa pulse, when 
large stray magnetic fields occur. This was confirmed by observing the signals 
produced by a separate light source throughout the zeTa pulse. Measurements 
were made to determine the linearity of the detection system. The light intensity 
of alaboratory discharge tube was varied by aperture stops reducing the intensity 
in the ratio 2: 1 and the monochromator photomultiplier output signal was found 
to be proportional (+5%) to the incident light intensity. This proportionality 
was no longer observed if the output signal exceeded 1-5 volts, and in all sub- 
sequent measurements the photomultiplier e.h.t. was adjusted so that the peak 
output signal was close to 1 volt. 

To enable the observation of rapid fluctuations in the light intensity the time 
constants of the circuit were chosen so that no serious distortion was produced on 
pulses with durations between 10 msec and 10ysec. The decay time of the 
fluorescent sodium salicylate coating is much shorter than the circuit time 
constant which determined the high-frequency response. 
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The spectral region covered by the monochromator in this work had pre- 
viously been photographed using a vacuum spectrograph of similar dispersion 
(Harding et al. 1958). The zeta spectrum at these wavelengths consists mainly 
of intense resonance lines of ions of impurity elements including carbon, nitrogen 
and oxygen which occur at concentrations of about 1%. In addition to these 
normal impurity ions, a small quantity of argon was usually added to provide an 
artificial impurity or ‘trace’ element. The amount of argon added was normally 
one per cent of the deuterium pressure. This was found to give an adequate 
signal-to-noise ratio (~50:1) and not appreciably to alter the zera discharge 
characteristics. For the subsequent measurements one line of each of the ions 
to be studied was selected by consideration of intensity and freedom from inter- 
fering lines. The lines selected are listed in Table 1, 


Table 1. Selected Vacuum Ultra-violet Spectral Lines 


Ton Wavelength (A) Classification 

Civ 1548-19 2s *Si Je 2p *Ps72° (a) 
Niv 923 Bop? ope le (a) 
Ny 1238-80 28 255 2p) Peso a) 


Ov 790-20 2p *P3/°—— 2p? *Dsjp (a) 
Ov 629-73 2s? 1So —— 2p }P,° (a) 
Ovi 1031-91 2s *Sij. —— 2p "Ps ja” (a) 
Av 827-05 3p? *P; —— 3p3 35° (b) 
Avi 596-69 3p °P,). 3p” *S,j. (b) 
AVII 585-75 3s? 1So —— 3p 1P,° (b) 
AVII 700-40 38 “Sijs 3p *Ps;.° (b) 


Reference (a) C. E. Moore An Ultra-violet Multiplet Table NBS 488(1) 
Reference (b) L. W. Phillips and W. L. Parker, Phys. Rev., 1941, 60, 301. 


The experimental results were obtained by selecting the appropriate spectral 
line of each ion and photographing the intensity and current waveforms for five 
Consecutive ZETA discharges. This was repeated for each ion and for each dis- 
charge condition to be studied. Final results were based on the average measure- 
ments from each group of five discharges. The transient lifetime values At,, were 
quite reproducible (+20) but the amplitude measurements [,,(tp) and I,,(T) 
showed greater variation (+50%). These variations make the major contri- 
bution to the errors in the final results given in §5. 

Calibration markers were displayed on the oscilloscope immediately following 
each discharge to facilitate measurement of the waveforms. Amplitude cali- 
bration was given by a 1 volt square-wave signal, and timing markers at 100 psec 
and 1 msec intervals were produced by a crystal controlled timing pulse generator. 
The oscillograms were displayed on a projector and the required measurements of 


the spectral line intensity transients were determined by direct comparison with 
the calibration markers, 


§ 4. CONFIRMATION OF INJECTION AND Loss PROCESSES 


The equations derived in §2 can only be applied to the zrTa plasma after the 
initial deuterium ionization phase, which is completed when the intensity of the 
Lyman « line decreases following its peak value (McWhirter 1959). Fig. 3 
shows the observed intensity-time variation of DL, and the resonance lines of 
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the lithium-like impurity ions Crv, Nv and Ovi. The lines of these ions all 
reach peak intensity after the deuterium ionization phase is effectively completed, 
and the criterion was adopted that only ions of state 1v and above would be included 
in the results analysed. 

The discharge condition to which the waveforms shown in Fig. 3 refer was 
selected because of the low level of injection. This enables the initial transient 
to be observed clearly. The theory given in § 2 predicts that the initial transient 
will show a rapid rise to a peak value followed by a decrease. This is supported 
by the observations shown in Fig. 3. 


(ea A) 

g NV(1239 A) 
B —— 
0 W (1032 A) 

320kA| Gas current 
0 lates 


Time scale (msec) 


Fig. 3. Spectral line intensity transients of deuterium and the lithium-like impurity ions 
(P=hy Dz, Ve=10 kv, B,=1100 gauss). 


The injection coefficient A is given in terms of the observed quantities by 
Eqn (12). Determined for any ion, it gives the injection rate for that particular 
element in terms of its initial concentration in the plasma. ‘The value of A 
obtained should therefore be the same for all ions of any one element. This is 
supported by the observations. ‘The results for a mean of several measurements 
of the oxygen ionization sequence expressed as a ratio A(O1v): A(Ov): A(Ovt) is 
1:0:0-9:1-2. This result, which is obtained for several discharge conditions, 
cannot be explained by atomic processes alone, i.e. by using Eqns (2) for a fully 
confined plasma. Bi anes 

A further proof that the observed tails in the intensity—time distributions are 
dynamic steady states caused by the injection of material in a low stage of ioni- 
zation is afforded by a comparison between observations for those impurities 
normally present in the plasma (carbon, nitrogen, oxygen, etc.), and deliberately 
introduced trace elements such as argon which are normally absent. Such a 
comparison is shown in Fig. 4 which reproduces observed intensity transients of 
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an Av line (A827A) and an Ovi line (A1032A) at three different values of B,. 
The outstanding feature of the comparison is the presence of a tail in the case of 
the Ovi transients and its almost complete absence in the case of Av. The Ovi 
emission persists as an injection tail after the initial transient (which can be 
identified in the traces) whereas the Av observations show the initial transient 


Argon Y Oxygen VI 
we (827A) (1032 A) 
yes 
SF 
as] 
Ete 
2s 
So 
Ca = 
se 
l J | J 
) | 2 30 | 2 3 
Time scale (msec) Time scale (msec) 


Fig. 4. Argon v and oxygen vi intensity transients showing the effect of an injection 
process (P=4u D., Ve=10 kv). 


only. ‘This result is typical of observations of a wide range of impurity ions (e.g. 
carbon, nitrogen, oxygen, silicon) and several argon trace ions (IV to viiI inclusive), 
and cannot be explained by any known atomic process within the plasma but must 
be related to the difference in chemical properties of the elements concerned and 
the nature of the injection process. 

Two further points are illustrated by Fig. 4. Firstly, the level of injection 
is a function of the axial magnetic field B., decreasing as B, increases. Secondly, 
the intensity in the tail varies through the current pulse, indicating that the 
injection varies with time. All of these points are dealt with more fully in §5 
below. 

The observational test to be applied to establish the existence of a loss process 
is apparent from a consideration of the transient lifetime At, given by Eqn (11). 
Ina fully confined plasma Az, increases rapidly with ionization stage n, becoming 
infinite (in a plasma of infinite lifetime) for an ionization stage which is heayjly 
populated in the steady state. The existence of a loss process places a ‘ceiling’ 
on At,, set by the loss rate coefficient A as expressed in Eqn (13). This is a very 
specific prediction which is fully supported by the observations, as illustrated by 
the typical results displayed in F ig. 5. This shows a plot of At, for the argon 
and oxygen sequences for a selected discharge condition. The abscissa is in 
terms of tp, the time at which the initial transient peaks, so that both sequences 
can be plotted on a common scale. 

A high injection will obscure the initial transient from which At,, is measured 
(see Fig. 4). The practical importance of using argon trace ions is now very 
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apparent, since they show only the initial transient and this allows the measure- 
ment of Az, and therefore of \ under all conditions of injection. The discharge 
condition used for Fig. 5 has been selected with high B, so that the injection is 
low, enabling At,, to be measured for the oxygen sequence as well as for the argon 
sequence. 

The diagram illustrates the existence of a ceiling on At, since the higher stages 
_of ionization all have the same transient lifetime. Further, a common ceiling 
_applies to both the oxygen and argon ions indicating that A is independent of ion 
mass and charge and can therefore be inferred from these results for the main 
plasma constituent, i.e. deuterium. 
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Fig. 5. Variation of transient lifetime At, with state of ionization showing the effect of a 
loss process (P=4u Dy, Ve=10 kv, Bz =800 gauss). 


The existence of a common ceiling is typical of a wide range of discharge 
conditions and cannot be explained by atomic processes alone. For the fully 
contained plasma model described in §2 the Az,, values for successive stages of 
an ionization sequence would increase rapidly. Using the cross sections for 
electron collisional ionization S,, and radiative recombination «,, given by Elwert 
(1952), these Az, values can be calculated. The values calculated for the 
sequence argon v-viil in a fully contained plasma at constant temperature 
kT. =20 ev (estimated below) are as follows: 

Ton Av Avi Avir Aviitr 
/Mic(rantxe)) AAD (OSE ai) 33 


The results shown in Fig. 5 deviate grossly from these values, and the observed 
limiting value of Az, therefore shows the existence of a loss process. 
The coefficients of loss and injection are estimated using expressions (12) and 
(13) without knowing the electron temperature, and the effect of this parameter 
will now be considered. It was shown that the shape of the initial transient and 
therefore At, becomes independent of T. when A>neS,,. However, the ordinate 
scale of the distribution does depend on 7, as can be seen from the expression 
for x,, the peak population in the mth stage of ionization: 
= ne(Bn—S"n—1— BrSn’) q 


x 
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This is derived from Eqns (7) and (8) for the case of constant electron density, 
i.e. A=A. The dependence of xp on T¢ is expressed by the temperature sensitive 
parameters 8 and S’. Hence the ion populations decrease rapidly in successive 
stages of ionization, although the shape and therefore the value of At, remains 
constant. Obviously, any estimate of TJ, based on ionization distributions 
derived from atomic processes alone will not be valid in a partially contained 
plasma. 

However, the electron temperature can be estimated approximately from the 
results shown in Fig. 5. Although the level of the ceiling on At, is controlled by 
the containment time only, the ionization stage at which it is reached is deter- 
mined by Ty. If T¢ is increased, Az, reaches its ceiling at a later stage of ioni- 
zation, and at an earlier stage if T. is reduced. | From Eqn (11) it can be shown 
that At, effectively saturates (i.e. within 10%.) at the nth stage of ionization when 
Ne(S,,_1—S,,)~A/5. For the conditions given in Fig. 5, saturation occurs at 
about Avir. Using the observed values \~9 x 10 2sec—1 and nme~10“cm- we 
find the electron temperature kTo~ 20 ev. This agrees with other determinations 
of Te in ZETA using microwave noise measurements and observations of the 
temperature-sensitive line Cv 2271 A (Butt et al. 1958). The method is too crude 
to determine any variations of T. but no differences from the above value were 
detected over the range of conditions investigated. 


§ 5. REsuLTS 


5.1. The Derivation of X and A for Deuterium 


It was shown in §4 that the loss rate coefficient A has the same value for 
Sequences of argon and oxygen ions which cover an appreciable range in charge 
and mass. Although this range does not embrace the values of charge and mass 
for the deuteron, it is reasonable to assume that the value of \ deduced from 
observations of impurity ions is representative of the deuterons and therefore of 
the entire plasma. 

The injection coefficient A was derived for the impurity elements normally 
present in the plasma, i.e. carbon, nitrogen and oxygen. The value of A for 
deuterium ions, which emit no spectral lines, must then be inferred from the 
measured injection of these elements. This is done on the basis of the following 
assumptions. The rate of injection of atoms of any particular element X is 
assumed to be proportional to the concentration of that element in the adsorbed 
gas layer on the wall of the discharge tube. ,This wall concentration is assumed 
to be related, in turn, to the initial concentration of the element in the gas (n9)x- 
In addition the rate of injection will depend on discharge conditions, and these 
assumptions are expressed as follows: 7 


Injection of X (atom sect em™) =gx(t)Kx(m)xf(P, B. 1) 


where Kx is some equilibrium adsorption factor which is a constant for each 
element, and f (P, B., I )is a function, common to all elements, which is dependent 
on the discharge conditions only. The factor gx(t) is included to allow for the 
time required to establish equilibrium between the gas and the adsorbed layer. 
When a chemical element is first added to the gas gx(t small) is low but it will 
gradually increase to reach a limiting value of unity when equilibrium is 


. 
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established. For deuterium and the impurity elements which have been 
present in the discharge tube for a long period, this equilibrium is assumed to 
be established and for this case we will put gx(t large) =1. 

The absence of an injection tail for argon ions which was shown in Fig. 4 is 
interpreted as a failure to reach equilibrium during the relatively short time 
for which argon had been present, so that gx(t)<1. Extended observations of 
argon ions showed the development of injection tails with R, ~0-1 after several 
hundred discharges. This suggests that the equilibrium time for elements 
present at about the 1% level is of the order of a few thousand discharges. This 
time is longer than would be expected if surface adsorption were the only important 
process. A further possible factor contributing to the low argon injection is that 
the adsorption factor Kx may be small for the inert gases. 

The injection coefficient introduced into the theory given in $2 was defined 
by the relation 
i Injection of X (atom sect cm~*) Ad igh Srevdiste (16) 

(1) x 

Comparing Eqns (15) and (16) and putting gx(t)=1, we find for the injection 

coefficient for any element X 

NE SIN IPE Bye) CSA ES ER (17) 
This relation summarizes the assumptions, which require that the injection co- 
efficients for all elements will be in a constant ratio which is independent of 
discharge conditions. Fig. 6 shows the observed values of A for the impurity 
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Fig. 6. Variation of injection coefficient with 9p for different impurity elements 
(P=4u D2, Ve=10 ky). 


elements carbon, nitrogen and oxygen, measured with varying values of one 
discharge parameter, viz. B.. The values of A for the different elements are 
plotted, not against B., but in terms of the magnetic parameter @ (Lees and 
Rusbridge 1959) which is defined as §=21/aB, where J is the current, a 1s the 
‘discharge tube radius, and B, is the initial value of the axial magnetic field. 
Physically, 6 represents the compression produced by the magnetic pinch forces 
for an idealized system. The values of Op and A in Fig. 6 refer to peak current. 
Although the observed values of A vary considerably with @p, the ratios of A for 
different elements remain constant within the accuracy of the measurements. 
The same result is obtained for all discharge conditions investigated, including 
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variation of gas pressure and current. This provides direct experimental support 
for Eqn (17). 

The deuterium injection coefficient can therefore be expressed by the relation 

Ap=Kpf(P, B., 1)=(Kp/Kx)Ax. 
The observed results from which Aj, is to be calculated are the values of A for 
carbon, nitrogen and oxygen, and we replace Ax by Agyo, the measured average 
value of Ag, Ay and A, for the six lines observed (Table 1). The calculated 
value of Ap is consequently given by the product of Aj,, and some numerical 
constant, i.e. 
AD=ci 4. (18) 

Observations which verify predictions based on Eqn (18) are given in §5.3 
below, and these show that the numerical value of o is of the order of unity. This 
is as would be expected if the value of o, i.e. Ky/ Koyo» were determined by physical 
adsorption of a monolayer, since this would require that Kp ~ Ko~ Ky~ Ko. 
Some support for this is given by the observation that Ag2Ay= Ao for each of 
the discharge conditions shown in Fig. 6. 

The derivation of the loss rate and injection coefficients for deuterium from 
observations of impurity ions enables the remainder of the results to be expressed 


in terms of the parameters \ and A which can now be taken as representative of 
the entire plasma. 


5.2. Variation of \ and A with Discharge Conditions 
All of the discharge conditions observed are listed in Table 2. The first: 
column gives a number assigned to each condition to which we can refer in the 
text, and the second column gives the pressure and type of gas in the torus. The 
third and fourth columns give respectively the potential Vo applied to the 
capacitor bank and the stored energy E,. ‘The parameters tabulated in the final 
three columns will be dealt with in the subsequent text. 


Table 2. Selected Results for Discharge Conditions Observed 


(1) (2) 3 (4) (5) (6) (7) | 
No. Gas V, iB € r No | 

1 du Hg (D.+1% A) 15 1) 6:7 15 x 108 6 x 1016 

2 1p Hg (D,+1% A) 15 he 2 8 x 108 5 x 1016 

3 4u Hg (D,+1% A) 10 +052 30 9x10 "@xdom 

4 1p Hg (D,+1% A) 10 0-52 Ie 5x 103 5 x 1016 

5 du Hg (Hy +1% A) 10 052 65 15x108 7x 101 

6 du Hg (D.+ 5% A) 10 0:52 6:0 14 x 108 (3 x 101°) 

7 2u Hg (D,+4% A) 10. +052... 0:6. 30«109 ex: 

8 24 Hg (D.+1% A) 7 0-26 iS) 5 x 108 6x 10" 


Internal standard error cf 1oe0? +1 1026 


(1) Discharge condition; (2) gas; (3) Ve(kv), capacitor bank voltage; (4) Es(my), energy 
stored in capacitor bank; (5) e(kev/mp), energy input per unit mass of gas; (6) A(sec~), 
ees loss rate coefficient; (7) Ne(cm~), critical line density at discontinuity in current. 
waveform. 


——— $$$ eee 

The values of loss rate coefficient ) and injection coefficient A measured at 
peak current are plotted against y in Fig. 7 for four selected discharge conditions, 
1.e. (1), (2), (3) and (4) of Table 2. The variation in 6p is obtained by varying 
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he axial magnetic field B,. It will be noticed that the general character of these 
lots is the same for each condition, except for a change in the scale of the ordinate. 
[he loss rate coefficient A does not vary appreciably with #p and, within the experi- 
mental accuracy, can be regarded as constant. ‘The injection coefficient A 
aries linearly with 0), becoming equal to A at about 6) =5. These characteristics 
ire true of all the discharge conditions investigated. We can therefore represent 
sach discharge condition by a single measured value—the mean value of A for 
ll values of 6). Then for each condition, we have 


Loss rate coefficient =A (constant with 4p) 

Injection coefficient A=0-2A0p for 1:2 <@p)<5. 
The upper limit on 6 is an experimental one above which the discharge 
yecomes grossly unstable, and the lower limit on 9) represents a minimum in A 


it 0p ~ 1-2 as is shown by discharge condition 3 in Fig. 7. This effect is repro- 
ducible and is observed whenever 6» falls below 1:2. 
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Fi iati injecti i i for different 
Fic. 7. Variation of injection and loss rate coefficients (A and A) with @p 
j discharge conditions, numbered as in Table 2. 1: 44D, 15 kv; 2: 1 Dz, 15 kv; 
3:4 De, 10kv; 4:1 D2, 10 kv. 


The values of A representing each discharge condition are tabulated in column 
(6) of Table 2, where the standard errors are derived solely from the experimental 
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scatter. Given in column (5) are the values of the parameter ¢, defined as the 
energy put into the discharge per unit mass of gas, expressed in kev/mp, where 
mp is the proton mass. The energy put into the discharge, which is less than that 
stored in the capacitor bank, is derived from the electrical characteristics (Butt 
1960, private communication) and is given by | VI dt, where V is the volts per turn 
and J the gas current. 

The parameter ¢ is tabulated because of its correlation with the loss rate co- 
efficient A, as is shown by the plot of these parameters in Fig.8. The relationship 
between A and ¢ is linear over the range of conditions observed and the scatter of 
the points is consistent with the error of measurement. 
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Fig. 8. Variation of loss rate coefficient with ¢ for all observed discharge conditions 
(«= energy input per unit mass of gas). 


The upper limit of ¢ is determined by the present maximum available capacitor 
voltage V;=15kv, and the lower limit is fixed by the lifetime of the plasma 
itself. The lowest value of ¢ is for condition 7 of Table 2, and gives a value of 
A=3x 10% sec corresponding to a containment time of about 0-3 msec. This 
gives a limiting transient lifetime of about 0-8 msec, above which it becomes 
impossible to establish the ceiling of At, in a pulse length of about 3 msec. 

In all but one of the conditions in Table 2 the gas used is deuterium and the 
range in conditions is obtained by varying the capacitor voltage and the gas 
pressure. For condition 5 of Table 2, the discharge was operated in hydrogen. 
Since the gas normally used is deuterium, ZETA was operated in hydrogen for two 
weeks (approximately 104 discharges) prior to this experiment to eliminate 
possible contamination of the walls with deuterium. A comparison of this 
hydrogen observation with the corresponding one in deuterium, 3 in Table 2, for 
which all other parameters are the same, shows that protons escape almost twice 
as rapidly as deuterons. The slope of the results in Fig. 8 shows that if is 
increased by a factor 2, then A is not doubled but increases by a factor 1-7 which 
is intermediate between 2 and V2. One result of this is that although A decreases 
with increasing pressure, the actual loss rate of ions from the plasma remains 
roughly constant, and in fact increases slightly. 

The linear relationship between A and « appears, on extrapolation, to intercept 
the \ axis on the positive side. This is clearly inadmissible on energy con- 
siderations, and the curve must pass through the origin or make a positive intercept 
with the ¢ axis. 
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It is of fundamental interest to consider the energy required to maintain the 
observed system of injection and loss of particles in the plasma. Gibson and 
Mason (1961) have shown that the energy lost in the form of radiation is about 
20% of the energy input over the range of conditions investigated here. It is 
easy to show that the rest of the energy can be accounted for by particle loss to the 
walls. 

An energy balance can be carried out by comparing the power input with the 
power output derived from observed quantities. Thus the power balance 
equation, per unit length of the discharge, is given by 


Q?=R+N, (4) [ Ti+kTet+ xo 


where is the effective discharge resistance per unit length, / is the current, R 
is the radiated power, J, is the initial line density, R7; is the energy of the ions, 
kT, the energy of the electrons and y, the deuterium ionization potential. The 
energy in the impurity atoms is neglected, and it is assumed that the values of A 
and A observed for ions also applies to the electrons. If we consider this power 
balance for the time of peak current and for high values of #) then A and A are 
approximately equal. The observations of Gibson and Mason (1961) give 
R~0-2Q/?, so the above expression reduces to 
0-8Q/?/No=[RkTi+kTe+ xp]. 

Since the left-hand side of the expression is roughly proportional to e we see 
that to reproduce the gross feature of the correlation in Fig. 8 we need to keep the 
bracketed terms roughly constant, i.e. any increase in energy input does not 
substantially increase the temperature. 

The largest term on the right-hand side of the expression is kT, the energy of 
the deuterons. The energies of impurity ions, obtained from the Doppler widths 
of spectral lines, are far in excess of the observed electron temperatures and are 
of the order of a few hundred electron volts (Butt et al. 1958). ‘The energy of 
the deuterons can be inferred from these observations only when the detailed 
heating mechanism is understood. An investigation into this is proceeding and 
preliminary observations (Jones and Wilson, to be published) indicate that the 
energy of the deuterons is about 100 ev for discharge condition 3 of ‘Table 2. 
Putting kT;~100ev, kTe~ 20 ev and yp= 13-6ev, then the power loss due to 
escape of particles is about 5 x 10*wcm~ length of discharge at peak current. 
The power input, derived from the electrical characteristics by Butt (1960, 
private communication), is 8 x 10'wem-. Allowing 20% of this for radiation 
gives good agreement in the power balance. Over the range of discharge con- 
ditions investigated, the major source of energy loss is therefore due to plasma 
reaching the walls. Direct confirmation of the loss of plasma has been obtained 
by the detection of thermal electrons in the region near the wall of the torus 


(Gibson and Mason 1962). 


5.3. Variation of Plasma Line Density with Time 
The effect of discharge conditions on the loss and injection coefficients 
measured at peak current is described in the previous section. We will now 
consider how these processes control the variation of plasma density during a 
single discharge, and this necessitates the determination of any temporal variation 
of the respective coefficients. 
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The values of the loss rate coefficient A given above were obtained from 
observations made over the time interval that the ionic sequence Av to A vitT 
appeared. ‘This time interval varies according to the discharge conditions, but 
generally it is the period from the end of the deuterium ionization phase to the 
region of peak current. ‘There is no significant variation in A over this time 
period and it is therefore assumed that the measured value of A applies throughout 
the current pulse. 

The measurements of A given above refer specifically to the time of peak 
current. It was pointed out earlier that the spectral line intensity in the injection 
tail varies considerably with time, as can be seen from the observations of Ovi 
given in Fig. 4. In determining whether this variation is due to a variation of 
injection, we apply the test used in §4 when it was shown that the injection co- 
efficients A determined at peak current from Eqn (12) for the ionic sequence 
Ory, Ov and Ov1, gave the same value within the experimental error. This test 
was also applied at a time after peak current when the spectral line intensity in 
the tail had dropped to about 25% of its peak value. The mean of several 
measurements, normalized to O1v, give A(O1v): A(Ov): A(Ov1)=1-0: 1-0: 1-2, 
The time variation of spectral line intensity in the tail is therefore taken as an 
injection variation. 

The variation of A with time is slow compared with te=1/A. Hence the 
assumption of constant A, made in the original equations, is valid, and to deter- 
mine the variation of plasma density with time, it is legitimate to replace A in 
Eqn (5) with A(¢), the observed time variation of the injection coefficient. 
Further, the time variation in plasma density will be dominated by the slow 
variation in A(t) and we can therefore equate the exp(—At) term to zero for 
t>1/A. Replacing the number density (ncm~-*) by the density per unit length 
of discharge (Ncm-~*), then this line density at time ¢ is given by 

N(t)= Ni(t) = Ne(t) 

=N, (for t=0) 

=ONGACEA (for, 5 /\\ice eelberinen (19) 
where No is the initial line density and o is the constant given in Eqn (18) which 
relates the injection coefficients of deuterium and the observed impurity ions. 
The assumptions on which the application of Eqn (19) depend, i.e. that o~1, 
and that 7’, and A are constant through the pulse, cannot be verified directly. 
However, since the existence of loss and injection processes has been established, 
qualitative predictions, based on results derived from Eqn (19), will be correct. 
Further, quantitative predictions can be tested against other types of observation, 
and it will be seen in what follows that these assumptions are confirmed. 

The calculated values of N(¢) at intervals during single pulses at different 
values of 6) in discharge condition 3 of ‘Table 2, are shown in Fig. 9 together with 
the corresponding current waveforms. The points at which N(t) is measured 
have been linked by a smooth curve; the broken curves denote the region of 
interpolation between the earliest measured position and the initial line density. 

The general feaures of the N(¢) curves are similar. The line density falls toa 
minimum, then rises to a maximum in the region of peak current which is followed 
by a general decrease. This is the result of a loss rate on which is superimposed 
a slowly varying injection rate. The injection observed during a current pulse 
shows that A is roughly proportional to the current. The minimum in N(é) is 
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therefore caused by an initial loss which is eventually counteracted by the increase 
in A(¢), and the final decrease in line density is due to the reduced injection after 
peak current. In general, the loss rate is greater than the injection rate and the 
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Fig. 9. Measured pump-out during the ZETA pulse (P=4pDs, Ve=10 kv). 


3:0 msec 


combined effect is to produce a decrease of plasma density with time. This net 
plasma loss has been named ‘ pump-out’ by Bernstein et al. (19577: 

An important result of the present work is shown in Fig. 9. It will be noticed 
that when the line density drops to a critical value (Ne~ 6 x 1046 cm) there is a 
sudden drop in the current. The presence of this phenomenon in the current 
waveform has been known since the earliest operations of ZETA and is accompanied 
by a sharp burst of x-rays. Using the present result that the discontinuity occurs 
at a critical line density, Gibson and Mason (1961) have shown that the phenom- 
enon is consistent with a runaway process. The plasma density decreases 
until the electron drift velocity becomes comparable with the thermal velocity, 
when the electrons gain energy rapidly from the electric field and strike the walls 
of the containing vessel to produce the observed x-rays. Quantitative measure- 
ments of the energy of the observed x-rays support this interpretation. 

The critical line density has been measured for all conditions that the dis- 
continuity is observed and the results are given, for each discharge condition, in 
Table 2. The standard error at the foot of the column is an internal one. No 
value is given for condition 7 as the phenomenon is not observed. This is because 
the high initial pressure of 2 Hg prevents the density from falling to the critical 
value. In all cases other than condition 6 the values of Ne are the same within 
the error of measurement. The accuracy is insufficient to determine whether 
there is any small variation with pressure or condenser bank voltage. However, 
the low value of N¢ for condition 6 is significant, and is due to the relatively large 
amount of argon (5%) which had to be used at this low pressure ({ Hg) for the 
argon lines to be observed. It has been known for some time that the 
discontinuity in the current waveform can be inhibited, and indeed removed 
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completely, by adding impurities to the gas. Thus the presence of the phenom- 
enon is used as an indication that the discharge is ‘clean’ and conditioned. 

The measured values of critical line density are the same, within the experi- 
mental accuracy (+15%), for discharges in hydrogen and deuterium. This 
provides further corroboration of the runaway theory, since this requires that the 
critical line density should be independent of the ion mass. 

The observed critical line density Ne ~ 6 x 106 cm corresponds to an initial 
gas pressure of about {4 Hg. This is the pressure at which the discharge gives 
breakdown trouble, the current and voltage waveforms showing sharp transients 
(Butt et al. 1958). It is also an observed fact that most pinched discharges have 
not been maintained in deuterium below a line density of about 5 x 10!®cm-, 
independent of tube size (Bickerton 1959). 

The discharge conditions can be adjusted so as to reduce the minima shown 
in Fig. 9 to the critical density value. Such a condition has been observed 
(Ward 1960, private communication) with P=}, Hg deuterium, Ve=15kv, and 
B,=1200gauss. In this condition the current waveform had two different 
forms which occurred at random with about equal frequency. The first had a 
normal, smooth, reproducible shape; the second followed the first to a point 
before peak current, and then broke off to lower values with a jagged unrepro- 
ducible form. Measurements of the injection and loss rates were made at a time 
just prior to the break-off point to give a line density of 7 x 10!’ cm-, agreeing 
within the error of measurement, with the critical value Ne derived above. It 
should be stressed that only a minimum in the pump-out curve can explain this 
result. If the injection is sufficient to keep the minimum just above the critical 
value, the discharge will recover and we get the normal type of current waveform; 
however if the minimum drops below the critical value then an abnormal current 
waveform results. The curves shown in F ig. 9 refer to Op values greater than 1-9. 
The discontinuity in the current waveform is not observed at low 6p values, and 
the nature of the discharge appears to change. below about 6)=1-3. This value 
corresponds to the point of minimum injection shown in condition 3 of Fig. 7. 
All of the pump-out calculations were made for conditions in which Oy was 
greater than this value. 

A direct measure of the electron density at one point on the predicted density 
curve has been obtained by an 8:7mm microwave transmission experiment 


(Wort 1960, private communication). The electron densities in ZETA are generally 


too high for transmission at this wavelength, but the observations predict that me 
will drop to about 101% cm- at the onset of the discontinuity in the current wave- 
form. This density is below the critical valte (1-5 x 1015 cm-%) for transmission 
of 8-7mm microwaves. Observations were made for the case 6p = 1-9 in Fig. 9, 
which showed an onset of transmission at about 0-1 msec prior to the discontinuity. 
This indicated a density of 1-5 x 1013 cm-? at this time, which is to be compared 
with the value of 1-3 x 103 cm-? predicted by the present work. The agreement 
shown by these figures may be somewhat better than the uncertainties justify, but 


the experiment affords a direct quantitative confirmation by an entirely different — 


technique of the pump-out calculations, This result, together with the establish- 
ment of an energy balance and the explanation of the current waveform discon- 
tinuity, supports the main conclusions of this paper. The interpretation of the 


processes occurring in ZETA in terms of the partially contained plasma model 


described above is therefore adequately confirmed. 
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§ 6. Discussion 


The work described above has established the existence of loss and injection 
processes in ZETA and has also determined the general dependence of these pro- 
cesses on discharge conditions. ‘The results are consistent with the simple plasma 
model described earlier which assumed uniform electron density in a plasma of 
fixed dimensions. However, in a pinched discharge a variable degree of com- 
pression can occur through the pulse and this should be considered when 
calculating pump-out curves. The degree of magnetic compression in zeTa has 
been measured as a function of @ by Lees and Rusbridge (1959). ‘Their results 
show the radial compression to rise from unity at 6=1 to a constant value of about 
two for @>2. These compression values are defined in terms of the maximum 
measured field and are therefore greater than the average compression. ‘The 
measurements described in this paper were made after the initial deuterium 
ionization phase and before the end of the current pulse. ‘They therefore cover 
a limited range in 6 and hence a limited variation in compressed plasma diameter. 
When 6, exceeds 2:5, maximum compression extends throughout the observed 
range and the assumption of constant compression made in the model is valid. 
For lower values of 0p, the observed range in 0 becomes more restricted so that the 
assumption is again valid within the limits of experimental error (see results for 
§)=1-9, Fig. 9). Hence corrections to the measured line density (Necm™) 
are not necessary, but this is not the case for the number density (me cm~*), and the 
appropriate compressions have been used in deriving the values of me given in the 
text. 

Pump-out has been shown to occur in the Stellarator (Bernstein et al. 1957, 
Spitzer 1958, Ellis et al. 1960a) by direct observation of the electron density 
measured with a microwave interferometer. This technique cannot be used with 
zera because the electron density is generally too high for transmission of available 
microwave frequencies. The electron density in the Stellarator shows an initial 
rise due to the ionization phase, followed by an exponential decrease due to particle 
loss. Later observations (Ellis et al. 1960 b) show that the loss process also occurs 
during the ionization phase. These results indicate that the loss rate coeflicient 
is constant throughout the ohmic heating pulse, as was assumed in the present 
ZETA work. 

Direct observations of electron density measure the combined effect of the 
injection and loss processes, whereas the present method measures them separately. 
The Stellarator workers use the same expression for dn,/dt as given in Eqn (4) but 
with the added assumption that the injection is proportional to the loss rate Ane 
and to the initial gas pressure. In ZETA these assumptions are clearly invalid, but 
the observed pump-out curves are quite different in the two devices. Further, 
these assumptions explain the exponential decay of electron density observed in 
the Stellarator. 

The observed containment times in ZETA and in the Stellarator are of the same 
order of magnitude (~0-1 msec) and are much shorter than would be expected 
from classical collisional diffusion theory. Although the two devices use different 
containment systems, it would not be surprising if the enhanced diffusion of plasma 
across the confining magnetic fields resulted from the same fundamental process. 
A possible mechanism has been suggested by Spitzer (1960). 

The nature of the injection process is also unknown, but two possible 
mechanisms-~-thermal evaporation and unipolar arcs—have been described by 


Av 2} 
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Robson and Hancox (1959). If the heat loading on the discharge tube wall 
during a current pulse causes the evaporation of only a part of an adsorbed gas 
layer, then this could account for the observed magnitude and composition of the 
injected material. If unipolar arcs are the cause of injection, then approximate 
calculations show that the observed magnitude of the injection could be explained 
if 10% of the energy input goes into unipolar arcs. 

The observations of plasma containment in zeTa show that the loss rate 
coefficient is roughly independent of the axial magnetic field when this is varied 
so as to change 4) from 1 to 5. This is a surprising result since we would have 
expected some relationship between the loss of plasma across the magnetic field 
and the configuration of that field. ‘The injection coefficient, however, varies 
considerably with the axial field, being roughly linear with 0) but showing a 
minimum at 6)~1:2, When the discharge conditions are changed by varying 
the current and the pressure and atomic weight of the gas, it is shown that A is 
correlated with a single parameter ¢, the energy input per unit mass of gas. 
This parameter scales roughly as the square of the Alfvén velocity; however, 
the apparent scaling of \ with v,* does not extend to variations in v, caused by 
varying the axial magnetic field. Further work is required to provide theoretical 
explanations for the observed properties of the loss and injection processes. 
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Interferometric Measurements of the Electron Density 
in a Shock Heated Deuterium Plasma 
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Abstract. The first results are reported of experiments new to plasma research, 
namely time-resolved interferometry in the optical region. It is shown how the 
electron density distribution of a fast cylindrical pinched discharge may be 
measured and how the physical conditions in the discharge may be deduced 
from such measurements. 


§ 1. INTRODUCTION 


Bartoli et al. (1960) successfully measured electron densities of the 
order of 10!” per cm® have shown that the optical interferometer is a 
powerful tool for the measurement of high density plasmas. Previously micro- 
wave transmission methods have been used to measure the electron density of 
deuterium plasma, but it was found that the highest measurable density was 
about 1012 per cm® due to experimental difficulties (Harding et al. 1958). 
In this paper we describe an experiment to determine the spatial distribution 
of electrons in an electromagnetically driven electrodeless deuterium discharge 
(Wright, Eeles and Herbert 1959) using a time-resolved interferometric technique. 


T* experiments in which Alpher and White (1958) and later Ascoli- 


§ 2. TRANSMISSION OF ELECTROMAGNETIC WAVES THROUGH A PLASMA 


The wave equation for an electromagnetic wave in a plasma is, with certain 
simplifications, given by Spitzer (1956) as 


CR Agee hy Vue R ek sot aN (1) 
Ox? Mec? Cc" of 
where the ‘plasma frequency’ 
2\ 1/2 
biges = ) epee (2) 
Me 


and n, is the number of electrons per cm, m, the electron mass and e the electronic 
charge (e.s.u.). A possible solution is 


E, =Eexp {i(Bx + wt)} 


~ 24 er 
p= S(t =) 


and fp =wp/27 = 8-97 x 103n,1? from Eqn (2) 


where 
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If the transmitted wavelength is \=27c/w we obtain 
p= = (1-4-5 x 10-422). 
c 


Thus the phase refractivity is — 4-5 x LOA ote aN a (3) 


Therefore if a light beam from an interferometer is transmitted through «cm of 
plasma there will be 


AN=4-5n,10-*x\ wavelengths shift,  —...... (4) 


i.e, for monochromatic light of wavelength about 5x10-%cm there will be 
approximately one-fifth of a wavelength shift when the light is transmitted 
through plasma having a number density of 10 and length 1 cm. 


§ 3. EXPERIMENTAL METHOD 


A Mach-Zehnder interferometer (Ladenburg and Bershader 1955) is set up 
to give a pattern of vertical interference fringes across the full width of a cylindrical 
electrodeless discharge. An image of this is focused on to the horizontal slit 
of a high speed rotating mirror streak camera and photographed on a fixed length 
of film. Ata suitable part of the camera sweep a high voltage capacitor is dis- 
charged into the single copper turn used to form the electrodeless discharge, 
whilst monochromatic light from a spark discharge is passed through the dis- 
charge tube. The result is a streak picture (radius—time curve) of the fringe 
shift with the self-luminous electrodeless discharge superimposed. More of the 
experimental detail is given below and a schematic diagram of the optical layout 
is shown in Fig. 3. 

In the Mach—Zehnder interferometer one pair of glass plates is inserted into 
the working section and the compensating pair is used to give control over the 
position and the spacing of the fringes, in addition to the other mirror adjustments. 
It was found that microscope slides split lengthwise and with one half in each 
beam could be selected to give fringes with little distortion’; in this way such pairs 
were used to provide windows for the discharge tube and the corresponding com- 
pensating glasses. 

The instrument was finally adjusted to provide a vertical fringe pattern across 
a diameter of the discharge tube. At this stage of the experiment 10-15 fringes 
were set up to cover approximately one-half of the diameter. 


\ 


Fig. 1. Electrodeless discharge tube. 
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A cylindrical discharge tube 2 inches in diameter and 1-5 inches long was 
made in 4 inch Perspex; a recessed horizontal slit was cut in each face to accom- 
modate the half microscope slide and these were secured in place with vacuum 
grease. A + inch pipe let into one face led off to a high vacuum pumping unit 
and gas filling system (see Fig. 1). A single turn coil 3-5cm wide was wrapped 
around the centre section and connected to an 8yF low inductance condenser 
consisting of 8 units each of 1 uF and 1 myH self inductance connected in parallel. 
_ Low inductance connections between the units and the model were made with 
flat copper strips, 6 inches wide, separated by 0-004 inch Melinex insulation. 
The condensers were discharged into the coil via a low inductance explosive type 
switch. To ensure reliable breakdown of the deuterium gas on the first half cycle 
of the discharge it was necessary to pre-ionize with a Tesla coil. 

The streak camera includes three photomultiplier units which give out pulses 
at appropriate parts of the sweep. ‘The first pulse is used to initiate the whole 
firing sequence through a series of pulse delay units, i.e. the oscilloscopes 
monitoring the event are triggered and the spark light source is pulsed 1 psec 
before the explosive switch is fired. The other two photomultiplier pulses are 
recorded on a slow sweep single stroke time base and enable the streaking speed 
of the camera to be determined. Fig. 2 is a schematic diagram of the synchro- 
nizing and firing circuit. 

A special high intensity short duration light source was developed from a 
‘trigatron’ valve (pressurized triggered spark gap filled with argon and small 
percentages of oxygen and nitrogen). A 1pr condenser charged to 10kv and 
discharged across the gap gave a spark of 5-10ysec duration and adequate 
intensity for recording on HPS film. A part of the emitted spectrum was 
selected with a narrow band interference filter to provide nearly monochromatic 
light of bandwidth 70 angstréms centred on a wavelength of 4670 angstroms. 


Streak 
camera 


Monitor oscilloscope 


2 Channel 
pulse delay 
SOUSEC | Oscilloscope 


|6Qusec 
Oscilloscope 
Pulse delay 
See 
rs] [mio fe 
' 


Spark gap Explosive switch 


aa 
@ 


Fig. 2. Synchronizing and firing circuits. 
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This interference filter was placed adjacent to the spark light source so as not to 
attenuate the light from the electrodeless discharge. 

The streak camera was focused on to a reduced image of the fringe pattern 
produced by a supplementary lens placed between the Mach-Zehnder inter- 
ferometer and the camera. This was necessary to give a suitable image size on 
the recording film. An iris diaphragm placed between the supplementary lens 
and the exit lens of the Mach-Zehnder interferometer was used to control the 
amount of light from the discharge entering the camera lens without altering the 
amount of light from the fringes. By controlling the diaphragm aperture the 
relative intensities of the discharge and fringe light could be varied over a range 
sufficient for the present experiment. If the discharge light had been too intense 
for the diaphragm to give sufficient control, the narrow band interference filter 
could have been moved from its position close to the spark light to the iris to give 
a further reduction in the discharge light. A schematic diagram of the optical 
layout is given in Fig. 3. 


Electrodeless Half silvered 


Fil 
discharge tube mirror Supplementary 


Objective lens 


1 \ | 
\ \ s . A 
isatbasaurce ~ Compensating Res ing camera slit Rotating mirror 


<I F plates 
Filt * \ “Half silvered ‘mirror 
ilter Collimator 
70, 
e359 
joceeis Mek?! D3] 
Interferometer Camera 


Fig. 3. Layout of optical*components. 


§ 4. RESULTS 


Figures 4, 5 and 6 (Plate) show streak pictures of fringes superimposed on 
the discharge obtained when the discharge was in deuterium at ambient pressures 
of 1, 0-5 and 0-3 mm Hg respectively. Fig. 7 (Plate) is a streak picture of the 
discharge in deuterium at 1mm Hg without the superimposed fringes. The 


directions in which the fringes move with increasing electron density are shown _ 


by the direction of the arrow at the right of the photograph. The direction of the 
time axis is from right to left in each photograph. 

In each figure the first and second half cycles of the electrodeless discharge 
are shown. It will be noticed that the fringes are parallel before the first pinch 
of the discharge is initiated. When the deuterium gas is sufficiently pre-ionized 


a converging cylindrical shock is formed on the first half cycle of the discharge — 


and when the shock front intersects a fringe the fringe is shifted by an amount 
proportional to the electron density behind the shock front. Shortly afterwards 
the current sheet (Wright, Eeles and Herbert 1959) intersects the displaced 
fringe and the fringe shifts back in the opposite direction to its normal position. 


Between the first and second half cycle of the discharge the fringes are very — 


nearly parallel again and on the second half cycle the process is repeated. 
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It will be noticed that the shock formed on the first half cycle of the discharge 
does not converge on to the axis of the discharge tube because of the trapped 
magnetic field (Wright, Eeles and Herbert 1959, Medford et al. 1960) and the 
fringes passing close to the axis are undeflected, except in Fig. 4 where the central 
fringe has a slight kink. The reason for this exception is obvious when Fig. 7 is 
examined since at this particular gas pressure there is a bright central core of gas 
inside the self-luminous shell on the axis of the shock tube. The reason for the 
presence of the bright central core emerges from an analysis of the fringe patterns 
and will be discussed in §5. 


§ 5. ANALYSIS OF THE RESULTS 
5.1. Measurement of Percentage of Deuterium Ionized and Swept up 
If we put the values of x=3-5 and A=4-67 x 10-°cm into Eqn (4) we obtain 
INN == ES SMU I aegaes (5) 


This, of course, assumes that along lines parallel to the discharge tube axis me is 
constant and that there are no boundary layer effects. 

Ideally fringe shifts should be measured using a microdensitometer but since, 
in this case, the fringe shifts are large we were able to measure the values of AN 
with a pencil and rule. Values of AN measured from Figs 1, 2 and 3 were con- 
verted into electron densities by using Eqn (5). From the electron densities 
obtained it was possible to integrate the number of electrons behind the shock 
front at any time, and this gave the fraction of the available deuterium swept up 
and ionized by the shock. We have done this for selected times during the first 
half cycle of the discharge and the results are given in Table 1. It is seen from 


Table 1. Percentage of Gas Swept up and Ionized 


Ambient pressure 1 mm Ambient pressure 0:°5 mm Ambient pressure 0-3 mm 
Time (usec) Tonization(%) Time (usec) Ionization (%) Time (usec) Ionization (%) 
0-30 VTS 0:26 37 0-43 48 
0-41 17 0:35 36 0:53 60 
0-52 24°5 0-41 43 0-60 78°5 
0-75 20 0:66 57 0:64 85 
Theory 13-0 — 30 — 47-0 


a. ee a 


this table that, as predicted by strong shock theory, (Wright 1960, Niblett, un- 
published), the fraction of gas ionized increases with reduced ambient pressure 
and thus with increasing shock speed, and the quantities are in good agreement 
with theory during the initial period of implosion. 

From Table 1 we see that Fig. 7 corresponds to about 20% ionization behind 
the shock front. We conclude from this that the bright central core is a result 
of the trapped magnetic field holding back the ionized particles and allowing the 
non-ionized particles to implode on to the axis, where the increase of temperature 
behind the reflected shock causes ionization and the appearance of the bright 


central core, 
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5.2. Calculation of Plasma Resistivity and Electron Temperature at the 
Current Sheet 


In an idealized shock model we would have expected the electron density to 
have a step increase to the values given by Wright (1960) and Niblett (unpublished) 
immediately behind the shock front and a step decrease to zero behind the current 
sheet. But in our experiment we have not reached sufficiently high shock speeds 
to give a temperature high enough for the conductivity of the plasma to exclude 
the driving and the trapped magnetic fields from the plasma. The magnetic 
fields have obviously penetrated measurable distances into the plasma during the 
implosion phase and altered the electron distribution. 

The relation between the magnetic field strength H in the plasma and the 
electron number density can be derived from the following equations: 


oH Ti <p 
ae = curl (VAH) + rest H. » ro ieee (6) 
dV lake 
pe - -V(p+ ss) ae (7) 


where V is the velocity, p the plasma pressure p the plasma density and 7 the 
plasma resistivity. Eqn (6) requires 1 to be constant—not strictly true in our 
experiment. If the plasma moves with constant velocity V and if we approxi- 
mate to the cylindrical electrodeless configuration with a plane geometry, for 
times taken up to a value where it is felt that errors due to the use of plane 
geometry become important, the equations become: 


dH  a(VH)_ 7» #H 


art aa gg aes Ae ele yee (8) 
H 
2ngkT + —-=constant, 8 . .,... (9) 
87 i 
and if we put =«,+V¢t in Eqn (8), we obtain 
oH 7 @H 
BE = tn axe ©. ee 0 ell OE a ee (10) 
Solving this for the boundary conditions 
H(x,, t)>0 as x,> 
and H(x,, t)>H, as x,>0 
we obtain 
x—Vt 
H(x, t) =H, etfe (saan ee a1). 9 
and if we change back into cylindrical coordinates we get 3 
a-r 
Ar, baie erfe (cam) ssnivenene (12) 


where a is the radius of the current sheet at time t, and H= 4H, at the current | 
sheet. From Eqn (9) and the boundary conditions for H together with the 
condition that when H= 0, me is a maximum mm; Say, and when H=H), ne=0 
and assuming that 7’ is constant with respect to time and radius, we obtain 


NG See {1 ari, (casys)}- gat (13) 
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From the interference fringe patterns it is possible to obtain the variation of 
electron number density me with radius for a fixed value of t, and by using Eqn 
(13) a fit can be made to the error function curve thus enabling the resistivity 7 
to be computed. The maximum number of experimental points available for 
curve fitting at any fixed time is only three because the number of fringes is small 


Table 2. Plasma Resistivity and Electron Temperature calculated from 
Fringe Shifts 


Ambient pressure 1mm 0-5 mm 0:3 mm 
Shock speed 2:6 cm psec 3-1 cm psec 3-5 cm psec-! 
Rankine—Hugoniot 
temperature (°K) 10 U5 10* 1:6.104 
Time (usec) n(emu.) Tek) (emu) TeCK) (emu) Te (CK) 
0:32 263102 G'011102 
0:34 2:86.10  5:6.104 
0-40 1-4.108 9-0.104 
0°45 0-94.10®  1+2.10° 0-74.10  1:67.10° 
0-47 3:14.10  5-2.104 
0-48 2°27.108 _6°5.10# 
0:49 3°27, 108) e510" 
0-50 0-86.10® 1:26.10 


and only values of 7 calculated from three experimental points are given. ‘The 
values of 7 calculated are given in Table 2 together with the associated values 
of electron temperature given by Spitzer’s formula 


= 3°80:X10Zin (A) Tem 9 8 ts (14) 


where In(A)=10 and Z=1 for deuterium. Also included in Table 2 are the 
values of temperatures calculated from the measured shock speed and the 
Rankine-Hugoniot equations excluding the effect of the magnetic fields (see 
Wright 1960). 

It will be noticed that the values of temperature calculated from the inter- 
ference fringe patterns are generally higher than the temperatures calculated from 
the shock velocity. This effect has been observed in helium by McLean, Griem, 
Faneuff and Kolb (1960) and by Wiese, Berg and Griem (1960) in hydrogen and 
helium. ‘These authors interpret the heating effect as being due to the fact that 
gas ahead of the shock has been preheated by precursor radiation, but in this case 
the reason may be that the plasma is still low enough in temperature for Joule 
heating to be effective (see Wesson 1960). 

The following approximate calculation gives the increase in temperature AT, 
when Joule heating is taken into account. 


The ‘skin depth’ at time f=d~2(nt/7)?cm. anne (15) 


Therefore the resistance of the skin to azimuthal current is 
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. 
the Joule heat is then | 


29 2 : 
J =100P 7, = t joules pie rte fy 


If Hy is the magnetic field strength external to the plasma, then from Eqn (9) we | 
obtain : 


- }onkT =e kT (18) 


a 87 
and since Hy is produced by a single turn coil 


4nl 
===, 7 , | hy eae 19 
Ay 3.5 > ( ) 


therefore 
J=3-SnmkTa(myt)'*10-‘joules =... (20) 


Equating this to $n kAT erg, where n~nm/2, gives 


ATA 2 i 
pa 3Salant)y*. = (21) 


If we take values at t= }ysec then, from the experimental results, 7=10%e.m.u. 
and a=1-5cm, hence 


ATe 


e 


is of the order of 10, ovaneeeey 


and from Table 2 we see that, in general, this is the correct order of magnitude. 
The accuracy of the value of temperature obtained from the interference fringe 
patterns would, or course, be improved if the number of fringes were increased. 


5.3. Equilibrium Ionization behind the Shock Front 


It is apparent from an examination of the fringe patterns that the electron 
number density behind the shock front takes a finite time to reach a maximum. 
A measure of this rise in time should give information about the ionization 
process immediately behind the shock front. We are concerned with a strong 
shock moving at the order of 3cmpsec into cold deuterium. The first action 
will be to heat and dissociate the deuterium leaving us with deuterium atoms at a 
temperature 7’ corresponding to an energy of*the order of 3 to 6ev depending on 
the actual value of the shock speed. At these low temperatures the atom—atom 
ionization cross section is very small, but the electron—atom ionization crass 
sections are appreciable. Petschek (1955) has pointed out that under these 
conditions the electrons take an appreciable time to heat up. The following 
approximate calculation gives the time constant for the electron multiplication in 
the early stages of the process when recombination can be ignored. 

If the electronic and atomic masses are m and M respectively, the electron 
gains a fraction 47/iM of the energy of the atom at each collision. Hence if it 
loses an energy I every time it ionizes an atom, the electron makes on average 
MI/6kTm elastic collisions with atoms before it is capable of effecting an ioni- 
zation. ‘The average electron velocity is of the order (3kT/2m)4* assuming. its 
energy is, on average, half the energy of the atoms. Hence the time constant for 


Interferometric Measurements of Electron Density 1447 


multiplication of electrons is of the order 


__ _MI|6kTm 
No(3AT/2m)¥2 
MI 
T= 0: 14 No (kT YP mie Ct ae ee aoe (23) 


In this formula N is the number of atoms per cm just behind the shock front 
and will be of the order of 15 times the number of deuterium molecules per cm? 
just ahead of the shock front. o is the electron—atom elastic scattering cross 
section at low energies and will be of the order of 25x 10-*cm~*. ‘This is the 
total elastic cross section—the cross section for appreciable energy exchange will 
be somewhat less than this. ‘To compensate for this we have taken the lower 
value of T(3 x 10* ev) in working out the time constants in Table 3. The agree- 
ment with the experimental values is better than could be expected from such a 
crude treatment. 


Table 3. ‘Time Constants for Multiplication of Electrons behind the 
Shock Front 


Ambient pressure 1 mm Ambient pressure 0-5 mm Ambient pressure 0-3 mm 
Measured Calculated Measured Calculated Measured Calculated 
0-04 usec 0:02 usec 0:06 usec 0-04 usec 0-09 usec 0:06 usec 


§ 6. CONCLUSIONS 


We have found that the optical interferometer technique is one of the most 
satisfactory tools for the investigation of high density, high temperature plasmas. 
Using the technique we have measured the spatial distribution of electron density 
with time and obtained the percentage of deuterium that has been ionized and 
swept up by the shock. From the fringe patterns we have inferred the penetration 
depth of magnetic field into the plasma and calculated the electron temperature. 
The electron temperatures obtained were higher than the temperatures predicted 
by the Rankine-Hugoniot equations and we have shown how the temperature 
difference can be caused by Joule heating of the plasma skin. 

An approximate theory of the approach to equilibrium ionization behind the 
shock front has been given and found to agree with the measured time for the 
increase of electron density behind the front. 

It has been particularly satisfying to use a diagnostic technique that has not 
been subject to electromagnetic interference and enables some of the plasma 
parameters to be measured without the introduction of large perturbation effects. 
The disadvantages of the technique, as used in this experiment, are that all effects 
are integrated along the optical path and boundary effects are not taken into 


account. 
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Abstract. An adiabatic calorimeter has been constructed for the study of 
properties of condensed substances in the temperature range 2° to 300°k. Two 
resistance thermometers were used, one of platinum for T>11°K and one of 
carbon for 7<11°K. ‘The carbon thermometer was calibrated on the thermo- 
dynamic temperature scale by using the calorimeter vessel as a gas thermometer ; 
subsequent absolute shifts of its resistance on cycling between room temperature 
and liquid helium temperatures were taken into account by calibrations against 
the platinum thermometer. 

The heat capacities of solid and liquid argon have been measured between 
2° and 86°K with estimated accuracies to +2% at the lowest temperatures, 
increasing to +0:2% for T>20°K but decreasing to +0-5% at the highest 
temperatures. In conjunction with these measurements, vapour pressures 
were measured in the temperature range 66° to 86°K. 

The heat of fusion was found to be 284-5 +0-4cal mole-1, the triple point 
temperature 83-810°K and the triple point pressure 516-86 +0-02mm Hg. The 
amount of impurity in the specimen of argon was estimated to be 3 parts per 
million from a study of the melting range. 

Direct measurement of the heat of vaporization of the liquid gave the result 
1563-6 + 4-6 cal mole— at 85-67°K, which corresponds to 1555-0 +4-6 cal mole 
at the normal boiling point. 


§ 1. INTRODUCTION 


forces, the solids of the inert gas elements have been widely studied from 
the theoretical point of view. Also, many of their properties have been 
“measured experimentally. Unhappily, much of the theory contains approxi- 
mations whose consequences are difficult to judge, and much of the experimental 
information is incomplete. Definitive comparisons between theory and experi- 
ment are, therefore, still to be made. 
One object of the present work was to provide more complete and more 
accurate information on the thermodynamic properties of some of the inert gas 
‘solids. In part, the work was stimulated by concurrent theoretical calculations 
by Horton and Leech (1962, to be published), who have obtained accurate 
‘numerical values for thermodynamic properties corresponding to models of the 
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inert gas solids based on the Mie—Lennard-Jones potential. The calorimetric 
method which has been developed can, however, be used quite generally for 
measurements on condensed substances in the temperature range between 2°K 
and room temperature. It has, for example, been used to measure heat capacities 
of ice at low temperatures (Flubacher, Leadbetter and Morrison 1960). 

In §2 of this paper we describe the calorimeter assembly, the techniques used 
to determine the different quantities and the important matter of the temperature 
scale. In §3 the results of measurements on argon are given. These include 
the heat capacities of the solid and liquid, heats of fusion and of vaporization and 
vapour pressures of the solid and liquid. Where possible, comparisons are made 
with results published by others. Some of the numerical values given here 
differ slightly from ones contained in a preliminary report (Flubacher, Lead- 
better and Morrison 1961). The differences are due to small arithmetical errors 
which have now been corrected. Equivalent results for krypton are given in the 
following paper together with a detailed analysis of the properties of solid argon 
and solid krypton. 


§ 2. EXPERIMENTAL 
2.1. The Calorimeter Assembly 


Different types of calorimeters have been developed for heat capacity and 
other measurements on condensed substances over a wide temperature range 
below room temperature (see Sturtevant (1949) for a general discussion and 
references). However, only infrequently have they been used for measurements 
below solid hydrogen temperatures (i.e. T7<11°K). Generally, measurements 
in this range are made with somewhat different techniques (see, for example, 
Hill and Lounasmaa 1959), For our present purposes it was important to obtain 
the thermodynamic data from temperatures well below 11°x, and also it was 
desirable to avoid using two calorimeter assemblies. The assembly which we 
shall now describe accomplishes these objects. It can be used for continuous 
measurements between 2°K and room temperature. Essentially, it is a con- 
ventional adiabatic low temperature calorimeter assembly to which has been 
added a liquid helium stage. 

In basic design the cryostat is similar to one described previously (Morrison, 
Patterson and Dugdale 1955). Liquid helium is made in the apparatus by means 
of a Simon expansion bomb (Pickard and Simon 1948), and the cooling of the 
calorimeter and adiabatic shield below 11°x is accomplished by conduction of 
heat along the electrical leads, which make, thermal contact with the bomb. A 
photograph of the interior of the cryostat is shown in Fig. 1. The helium bomb 
C and the adiabatic shield A are hung below the liquid hydrogen container D on 
nylon cords. In operation, the cryostat is closed by two concentrically arranged 
metal cans sealed with Wood’s metal at X. 

The electrical leads into the cryostat are of 36 a.w.g. copper except for inserts 
of constantan (15cm of 30a.w.g.) between C and D and between A and the 
calorimeter vessel (seebelow). The junctions between the copper and constantan, 
although insulated, are brought into good thermal contact with D and C at Y. 

The calorimeter filling tube B (1 mm outer diameter, 0-1 mm wall thickness, 
German silver) is provided with a heater over its entire length from the top of 
the shield A to the point where it emerges from the top of the cryostat. It is 
also attached to D through a thermal shunt (10 cm of 28 a.w.g. copper, wound with 
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Fig. 1. A photograph of the interior of the cryostat. (For identification of parts, see 
text.) 


Fig. 2. A sectional view of the calorimeter vessel. (For identification of parts, see text.) 
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a heating element) whose purpose is to provide a path for heat to be taken from the 
tube during the experiments at the very low temperatures. ‘The temperature of 
the point where the shunt is attached to the tube is determined with a thermo- 
couple. 

A sectional view of the calorimeter vessel and its associated parts is shown in 
Fig. 2. ‘The vessel itself, E, (internal volume ~ 43 cm®) is made of gold, 0-3 mm 
thick. It is suspended by means of the filling tube B within the adiabatic 
shield A. An outer gold plated copper sheath H is attached to the vessel with 
Wood’s metal through copper reinforcing rings F. ‘The calorimeter heater (36 
a.w.g. manganin, 160 Q) is wound on the cylindrical side of the calorimeter vessel 
between the top reinforcing ring and the bottom of the vessel. Heat is dis- 
tributed inside by means of 8 radial gold vanes G attached to the side and to the 
re-entrant well, which carries a platinum resistance thermometer I cast in with a 
thin film of paraffin wax. A carbon thermometer J (Allen Bradley, 4 watt, 
nominal value ~ 10) is attached by means of copper lead wires wound several 
times around the calorimeter vessel. As is mentioned above, lead wires between 
the calorimeter vessel and the adiabatic shield are of constantan. Their lengths 
(~ 20cm) were so chosen that the thermal conduction would be high enough for 
the calorimeter and specimen to be cooled from 11° to 2°K in a reasonable time 
(5 hours or less), yet low enough for the calorimeter to be not unduly sensitive to 
the control of the adiabatic shield. Temperature differences within the adiabatic 
shield are detected with three difference thermocouples: a, triple junction 
chromel-constantan; 6, single junction Ag, 0-379 Au—Au, 2-4% Co; ¢, single 
junction chromel—constantan. 


2.2. Temperature Scale 


As is indicated in the previous section, the calorimeter assembly contains 
two thermometers, a strain-free capsule-type platinum thermometer and a 
carbon resistance thermometer. We shall now describe their calibrations. 


2.2.1. Platinum thermometer 


This thermometer, T-2 (Los and Morrison 1951), was calibrated on the 
International Temperature Scale down to 90°x. In the temperature range 11° 
to 90°K it was intercompared with a similar thermometer which had been cali- 
brated on the thermodynamic scale at the National Bureau of Standards (Hoge 
and Brickwedde 1939). As a check before the present experiments were under- 
taken, the thermometer was compared with hydrogen vapour pressures by 
condensing normal hydrogen into the calorimeter vessel. The maximum 
deviation found in seven comparisons between 14-8° and 20-5°K was 0-Q06°. 
It could also be determined that the slope of the platinum thermometer scale was 
not in error by more than 0-15%. 

All of the temperatures given in this and in the following paper (Beaumont, 
Chihara and Morrison 1961) are based on an ice point of 273:15°K. 


2.2.2. Carbon thermometer 


When cycled between room temperature and liquid air temperatures or lower, 
carbon thermometers generally show absolute shifts in resistance. If kept below 
90° the thermometers tend to be stable and reproducible. In order, therefore, 
to use carbon thermometers for precise work a means of calibrating them in situ 
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needs to be provided, and this is often done by incorporating vapour pressure 
thermometers into the apparatus. This, however, is not without disadvantages 
for calorimetry at very low temperatures because heat leaks are increased. 

In the present arrangement the carbon thermometer, which was used as the 
working thermometer for T<11°k, could be calibrated easily in the temperature 
range 11° to 20°x by direct comparison with the platinum thermometer. Since 
the comparison could be made with high precision, the procedure first tried was 
to use it to determine for each series of experiments the constants in the Clement 
and Quinnell (1952) formula 

K B 
ne oe 7 ee ae (1) 

and so to obtain a carbon thermometer scale for calculating temperatures down 
to 2°x. Deviations of the carbon thermometer scale from the thermodynamic 
scale were determined by converting the calorimeter into a gas thermometer and 
comparing the carbon thermometer with the gas thermometer at a number of 
points between 2° and 20°K. ‘The deviations were surprisingly small, being a 
maximum of 0-06° and apparently reproducible to +0-01°. 
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Fig. 3. The deviation of the carbon thermometer scale T, from the gas thermometer scale 
Tg as a function of temperature. The different symbols indicate different gas thermom- 
eter fillings. 


This initial method was almost satisfactory. However, heat capacity 
measurements repeated after some months deviated systematically from the 
original ones below 9° by amounts of as much as two or three times the expected 
accuracy at the lowest temperatures. It was evident, therefore, that the absolute 
shifts in the resistance of the carbon thermometer were not being taken into 
account completely satisfactorily by the calibration procedure. In other words, 
it became necessary to fix the carbon thermometer scale in some better fashion at 
the low temperature end if the expected accuracy were to be achieved. 

An examination of the shifts in resistance, occurring over a period of a year, 
showed that at 2°x they were unimportant because of the very large temperature 
coefficient of resistance at the lowest temperatures (in fact, the maximum shift 
was equivalent to 0-01°). A constant fixed point, determined with the gas 
thermometer, was therefore chosen at 2°K, and, with fixed points between 11° 
and 20° obtained for each series of measurements, was used to calculate a new 
carbon thermometer scale with the formula 


ee ee Sas 


te” ion tw (log RY T 


1454 P. Flubacher, A. }. Leadbetter and #. A. Morrison 


The deviations of this scale from the thermodynamic scale are shown in Fig. 3. 
With this modification, the systematic deviations between different sets of heat 
capacity results either completely disappeared, or at the very least became less 
than the probable accuracy at all temperatures. 


2.3. Heat Capacity Measurements 


For all of the heat capacity measurements the calorimeter was operated 
adiabatically. At the lowest temperatures, temperature increments of about 0-5° 
were used, and these were increased to about 23° at the higher temperatures. 
Equilibrium times after heating varied from a few seconds at 2°k to 10 to 15 
minutes for 7’>50°K. When vapour pressures became significant, the calori- 
meter system was operated with the top of the adiabatic shield slightly warmer 
(up to 0-05°) than the calorimeter vessel. Tests for condensation in the filling 
tube were also made periodically by increasing the amount of heat applied to the 
filling tube and watching for changes in the temperature of the calorimeter vessel 
and in the pressure. 

Under some circumstances, strong temperature gradients in the cryostat 
produced thermal e.m.f’s of as much as 3 pv in the measuring circuits. These 
were automatically taken into account in the resistance measurements, which 
were made in the conventional way with a potentiometer, and were too small to 
have a significant effect on the energy measurements. However, allowance had 
to be made for them in the difference thermocouple circuits where their effect 
was to shift the zero point for no heat exchange between the adiabatic shield 
and the calorimeter vessel. 


— Vacuum 


Calorimeter -- —-&)— 


Controlled 
Pressure + 


-» Atmosphere 


Fig. 4, The calorimeter filling system with additions for measurement of heats of vapori- 
zation. (For identification of parts, see text.) 


2.4. Measurement of Heat of Vaporization 


Heats of vaporization were determined at constant temperature by putting 
energy into the calorimeter and simultaneously withdrawing vapour into an 
external system to which the calorimeter was attached. A sketch of the experi- 
mental arrangement is shown in Fig. 4. During the vaporization, mercury was 
withdrawn from the reservoir B into a weighed receiver C under a manually 
regulated pressure head, at such a rate that the pressure of argon vapour indicated 
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by the quartz spiral differential manometer A (sensitivity ~5 mm displacement 
per mm Hg) remained substantially constant. Flow of mercury between the 
reservoir and the receiver could be accurately started or stopped by means of an 
iron-loaded check valve D operated by means of a magnet. Since the volume 
of vapour removed was determined directly from a weight of mercury, good 
accuracy was obtainable with quite small volumes (20 to 50cm‘). 

All pressures were measured with a mercury manometer (not illustrated). 
Heights of the mercury in the two arms were determined from a calibrated steel 
scale mounted between them, using a comparator which could be read to 0:01 mm. 
Appropriate corrections were made for capillary depression. 


§ 3. "THERMODYNAMIC PROPERTIES OF ARGON 
3.1. Heat Capacities of the Solid and Liquid 


The argon used in the experiments was obtained from the Linde Company 
and was of a ‘spectroscopically pure’ grade. ‘The actual specimens were 
measured out to an accuracy better than 0-1°%, using the calibrated volume E 
(see Fig. 4) of the external system, and then condensed into the calorimeter vessel. 


Table 1. The Heat Capacity of Solid Argon at Rounded Values of 


‘Temperature 
T(*K) C,(cal mole? deg) TG) C)(cal mole~* deg~*) 
2 0-00468, 35 4-983 
3 0:0161, 40 5-387 
4 0:0417, 45 5-706 
5 0-0881, 50 6:006 
6 0:1651 55 6:278 
8 0-4237 60 6°528 
10 0-7900 65 6:779 
12 1-227 70 7-100 
15 1-940 1 7-488 
20 2:990 80 7-928 
25 3-828 83 8-327 


30 4-463 


The primary experimental results are given in the Appendix and smoothed 
values of the heat capacity of the solid in Table 1. Strictly speaking, what was 
measured was the heat capacity of the solid or liquid in equilibrium with saturated 
vapour, which is commonly denoted by Cat. This quantity is related to Cp, 
the heat capacity at constant pressure, by 


celta ot er | Ces 6) 


When numerical values were inserted in Eqn (3) it was found that Csat—Cp was 
less than 0-1% of C even at the highest temperatures. The difference Csat — Cp 
has therefore been neglected and the results tabulated as Cp, which is the 
more familiar quantity. The thermochemical calorie (=4-184abs.7) is used 
throughout. ont 
Above 60°K corrections were necessary for the vaporization of argon which 
occurred during the heat capacity measurements. The free volume in the 
calorimeter vessel was calculated using densities of solid argon given by Dobbs, 
Figgins, Jones, Piercey and Riley (1956) and 1-43gcm™* for the density of 
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liquid argont. Gas imperfection corrections were made using virial coefficients 
determined by Staveley (1959, private communication) and Kerr (1957). 

It is important to assess the accuracy of the experimental heat capacities but 
it is difficult to make completely satisfactory estimates. For temperatures below 
60°K a major limiting factor is the knowledge of the temperature scale. As is 
indicated in §2.2 the scale used down to 11°K is one from the National Bureau 
of Standards (Hoge and Brickwedde 1939) which would appear to be reliable to 
+ 0-02° at worst (Moessen, Aston and Ascah 1954). Resulting inaccuracies in 
the heat capacities should not exceed about 0-1%. The accuracy of the results 
at still lower temperatures depends upon the gas thermometry done in con- 
junction with the heat capacity experiments and is also affected by other factors 
such as the decreasing sensitivity of the difference thermocouple. Considering 
these we estimate that the results at the lowest temperatures are accurate to 
+2% at worst. 


A 0%) 


- © Present results 
ee e Clusius (1936) 
4 Figgins (1960) 


0 20 40 60 80 
coke 


Fig. 5. A comparison of heat capacity results for solid argon. 
‘\ 


Ax = Cp (obs) — Cy (smooth) , 100 
Cp (smooth) 
where C) (smooth) is given in Table 1. ~ 


2 


Additional factors must be taken into account for 77> 60°K, where the absolute 
values of the heat capacities depend upon knowledge of the densities of the solid 
and liquid and of the virial coefficients of argon. We have made estimates of 
the uncertainties in these quantities and conclude that the heat capacities in the 
region of the triple point should be reliable to + 05 37%. 


t Recent measurements of van Itterbeek and Verbeke (1960) indicate that the density of 
the liquid is about 1-40 g cm-3 at 86°k. The difference of 2% is not significant in the 
calculation of the free volumes. 


C—O —— 
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To sum up: we estimate the accuracy of the present measurements to be 
+2% at the lowest temperatures, increasing to +0-2% for T'>20°K but then 
decreasing above 60°K to about +0-5% at the highest temperatures. 

Because of its bearing upon the question of accuracy, it is useful to compare 
the present results with those from other measurements. This is done in Fig. 5 
where all of the available results in the region T > 10°x are plotted as differences 
from a smooth curve represented by the values given in Table 1. On the whole, 
the deviations are not large, being 2% or less for all of the results except for those 
of Clusius (1936) below 25°x. The agreement between the present values and 
all of those determined by Figgins (1960) in the range 16° to 34°K is just about 
within the combined estimated accuracies (+0-7°%%) for both sets. Other 
measurements of the heat capacity of solid argon between 1:5° and 20°K have 
been made by Anderson (1960). These will be discussed in the following 
paper (Beaumont, Chihara and Morrison 1961). 


Table 2. Vapour Pressures of Solid and Liquid Argon 


T(?K) p p—p (equations 
(mm Hg) of Table 3) 
(mm Hg) 
Solid 
66-129 24-74 +0-12 
66°536 26:67 —0-22 
67-818 35-30 +0-04 
68-468 40-32 +0-02 
69-018 45-08 +0:05 
69-798 52-60 +0:05 
70-081 55-40 —0-14 
71-158 68-40 +0-16 
71-870 78-04 +0-11 
72-554 88-41 +0-09 
73-602 106-58 +0-08 
74-033 115-00 +0-15 
75-430 145-87 + 0-06 
75-446 146-23 + 0-03 
76/991 188-24 —0-18 
77-046 189-83 —0-25 
77-218 194-93 —0-48 
78-257 229-99 —0-24 
79-606 282-83 =—0:22 
79-646 284-49 — (0-26 
80-902 342-76 —0:21 
82-302 419-21 +0:-10 
82-593 436-77 +0:19 
83-634 504-44 + 0-27 
83-639 504-71 + 0-24 
Liquid 
84-093 533-93 —0-09 
85-009 592-26 +0-08 
85-578 631-00 +0:19 
85-668 637:13 + 0-08 
85-859 650-91 +0°35 


86-693 a2) —0:49 
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3.2. Vapour Pressures of the Solid and Liquid 


The vapour pressures of the solid and liquid which were measured in con- 
junction with the heat capacity determinations are tabulated in the second column 
of Table 2. The pressures are in terms of a mercury column at 0°c and under 
standard gravity. The precision of the pressure measurements is estimated to 
be +0-03 mm but the accuracy is probably somewhat less than this. 

The vapour pressure results were fitted to equations of the form 


log p(mm)= A — = des syeega (4) 

by the method of least squares and the resulting coefficients A and B are given in 
Table 3, where they are compared with values reported by others. The devi- 
ations of the actual vapour pressures from the corresponding equations are listed 
in the last column of Table 2. In doing the least squares analysis, no distinction 
was made between different series of measurements and all values were given the 
same weight. The large number of significant figures for A and B is necessary 
in order to give p to better than 0-05 mm at the higher pressures. 


a a ee ee eae 
Table 3. Vapour Pressure Equations for Solid and Liquid Argon 


B 
A and B are coefficients of the equation log p=4A— = 


i 
Observers A B 
Solid 
Present 7:65590 414-272 
Freeman and Halsey (1956) 7:7353 420-9 
Clark et al. (1951) 7:°54454 404-84 
Liquid 
Present 6:89537 350-484 
Freeman and Halsey (1956) 6:9224 352:8 
Clark et al. (1951) 6°84451 346 


a ee eee 


It is evident from the magnitudes of the coefficients in Table 3 that the present 
results lie in between those of Freeman and Halsey (1956) and of Clark et al. 
(1951). The differences are appreciable: for example, at 80°k, Freeman and 
Halsey’s equation yields a pressure lower than ours by 2:3 mm and the equatien 
of Clark e¢ al. a pressure higher by 46mm. There is no simple explanation for 
the differences other than to say that they must arise from undetected experi- 
mental difficulties. Such difficulties were minimized in the present work 
because the apparent heat capacity was very sensitive to distillation of the argon 
out of or into the calorimeter vessel. 


3.3. Heat of Fusion 


The measurements of the heat of fusion are summarized in Table 4, and the 
average result compared with that obtained by Clusius (1936). In the first 
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Table 4. The Heat of Fusion of Argon 


Amount melted (mole) 


Temperature range (°K) 
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Heat of fusion (cal mole~*) 


0-1534 83-639-84-299 284-4 
0-1530 83-634-84-093 284-0 
0:1522 83-748-83-850 285-0 
average 284-5 +0:4 
Clusius (1936) 280-8 
Table 5. The Triple Point of Argon 
Fraction melted TCR) p(mm Hg) 
0-13 83-8089 516-84 
0:36 83-8097 516-89 
0-60 83-8098 516-84 
0:85 83-8096 — 
average 516:86 + 0-02 
T,, (pure argon) 83-810 
Lovejoy (1962)t 83-816 — 
Michels et al. (1957) 83-809 + 0-001 — 
Freeman and Halsey (1956) 83-77 514-1 
Clark et al. (1951) 83-78 515°7 
Clusius and Staveley (1941) — 516-85 40-02 
Clusius and Weigand (1940) 83-78 +0-02 — 
516:8+0-2 


Frank and Clusius (1939) — 


See eee ee eee 


measurement, the fusion was done in stages and measurements of the equilibrium 
temperature and pressure made in between. The results are given in Table 5. 
The triple point of pure argon, given as 83-810°K, was estimated from a plot of 
the equilibrium temperature against the reciprocal of the fraction melted. The 
amount of impurity present in the argon was also estimated from the plot and 
was found to be 3 parts per million. This is in very good agreement with the 
value of about 1 part per million determined by Lovejoy (1962)t for argon from 
the same source. 

The present result for the triple point temperature of argon is very close to 
the results of Lovejoy (1962) and of Michels et al. (1957) whose objects were 
to establish this triple point as a possible thermometric fixed point. The most 
careful measurements of the triple point pressure which have been made are those 
of Clusius and Staveley (1941). Our result comes within the limits assigned to 


theirs. 
3.4. Heat of Vaporization 


The results of four separate measurements of the heat of vaporization are 
givenin Table 6. ‘They are compared with that calculated from the temperature 
dependence of the vapour pressure of the liquid, and with a value published by 
Frank and Clusius (1939). In both comparisons the agreement is well within 


the assigned uncertainties. 


+ Note to be submitted to Nature. 
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Table 6. The Heat of Vaporization of Argon at T=85:67°K 


Amount evaporated (mole) Heat of vaporization (cal mole~}) 
1-867 x 10-% 1570-2 
2:093 x 10-8 1566-2 
2-135'x%10-% 15575 
PST SLO Ss 1560-5 
average 1563-6 +4-6 
Calculated from vapour pressures 1555+6 
Heat of vaporization at normal boiling point 1555-0 #4-6 
Frank and Clusius (1939) 1557-52 1-5 


ee EE 


$4, SUMMARY 


In the foregoing sections we have given the results of measurements of the 
thermodynamic properties of solid and liquid argon. The results are complete 
in the sense that they are all that can be obtained from the calorimetric and 
directly associated techniques. In so far as it has been possible, we have assigned 
probable accuracies to the various quantities measured. 

In the following paper (Beaumont, Chihara and Morrison 1961) similar 
results will be given for solid and liquid krypton. In addition, the vibrational 
and other properties of solid argon and solid krypton will be discussed in some 
detail. 
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“a 
Cx) 


Cy 
(cal mole 


deg~) 


Series I (0-1580 mole) 


17-201 
18-304 
19-504 
20-771 
22-086 
23-692 
25-694 
26-834 
27-053 
27-900 
28-792 
29-245 
30-467 
30-759 
31223 
BOB 57 
So47. 
34-446 
35-570 
36-634 
37-978 
38-937 
40-455 
41-225 
42-880 
45-147 
47-219 
49-274 
51-385 
53-403 
55-472 
57-602 
59-635 
61-596 
63-491 
65-435 
67-502 
67-529 
70-971 


Solid 
2-410 
2-648 
2-884 
3-139 
3-372 
3-642 
3-919 
4-076 
4-103 
4-215 
4-309 
4-359 
4-565 
4-556 
4-598 
4-745 
4-813 
4-931 
5-029 
5-123 
5-233 
5-312 
5-407 
5-469 
5:572 
5-701 
5°833 
5-961 
6-090 
6-199 
6-318 
6°371 
6:520 
6:633 
6:691 
6:817 
6:922 
6:853 
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APPENDIX 
Measured Heat Capacities of Solid and Liquid Argon 
ic ce a Cy 
(CK) (cal mole (°K) (cal mole“ 
deg“) deg-) 
72°736 T3952 13-323 12539 
74-525 a) 13-837 1-682 
76:333 7-633 14-309 1-765 
78-432 7-784 14-806 1-901 
78931 eh iD 15-314 TOOT: 
80-254 7276 15-820 2-128 
81-120 8-088 16-389 22245) 
S1e552 8-115 17-514 2-486 , 
82-970 8-281 18-727 22132 
83-114 8-382 20:063 3-007 
21-431 3-268 
Liquid 
84°551 10-378 Series III (0-2404 mole) 
85-434 10-480 2-316 0-00740 
86-276 10-900 2°502 0-:00927 
2:77 001293 
Series II (0:1568 mole) 3-011 001676 
2:220 0-00666 Soh 0-02147 
2:540 0-00985 3-286 0-02219 
2-693 0-01215 3-510 0-02724 
3-002 0-01624 3:753 0-03355 
3-205 0-02155 3-769 0-03401 
3-467 0-02689 4-013 0-04183 
3-686 0-03302 4-249 0-05150 
393i 0:03971 4-264 0-05049 
4-191 0:04739 4-478 0-05968 
4-388 0-05746 4-776 0:07462 
4-690 0:07227 4-929 0-08246 
5-158 0-09836 5-711 0-1379 
5-674 0-1364 6:770 0-2466 
6-234 0:1895 7834 0-3970 
6-761 0-2488 8-845 0-5666 
7-310 0-3230 9-760 0-7401 
7-918 0-4114 10-766 0-9482 
8-826 0-5652 15-227 ACO 7s 
9-877 0-7658 17-030 2-385 
10-818 0-9636 18-721 2-723 
11-333 1-077 20-343 3-051 
11-839 1-188 21-919 33331 
12-374 lesb 
12-900 1-438 


7-205 
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Thermodynamic Properties of Krypton. Vibrational and Other 
Properties of Solid Argon and Solid Krypton 
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Division of Pure Chemistry, National Research Council, Ottawa, Canada 


Communicated by M. Blackman; MSS. received 25th May 1961 


Abstract. ‘The calorimetric methods described in the preceding paper have been 
used to measure thermodynamic properties of solid and liquid krypton. Besides 
heat capacities and vapour pressures over a range of temperatures, the following 
were obtained: heat of fusion=392-0+2-3 calmole, T (tr. pt.)= 1152779 eKs 
p(tr.pt.) = 548-7 + 0-1 mm, heat of vaporization at 116-85°k = 2179-2 + 0-9 cal mole 
and at the normal boiling point = 2162 + 1 cal mole-. 

A number of properties of solid argon and solid krypton has been derived, 
in particular, the apparent Debye characteristic temperatures at 0°K and as a 
function of temperature, the heats of sublimation at 0°k, the static lattice energies 
and the zero point energies. The results of the thermal measurements on the 
solids have been correlated with expansivity and compressibility results and 
certain inconsistencies resolved. The calorimetric results are shown to be 
internally consistent. 

The shapes of curves of @)(7) against temperature indicate that anharmonic 
contributions to the vibrational properties of solid argon and solid krypton are 
appreciable, particularly in the region T>@,/10. 

In the region below the melting points, Cp for both argon and krypton increases 
tather rapidly with temperature. This is interpreted as an effect of formation 
of vacancies in the solids. Enthalpies of formation are found to be 
1280 + 130calmole—! for argon and 1770 +200 cal mole— for krypton. These 
are about two-thirds of values estimated from theory. An effect of vacancy 
formation may also be seen in the vapour pressures. 


INTRODUCTION ~ 


thermodynamic properties of solid and liquid krypton. The results are 

analogous to those for argon reported in the preceding paper (Flubacher, 
Leadbetter and Morrison 1961 a). Since the experimental methods used were 
exactly the same, they require no further description. 


[ the first part of this paper we give the results of measurements of the 


t National Research Council Postdoctorate Research F ellow. 
{ Now at Dunlop Rubber Company, Birmingham. 
§ Now at Department of Chemistry, Osaka University, Osaka, Japan. 


Thermodynamic Properties of Krypton 1463 


The second and longer part of the paper is concerned with vibrational and 
ther properties of solid argon and solid krypton. The experimental results 
iven here and in the preceding paper are analysed and correlated with other 
\formation on these solids so as to obtain derived quantities such as the apparent 
Yebye characteristic temperature, O)(7), at 0°x and as a function of temperature 
nd the zero point properties, namely, heats of sublimation at 0°K, zero point 
nergies and static lattice energies. A rather long section (§ 2.3) is devoted to the 
orrelation of the thermal properties with existing data on the expansivity and 
ompressibility of solid argon and solid krypton. Here, there are inconsistencies 
vhich we have tried to resolve. It would be valuable if our conclusions could 
ye checked by further measurements of expansivities and compressibilities. 
3ecause of uncertainties which remain we cannot say very much about the 
letailed temperature dependence of Op(7) above 15°K, other than that ©)(7T) 
lefinitely increases with increasing temperature for both argon and krypton, 
ind that @,,(7) for argon seems to increase more rapidly. Clearly, this behaviour 
hould be ascribed to anharmonicity, but to what extent it is due to zero point 
energy or to thermal energy cannot be established at present. The fact that the 
fect seems greater for argon, for which the ratio of zero point energy to lattice 
snergy is greater, suggests that zero point energy is an important factor. The 
comparison of the experimental properties with those derived from theoretical 
models corresponding to the inert gas solids is largely left to a theoretical paper 
by Horton and Leech (1962, to be published). 

The heat capacities in the region below the melting point have been analysed 
50 as to obtain estimates of the enthalpies required to form vacancies in solid argon 
and solid krypton. The results are discussed in §2.5. The enthalpies found 
from experiment are only about two-thirds of those computed from models. 
A further investigation of the discrepancy using expansivity data suggests that 
the relaxation of surrounding atoms into the vacancy is very much larger than 


has been estimated by theory. 


Part 1. "THERMODYNAMIC PROPERTIES OF SoLiIp AND Liquip KRYPTON 


The following three sections contain the experimental results obtained for 
krypton and brief accounts of relevant corrections. The krypton used was of 
a grade similar to that of argon and it also was obtained from the Linde Company. 
The purity was checked during the determination of the triple point (§ 1.3). 


1.1. Heat Capacities of Solid and Liquid Krypton 


The measured values of the heat capacity are listed in the Appendix and values 
for the solid at rounded temperatures in Table 1. The accuracies to be assigned 
to the results are essentially the same as those applicable to the results for argon. 
There is, however, a slightly greater uncertainty in the results at higher 
temperatures. ‘The second virial coefficient of gaseous krypton has not been 
determined experimentally below room temperature. It was therefore necessary 
to estimate its value at low temperatures by extrapolation of high temperature 
results (Beattie, Barriault and Brierly 1952, Whalley and Schneider 1955). 
The extrapolation was made down to 76°K by a method due to Hirschfelder, 
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Table 1. The Heat Capacity of Solid Krypton 
at Rounded Values of the Temperature 


T(°K) Cp (cal mole deg) T(°K) Cp (cal mole deg-") 
2 0-0105, 50 5-978 
3 0:0375, 55 6-140 
+ 0:0963, 60 6-296 
5 0:2039 65 6-451 
6 0-3721 70 6:569 
8 0:8572 75 6:702 

10 1-418 80 6°824 
iy? 1-999 85 6-974 
15 2:798 90 7:146 
20 3-817 95 7:338 
25 4-516 100 7:585 
30 4-990 105 7-841 
35 5-345 110 8-139 
40 5-612 115 8552 
45 5-802 


Curtiss and Bird (1954). Fortunately, the correction to the heat capacity 
on account of gas imperfection is rather small, so that the virial coefficients do 
not need to be known with high accuracy. An uncertainty of 10% in the virial 
coefficient leads to an uncertainty in the heat capacity of 0-4°% at worst. The 
densities of solid krypton used were those obtained by Figgins and Smith (1960). 
In correcting the heat capacities of the liquid a single value of the density 
(2-43 gcm~-*) was used. 


5 © Present results 
4 @ Clusius (1936) ~ 

° 4 Clusius, Kruis and Konnertz (1938) 
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Fig. 1. A comparison of heat capacity results for solid krypton. 


Cp(obs) — Cp(smooth) 


A(%) = 
Ch) Cp(smooth) 


/ 
dé 


x 100 


where Cp(smooth) is given in Table 1. 


+The quantum-mechanical correction (de Boer and Michels 1938) was small, amounting 
to only 0:23% at 116°K. j 
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The measured heat capacities of solid krypton in the region 10° < T< T(tr. pt.) 
ire compared with earlier results (Clusius 1936, Clusius, Kruis and Konnertz 
1938) in Fig. 1. The results are plotted as differences from a smooth curve 
sorresponding to the values given in Table 1. The average deviation of the 
resent results from the smooth curve is less than 0:2%. ‘The other results 
Jeviate more strongly, particularly at the lower temperatures. 


Table 2. Vapour Pressures of Solid and Liquid Krypton 


T(K) p (mm Hg) p—>p (Eqn (1)) (mm Hg) 
Solid 
83-282 6:07 — 
86°319 10-70 — 
89-266 17-81 — 
89-273 17-89 — 
92-603 3125 —0-03 
95-831 50-76 +0:12 
98-959 78:42 + 0-04 
101-984 116-44 —0-14 
104-691 162-76 ous 
104-906 167-42 + 0-03 
107:651 230-65 — 0:34 
108-125 243-66 —0-12 
110-495 316°81 —0:21 
110-836 328:86 —0-13 
113-228 423-30 —0:12 
113-447 433-27 +0-16 
PS. 112 513-49 +0-69 
115-626 539-91 + 0-20 
115-661 542-04 +0:43 
115-758 548-75 ans 
Liquid 
116-045 560-82 —0-05 
116-129 564-68 —0-18 
116-240 570-33 +0:20 
116:845 598-98 —0-49 
117-024 608-15 —0-24 
117-045 609-57 +0-14 
117-880 652-39 —0-11 
117-937 655:73 +0-25 
118-923 709-70 +0-14 


SS an annnneaEE 


The heat capacities of solid argon and solid krypton have also been measured 
between 1:2° and 20°x by Anderson (1960). A comparison of Anderson's 
resultst with ours can be summarized as follows. Over a large part of the 
temperature region, in particular between 3° and 4°x and above 9°x, the two sets 
for both argon and krypton agree within their probable accuracies. Between 4° 
and 9°x Anderson’s heat capacities for argon are larger by as much as 4%, and 
for krypton smaller by as much as 5%. These differences are larger than the 
estimated accuracy of the present measurements (see §3 (a) of Flubacher, 
Leadbetter and Morrison 1961a). At the lowest temperatures fle oak) 
Anderson’s results are consistently higher than ours by up to SOEs 

+ We should like to thank Dr. Anderson for sending us the tables from his thesis. 
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1.2. Vapour Pressures of the Solid and Liquid 


The vapour pressures of solid and liquid krypton, determined in conjunction 
with the measurements of the heat capacity, are listed in Table 2. The pressures 
are of comparable accuracy to those obtained for argon. The results were fitted 
to the following equations by the method of least squares: 


solid krypton: logiop (mm) =7-70741 — ee ~, | 
e900 2 ae (1) 
liquid krypton: log,)p (mm) =6-96880 — — | 


the deviations of the actual pressures from the equations are given in the last 
column of Table 2. The differences, of course, simply reflect the fact that the 
heats of sublimation and vaporization are temperature dependent. The constants 
of Eqns (1) are significantly different from those found by Freeman and Halsey 
(1956), namely 7:7447 and 579-6 for solid krypton, and 6-9861 and 491-9 for 
liquid krypton. The difference between the two sets of measurements can also 
be seen in the estimates of the triple point temperature and pressure of krypton 
(see Table 4). 


1.3. The Triple Point of Krypton and the Heats 
of Fusion and Vaporization 


Three determinations of the heat of fusion of krypton were made, and the 
results are given in Table 3. During the first, the fusion was stopped at intervals 
for the determination of the triple point pressure and temperature. For this 
reason the first result may be the least accurate, but on the other hand the amount 
melted was 40% larger, which would tend to improve the accuracy. In obtaining 
the average value the three results were given equal weight. The average value 
agrees well with the result found by Clusius*(1936). 


Table 3. ‘The Heat of Fusion of Krypton 


Amount melted (moles) ‘Temperature range (°K) Heat of fusion (cal mole~?) 
0-1550 115-758-116-240 388°6 
0-1105 115-661-116-037 393-5 
0-1105 115-626-116-129 394-0 
average 392:0+2:3 
Clusius (1936) 390°7 


$$$ 


The triple point temperature corresponding to pure krypton was estimated 
from a plot of the equilibrium temperatures against the reciprocal of the fraction 
melted. The relevant data are given in Table 4. The amount of impurity was 
also estimated and the result was 4-, parts per million. The triple point 
temperature found here, 115-776°x, lies in between the values given by others. 
Little can be said about this because the different temperature scales are involved 
in an absolute way. The triple point pressure does not involve the temperature 
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Table 4. The Triple Point of Krypton 


Fraction melted T(*K) p (mm Hg) 
E 0720 115-7748 548-90 
0-40 : 115-7756 548-64 
0-60 115-7756 548-60 
0-80 115-7761 548-66 
average 548-70 +0-10 
Tie (pure krypton) 115-776 
Freeman and Halsey (1956) 115-6 538-1 
Clusius, Kruis and Konnertz (1938) 115-97+0-05 548-7 +1°5 
Clusius (1936) 116:0 +0-05 549-5 +1-0 
Keesom, Mazur and Meihuizen (1935) 115-95 + 0-03 549 +1:5 


a, Sa ee eee ee 


scale and it is interesting to see that our result agrees so well with the values 
found by Clusius and his colleagues (1936, 1938) and by Keesom, Mazur and 
Meihuizen (1935). Freeman and Halsey’s result is much lower but was probably 
calculated from a vapour pressure equation. 


WO 


Table 5. The Heat of Vaporization of Krypton at T=116°85°K 


Amount evaporated Heat of vaporization 
(moles) (cal mole“) 
7:946 x 10-4 2178-6 
8-167 x 10-4 2178-4 
5-365 x 10-* 2180-5 
Average 2179-2 +0-9 
Calculated from vapour pressures 2186 +9 
Heat of vaporization at normal boiling point DNOQmmeaL 
Clusius, Kruis and Konnertz (1938) De G28 


The results of the direct measurement of the heat of vaporization of krypton 
are given in Table 5, and the average value agrees with that calculated from the 
e assigned uncertainties. It is also in accord 


vapour pressures to well within th 
ensive determinations by Clusius, Kruis and 


with the average of much more ext 
Konnertz (1938). 


Part 2. VIBRATIONAL AND OTHER PROPERTIES OF SOLID ARGON AND 
SoLip KRYPTON 


2.1. General Remarks 


In this second part of the paper our object is to analyse the results of thermal 


and other measurements on solid argon and solid krypton to see what can be 
learned about their vibrational properties. For instance, we should like to know 


to what extent the properties can be described in terms of harmonic vibrations. 


This is a matter which becomes very important when the experimental results 
els, such as those calculated 


are compared with properties corresponding to mod 
by Horton and Leech (1962, to be published). Before conclusions about the 


PROC. PHYS. SOC. LXXVIII, 6 4F 


1468 R. H. Beaumont, H. Chihara and J. A. Morrison 


interatomic forces can be reached from the agreement or lack of agreement between 
theory and experiment, effects due to anharmonicity must be clearly understood. 
While some general conclusions about effects of anharmonicity can be drawn, 
uncertainties in some of the auxiliary data required are just too great, so that a 
complete detailed analysis of the thermal measurements cannot be justified at 
present. 


2.2. Zero Point Properties 


2.2.1. The characteristic temperature at 0°K. An investigation of the low 
temperature heat capacities of a number of examples has shown (Barron and 
Morrison 1957) that the expansion 

C=aT®+bT>4+cT"+... Berens (2) 
may be expected to describe experimental results in the temperature region 
T<,/25. The apparent Debye characteristic temperature at 0°K, @y, may be 
calculated from the first coefficient, i.e. ; 


Oo= (=)" so ag ae eta ele (3) 


a 
where a has the units cal mole! deg-+. Figs 2 and 3, which are graphs of C,/T® 


o o———___ 
Po. om 
( 


Qo 


10*x Cy /T?(cal mole deg“) 


0 20 40. 60 80 


Fig. 2. A graph of Cy/T? against T? for argon. 


against T° for the heat capacity results below 9°x, illustrate the estimation of a 
for argon and krypton. The temperature @,/25 is approximately 4° for argon 
and 3° for krypton. Since the lowest temperature of the experiments is 2°K, 
and since the experimental accuracy is least in this region, it is obvious that we 
cannot conclude from the experimental results whether or not the expansion 
(Eqn (1)) applies. If, however, we accept the principle of the expansion, we are 
led to suggest that the dashed lines in the figures represent reasonable limits on 
the extrapolation of the results to 0°x. The coefficients a so derived correspond 
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to @)=93-3+0-6° for argon and @)=71-7+0-7° for krypton. No attempt 
has been made to estimate the coefficients b and c. Anderson’s heat capacity 
results (Anderson 1960) yield values of ©, which are about 14% lower. 


10°x Cy /T° (cal mole deg) 


0 20 40 60 80 
T? (Tink) 


Fig. 3. A graph of Cy/T? against T? for krypton. 


2.2.2. The heat of sublimation at 0°x. ‘The thermodynamic properties given in 
this and in the preceding paper may be used to calculate the heats of sublimation. 
of argon and krypton at 0°x. The relevant thermodynamic expression is a 
standard one and requires no detailed discussion. . It is 


Te T 
AH yp(0°K) = AA gun(T) — | Co(gas) aT + | C)(solid) dT + RPT? (32) 
w 0 
wee (4) 


The last term takes account of gas imperfection; the sources of numerical values 
of the second virial coefficient Bp have been indicated (§1.1 above, and §3.1 
of the preceding paper). The results are summarized in Table 6. The estimated 


uncertainties are also given. 
eee ee 


Table 6. Calculation of the Heat of Sublimation at 0°K 
(in units of cal mole) 


Argon Krypton 
Heat of sublimation at T= Tj, 1861+5 Do te 
T; 
| * Cy(S)\dT 391 +1 64842 
0 
T; 
ai LesGar —416 —575 
0 
per (22) at T=T 1041 1442 
dT 
Heat of sublimation at T=0°K ved + - 2666 +7 
d 1957) 1850+ = 
SS igent ek 1818 +40 2589 +50 


Whalley and Schneider (1955) 
4F2 
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2.2.3. The static lattice energy. Recently, Salter (1962) has shown how vapour 
pressure data for monatomic solids may be analysed to obtain values of the static 
lattice energy Ey and the geometric mean frequency v, of the lattice frequency 
distribution. In his paper he uses the vapour pressures of argon and krypton 
given here to illustrate the method and we shall summarize his results. The 
numerical values provide a useful test for the consistency of the thermodynamic 
information. ‘The zero point energy E, may be obtained as the difference between 
E,, computed from the vapour pressures and the heat of sublimation at 0°K. 
Alternatively E,, which is equivalent to the first moment of the lattice frequency 
distribution, may be estimated through use of the vp(z) function (Barron, Berg 
and Morrison 1957) 


Vp (2) ={F(e+3) 2,32", eee (5) 


where yu, is the nth moment, provided that the general shape of the curve of 
vp() against m can be established. Three values of vp(z), in particular vp(—3), 
vp(0) and vp(2), can be obtained from @p, v, and @,, respectively, and since the 
vyp(m) curve should be smooth, interpolation to find vp(1) is not difficult. 

Two sets of results calculated from the vapour pressures of argon and krypton 
are given in Table 7. The uncorrected values refer to direct use of the vapour 


Table 7. The Static Lattice Energy and Geometric Mean Frequency 
Computed from the Vapour Pressures 


E, (cal mole) 10-?? x ve(s) 
Uncorrected Corrected Uncorrected Corrected 
Argon 1970 +10 2005 + 10 1:06 +0-01 1:15+0-01 
Krypton 2740+15 2790 +15 0-81 +0-01 0-88 + 0-01 


pressure data as found experimentally. These give E,(argon)=124+17 and 
£, (krypton) =74 + 22calmole-! from £,), which are to be compared with 
158+5 and 117+5calmole from vp(m) curves (not illustrated) based on 
estimates of ©, given in $2.4. The differences between the independent 
estimates of E,, which are clearly outside the limits shown, turn out to be due to 
an effect of the presence of vacancies in the lattices at higher temperatures. 
When an allowance is made for the free energy of formation of vacancies (see § 2.5), 
the corrected results in Table 7 are obtained. These lead to E, (argon) = 159 +17 
and E, (krypton) = 124 + 22 cal mole from E, and 171 +5 and 134 + 6 cal mole 
from vp(7) curves. The agreement is now quite satisfactory. 


2.3. The Estimation of Cp—Cy 


Before the apparent Debye characteristic temperature, @,(7), at higher 
temperatures can be calculated it is necessary to know Cp—Cy. Estimates of 
this quantity as a function of temperature have been made for both solid argon 
(Clusius 1936, Dobbs and Jones 1957) and solid krypton (Clusius 1936), but a 
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re-examination in the light of more recent experimental and _ theoretical 
information turns out to be worth while. The standard expression is 


endl 


where « is the coefficient of cubical expansion, p the density and y, is the 
isothermal compressibility. 

2.3.1. Argon. Barker and Dobbs (1955) have measured directly the velocities. 
of transverse (v;) and longitudinal (y) lattice waves in solid argon in the 
temperature range 65° to 80°K, have extrapolated their results to 0°K, and so have 
obtained estimates of the adiabatic compressibility, ys, for the range 0° to 80°kK. 
A check on their extrapolation can be made by using their values of vy and ve. 
at 0°K to calculate © (elastic), which, assuming harmonic vibrations should 
be equal to ©, deduced from the heat capacity data. Barker and Dobbs’s results. 
give © (elastic) =80-5°K, which is much smaller than ©) = 93-3 + 0-6°K (§ 2.2.1). 
Anharmonicity introduced by zero point energy, which would seem to be the 
only reasonable cause of a difference between @,) and @ (elastic), is believed. 
to make @ (elastic) greater than ©, (Ludwig 1958), and so we conclude that the 
extrapolation made by Barker and Dobbs cannot be correct. 

Velocities of the lattice waves at 0°K have been calculated from theory by 
Bernadés (1960) and Horton and Leech (1962, to be published). The results. 
(v,=0-94 x 10*cmsec!; ve=1-61 x 10*cmsec™) lead to © (elastic) =92-6°x,,. 
which is in better agreement with ©). We have therefore calculated y, at 0°K 
from the theoretical wave velocities and have used it with the experimental 
compressibilities derived by Barker and Dobbs to obtain ys as a function of 
temperature. Fortuitously, the values of ys at intermediate temperatures are 
rather close to those tabulated by Dobbs and Jones (1957) (Table III in the 
appendix to their paper); the maximum difference is 2%. 

The density of solid argon has been measured between 20°K and the melting 
point by Dobbs et al. (1956) using x-ray diffraction and volumometer techniques. 
More recently, Henshaw (1958) has reported a single value of the density at 4-2°K, 
obtained from neutron diffraction experiments, which is about 3% higher than 
that given by an extrapolation of the results of Dobbs ef al. (1956). The difference 
is disturbingly large, and since there do not appear to be any obvious errors in 
either the x-ray or neutron diffraction experiments, it is necessary to distinguish. 
between their results using other information. 

Theoretical work on the inert gas solids (Barron 1955, Horton and Leech 1962, 
to be published) suggests that the Griineisen parameter y should be only slightly 
temperature dependent. In particular, the indications are that y for argon should 
decrease by probably not more than 10 to 20% when the temperature falls below 
50°K. y is given by 

% 

ee Cl oe a 

i pxsCp ” 
We may therefore conveniently test the internal consistency of the quantities. 
on the right-hand side by plotting «/p against ysCp. Such a graph is shown in 
Fig. 4. The points represent smoothed values of «/p given by Dobbs et al. (1957). 
at the temperatures 20, 30, 40, 50 and 60°x. The corresponding values of ys 
were taken from the (xz, 7’) relation established as indicated above, and the values 
of Cy from Table 1 of the preceding paper. The light dashed lines represent 
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y=3-0 and y=2-7. The points at 20° and 30°k lie well below the dashed lines 
but the others come nicely in between. If we rely on the theoretical deductions 
about y, we are obliged to discard the points at 20° and 30°K and to say that the 
solid curve in Fig. 4 is what should be used to fix «/p below 40°kt. When this is 
done one finds that the resulting change in the density below 40°K is small. For 
example, the density at 0°k becomes 1-776 gcm~* compared with 1-770 gcm-3 
given by Dobbs et al. (1956). It seems impossible to make the density value found 
by Henshaw (1958) consistent with the other data. 
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Fig. 4. A graph of a/p against ygCp for argon (see § 2.3.2 of the text). 


A summary of the values of «, p, ys and 7 used in computing Cp — Cy is given 
in Table 8. ym was calculated from ys using _ 


Nin ine ito) 5 ee (8) 
A final check may be made by comparing yp so derived at 65° and 77°x with 


values determined directly by Stewart (1956) using a piston displacement method. 


The agreement at 65°K is good (<2%,) but Stewart’s result at 77°K is much 
higher (> 20%). A complicating factor at this higher temperature is that the 
concentration of thermally created vacancies is appreciable (see §2.5). The 
general effect of the vacancies would be to enhance the compressibility as 
determined by displacement under pressure. \It is difficult, however, to construct 
a quantitative argument. Stewart (1956) has considered other possible reasons, 
such as errors in density measurements, and shown that they are insufficient to 
account for the observed difference in yp. " 

2.3.2. Krypton. Figgins and Smith (1960) have measured the density of solid 
krypton between 20° and 90°x using x-ray diffraction and between 70° and the 
melting point using a volumometer technique. From the results they have com- 
puted the expansivity for the temperature range 20° to 90°. Very much less 
information is available for the compressibility of solid krypton. In fact, there 


ft It will be noted that the measurements at 60°K are represented by two points. One 


is based on Cp as given in the Table, and the other, which is closer to the ordinate, on Cp 
corrected for vacancy formation (see § 2.5). 


| 
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Table 8. Adopted Values for Calculating Cp—Cy 


T(CK)  p(gem-) 104 a 10” ys 1097 Cp—-Cy 
(deg) (cm? dyn-*) (cm? dyn-) (cal mole“! deg) 


Argon 

0 1:776 0 0:39, 0:39, — 

5 1:776 0:04, 0-40, 0-405 — 
10 1-775 1:5; 0-40, 0-40, 0:003 
15 1-773 3:9, 0-40, 0-41, 0-030 
20 1:768 6:15 0:40, 0:42, 0:096 
25 1-762 7:9, 0:41, 0:43, 0-196 
30 1:755 9:3. 0:41, 0:44, 0-318 
40 1-736 Iiglog 0-42, 0-48, 0-623 
50 LSAT 13:5 0:44, 0:52 oa 0:960 

Krypton 

0 3-093 () 0:38, 0:38, —_ 

5 3-093 0-1, 0:38, 0-38, — 
10 3-092 1:6, 0:39, 0:39, 0-005 
15 3-088 3-4, 0:39, 0:39, 0-030 
20 3-081 4:9, 0:39, 0-40, 0-078 
25 3-073 5-9, 0:39, 0-40, 0-144 
30 3-063 6:7, 0:39, 0-41, 0-217 
40 3-041 7°85 0-40, 0:43, 0-378 
50 3-015 8-6, 0-41, 0:45, 0-549 
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Fig 5. A graph of a/p against ysCp for krypton (see § 2.3.2 of the text). 


appears to be but a single experimental value of yp at 77°K obtained by Stewart 
(1955). In order to obtain the compressibility of krypton as a function of tem- 
perature our only recourse has been to do a type of corresponding states treatment 
based on the results for argon and using yz at 0°K obtained from theory (Horton 
and Leech 1962, to be published). (The velocities were equivalent to 
© (elastic) =72-9°K.) The particular method chosen was to use a graph of 
x.(T)/x,(0°K) against T/T) Where T,, is the triple point temperature. It is 
impossible to fix the accuracy of this procedure but it is useful to note that yp 
at 77°K derived using it agreed with Stewart’s result to about 3%. 
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The test for the consistency of the different properties of solid krypton is shown 
in Fig. 5, which is a graph of «/p against ysCp corresponding to the temperatures 
20, 25, 30, 35, 40, 50, 60, 70 and 80°x. In contrast to the example of argon, none 
of the values of «/p needs to be eliminated. All of the points lie close to the solid 
curve. ‘The only troubling feature is that the magnitude of y is smaller than is 
suggested by the calculations from models (Horton and Leech 1962, to be pub- 
lished). This may, of course, simply be caused by a consistent error in the 
estimation of the compressibility, but on the other hand it could represent a 
significant departure of experiment from theory. The second part of Table 8 
contains the values of Cp—Cy for krypton and of the quantities used in their 
calculation. 


2.4. The Temperature Dependence of ®p(T) 


Figures 6 and 7 are graphs of @,(7) as a function of temperature for argon and 
kryptont. In the calculation of the plotted points, Cp — Cy as given in Table 8 
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Fig. 7, The apparent Debye characteristic temperature of krypton. 


ft A graph of @p(T) against T for argon is contained in a preliminary report (Flubacher, 
Leadbetter and Morrison 1961 b) and its shape is a little different from that of Fig. 6. It 
was, however, based on a different estimate of Cp—Cy. ‘ 
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was used, and therefore ©,(7) corresponds to a volume which is varying with. 
temperature. What is required for comparison with theory is @p(7) for a fixed 
volume. Correction of ®)(T) to the volume of the crystal at 0°k has been made 
using the expression (Barron, Berg and Morrison, 1957) 


On(Vo)=On(V2)() 
Pr 
and the results are indicated by the dashed curves in Figs 6 and 7. We do not 
show @)(7) above 40°x for two reasons. First, above 40°K, Cp — Cy is becoming: 
a large fraction of Cp (>11% for argon, >7% for krypton), and at best we only 
know its value to 5%. Second, a non-vibrational contribution to the heat 
capacity, namely that due to vacancy formation, begins to come in. 

While the general shape of the p(T) curves in Figs 6 and 7 is rather similar, 
there are differences in detail. The curve for krypton shows a more pronounced. 
minimum in the vicinity of 8°x, and rises less rapidly at the higher temperatures. 
The latter feature is displayed more clearly in Fig. 8, where the two curves are. 
compared on a reduced basis using ©, (argon) = 93-3°k and @, (krypton) =71:7°K.. 
The difference between the two curves in the region T/@, < 0-15 is of interest in 
connection with a comparison with the calculated curves of Horton and Leech 
(1962, to be published). It turns out that the curve for krypton agrees most. 
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Fig. 8. @p(7) for argon and krypton on a reduced basis. 


closely with one for a central force model including all neighbour interactions, 
while that for argon agrees better with a model including only first neighbour 
interactions. Since it is difficult to accept that the nature of the interatomic 
forces in the two crystals is different in any fundamental way, one is almost obliged 
to ascribe the difference in the reduced ©,(7) curves to anharmonic effects. Here 
it is relevant to note that the ratio of zero point energy to the static lattice energy 
for argon is nearly twice that for krypton, i.e. 0-085 compared with 0-048. 

The rise in ©p)(7) at the higher temperatures must also be attributed to an- 
harmonicity, and again it appears significant that the effect is much greater for 
argon. At 40°K, the increase of @p(7) for argon above the minimum value 
corresponds to a change of about 4% of Cy, which is outside the combined un- 
certainties of the experimental heat capacities, of the estimation of Cp—Cy and 
of the use of Eqn (9). The effect is less certain for krypton where the increase in 
@p(T) to 40°K amounts to only 1% of Cy, but the chances are great that it is 
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real. This being so, it is interesting to note that the behaviour of @p(7) of argon 
and krypton at the higher temperatures is quite the reverse of what has been found 
for other simple crystals such as some alkali halides and diamond structure elements 
(Berg and Morrison 1957, Flubacher, Leadbetter and Morrison 1959). 

Because of the apparent early onset of anharmonic effects (right from 0°x), it 
is not worth while at this stage to attempt an analysis of the heat capacities to obtain 
moments and other properties of the lattice frequency distributions. It is even 
difficult to make an unambiguous choice of @,,. The best that can be said from 
inspection of the @p(7) curves is that ©,, for argon probably lies between 82° 
and 85°x, and for krypton between 64° and 66°K. 


2.5. The Enthalpy to Form Vacancies in Solid Argon and Solid Krypton 


The heat capacities of both solid argon and solid krypton show marked upward 
trends in the temperature region below their melting points. Ata few tenths of a 
degree below the melting points, the heat capacities are about 8-5 cal mole deg 
(Tables 1 of this paper and of Flubacher, Leadbetter and Morrison 1961 a). This 
behaviour might be ascribed to one or more of several causes. For example, it 
might be due to effects of anharmonicity, to premelting induced by impurities or 
to the thermal formation of imperfections in the lattices. In the previous section 
we have seen that anharmonicity is having the opposite effect on the heat capacities 
of argon and krypton up to 40°K at least, i.e. it is producing a decrease of the heat 
capacity from that to be expected for harmonic vibrations. The amount of 
impurity in both the argon and the krypton is known from their behaviour during 
melting, and its effect on the heat capacity in the region below the melting point 
can be estimated easily (Sturtevant 1949). It is very small. For example, for 
argon at 80°x the contribution to the heat capacity is only 0-003 cal mole* deg. 
We conclude therefore, that the major cause of the rise in heat capacity is the 
thermal creation of imperfections, in particular the creation of Schottky vacancies. 
The energy (or enthalpy) to form the vacancies has been calculated from theory 
(Kanzaki 1957, Nardelli and Repanai 1958, 1959), and so it is worth while to 
obtain estimates from experiment for comparison. 

The excess heat capacity due to vacancy formation is (Lidiard 1957) 


oAH Ons h 
A — —— pce Sh at a ee 10 
Cp Gar Fe), oe 
where vg, the number of vacancies, is given by 
ng = Nexp (#) exp( - ir) AAS UT (11) 


and N is Avogadro’s number, hg and ss the enthalpy and entropy of formation. 
It is obvious that, if In (ACy x T?) is plotted against 1/T, one should get a straight 
line whose slope is — hg/k. 

In order to apply the above, we need only to estimate ACp. This may be done 
by simply extrapolating a graph of Cp against T smoothly from low temperatures 
so as to obtain an estimate of the ‘normal’ heat capacity. We have preferred to 
use graphs of Cy against 1/7? for this purpose, and the example of argon is shown 
in Fig. 9. Such a graph foreshortens the high temperature region, and hence 
makes extrapolation somewhat easier. The broken curves 1,.2, and 3 in Fig. 9 
show what seemed to be a reasonable spread of possible extrapolations from the 
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‘ig. 9. A graph of Cp against 1/T? for argon. ‘The dashed curves 1, 2 and 3 represent 
different estimates of the ‘ normal ’ heat capacity. 
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ig. 10. A graph In(ACp x T?) against 1/T for argon, based on different estimates of the 
* normal ’ heat capacity. 
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low temperature region. AC, was determined using each and the resulting 
graphs of In (AC) x T?) against 1/T are illustrated in Fig. 10. 

There is not too much to choose between extrapolations 2 and 3, although the 
distribution of points corresponding to 3 around a straight line is better. 'Th¢ 
slopes for 2 and 3 give hy =1150 and 1280 cal mol respectively. We therefore 


a ee ee ee 


Table 9. The Enthalpy to Form Vacancies in Solid Argon and Solid Krypton 


T(K) hg (cal mole) Reference 
Argon 
Experiment 
45 to 83 1280+ 130 Present paper 
60 to 83 1210 Martin (1957) 
Theory 
80 1880 Nardelli and Repanai (1959) 
0 2033 Kanzaki (1957) 
Krypton 
Experiment 
60 to 115 1770 + 200 Present paper 
Theory 
109 2740 Nardelli and Repanai (1959) 
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take the experimental estimate of hs for argon as 1280+130calmole—, A 
similar treatment of the data for krypton gives hs =1770 +200 calmole—. These 
results are compared with the values from theory in Table 9, and we see that the 
experimental ones are smaller by about one third. It is doubtful that the difference 
can be ascribed to an erroneous estimate of ACp because, in fact, hs is not very 
sensitive to ACy. Also, it should be noted that the value of hg for argon found by 
Martin (1957) was obtained using the heat capacity data of Clusius (1936) and a 
completely different method of extrapolation. 

The calculations can be carried further. By using the additional information 
contained in the intercepts of the lines in Fig. 10, we can obtain explicit expressions 
for the number of vacancies. These are 


ms -30( £20)exp (= 1280( + BO) 


RT 


for argon, and 
204.20) enp (27702200) 


RT 


for krypton. Having the number of vacancies at any temperature, it is of intétest 
to correlate it with the expansivity, and we shall do this for argon for which 
expansivities up to the melting point are available (Dobbs et al. 1956). At these 
higher temperatures the densities (and hence the expansivities) were determined 
by a bulk method, and therefore should be particularly sensitive to the change in 
volume due to vacancy formation. Indeed, the expansivities of Dobbs e¢ al. 
(1956) show a curl-up in the region T'>50°x (solid curve in Fig. 11). If we 
assume that the volume of a vacancy is equal to the atomic volume (in other words, 
assume no relaxation of surrounding atoms into the vacancy) and work out « fora 
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Experiment (Dobbs et al. 1956) 
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Fig. 11. The expansivity of solid argon. 


hypothetical crystal containing no vacancies, we get the result indicated by the 
dashed curve in Fig. 11 which is completely unreasonable. At worst, « should 
flatten off at the higher temperatures; it should not decrease. The middle 
chain curve was calculated assuming that the volume of a vacancy was only 
23% of the atomic volume, and this is much more like what should be expected. 


SUMMARY 


The work which is described in this and in the preceding paper (Flubacher, 
Leadbetter and Morrison 1961 a) has had the initial object of providing more com- 
plete and accurate values of the thermal properties of condensed argon and 
krypton than have been available heretofore. The experimental results satisfy 
different tests for internal consistency. For instance, heats of vaporization deter- 
mined calorimetrically and indirectly from the vapour Pressures agree well. 
Also, zero point energies computed in two ways agree within the uncertainties 
assigned to the various quantities used. 

The latter calculations are of particular interest. In the first place, one of the 
methods of computation, which uses estimates of certain moments of the lattice 
frequency distribution, implies harmonic vibrations. The fact that it seems to 
work suggests that it is not a bad approximation to describe the thermodynamic 
properties in the low temperature region in terms of an effective harmonic fre- 
quency distribution. However, the reduced curves of Op(T) against temperature 
(Fig. 8) indicate that anharmonic effects definitely come in at higher temperatures 
(T>@,/10) and perhaps at all temperatures. A further point about the 2X0 
point energy calculations is that they demonstrate the effect of vacancy formation 
upon the vapour pressures of the solids. ; ; 

The enthalpies required to form vacancies, determined from the experimental 
heat capacities for the solids, are quite appreciably smaller than values estimated 
form theory. The latter are close to the heats of sublimation (compare Tables 6 
and 9), and this comes about because energy effects due to relaxation and distortion 
around a vacancy are taken to be small (Kankazi 1957). However, a comparison 
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of heat capacity and expansivity results indicates. that relaxation of surroundin 
atoms into a vacancy is probably large. If this were taken into account it woul 
have the effect of reducing the calculated enthalpies of formation. 

Perhaps the least satisfactory aspects of the experimental description ¢ 
the properties of solid argon and solid krypton are the incompleteness of an 
inconsistencies in some of the expansivity and compressibility data. Furthe 
experiments along these lines are clearly desirable. For the time being we hav 
tried to resolve the difficulties here by using certain results of theory and th 
principle of corresponding states. This must be viewed asa temporary expedient 
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APPENDIX 
Measured Heat Capacities of Solid and Liquid Krypton 
T(°K) Cp (cal mole deg) T(°K) Cp (cal mole“? deg) 
Series I (0-1586 moles) Series I (01586 moles) 
Solid Solid 
2:317 0-0163, 81-712 6°844 
2-697 0-0257, 84-801 6-961 
3-114 0-0420; 87-792 7-081 
3-525 0-0616, 90-938 alee 
3-969 0-0927, 94-217 7-316 
4-466 0-1389 97-395 7-454 
4-957 0-1959 100-472 7-611 
5-710 0-3141 103-445 7-783 
6-683 0-5159 106-516 7-939 
7-643 0:7590 109-481 8-114 
8-605 1-016 112-142 8-292 
9-555 1-286 114-280 8-488 
10-635 1-601 Liquid 
BONIS shee 116-643 10-325 
YE526 Boe 117-491 10-495 
115723 ane 118-430 10-485 
12-307 2-086 
12:°794. 2219 Series II (0-:1143 moles) 
13-216 2:328 Solid 
13-852 2-507 2-309 0-01665 
14-453 2-660 2-500 0-0209, 
14-901 2-°776 2-754 0-0287; 
15-870 3-001 2:977 0:0373. 
17-289 3-307 3-240 0-04845 
18-761 3-584 3-461 0:0593o. 
20:765 3-940 3-948 0-0918, 
21-981 4127 4-440 0-1378 
23-239 4-301 4-938 0-1980 
24-856 4-502 5-750 0-3266 
25-714 4-594 6-800 0:5502 
27-529 4-770 7-743 0-7870 
28-293 4-835 8-610 1-031 
30-254 5-012 9-497 1:275 
30-941 5-064 10-444 1-549 
33-146 5-228 - 11-437 1-844 
33-493 5-246 11-443 1-832 
35-960 5-406 12-914 2:243 
36-041 5-404 14-391 2-646 
38-499 5-538 15-890 3-002 
38-881 5-562 17-264 eo SESHES 
40-983 5-651 18-526 3-550 
41-702 5-682 19-799 3-789 
44-497 5-784 21-061 3-994 
47-286 5-880 64-500 6-420: 
50-064 5-999 67:237 6-488 
51-976 6-014 70:058 6:574 
55-055 6-137 72:965 6-670 
57-430 6-179 43; Tp 6°762 
57-969 6-236 78-498 6-795 
59-611 6-280 81:221 6:874 
60-715 6-325 T0675" 7-849 
61-712 6-340 109-073 8-067 
63-347 6-414 111-861 8-250: 
66-088 6-489 : 114-444 8-513 
68-912 6531 Liquid 
71-642 - 6:619 116-538 10-365 


79-059 6801 117-273 10-381 
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Abstract. ‘The specific heats of cadmium and magnesium have been measured 
in the temperature range 0-4° to 1:5°K. For cadmium the electronic specific 
heat coefficient y is 163-6 + 2-6 cal deg? (gat.) +, the Debye temperature 0 is 
204+3°K, and the superconducting transition temperature is 0-52+0-01°K. 
For magnesium y is 292-7 + 2-5 cal deg-*(gat.)-!. These results show that a 
previously reported discrepancy between the elastic and thermal values of 0 for 
the hexagonal metals was due to incorrect interpretation of specific heat data. 


§ 1. INTRODUCTION 


; oLcotTT (1961) recently drew attention to discrepancies between the 
\ X / values of the Debye characteristic temperature @ for the hexagonal 
metals derived from elastic constant and specific heat measurements 
respectively. It follows from the lattice theory of specific heats (see, for example, 
Blackman 1955) that at very low temperatures, when the thermal vibrations are 
-of long wavelength and the lattice behaves essentially as a continuum, these two 
values of the Debye temperature should be the same for a given substance. Due 
to the marked anisotropy of the hexagonal lattice it appears that measurements 
must be made to much lower temperatures than for cubic lattices with’ similar 0 
values, in order to be sure that the continuum region has been reached. In the 
present paper specific heat results on cadmium and magnesium extending down 
to about 0-4°Karereported. ‘These results suggest that there is no real discrepancy 
‘between the elastic and thermal @ values of the hexagonal metals. 


§ 2. EXPERIMENTAL 


‘The measurements were made in a *He cryostat using a technique, described 
‘elsewhere (Martin 1961 a), in which the sample is stuck to a ‘tray’ calorimeter 
with a film of silicone grease. 

‘The cadmium sample was a piece of T'adanac High Purity Cadmium of nominal 
purity 99-9999°%,. Some difficulty was experienced at first due to the breaking 
of the grease bond to the calorimeter on cooling, presumably due to a large 
differential contraction. ‘This was overcome by sawing the sample into a number 
of pieces so that the total differential contraction on a given piece was much 
reduced. ‘The sample then consisted of four pieces, each about 5cm long and 
with a contact area of about 1cm?. The pieces were annealed in vacuo for one 
hour at 300°c. The sample weighed 229-768 g. 

The magnesium sample was supplied by the Dow Chemical Co. in the form 
-of a rod about 1-3cm diameter. This material was the same as the Sample No. 
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28 of Hedgcock, Muir and Wallingford (1960) who quote the following spectro- 
taphic analysis: Al <0-001%, Ca <0:01%, Cu <0-001%, Fe <0-001%, 
In <0-001%, Ni <0-0005%, Pb <0-001%, Si <0-001%, Sn <0-01%, 
m <0:001%. Hedgcock et al. found the residual electrical resistance ratio 
‘2/(R_300— Raz) to be 3-6 x 10-%, indicating rather a high purity. They also 
und that this material does not show the anomalous resistance—minimum at 
yw temperatures and therefore specific heat anomalies associated with these 
henomena (Martin 1961b) are presumably absent. The magnesium was 
1easured in the same condition as it was received, without any heat treatment. 
‘or convenience the calorimeter sample consisted of four pieces of the rod, each 
bout 5cm long, and weighed 44-300 g. 


§ 3. RESULTS 


Each sample was measured on two separate occasions, the carbon thermometer 
n the calorimeter being recalibrated every time it was cooled to low temperatures. 
The results have been analysed on the assumption that they may be represented 


y the equation 
1274R/T \? 
C=yT+ 5 (3) 


there C is the specific heat, y the electronic specific heat coefficient, R the gas 
onstant and @ the Debye temperature. The values of y and 6 were determined 
om a least squares analysis of the results from which the 95% confidence limits 
vere also obtained. 


SPECIFIC HEAT/ TEMPERATURE (1 cal deg2(q at) 


(TEMPERATURE (°K))~ 


ig. 1. (Specific heat/temperature) plotted against (temperature)? for the normal state of 
| cadmium. 


Results for the normal state of cadmium are shown graphically in Fig. 1 and 
ae derived 6 and y values are given in Table 1. Cadmium becomes super- 
onducting at the lower end of the measurement range and details of the super- 
onducting transition are shown in Fig. 2. ‘The exact temperature of the super- 
onducting transition was determined by taking heating curves through the 
-ansition region and noting where the change of slope occurred. By taking 
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curves at different heating rates, and extrapolating to zero heating rate, the exac 
transition temperature may be determined. ‘This was done during both sets o 
measurements on cadmium with the results of 0:519+0-001°K an 
0-519; +0-000;°K. The error limits represent the uncertainty on the experimentz 
temperature scale which, as described by Martin (1961 a), is obtained by the us 


Table 1. Summary of Specific Heat Results for the Normal State of 
Cadmium and Magnesium 


Cadmium: Atomic weight = 112-41 


O(°?K) y(ucal deg? (g at.)-) 
First set 204+4 164+4 
Second set 204:5 +4 163:5+4 
All points 204+ 3 163-6+2-6 
Magnesium: Atomic weight = 24-32 

<9) y(ucal deg (g at.)~) 
First set 442+ 230 29444 
Second set 4447 a 292+3 
All points 44o 7 f° 292-7 42:5 


Note: Indicated errors are 95°/ confidence limits. 
1 calorie=4-186 absolute joules. 


of the three constant interpolation formulae of Clement and Quinnell (1952) wit 
calibration points at 0-7°, 1-:1° and 1-5°k. The temperature scale below 0:7° 
was extrapolated due to the difficulty in measuring vapour pressures with sufficien 
accuracy below this temperature. An estimate of deviations of extrapolate 
temperature from true temperature may be obtained by examination of specifi 


200 


100 


SPECIFIC HEAT (ucal deg’ (g at)) 


TEMPERATURE (°K) 


Fig. 2. Details of the superconducting transition for cadmium. The exact position of th 
transition temperature was determined from heating curves as discussed in the text. 


heat results within this region for trends away from results anticipated on th 
basis of measurements above 0:7°K. On this basis the superconducting tran 
sition temperature of cadmium, in the ambient field, is 0-52+0-01°x. Th 
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earth’s magnetic field was measured just outside the cryostat and found to be 
0-33 gauss. Assuming the same field inside the cryostat, the transition tem- 
perature of the cadmium sample would be depressed by about 0-003°K (Smith 
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Fig. 3. (Specific heat/temperature) plotted against (temperature)? for magnesium. 


and Daunt 1952). ‘The transition width, as determined from the heating curves, 
was less than 0-001°K. 

Results for magnesium are shown graphically in Fig. 3 and the derived @ and 
y values are given in Table 1. 


§ 4. Discussion 


The 6 and y values determined for the normal state of cadmium are compared 
with those of other workers in Table 2. The only published numerical data of 
results are the smoothed specific heat values of Smith and Wolcott (1956). 


a esl 


Table 2. Comparison of Results for the Normal State of Cadmium 


(1) (2) (3) (4) (5) 

Specific heat results 

Samoilov (1952) 99-95 0-45-0-95 300 170 

Smith and Wolcott (1956) 99-99 + 1-3-3 188 150 

Srinivasan (1959) 99-95 1:3-2°5 189 +4 152 

This work 99-9999 0:52-1:5 20443 163-6 + 2:6 
Elastic constant results 

Garland and Silverman (1960) 213 +1 


(1) Author; (2) purity of sample (%); (3) temperature range in which 6 is assumed 
constant (°K); (4) 9 CK); (5) y (ucal deg (g at.)™). 


A ee 


Using the y value as determined in the present work, values of @ have been cal- 
culated from this data and are shown in Fig. 4. If it is assumed that Smith and 
Wolcott’s value at 1-5°K is in error, then it appears that there is satisfactory agree- 
ment between the elastic constant and specific heat values of 0. Examination of 
the 6 against T plot for cadmium (Fig. 4) shows that the minimum occurs at an 
unusually low reduced temperature, 6/20, and the @ value then rises very rapidly 


4G2 
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to the value at 0°K. The necessity for making measurements to very low tem 
peratures, in order to obtain the correct limiting value for 0, is therefore quit 
obvious. Previous discrepancies between the elastic constant and specific hez 


SMITH AND WOLCOTT (1956) 
THIS WORK 


ELASTIC CONSTANT VALUE 
(GARLAND AND SILVERMAN 1|960) 


8 (°K) 


TEMPERATURE (°K) 


Fig. 4. The Debye temperature of cadmium. The analysis of results for the presen’ 
work assumes a constant @ value between 0-4 and 1:5°K (see text). 


values of 8 were because accurate specific heat measurements had not been made 
to sufficiently low temperatures. 


The reported values for the superconducting transition temperature of 
cadmium cover a wide range, as will be apparent from Table 3. Part of the 
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Table 3. The Superconducting Transition ‘Temperature of Cadmium 


(1) (2) (3) 
Kirti and Simon (1935) 0:54 +0-02 
Goodman and Mendoza (1951) 99-996 0-560 
Samoilov (1951) 0:547+0-005 
Steele and Hein (1952) 0-65 +0-02 
Smith and Daunt (1952) 99-99 0-602 
This work ‘99-9999 0:52 +0-01 


(1) Author; (2) purity of sample (%); (3) superconducting transition temperature (°K). 


ee eee 


discrepancy is no doubt due to errors in temperature scales and to the difficulty 
in ensuring thermal equilibrium at these temperatures, It is also probable that 
the purity of the sample is an important factor, since it is well known that relatively 
small amounts of impurity can result in surprisingly large alterations in super- 


conducting transition temperatures (see, for example, Chanin, Lynton and Serin 
1959). 
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The lattice specific heat of magnesium is so small within the temperature 
range of the present experiments that an accurate value of @ cannot be obtained. 
However, the value for y obtained in the present work is significantly lower than 
previously reported values (Table 4). This suggests that earlier results have 
either been misinterpreted, due to a lack of data at sufficiently low temperatures, 
or else the presence of very small amounts of transition metal impurities might 


Table 4. Comparison of Results for Magnesium 


(1) (2) (3) (4) 6) 

Specific heat results 

Estermann, Friedberg and 

Goldman (1952) 99-96 1:8-4-2 342 325 

Smith (1955) 1-:2-4-0 406 +10 315 

Rayne (1958) 99-99 1:4-4:2 403 +4 802) 2 

This work 99-97 + 0-4—-1°5 MO 292:7+2°5 
Elastic constant results 

Slutsky and Garland (1957) 38843 


(1) Author; (2) purity of sample (%); (3) temperature range in which @ is assumed 
constant (°x); (4) 8 CK); (5) y (ucal deg- (g at)~). 


have resulted in an anomalously high specific heat within the liquid helium 
temperature region (Martin 1961b). In either event it is obvious that no 
published thermal 6 values can be accepted as correct. Unfortunately no raw 
specific heat data for magnesium in the region below 4°K has been published 
and therefore a re-analysis of earlier data, as has been carried out in this paper 
for cadmium, is not possible. It therefore seems that establishment of a definite 
agreement between thermal and elastic 4 values for magnesium must await re- 
measurement of pure magnesium in the range 1-5to4°x. However, at the present 
time there is no reason for supposing that any disagreement exists. 

The disagreement between the thermal and elastic constant @ values for 
another hexagonal metal, zinc, has recently been considered by Garland and 
Silverman (1961). They showed that the higher temperature specific heat data 
could be re-analysed on the basis of a new y value, derived from recent specific 
heat measurements below 1°K, and a much better agreement between the elastic 
and thermal @ values was then obtained. 


§ 5. CONCLUSION 


There is no evidence for discrepancies between the elastic and thermal 
Debye temperatures of the hexagonal metals, provided that specific heat data at 
sufficiently low temperatures are used to derive the thermal @ values. 

The superconducting transition temperature for pure cadmium was found to 
be 0-52° + 0-01°K. 
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Abstract. Aluminium—manganese alloys do not show the resistance-minimum 
phenomena often found in dilute alloys containing transition metals, but 
anomalous thermoelectric powers are observed. Alloy systems which do show 
the resistance minimum also have large specific heat anomalies at low temperatures. 
It was therefore of interest to see whether specific heat anomalies occurred in the 
aluminium—manganese system. 

Measurements of the specific heat of pure aluminium and of an alloy containing 
0-045 atomic °/, manganese were therefore made in the temperature range 0-4° 
to 1-5°x. Inthe normal state the specific heats of the two samples are the same. 
Thus a specific heat anomaly of the type found in systems showing the resistance 
minimum does not occur. The superconducting transition temperature of the 
alloy is about 0-84°K (compared with 1-174 +0-002°x for pure aluminium) but 
the transition remains sharp (width less than 0-001 degk) and of the second order. 
The reduced electronic specific heats in the superconducting state Cilyls 
when given in terms of reduced temperature T/T, are identical. 


§ 1. INTRODUCTION 


metals often leads to the resistance-minimum phenomena and associated 

‘giant’ thermoelectric powers (see, for example, review by MacDonald 
1956). It is now known that large specific heat anomalies are associated with 
these phenomena in the following systems: silver-manganese, and copper— 
manganese (De Nobel and Du Chatenier 1959, Zimmerman and Hoare 1960), 
copper-iron (Martin and Franck 1960, Franck, Manchester and Martin 1961), 
copper—cobalt (Crane and Zimmerman 1961), magnesium—manganese 
(Martin 1961a), copper-chromium, silver-chromium and zinc-manganese (van 
den Berg, private communication). 

Dilute alloys of manganese in aluminium do not show the resistance minimum 
phenomena (Hedgecock, Muir and Wallingford 1960) but there are anomalous 
thermoelectric effects (Hedgcock, to be published) similar to those found in 
systems showing the resistance minimum. It was therefore of some interest to 
see whether this alloy system showed any specific heat anomalies. 


T= addition of transition metal impurities, in solution, to otherwise pure 


§ 2. EXPERIMENTAL 


The measurements were made in a *He cryostat using a ‘tray’ type calori- 
meter (Martin 1961b). The temperature scale was derived from *He vapour 
pressures (Sydoriak and Roberts 1957). 

The aluminium sample was supplied through the courtesy of Dr. Hay of the 
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Aluminium Company of Canada, Kingston, Ontario, and had a residual electrical 
resistance at 4-2°K of 1:6 x 10-* of its room temperature resistance, indicating a 
high purity. Spectrographic analysis of the sample showed the only impurity 
to be less than 5 parts per million of copper. In order to measure the sample in, 
as far as possible, the same physical state as the alloy, it was annealed at 560°C 
for 2 hours and then water quenched. The sample weighed 74-600 g. 

The alloy was a piece of the alloy GKO (nominally 0-045 atomic % Mn) of 
Hedgecock, Muir and Wallingford (1960), kindly supplied by Dr. Hedgcock. 
After machining to a suitable shape it was annealed at 560°c for 2 hours in a 
helium atmosphere and then water quenched to prevent precipitation. A test 
strip had been rolled from each end of the sample and was similarly heat treated. 
The residual electrical resistances (Rj.9/ (Rogg—Ry.2)) of these strips were 0-1313 
and 0-1310. ‘Thus the alloy appeared to be satisfactorily homogeneous with a 
considerable amount of manganese in solution. The sample weighed 67-391 ¢ 
and the average atomic weight was taken as 26-985. 


§ 3. RESULTS 


The specific heat results for pure aluminium and the alloy are shown in F ig. 1 
as a plot of specific heat against temperature. The superconducting transition 
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Fig. 1. The specific heats of pure aluminium and of an aluminium—0-045 atomic we 
magnanese alloy. 


temperatures were located by heating through the transition at different rates 
and extrapolating to zero heating current. In all cases the transition was very 
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sharp, with no latent heat, the transition width being about 0-001 degx. For 
pure aluminium the transition temperature was 1:171;+0-002°K and for two 
separate measurements on the alloy values of 0-84 and 0-85 °K were obtained. The 
second figure for the alloy was obtained from an experiment in which the usual 
apparent dependence of transition temperature on heating rate was not observed. 
The first figure is therefore considered more reliable and the transition temperature 
of the alloy will be taken as 0-84+0-01°K. Since the measurements were made 
in the ambient magnetic field a small correction must be made to obtain the zero 
field transition temperatures. The local magnetic field outside the cryostat was 
found to be 0-33 gauss. If it is assumed that the magnetic field on the sample is 
the same, then, from the known variation of transition temperature with applied 
field (Daunt and Heer 1949), a correction of around 0-002°k must be applied. 
The corrected transition temperatures are then taken as 1-174 + 0:002°x for pure 
aluminium and 084 + 0°01°K for the alloy. (The assumption as to the equality 
of external and internal field may not be correct since the calorimeter is surrounded 
by a superconducting lead shield (Martin 1961b) which may affect the internal 
field (Pippard and Pullan 1952).) 
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Fig. 2. The normal state specific heat of pure aluminium and an aluminium—0:045 atomic % 
manganese alloy. 


The specific heats in the normal state are shown in Fig. 2 as a plot of specific 
heat/temperature against the square of the temperature. The line was fitted by 
a least-squares analysis of the results for the alloy for which the electronic specific 
heat coefficient y is 321 + 8 cal deg-* (g at.)-! and the Debye temperature @ is 
343+70°x, where the error limits are 95% confidence limits. 


§ 4. Discussion 


From the results in the normal state, it is clear that there is no specific heat 
anomaly of the type found in dilute alloys showing a resistance minimum. The 
residual resistance measurements show that there is a considerable amount of 
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the manganese in solid solution, and other measurements (Collings and Hedgcock, 
to be published) show that manganese ions in solution in aluminium have a 
magnetic moment. The conditions are therefore similar to those found in the 
alloys which do show a resistance minimum and associated large specific heat 
anomaly. A possible explanation for the difference in behaviour is that the 
splitting of the ground state degeneracy of the manganese ions is either much 
greater or much smaller than that which occurs in the other systems and con- 
sequently the various anomalies are either swamped by other effects or else lie 
below the present temperature limit of measurement. 

However, the anomalous thermoelectric effects in aluminium—manganese 
alloys (Hedgcock, to be published) occur in a similar temperature range to those 
found in systems showing a resistance minimum. ‘Thus it might be that the 
resistance-minimum phenomena and associated specific heat anomalies do not 
arise from the process causing the anomalous thermoelectric powers. 

The value found for y for the alloy is in good agreement with the result of 
Phillips (1959) for pure aluminium. ‘The @ value is rather low but is not known 
accurately due to the smallness of the lattice specific heat. The present results 
on pure aluminium are also consistent with Phillips’s values but due to the very 
limited range of measurement no accurate estimates of y or @ can be made for the 
pure aluminium. 

The present value for the superconducting transition temperature of pure 
aluminium (1-174 + 0-002°x) is slightly higher than Phillips’s value of 1-163°K. 
The difference might be due to the differing physical states of the samples, to 
differences in impurity content (see later) and to differences between the tem- 
perature scales employed. 

Turning now to the superconducting state the results are shown in Fig. 3 as a 
plot of Ces/yTc against T,/T where T, is the superconducting transition tem- 
perature and C¢s is the electronic specific heat in the superconducting state (which 
has been calculated assuming a Debye 0 of 428°x for both pure metal and alloy). 
Within the experimental accuracy the results for the pure metal and alloy lie on 
the same curve. The line in Fig. 3 was predicted by the Bardeen, Cooper and 
Schrieffer (1957) theory to represent results in the low temperature limit but 
departures from this line apparently occur at very low reduced temperatures 
(Phillips 1959). 

The very considerable depression of the superconducting transition tem- 
perature caused by the small amount of impurity is rather striking. Previous 
work with non-transition metal impurities in tin, indium and aluminium (Lynton, 
Serin and Zucker 1957, Chanin, Lynton and Serin 1959) had shown that for 
very dilute alloys the superconducting transition temperature is usually depressed, 
the depression increasing as the impurity content, and therefore residual resistance 
is increased. However, for more concentrated alloys the superconducting 
transition temperature may be raised. Work with transition metal impurities 
(Matthias and Corenzwit 1955, Matthias et al. 1959, Miiller 1959) had shown 
that the superconducting transition temperature was often raised on adding the 
impurity, but no very dilute alloys were investigated. The results of the present 
experiment suggest that, in the limit of extreme dilution, there is no essential 
difference in the effects of transition and non-transition metal impurities on the 
superconducting transition temperature. 

The effect of impurities on the superconducting transition temperature has 
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been considered theoretically by Pippard (1957), Herring (1958) and Suhl and 
Matthias (1959). Both experimental and theoretical evidence shows that the 
effect cannot be due to the magnetic moment of the impurity ions acting in the 
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Fig. 3. The electronic specific heat in the superconducting state. 


same way as an external field. The dependence, for very dilute alloys, on residual 
resistivity, and therefore mean free path, suggests that the depression of 
transition temperature is due to an altered electron-phonon interaction. ‘This 
alteration apparently has a negligibly small effect on the electronic specific heat. 


§ 5. CONCLUSION 


For dilute alloys of manganese in aluminium there is no evidence for a specific 
heat anomaly of the type found in very dilute alloys showing the resistance- 
minimum phenomena. The presence of 0-045 atomic % manganese in solution 
in aluminium depresses the superconducting transition temperature by 0-33 deg K. 


Note Added in Proof. 

Quinn and Budnick (1961) have recently reported that very small amounts of 
indium, bismuth, or lead dissolved in thallium raise the superconducting 
transition temperature. ‘Thus it appears that the sign of the initial shift of 
superconducting transition temperature, resulting from the addition of small 
amounts of impurity, depends on the parent metal. 
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Abstract. ‘The vibration spectrum and the specific heats of gold have been 
studied by two models in order to test whether the electrons participate in the 
complete vibration spectrum of a crystal. The two models represent the extreme 
cases given by de Launay, one of which ignores the effect of electrons on the 
lattice vibration while the other assumes its full participation for all the frequencies, 
Frequencies have been calculated for the 1000 points of the Brillouin zone and 
the specific heats have been evaluated by the sampling technique. The choice 
of this metal for calculation was dictated by the fact that, on account of the large 
discrepancy in the Cauchy relation, the difference between the lattice frequencies 
of the two models is expected to be very high. It is found that the central force 
model does not predict the value of the Cy of the metal at all correctly, while de 
Launay’s model is in qualitative agreement with experiment above 15°x. De 
Launay’s idea that electrons participate only in the non-dispersive region of the 
spectrum thus appears to be wrong. 


§ 1. INTRODUCTION 


usual Born and Karman model (1912) meet with one difficulty at the outset. 

If central forces are assumed to be operative, they necessarily lead to the 
Cauchy relations, which are not satisfied generally. In the case of cubic metals 
there is only one Cauchy relation, the equality of the elastic constants ¢,, and C44. 
Experimental data on elastic constants show that usually this is not obeyed even 
roughly, the values of c,, being in many cases as high as two to three times the 
other constant. In a well-known work, Fuchs (1935, 1936) gave a probable 
cause of this discrepancy. According to him certain energies such as the energy 
of the ground state of the valency electron, the Fermi, the exchange and the 
correlation energies of the conduction electrons, depend only on the atomic 
volume. ‘The forces on the displaced ions due to them are not central, They 
contribute to the compressibility but not to those elastic constants, in the corre- 
sponding strains of which the volume changes are absent. Fuchs showed that 
the constants ¢,;—¢y. and ¢4, are unaffected by the presence of the electron gas, 
while the individual values of c,, and c,, which depend on the compressibility 
are affected by it. If the contribution of the free electrons to the compressibility 
is removed, the Cauchy relation would be satisfied. 

Fuch’s work has greatly influenced all the subsequent calculations of the 
lattice frequencies of metals. ‘Two different lines of approach have been adopted. 
In one of these, which owes its inspiration to the work of Fine (1939), and has 
been developed by Leighton (1948) and Bauer (1953), the presence of the free 


[== GATIONS on the lattice vibration of metallic crystals by means of the 
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electrons has been entirely ignored. The experimental values of the elastic 
constants are separated into two parts, one of which is assumed to arise from the 
central interaction of the ions while the other is due to the electron gas. This 
division is carried out in such a way that the former satisfies the Cauchy relation 
and at the same time retains the experimental values of c,, —c,. and c,, unchanged. 
These adjusted constants of the central interaction are then used to calculate the 
lattice frequencies. Leighton supports this method with the remark “‘ Fuchs’ 
result was used in the evaluation of the atomic force constants « and y because 
the Born—von Karman boundary condition which is used in the derivation of the 
secular determinant requires that the volume of the crystal remains constant so 
that the conduction electrons have no effect on the motion of the lattice ’’. 

In the second method, an electron lattice interaction is explicitly introduced 
in the setting up of the secular determinant. It has been argued that the ionic 
vibrations may cause local changes in the volume of the electron gas, even though 
the total crystal volume remains unchanged and these compressions and rare- 
factions may greatly alter the numerical values of the frequencies. Force models 
on these lines have been introduced by de Launay (1953, 1956), Leibfried and 
Brenig (1953) and Bhatia (1955). ‘The latter has calculated the electron—lattice 
interaction by means of the Thomas—Fermi model of the atom. Ifthe non-central 
interaction is put equal to zero, Bhatia’s force model does not yield the Cauchy 
relation as one would expect it to do on the basis of Fuch’s investigations. On 
the other hand we get c,;=C,4, in the case of the body-centred metals and a more 
complicated relation between elastic constants for the face-centred metals. 

Leibfried and Brenig derived a Hooke’s constant by considering the change 
brought about by the ionic displacements on Wigner and Seitz’s polyhedra, but 
confined themselves only to the derivation of certain averages of the powers of 
the frequencies. De Launay has developed a simple phenomenological approach 
in which the free electrons are assumed to behave like an ordinary gas supporting 
a compressional but not a shearing stress...They, therefore, influence the 
numerical values of the frequencies of the longitudinal wave only. Since the 
waves traversing the crystal are, in general, neither purely longitudinal nor 
transverse, they are separated into their longitudinal and transverse components. 
The former is then corrected for the electron gas by the introduction of new 
force constants. 

De Launay (1956) expressly states that his model applies to the long acoustical 
waves and has left its applicability to the high frequency thermal waves as an 
open question. He has discussed two extreme cases. The central force model 
of Fine and Leighton, in which the effect ofthe electron gas has been ignored, 
forms one extreme case. ‘The opposite extreme is represented by his own model, 
applied to the complete vibration spectrum of the crystal. According te him 
neither extreme was likely to be correct. He has suggested that ‘‘ by comparing 
the results of calculations for both extreme cases, with experiment, one may be 
able to draw conclusions which will give direction towards a better theory’”’. He 
has discussed the case of copper and is of the opinion that the participation of the 
electrons in the long-wave non-dispersive region of lattice vibration is complete, 
while it is negligible or nearly so in the highly dispersive region. The same 
conclusion has been reached recently by Overton (1960). In his review article 
Parkinson (1958) has pointed out that recent experimental data on the specific 
heats of the alkali metals do not support de Launay’s conclusion regarding 
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electron participation in the non-dispersive part of the spectrum. The specific 
heats of all the body-centred metals have been calculated in this laboratory under 
the assumption that de Launay’s model is applicable to the complete vibration 
spectrum of a crystal. A very good agreement has been obtained between the 
calculated and the experimental values of the specific heats. The results on 
lithium have already been published (Dayal and Sharan 1960). This would 
indicate that de Launay’s conclusion is erroneous and that the electrons do 
participate to the same extent in the full vibration spectrum of the metallic crystals. 

In copper as well as in the body-centred cubic metals discussed above, the 
discrepancy from the Cauchy relation is not very large. The calculated fre- 
quencies and specific heats for both the extreme cases of de Launay are not likely 
to differ by large amounts. It is, therefore, possible to ascribe the deviations 
from the experimental values in either case to the uncertainties in the elastic and 
the specific heat data. In order to decide the question of electron participation 
in the lattice vibrations it is obviously necessary to take up a case where the 
departure from the Cauchy relation is very pronounced. ‘This is so for gold where 
the elastic constant c,, is nearly three and a half times the value of c,,._ ‘The authors 
have, therefore, taken up the case of gold, which is a face-centred lattice, for 
study. The vibration frequencies and specific heats of this metal have been 
calculated for both the extreme cases of de Launay and the results are being 
reported in the present paper. Similar cases of lead, aluminium and silver are 
under study at present and the results will be reported in due course. 


§ 2. CHOICE OF WAVE VECTORS 


The wave number vectors k of the permitted vibrations are fixed by Born’s 
cyclic conditions, according to which the vibration pattern repeats itself in a large 
crystal block of nxnxn=n? cells. Suppose a; (i=1, 2, 3) are the basic vectors 
of the unit cell of the direct lattice and a;* those of the reciprocal lattice. The 
latter are defined by 

af 13k oe vette (1) 
where V is the volume of the unit cell of the direct lattice. It follows that the 
wave number vectors k of the permitted vibrations are the vectors of a miniature 
reciprocal lattice whose basic vectors are a;*/n (Blackman 1955). These miniature 
cells are confined within the first Brillouin zone. It is obvious that the zone 
will contain 7? lattice points defining a total of ? wave vectors. 

The unit cell of the face-centred cubic lattice is rhombohedral. ‘The basic 
vectors of the direct and reciprocal lattice are (Smith 1948) 


a, = $a(0, 1, 1) a, = 4a(1, 0, 1) Ere ACI, MO) aocore (2) 
ee +1, +1) 
a 
ajt= (+1, Sala) ee Sar tte Sree (3) 
at=4(+1, +1, —1) 


where a is the lattice constant of the cubic cell. 
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Since the wave number vectors k are vectors of the miniature reciprocal 
lattice they are given by 


k= = [(—PitPa+Pa) (Pi—Po+Ps) (bit+Pe—ps)] 


1 
aes og Work py; pz] eeeees (4) 


where the p are all integers. It can be easily seen that p,, p,, p, are either all 
odd or all even. 

The boundaries of the Brillouin zone are defined by p,= +n, p,— +n, 
p.=+tnandp,+p,+p,= +3n/2. On account of the cubic symmetry a number 
of points will correspond to the same values of the frequencies. It is sufficient 
if we consider only those points of the positive octant for which 

O<p.<p,y<p,<n and 
Ppt Py+P.< in. 

Following Kellermann (1940) we have taken nm to be ten. There are 48 
points defined by (4) and (5) including the origin. These points were also 
derived by Kellermann, but he missed the point (7, 7, 1), and added an extra- 
neous point (10, 5,0) (Dayal and Tripathi 1961). The secular determinants 
have been solved for each of the 47 points and each frequency has been weighted 
according to the number of similar points associated with it. The weight of the 
points on the boundaries of the zone has been taken to be half of the number of 
similar points (Dayal and Singh 1960). In this way we have been able to get 
exactly 3000 frequencies including the three zero frequencies corresponding to 
the origin. ; 


§ 3. FREQUENCY SPECTRUM 


Frequencies have been calculated for all the representative points of the 
Brillouin zone for both the extreme cases, whose secular determinants have been 
taken from de Launay’s article (1956). In one of these, the effect of the electrons 
has been completely ignored while in the second they participate equally well in 
all the lattice vibrations. There is a misprint in de Launay’s article regarding 
the definition of € which should be given by («’—«,)/a,. This has been corrected 
here. 

For the computation of the frequencies we have used the following elastic 
constants for 0°K, which have been taken from de Launay’s review (1956) and 
refer to measurements made by Goens (1946). 


Cy, = 1-94 x 10! dyn cm-2 Cy. = 1-62 x 1012 dyncm~ 
C4g= 0-455 x 102% dyn cm. . > 


These constants do not differ substantially from later measurements of 
Neighbours and Alers (1958). In fact, the numerical values of c,,—cj) and ou 
are almost the same in both sets of measurements. As a result, the use of 
Neighbours and Alers’ data would only affect the longitudinal frequencies of de 
Launay’s model by about one or two per cent. The difference is trivial from the 
point of view of the results of the present paper. 

The lattice constant has been taken to be 4:07x10-8cm. It is expected 
that the calculated values of the frequency are correct to 1%. The frequency 
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distribution, i.e. the g(v) curves for both the cases are shown in Bigs) ekhe 


curves have not been normalized and the units for g(v), though the same for both 
the curves, are arbitrary. 
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Fig. 1, Frequency distribution curve for gold. 


§ 4. EvALuaTION oF SpEciFIC HEATS 


The specific heats have been calculated by numerical computation by 
Blackman’s sampling technique (Blackman 1937). For this purpose, the 
vibration spectrum has been divided into intervals of Av=0-2 x 10!2sec—. 
Calculations have not been made below 15°K because the number of frequencies 
is too small for getting accurate results in this region. The results are shown in 
the Table and have been compared with the experimental data of Geballe and 
Giauque (1952). ‘The electronic specific heat has not been subtracted from the 
experimental results shown in the Table. (0, T) curves for both the central 
force and de Launay’s models are given in Fig. 2. For presenting 0 values 
below 15°K we have calculated 6)? for both the models from the elastic constants 
by means of Eqns (11.40) and (11.43) of de Launay’s review (1956). These 
give the following extrapolation formulae for @ for the liquid helium region: 


Case I 6 = 156 —0-0647? (6) 


eceece 


Case IL ¢= 159—0-075 is eeeeee (7) 


These two formulae have been used to extrapolate our calculated (0, T) 
curves below 15°x. ‘The experimental values of @ in the range 1—5°K are from 
the work of Corak et al. (1955) and above this range from Geballe and Giauque 
(1952). It can be seen that the central force model does not show any degree of 
agreement with the experimental data above 20°x. De Launay’s electron gas 
model shows a much better agreement. The calculated values of 6 are, however, 
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about 6-10°% lower than the experimental values. This difference is not large 
and is obviously due to the general inadequacy of the limited Hooke’s law inter- 
action in the case of metals. 

There is one feature common to all models based on Hooke’s law of forces. 
Their force constants are selected in such a way that they yield the secular 
equations of the elastic theory in the long wavelength limit. In the central force 
model discussed above, this end is achieved by adjustment of the elastic constants. 
The results given in the Table show that this is not justified. ‘The correspondence 
between de Launay’s model and the elastic theory is, however, exact and it applies 
to the long acoustic waves in a phenomenological way without any reservation. 


The Specific Heats of Gold (cal deg mol) 


Temp. (°K) Central force model de Launay’s model Experimental 
is) 0-535 0-492 0-354 
30 2-380 2-083 1-756 
40 3-374 2-972 2-672 
50 4-059 3-640 3-396 
60 4-528 4-140 3-952 
90 5-248 4-990 4-887 
120 5-539 5-372, 5-296 
240 5-847 5-798 5-747 


I CENTRAL FORCE MODEL 
II DE LAUNAYS MODEL 
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Fig. 2. (0, T) curves for gold. 


It can be seen from the Table that the specific heats given by de Launay’s 
model are always higher than the experimental values. This shows that the 
actual lattice frequencies for short waves do not lie between the values given by 
the two models, but are in fact a few per cent higher than those given by de Launay’s 
theory. We are led to conclude that the electrons participate fully in all the 
vibrations but their effect on the numerical values of the frequencies is slightly 
greater than that given by the simple phenomenological theory of de Launay. 
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Abstract, Sound absorption and velocity were measured in ethylene at 500 ke/s 
and 700kc/s in the ranges 0-07 to 2 atm and —10 to 80°c. All the vibrational 
modes relaxed out at approximately 1 Mc/s atm, but the assumption of two 
relaxation times, for the transfer of energy between translational and vibrational 
motion, fitted the measurements better than the assumption of a single relaxation 
time. Assuming that the average relaxation time found by fitting single relaxation 
curves to the measured points was approximately that of the lowest frequency 
mode, the value of the force constant f in the exponential intermolecular potential 
was found to be 6:71 x 108cm-!. ‘This agrees well with the value 4-72 x 108 cm 
calculated from the Lennard-Jones potential. 


§ 1. INTRODUCTION 


HE mechanism of the excitation of the internal modes of a gas molecule 

| can be conveniently studied, in many cases, by measurements of the 

sound propagation constants. Several observers have investigated the 
excitation of the vibrational modes of ethylene in this way. 

Richards and Reid (1934) measured the relaxation time for the transfer of 
energy between vibrational and translational motion at 15, 30 and 45°c and 
investigated the effects of added hydrogen and deuterium in promoting 
transitions. McCoubrey, Parke and Ubbelohde (1954), McGrath and 
Ubbelohde (1954) and Arnold, McCoubrey and Ubbelohde (1958) worked at 
several temperatures between 0 and 25°c and investigated the effects of other 
added impurities, particularly hydrocarbons. Corran, Lambert, Salter and 
Warburton (1958) covered the temperature range between 19 and 300°c and 
found In P,, to be proportional to T-13 (P,, is the probability of a transition from 
the first excited state to the ground state per molecule per encounter and T is the 
absolute temperature). ‘They used the Cottrell and Ream (1955) analysis of 
vibrational-translational energy exchange to obtain a value for 8 (the exponent 
in the intermolecular potential function V=V,e~*’, where r represents the 
molecular separation), and obtained a value about four times greater than that 
obtained from viscosity data. Edmonds and Lamb (1958) estimated the 
relaxation time at 25°c, assuming a single relaxation mechanism, from some 
low frequency (1-10kc/s) tube absorption measurements. Gravitt (1960) 
measured absorption in the region of the absorption peak using a tube method 
at three temperatures between — 1-5 and 60°c and fitted single relaxation curves 
to his results to find the relaxation time and the vibrational specific heat. 
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The estimates of the relaxation time at a given temperature show a considerable 
read; for example, at 25°c the values obtained by the above mentioned workers 
ange from 0-2 usec to 0-39ysec. This spread may be due to the difficulty of 
ybtaining pure ethylene. All the results published to date are in agreement with 
he hypothesis of a single relaxation time for vibrational—translational energy 
ransfer, but in most cases only part of the relaxation region has been investigated. 

Ethylene has eight vibrational modes with wave numbers between 810cm™ 
ind 1623 cm-, a situation which might be expected to give rise to a number of 
elaxation times close together. This could lead to a broadening of the relaxation 
yeak in the sound absorption curve, which would be easier to detect than the 
-orresponding change in the velocity dispersion curve. 

It was therefore decided to make simultaneous absorption and velocity 
measurements over a wide range of frequency to pressure (f/p) ratios and at 
several temperatures, the particular objects of the experiments being to reduce 
he absolute error in the relaxation time measurements and to investigate care- 
fully the possibility of a double or multiple relaxation mechanism. Measurements 
of the temperature dependence of the relaxation times would give information 
about the intermolecular force operating in transition-producing encounters. 


§ 2, EXPERIMENTAL PROCEDURE 


2.1. Apparatus 


The absorption and velocity of sound were measured at frequencies between 
500 ke/s and 700 kc/s using a pulse technique which has been described in detail 
elsewhere (Parbrook and Tempest 1957, Holmes, Parbrook and Tempest 1960). 
The apparatus could be operated at gas pressures between 2-1 and 0-07 atm and 
covered the range of f/p ratios from 0-24 to 10 Mc/s atm. Measurements 
were made at temperatures between —10° and +80°c. 


2.2. Experimental Accuracy 


Individual absorption measurements were estimated to be accurate to + 2h 
and velocity measurements to +0-1%,. 


2.3. Gas Supply and Purification 


Two sources of ethylene were used in the course of these experiments. 
Samples of 99-8% stated purity were obtained from the Esso Petroleum Co. Ltd., 
and a sample of 99-5% stated purity was supplied by Imperial Chemical Industries 
Ltd. In both cases the main impurity was stated to be ethane. 

It is known that water vapour has a considerable effect on the relaxation time 
in ethylene (Arnold, McCoubrey and Ubbelohde 1958); the gas was therefore 
dried by passing it slowly through phosphorus pentoxide and magnesium 
perchlorate. 

Work on ethylene-ethane mixtures (Arnold, McCoubrey and Ubbelohde 
1958) has shown that the presence of 5-53% ethane shifts the relaxation time in 
ethylene from 0-32 usec to 0-148 psec, thus 0-2 ethane should shift it by less 
than 2%, a change which would not be detected with the present apparatus. 
For this reason no attempt was made to remove the small quantities of ethane 


present. 
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§ 3. THEORY 


3.1. Single Relaxation Mechanism 


Kneser (1933) and Rutgers (1933) calculated expressions for the velocity 
and absorption of sound in an ideal relaxing diatomic gas, neglecting the effects 
of viscosity and heat conduction. _ If it is assumed that binary collisions alone are 
responsible for the transfer of energy between translational and vibrational 
motion, the relaxation time 7 is related to the pressure by the equation t= K/p, 
in which case the velocity and absorption equations take the form: 


yea RE CoCr t+ 4a(f ip K*CpeCyn (1) 
M ~ Cy?-+40*(f [pPK*Cya? 
oa: yee RG Ae (2) 


CpoCvo + 47°(f [PP K?Cp.cCven 


where T is the absolute temperature (°K), M the gramme molecular weight, 
R the gas constant for one gramme molecule (erg), f the sound frequency 
(c/s)=w/27, p the gas pressure (atm), K the relaxation time at 1 atm, C,, the 
molar specific heat at constant volume (erg) (w7<1), C,,, the molar specific 
heat at constant volume (erg) (wr> 1), Cy the molar specific heat at constant 
pressure (erg) (w7<1), C,,, the molar specific heat at constant pressure (erg) 


(wt> 1), and C’ the vibrational specific heat (erg). 


Cpo RT : 
V2= CM = sound velocity? (cm/sec)? (wr<1), 
et i apse =sound velocity? (cm/sec)? (wr>1), 
Cone 


Co = Cr. “5 Ce Cho — Ge se Ce Cp i Cy =f R. 


The values of K can be obtained from.velocity measurement by using the 


equation 
2 Cx 
Ann? ih Ke ee 3 
‘ (5), Cy" j ( ) 
where (f/p); is the value of f /p at the point of inflection of Eqn (1). 
K can be determined from absorption measurements by using the equation 


2 CpoC 
An? % ) Ki Sees 4 
( M CpaCve0 ( ) 


where (f/p),, is the value f/p at which «, is a maximum. 
The equation 

(aes a7RC’ my 

are 2[CpoCvoCpoCva0 }"? 


where («,),, is the maximum value of the absorption, can be used to evaluate C’. 

The above equations are based on the assumption that a single relaxation 
time can adequately describe the behaviour of the gas. It has been shown by 
Landau and Teller (1936) that for a diatomic molecule in which anharmonic 
effects are not appreciable (a situation which applies at 300°k in most gases) 
there is only a single relaxation time governing energy exchange between trans- 
lational and vibrational motion. In this case the rate constant k,) for 1>0 
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transitions (i.e. from first excited state to ground state) is related to the relaxation 


time by the equation 
1 h 
= =hy| 1—exp(- Fx) |; Bear (6) 


where v is the fundamental vibrational frequency (c/s). 

If transitions occur only during collisions and N is the total number of © 
collisions per molecule per second, then the average number of collisions needed 
for de-excitation, Z, will be N/k,) and the probability of de-excitation per 
collision P,)=1/Z. 


3.2. Multiple Relaxation 


Most polyatomic molecules have several vibrational degrees of freedom 
appreciably excited at temperatures around 300°K and this gives rise to the 
possibility of a multiple relaxation process with several relaxation times. 

The actual process of de-excitation can occur in a variety of different ways, 
the two extreme examples of which can be described as ‘parallel’ and “series” 
mechanisms. In the first of these each mode exchanges energy independently 
with translation and there are as many relaxation times as there are modes. In 
the second case only one mode (that of lowest frequency) exchanges energy with 
translation, while the other modes exchange energy internally with this one. In 
complex molecules there are numerous possibilities which can be described as 
intermediate between series and parallel. 

The theory of multiple relaxation has been developed by Schafer (1940) who 
considered two relaxation times and extended by Herzfeld and Litovitz (1959) 
to cover the case of many relaxation times. A more general treatment has been 
given by Tanczos (1956) who has derived equations for sound velocity and 
absorption in the case where all possible transitions (i.e. simple transitions 
involving energy changes in one mode only and complex transitions involving 
simultaneous energy changes in two modes) are considered, subject to the con- 
dition that transitions can occur only during collisions. 

Tanczos’s results can be expressed in the form 


V 2 R C3"@? 74"? 
rape ee eT TE et 7 
(7) ii Cpo(Cvo — +c’) x 1+w?7;"" (7) 
and 
V V 2 R Cy" wri" 
= iM a oe aa) cae aa (8 
a & (7,) Cpo(Cvo — cv’) 2 1+ w?7;"" (8) 


The C," and 7" are ‘apparent’ specific heats and relaxation times which 
can be related to the actual specific heats Cj’ and relaxation times 7; of the molecule. 
The C;” always satisfy the equation 

> Cy = 2, CALE 6 a isogpns (9) 
The relationships between the Cy", 71" and C;’ and 7; depend on the mechanism of 
the relaxation process and can be derived from calculations of the various tran- 
sition probabilities for the molecule. Tanczos (1956) describes how this may 
be done but the calculation is complex and has so far been carried out for only 
a few molecules (Tanczos (1956) for chlorinated methanes, Dickens and Linnet 
(1957) for sulphur dioxide). 
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3.3. Calculation of P,, 


Herzfeld and Litovitz (1959) have derived an expression for Py.) which is 
applicable to simple transitions involving a change of one in the quantum number 
of one mode only. 


mihi re\? 1 1 O\ (2\ V2 6/\ 116 ae a\i8 6 | 
Po= rans) reHZ? ™(5)(F) (5) eel -3(5) tan teeh 


where 7, € are Lennard-Jones force constants, 0=hy/k, 0’ = 167°mv?/B2k, m is the 
reduced mass of the colliding molecules, Z, a geometrical factor, ry the equilibrium 
distance for a molecule approaching with a relative velocity Vm, Vin the velocity 
most likely to cause a transition (= (40?kTv/pm)?), F(M) a function of the 
masses of the molecules and Y(2, 2) the reduced collision cross section. 

Equation (10) contains two terms, exp (4/27) and exp (e/kT), which were absent 
in the earlier derivations of Landau and Teller (1936) and Cottrell and Ream 
(1955) but the former term was present in the derivation of Schwartz and 
Herzfeld (1954). These two terms are important in calculating Pi) and, as 
pointed out by Milward, McCoubrey and Ubbelohde (1961), their absence 
in the previous derivations has led to much confusion in the interpretation of 
relaxation time measurements. 


§ 4. REsuLTs 


Sound velocity and absorption in ethylene were measured at temperatures of 
—10, 5, 25, 45, 65 and 80°c. At each temperature about eighty pairs of measure- 
ments were made covering the range of f/p ratios from 0-24 to 10 Mce/satm. The 
results at 25 and 80°c only are presented in graphical form and the relaxation 
times and specific heat values calculated from the results at all the temperatures 
are set out in tabular form. 


4.1. Absorption Results 


To obtain a value for the sound absorption due to relaxation alone it is 
necessary to subtract the viscothermal absorption from the measured value. 
The viscothermal absorption was calculated using the ‘ Stokes—Kirchhoff’ 
equation (see, for example, Truesdell 1953), 


_ 87 /Ff\ 1 3 x 
eee oe (4)- [n+ P01) |) oe (11) 
where («,)y4 is the sound absorption per wavelength (nepers), 7 the viscosity 
(poise), ¢,9= Cool M, y= Cyo/Cyo x the thermal conductivity (erg deg—1 sec— cm~), 

Values for the viscosity and thermal conductivity were obtained from 
International Critical Tables, (1927), Callear and Robb (1955), Handbook of 
Chemical and Physical Constants (1955), Lambert et al. (1955), Kaye and Laby 
(1956) and Chapman and Cowling (1958). 

Figures 1 and 2 show the corrected results of the absorption measurements at 
25° and 80°c respectively plotted in the form %,(V/V_)? against log (f/p). In 
each case a single relaxation curve (Eqn (2)) and a double relaxation curve 
(Eqn (8)) have been fitted to the measured points. 
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The values of Cy”, C,", K," and K,” giving best fit double relaxation curves 
to the measured absorption at each of the temperatures used are set out in 
able 1. The last row of this table gives comparative values of C’/R calculated 
‘rom spectroscopic data (Sheppard and Simpson 1952). 


0.16 I ‘oun atl Osi aan | AA 
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0.12 0.12|_ 


ee) 0.10 0.10 
S$ La 
50.08 $008 
aed — 
0.06] .06 
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i 
Z 
“| 


0,04) 


i256 


0.02 0.02 
f°) cil Ea Yo oul gers | | | 
0.2 Os 1 2 ye Las 0.2 OS. 4 2 Si sie 
(f/p)Mc/satm ——- (f/p)Mc/s atm ——+ 
‘ig. 1. Ethylene 25°c: sound absorp- Fig. 2. Ethylene 80°c: sound absorp- 
tion as a function of frequency/ tion as a function of frequency/ 
pressure ratio. (Circles, experi- pressure ratio. (Circles, experi- 
mental points; full line, calculated mental points; full line, calculated 
double relaxation curve; broken double relaxation curve; broken 
line, calculated single relaxation line, calculated single relaxation 
curve.) Every fifth measured point curve.) Every fifth measured point 
only is shown. only is shown. 
Table 1 
Temperature (°c) 5 25 45 65 80 
K,” x 107 (sec) 2-10 1:88 1-63 1-45 1:31 
K,” x 107 (sec) 1-07 0-91 0-775 0-686 0-608 
Gyo 0-782 0-931 1-135 1-293 1-410 
Gar 0-160 0-210 0-223 0-300 0-372 
(Cy’+C,")/R 0-942 1-141 1-358 1-593 1-782 
GaR 0-942 1-166 1397, 1-635 1-815 


4.2. Velocity Measurements 
The measured velocities were ‘idealized’ by correcting them to zero pressure 
sing the equation 
ZEN epee Perea a eI" 4 
(=) | eT ce, dive 2 GC, dt ae 2) 
rhere B is the second virial coefficient, Vm the measured sound velocity and V 


1e idealized sound velocity. 

Values for the second virial coefficient and its derivatives were taken from 
lirschfelder, Curtiss and Bird (1954). 

Figures 3 and 4 show the idealized sound velocities, plotted against log (f/p). 
‘he velocities are plotted in the form (V/V,)?—1, where Vj is the limiting value 
f the velocity at low f/p ratios. The figures also show calculated single relax- 
ion dispersion curves fitted to the measured points. The double relaxation 
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curves in Figs 3 and 4 were calculated from the specific heats and relaxation 
times obtained from the absorption curves at the same temperatures. 

The relaxation times (assuming single relaxation) at the various temperatures 
are set out in Table 2; in this table the values of Kj, are relaxation times at one 
atmosphere pressure from velocity measurements and the values of Km are those 
from absorption measurements. 


0.10 al | L] 0.10 
— 0,08 208 
.! ir | 
2 S 
> > 
=0.06|_ [0.06 

0.04 0.04, 

bd T=25°C 0.02 

0 Ss ees a (| ° 
0,2 10 a2 10 


1 2 5 
(f/p)Mc/s atm = —~ 


Fig. 3. Ethylene 25°c: sound velocity 
as a function of frequency/pressure 
ratio. (Circles, experimental points; 
full line, calculated double relaxation 
curve; broken line, calculated single 
relaxation curve.) Every fifth meas- 
ured point only is shown. 


1 2 5 
(f/p)Mc/s atm =—- 


Fig. 4. Ethylene 80°c: sound velocity 
as a function of frequency/pressure 
ratio. (Circles, experimental points ; 
full line, calculated double relaxation 
curve; broken line, calculated single 
relaxation curve.) Every fifth meas- 
ured point only is shown. 


Table 2 
Temperature (°c) —10 5 25 45 65 80 
K;, x 107 (sec) 2:87 2:73 2:26 2-08 1:91 1-83 
Km x 10? (sec) 2-64 2:52 2:36 2:19 2-02 1-89 


§ 5. Discuss1on 


The present measurements have been considered from two points of view. 
Firstly, to establish the number of relaxation times necessary to describe the 
energy exchange mechanism. Secondly, to investigate the temperature depend- 
ence of P,) of the lowest mode (810cm-), assuming that the relaxation time 
found by fitting single relaxation curves to the results was that of the lowest mode. 
Using the Herzfeld and Litovitz (1959) expression for P,), a value has been found 


— 


for the force parameter 8, describing the intermolecular force acting in transition- 


producing encounters. 


5.1. Multiple Relaxation 
Figures 1 and 2 show that at 25° and 80°c double relaxation curves provide a 


closer approximation to the measured points than do the single relaxation curves. — 


The same effect was found at the other temperatures. The total specific heat 
values C’ from the double relaxation curves are in good agreement with the 
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spectroscopic values. Asa check against the possibility of an error in the spectro- 
scopic C’ the empirical formula for Cp as a function of temperature derived by 
Din (1956) from the best thermodynamic measurements was used to calculate 
C’. At all the temperatures of the measurements reported here this formula 
gave a larger C’, and hence a larger value of («,)), (Eqn (5)), than did the spectro- 
scopic data. A single relaxation absoption curve based on this thermodynamic 
value of C’ would disagree with the experimental curve even more than does the 
single relaxation curve based on the spectroscopic C’. This indicates that the 
discrepancy between the single relaxation curve and the experimental curve is 
genuine. It was therefore concluded that the single relaxation theory is not 
adequate to describe relaxation in ethylene and that double relaxation theory is 
a better approximation. 

An examination of the vibrational energy level scheme shows that ethylene 
has several ‘low-lying’ modes (810 cm—!, 943 cm and 949 cm) which might 
be excited independently from translation and also that the higher modes 
(ie27em—, 1236cm-, 1342 cm-!, 1444cm— and 1623cm~) are probably 
excited easily through the lower modes. The experiment points towards the 
existence of two distinguishable relaxation times but it would be difficult to assign 
them to particular transitions without a theoretical analysis similar to that of 
Tanczos (1956). 


5.2. Temperature Dependence of Po 


Making the approximation that the average relaxation time found by fitting 
single relaxation curves to the experimental points is that of the lowest mode, it 
is possible to estimate the intermolecular force operating in transition-producing 


encounters. 
Equation (6) was used to calculate hyo as a function of temperature from the 


data in Table 2. 


The number of collisions per molecule per second at 1 atm was calculated 
using the Sutherland molecular model, 
1/2 
N=20en (22) (1+ 3), a cers (13) 
m ft 
where mis the molecular mass, 7 the molecular density (molecules/cm®) and S the 


Sutherland constant for ethylene (=226°K). 
The Sutherland molecular radius o was calculated from the experimental 


viscosity at 0°c using the equation 


ne a (™*) (: + 7) silt (14) 


Hence Pj») =h1o/N was found as a function of temperature. 

A graph of In P,)—In (1/T)"8 —0/2T —e/kT against (1/T)"® was plotted and 
from the slope 8 was found to be 6-71 x 10° éni—! (Figo): 

The Lennard-Jones constants for ethylene (calculated from viscosity data) 
were taken from Hirschfelder, Curtiss and Bird (1954) and a comparative value 
of 8 was found by fitting the Lennard-Jones potential to the exponential repulsion 
by the method given by Herzfeld and Litovitz (1959); this gave 


B=4-72 x 108cm. 
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Fig. 5. Graph of In Py)—In (1/T)1/*— 6/2T— ¢/kT as a function of (Ur) aes 


The two values of f agree to within 40%. If the terms exp (0/27) and 
exp (e/kT) are omitted from the expression for P,) then the relaxation time 
measurements give B=17-4x10%cm-1 which is 4 times greater than the 
Lennard-Jones value. 


§ 6. CONCLUSIONS 

Sound absorption and velocity have been measured in ethylene at a series of 
temperatures between —10 and 80°c. The results suggest that there are two 
experimentally distinguishable relaxation times governing energy exchange 
between translational and vibrational motion. The experiment does not permit 
the relaxation times to be assigned to specific transitions. The value of the 
exponent in the exponential repulsion potential between colliding molecules 
found from the temperature dependence of the relaxation time agrees well with 
the value calculated from the Lennard-Jones potential. 
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APPENDIX 
VIBRATIONAL SpeciFic Heats 


The Table below gives the contribution of each vibrational mode of ethylene 


to the specific heat calculated from the Einstein formula. The values are in units 
of R. 


Wave number Temperature (°c) 
(cm~) 
—10 5 25 45 65 80 
810 0:2397 0-2742 0-3193 0-3626 0-4037 0-4330 
943 0-1551 0-1839 0-2234 0-2630 0-3021 0-3307 
949 0-1519 0-1805 0-2219 0-2590 0:2980 0-3265 
1027 0-1157 0-1405 0:1745 0-2115 0-2479 0-2750: : 
1236 0-0532 0-0686 0-0918 0-1176 0-1453 0-1670 
1342 0:0351 0:0468 0-0648 0-0856 0-1087 0-1273 
1444 0-0232 0-0319 0-0458 00624 0-0814 0:0970: 


1623 0-0110 0-0159 0-0244 0-0350 0-0479 0-0589 
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Abstract. An exact solution is given for scattering by the potential p—! in two 
dimensions. ‘This is compared with the results of the first and second Born 
approximations for the same potential in an analysis similar to that of Dalitz for the 
Coulomb potential r~' in three dimensions. Seeger and Bross have shown that, 
in the scattering of conduction electrons by an edge dislocation, the second-order 
terms diverge logarithmically with increase of the radius of the cylinder in which 
the potential of the dislocation is assumed to act. Similar logarithmic terms 
appear in the second Born approximations for the potentials r—! and p—, and, 
following Dalitz, reasons are given for believing that they represent a phase shift 
produced by the refraction of the incident and scattered waves, and that they do 
not contribute to the scattered amplitude. The cross sections for scattering by a 
dislocation are probably never much greater than those given by the first Born 
approximation, and may even be smaller. It is not possible to deduce the large 
values suggested by some experimental observations. 


§ 1. INTRODUCTION 


first Born approximation. ‘The scattering potential is given in cylindrical 

polar coordinates by p~'sin ¢ for an edge dislocation, and there are second- 
order terms of the form p~? for both edge and screw dislocations. It is known 
that the first Born approximation is only accidentally valid for scattering by the 
Coulomb potential r~! in three dimensions, and its validity in the case of scattering 
by a dislocation is in doubt. Both for the scattering of conduction electrons and 
for the scattering of phonons there are experimental results which are most easily 
interpreted on the assumption that the true scattering cross section is considerably 
greater than that estimated by the use of the first Born approximation. Seeger 
and Bross (1960) have shown that the second-order terms in the wave function of 
electrons scattered by the potential “ 


_ sind kK 
v= 5 (pr, at +4), “save ap Gab) 


in a cylinder of radius R, are large, of order Ink, R, although the first-order terms 
converge for large R. Here mis the mass of the electron, k,, is the wave number 
at the Fermi surface, assumed spherical, and 8 and « measure the strengths of the 
deformation potentials of the dilatations arising from the linear and the quadratic 
terms in the elastic equations for a dislocation. 


Te scattering of waves by a straight dislocation line is usually treated in the 


a 


OOO 
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It is not clear whether these terms in Ink,R contribute to the scattered 
amplitude or whether, as Dalitz (1951) showed to be the case for the corresponding 
term in the Born approximation for scattering by a Coulomb potential, they merely 
represent a phase shift. 

No exact solution has been available for this problem or for a closely related 
problem which might clarify the physical principles involved. We give here an 
exact solution for the potential pt. We then summarize Dalitz’s discussion of 
the solution for the potential r—!, develop the first and second Born approximations 
for the potential p-!, and show that the second Born approximation for this 
potential includes a term of order In kR which is to be interpreted as a phase shift. 
Guided by these two cases for which exact solutions are available, we discuss 
Seeger and Bross’s analysis for the potential (1), and conclude that the terms in 
In k,R are also to be interpreted as phase shifts which do not contribute to the 
scattered amplitude. 


§ 2. SCATTERING BY THE TWO-DIMENSIONAL POTENTIAL p™* 


The analysis closely follows Gordon’s (1928) analysis for the Coulomb 
potential 7~1, and is therefore given only in outline. 
We begin with the wave equation 
Vit Rs —2Rapb=0, = = = weeeee (2) 
and look for solutions in which the coordinate z parallel to the axis of the scattering 
line does not appear. We introduce new coordinates (x, 7) defined by 


Keainy = [y( 2a yee ge 9 me arses (3) 
so that 
p= psn’ 50) es PIN Shae (4) 


where @ is the angle of scattering. 
The wave equation (2) now becomes 


ap  —_2n Ohh + Pr Es (1- S )eyno. 


Ox? x+ndxdn x+7 Ox? x+n on x+y 
aim vats (5) 
Putting 4 =exp(ikx)f (q), we find 
ES ES ee er 8 
Soha thy ieee Of HU. ee ts 6 
1G hie Gas (6) 


The solution of this equation which is appropriate to the present physical 
problem is given by the confluent hypergeometic function 
f (9) =F (- tke, 3, tkn). cused (7) 
When 7 is large, this has the asymptotic form 
: : T'(4)(—tkn)i** U'($-+-1ha) , eyecare s ] 
= a Me Ne AN eee RT 2 —ik 1/2—2ike eikn | 
F(—tka, 3, tkn) TG 4ika) nF T(t (—ikn) e 
The complete solution is 
ab =elkxP 
_ P(e)exp ihe nie) etke 4. rs + tka) exp bs 2ika In k(p — x) =) 
1\(4+1ka«) I'(—tka) [tk(p — x) ]*? 
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The factor outside the braces is the product of a constant term and a variable 
phase factor of modulus unity. The factor in braces is the sum of the unperturbed 
incident plane wave exp (kw) and of a diverging wave exp (ikp), the amplitude of 
the latter being the modulus of 


T\(3 +tka) 1 (10) 
E( tka). (Zkpsin® £0)8* "6. ras eee 
It is easily shown that 
I'(3+tk«) 2 
— 5 "| = (ka tanh zka)!2, 
T(—ika) (ka tanh ka) 
so that the scattered intensity I(@) is given by 
j=: Ee M1 
1 2p sin? 40 Gag 
When kz is small this leads to the first Born approximation 
2 
Te) a ae iat ea (12) 


Dp sin? 30’ 


which is always greater than the exact value (11). 


§ 3. THE CouLoMB PorTENTIAL 7-1 IN THREE DIMENSIONS 


Before we treat scattering by the potential p~! in two dimensions by the first 
and second Born approximations, we shall discuss Dalitz’s analysis of the Born 
approximations to scattering by the potential r—! in three dimensions. Dalitz 
found that large matrix elements occurred in the higher Born approximations, and 
showed that they do not contribute to the scattered intensity, but represent a 
large change in phase from that corresponding to the first Born approximation. 
We shall summarize Dalitz’s argument and. provide some additional support 
for it. 

Dalitz made a detailed study of the scattering by a Coulomb potential of a 
particle obeying the Schrédinger equation. He took the screened potential 


V = Ze e1B, 


In addition to confirming the well-known results that in the limit R-> o the 
differential cross sections calculated by classical mechanics, by the first Born 
approximation and by an exact solution of the Schrédinger equation, all agree, 
he calculated the first, second and third Born approximations. He showed that 


the second approximation involved terms of orderInkR and the third approxi- — 


mation terms of order (InkR)?. Let the first three terms be denoted by ByywBs 
and B;, write ty = B,/B,, and consider the expansion of the expression B, exp?y 
in the form 

Bl+ty—4y?.. 2) = B+ By 4B t+...” (ee (14) 


Then Dalitz’s result is that the term in B, which diverges as R-> 0 is given 
correctly by the third term of (14), with B, equal to the exact scattering amplitude 
and y given by 
_ _ 2Ze*m 
tie DFR 


in(2@eRsin te) tS eee (15) 


ee eS 
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This suggests that the terms which diverge as R— co represent a phase change of 
the scattered wave. We shall support this interpretation by showing that the 
phase shift (15) is asymptotically just that predicted for a particle travelling along 
the classical orbit. When the particle is far from the scattering centre only its 
radial motion is important in determining the phase, and its wave equation is 
approximately 

ay AN ek RE 

@o(c Meee Be (1 ane ye 


The potential acts once to produce a scattered wave at some distance ry) <R from 
the centre, and then causes the scattered wave to propagate in a refracting medium 
in which the wave number is reduced from k to k—(Ze®m/h?kr)e-/2, This 
introduces a phase advance of 
i El es ct Zerm RK 

Wk J +, r Wk yore’ 
where y is Euler’s constant. ‘The incoming wave suffers an equal phase shift, 
confirming our interpretation that the logarithmic term in (15) represents the 
refraction of the incoming and the outgoing waves. This interpretation of the 
divergent term as a phase shift by refraction is strengthened by the observation 


that this term arises from intermediate states with wave numbers k” which lie 
very close to k or to k’, the wave numbers of the incident and the scattered waves. 


§ 4. THE First AND SECOND BORN APPROXIMATIONS 
FOR THE ‘TWO-DIMENSIONAL POTENTIAL p~! 


In treating the Born approximations to the solution of (2) we shall use a 
notation based on that of Seeger and Bross. We represent the projection of the 
wave vector k on the z plane by k. We modify the long-range scattering potential 
2k?ap-! to a cut-off potential 2k?ap—e-"/¥, and introduce the function 


co (2r 
T(k, k’) = (2m) | i Zap e-HlR eikecos odibdp. ...... (18) 
0 0 


Here K and © are defined by 
K cos® =k cos¢—h' cos ¢’ 
KsinO@=hsin'd—h' sind’ Vs (19) 
and (, 4) and (’, 4’) are the polar coordinates of the projections of k and k’ on 


the z plane. 
The matrix element for scattering from the state k to the state k’ by the 


potential 2k®«p-1 e-*/* can be expanded in an ascending power series of the form 
5(k—k')5(R—#’)(T,+T,+...); L: ee (20) 
Tees Tk Fein Sete tas Eee (21) 


where 
and 
fie [re k")T(k’, k’) [(R? — k"2)-1 — id (Re? —k')|dok”. 
senidee (22) 
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Seeger and Bross omit the term in 5(2—k’?), which makes no contribution. 
to the divergent term in the solution of their problem, but contributes the whole 


of the divergent term in the case of the symmetrical potentials 77! and p=. 
We find that 


R’aR 
n(1+ K2R2)H2 oe © seFrrie.'s 


This converges as R> to T,=k*a/7K. Since T, is multiplied by 5(k—’), we 
may write 


T =n ie | "J ,(Kp)e-® dp = 
0 


K=2isinig °- «| ee (24) 
and Ts Waf2mhein 48) oases oe (25) 


If the wave is incident normal to the z axis, which is the case considered in 
§ 2, we have R=k, and T=ka/27sin $6. Following Seeger and Bross, we write 
the amplitude of the scattered wave as 


Be Sath Meee \ ue Se 
(cee ad ey (pact eee 26 
deen Mer Nie 6) 


and again obtain the intensity (12). 

As in the problems considered by Dalitz and by Seeger and Bross, we find 
that the integral (21) converges for large k", and that possible divergencies arise 
only as k” +k and as k” +k’. In all of these problems the asymptotic form of 
the integral for large R may be found by evaluating the contribution to the integral 
from the neighbourhood of these two singularities. In this way we readily find 
that when #’ =2, 


tha 


fp eh Oe er rete 
adage a kR (27) 
This represents a phase shift 
y= Atl =2kelnkR | Se eee (28) 


In the quasi-classical approach which we have used to derive (17) the plane 
orbits for the potentials r—1 and p~ are identical, and the ratio of the phase shifts 
appearing in (28) and (17) is the same as the ratio of the perturbing terms appearing 
in (2) and (16). 

We have thus shown that the exact solutions for the potentials r—1 and p— 
show no divergences as the screening radius R is allowed to tend to infinity, that 
in each case the second Born approximation contains divergent terms proportional 
to InkR, and that in each case this divergent term represents the phase shift due 
to refraction along the classical orbit. 


§ 5. SCATTERING BY AN EpGE DISLOCATION 


We now discuss the analysis by Seeger and Bross of the scattering by an edge 
dislocation, using the potential (1). 

The first Born approximation involves the matrix elements (¢'|V|b)> for 
scattering from the direction ¢ to the direction ¢’. The terms in f are given by 
integrals which oscillate for large values of p and, except when ¢’=4, they are 
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easily made to converge by using a convergence factor or by cutting off the inte+ 
gration at some large radius R. The matrix element for scattering through 
small angles diverges like (6—¢’)-t. The terms in « converge for large p, but 
an inner cut-off radius p, has to be introduced, within which the assumptions. 
underlying (1) are not valid. 

In the next higher approximation, terms arise which are proportional to f?, 
Bx and x*. The terms in x? may be neglected, but Seeger and Bross show that 
the terms in 6? and 8x include components which are proportional to Ink,R and, 
in practical cases, are considerably larger than the terms linear in Bor«. Of these 
two terms, that in Bk predominates. Different methods are used to treat these 
two second-order terms. ‘That in f? is obtained by second-order perturbation 
theory, while that in Sx is obtained by applying first-order perturbation theory 
to the exact solution by phase shift analysis of the two-dimensional Schrédinger 
equation for the central potential «. Seeger and Bross assume that the squares. 
of these large second-order matrix elements provide a better estimate of the 
intensity of the scattering of electrons by a dislocation than do the squares of the 
first-order elements, and thus a better estimate of the electrical resistivity of a 
metal containing dislocations. ‘Their method leads, in particular, to the result 
that if a crystal of large size R contains a single dislocation, this dislocation will 
make a contribution to the electrical resistance comparable to that of a saw cut. 
of width (Ink,,R)? atomic spacings. 

We shall now examine these calculations from the standpoint of §§3 and 4. 
We first consider the term in f?._ Here Seeger and Bross introduce a sharp cut- 
off radius R, and find a first-order term S,, analogous to the 7, of (21) and given 
by S,=S(k, k’), where 


sin O 


be <2) (29) 


S(K, ) = 5 Bhp 


The second-order term S, is analogous to T, of (22) and contains a logarith- 
mically divergent term 
1 Pky? ak 


— oF [1 eos (b—#)}In == amet (30) 


We now have to decide whether the terms S, and S, in this analysis cam 
properly be compared with the terms which we have labelled B, and B, in 
Dalitz’s analysis, so that the large term S, represents a large phase shift but not 
achange of amplitude. We note first that S,/S, is purely imaginary, as is required 
by this interpretation. We also observe from the analysis of Seeger and Bross 
that this logarithmic term arises from two regions in the k” plane, namely those 
regions which are very close to k and those which are very close to k’. 

Moreover, the asymptotic form of (30) is exactly that required by our inter- 
pretation. We may calculate the phase shift along the classical orbit by the 
same method as we calculated the phase shifts (17) and (28). In the present 
problem the wave incident along ¢ is travelling along the line — ¢, and its phase 
shift in the f potential is asymptotically 


_ 2 MBkpsin (9) ™ 17 R 31 
w= en ay; nk, TE CF wi siic'6 ( y 
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For the outgoing wave we have 
_ _ hBkysing’ m 
One roun -Pe 
giving a total phase shift of 
y= —(Bk,/2k)(sing’—sind)InkpR. kaa (32) 
It is easily verified that this value of y satisfies the relation iy =.S,/S, required 
by our interpretation. 

The comparison with the results of classical dynamics is less encouraging 
than it is in the Coulomb case. Since the forces are not central, there is no 
easy way of finding the classical orbits explicitly. In the first-order perturbation 
the total change of momentum along the path is zero. (‘This was first observed 
by Hunter and Nabarro (1953), although their sketch of the classical orbits is 
incorrect. ‘The orbits of electrons in the neighbourhood of a negative edge dis- 
location are represented roughly by the conventional drawing of the lattice planes 
in the neighbourhood of a positive edge dislocation.) An angular deflection 
occurs only in second-order perturbation, and this singular scattering potential 
therefore gives in classical mechanics, as in quantum mechanics, differential 
cross sections proportional to 8? when f is small. This is true in general for non- 
singular scattering potentials in three dimensions, but non-singular potentials 
in two dimensions lead to classical differential cross sections which are linear in 
the scattering potential. For the present potential the impulse on a particle with 
initial impact parameter p which is derived from classical second-order per- 
turbation theory is proportional to p~®, so that the differential cross section for 
scattering through a small angle @ is proportional to 0-8, whereas in the 
quantum mechanical case it is proportional to 6-2. 

We now consider the term in Bx which appears in the second approximation 
to scattering by the potential (1). 

Seeger and Bross obtain a matrix element proportional to Bx by applying the 
£8 potential as a first-order perturbation to the exact quantum mechanical solution 
for a particle moving in the « potential. We enquire firstly whether this is a 
correct use of perturbation theory, and secondly whether the resulting large 
matrix element represents a change in the scattered amplitude or only in the phase 
of the scattered wave. The first question is delicate, for the perturbation pro- 
cedure consists in neglecting terms of order f? while calculating those of order 
Bx. The results shows that the term in Bx which is obtained is indeed, in 
practical cases, larger than that in 82. Nevertheless this term arises from regions 
where p is large, and in these regions the f potential is larger than the « potential. 
In considering the second question, we see that the waves scattered by « will be 
expected to show a change of phase as a result of refraction by the f potential 
analogous to that calculated in §§3 and 4. It is easy to see why phase changes of 
the order of (32) occur in the 6? term and in the Bx term, but not in the f term. 
For if 8 acts once, it may either scatter through a finite angle or refract. The B 
term cannot include the refraction of the scattered ray. The phase shift appears 


to this order only in the undeviated ray, and perturbation theory breaks down 
just at this angle of scattering. 


Ink,R, 


§ 6. CONCLUSIONS 
Our method of argument is to draw an analogy with a hypothesis. There 
are arguments in favour of the validity of Dalitz’s original hypothesis, and in 


é 
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favour of the validity of our analogy, and there seem to be no compelling arguments. 
against either. We conclude (i) that the problem of the scattering matrix for the 
potential (1) is still open, (ii) that Seeger and Bross’s divergent term in f? can be 
entirely accounted for as a phase shift, and (iii) that a phase shift exists which 
introduces terms of the same order as their term in Bx. If the present inter- 
pretation is correct, (iv) the first Born approximation, supplemented by a 
correction such as that of Harrison (1958) for scattering by the core of the dis- 
location, gives the best available estimate of the electrical resistivity produced by 
undissociated dislocations in a metal. ‘This estimate can hardly be reconciled 
with the experimental observations on aluminium, although these are still very 
uncertain. 
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Abstract. Internal friction measurements have been carried out on specimens 
of high purity iron from which carbon and nitrogen have been removed. A 
relaxation peak, observed at about 500°c for a frequency of vibration about Ic/s, 
is associated with the presence of grain boundaries in the specimens. ‘The 
activation energy Q associated with this damping process is 46kcal mol—1. The 
damping appears to be governed by a term, frequency x (grain size)? exp (O/RT). 
The variation of peak damping and background damping is similar to that observed 
in other pure metals. 


§ 1. INTRODUCTION 
M: CHANICAL and physical properties of metals are markedly affected by 


the presence of grain boundaries. It is not generally possible, however, 

to investigate boundary phenomena directly. For example, attempts 
have been made to extract boundary material for analysis but such techniques 
entail working on a scale of, at least, microns and have not been very successful in 
the past. Metallographic evidence suggests that grain boundary thickness must 
be orders of magnitude smaller. Some success has been obtained by the use of 
radioactive isotopes, for example, in studying segregation of impurities to 
boundaries (‘Thomas and Chalmers 1955). . The resolution of the technique is 
not entirely satisfactory for the solution of many problems. Recent work 
(Brammar, Honeycombe and Ward 1958, Plateau, Henry and Crussard 1958) 
using electron microscopy to study surfaces of intergranular fractures has been 
successful. ‘This technique also has its limitations, particularly in the types of 
problem which can be tackled. Internal friction measurements (Ké 1947 a) 
give a relaxation peak which is associated with the presence of grain boundaries 
in the specimen. Very little effort has been devoted to this method, which 
might, under suitable conditions prove to be a valuable tool for the investigation 
of grain boundary phenomena. It has on€ important advantage, that no signifi- 
cant disturbance of the grain boundary material need occur during the experiment. 
The purpose of this paper is to present results which have been obtained using 
the internal friction technique to study grain boundaries in pure iron. It 
represents the initial stages of a programme intended to study the effects of inter- 
stitial and substitutional impurity elements in iron. 


§ 2. BACKGROUND INFORMATION 


Ké observed a damping peak for polycrystalline specimens that was absent 
in specimens of single crystals (Ké 1947a, b, 1948, 1949). He suggested that 
this was caused by sliding at grain boundaries. By analogy with flow in other 

‘ materials, this was called grain boundary viscosity. 
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Assuming a flat boundary of thickness d, and of linear dimension similar to 
the grain diameter D, Ké showed that the coefficient of viscosity was given by 


n= 4Gr/D 


where G is the unrelaxed shear modulus for the material and 7 the time for which 
stress relaxation is allowed to take place. This expression was modified by 
Smith (1950) without significantly affecting the model of grain boundary sliding 
to give 


IG Dt et ee Ree (1) 


The temperature dependence of 7 is given by 
=n exp (Q/RT) 


where Q is an activation energy. Thus 


Dyo 

== See Vile yp OT HPEI LY: Zz 
P19 exp (Q/RT) (2) 
In a damping experiment, the internal friction 5 is given by 


6 wT 

— =A——, tae ees 3 

T 1+w?7? .) 
where A, the relaxation strength of the process, is a constant, w the frequency of 
vibration and 7 the relaxation time for the mechanism giving rise to the damping. 
It is assumed that the two values for 7 are identical. 8 is consequently a function 


only of wz, that is, 
_ J eDno Q ) 4 
p= f{ oo exp ( eel oer Pers ce (4) 


This point is important for Ké’s interpretation of the mechanism. At the peak 
value of 5, where wz is unity and the peak temperature is 7), then plots of Inw 
against 1/7), for constant grain size D and of InD against 1/T, for constant 
frequency of vibration w, should both give straight lines of slope Q/R. (It has 
been assumed that d, G and np are independent of temperature in the region of 
the damping peak maximum.) Ké’s work in fact showed that a variation of 
grain size was equivalent to a variation of frequency in its effect on peak tem- 
perature. Probable atomic mechanisms to account for this damping have been 
put forward by Mott (1948) and by Ké (1949). Mott considered the boundary 
gs a transition region consisting of islands of good lattice fit between the adjacent 
grains, separated by regions of bad fit. Slip in the boundary is represented by 
disordering of atoms around each of the islands. The rate of slip v is then given 


by . 
dallas ia) ex - 73) nee (5) 
- Titer leh se adel ice 


where v is the frequency of atomic vibration, a the lattice constant, w the area of 
boundary per atom, o the shear stress. m atoms are disordered around each 
island, L is the latent heat of fusion per atom and 7m is the melting point. Ké’s 
results interpreted in this way give n equal to 14, when nL/kT is made equal to 
the measured activation energy for grain boundary damping. ‘The constant out- 
side the exponent did not give good agreement with experiment. ‘This model, 
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however, can account for the influence of impurities ; if they migrate to boundaries 
the effective value for nL will be altered. 

Ké also assumed that the boundary consisted of regions of good lattice fit but 
that the slip process involved forcing atoms past one another in a disordered group 
between the islands of good fit. Then 


v= WP exp (=) nc (6) 


where q is the density of disordered groups of atoms, y the shear strain from the 
rearrangement of atoms and OQ the activation energy for the process. Q would 
automatically be the same as the activation energy for volume self-diffusion and 
steady-state creep since his model implied no difference between the type and 
concentration of imperfections in the boundary and in the grain. Neither of 
these mechanisms suggests any relationship between the activation energies for 
grain boundary damping and grain boundary diffusion. 

Ké observed grain boundary peaks in several metals of varying purity without 
systematically studying impurity elements. There was close agreement between 
the activation energies for grain boundary damping, volume self-diffusion and 
steady-state creep. 

Copper has been studied by several workers. Késter, Bangert and Lang 
(1955) showed a correlation between the height of the grain boundary damping 
peak (after subtraction of the background damping) and the grain size, although 
they did not test the validity of Eqn (4). A similar correlation was obtained 
between the background damping and grain size. (The background damping 
was measured at an arbitrary high temperature, remote from the grain boundary 
peak). The activation energy for the grain boundary peak damping was 
32 kcal mol-!. Rotherham and Pearson’s (1956) value was 33 + 3-3 kcal mol-. 
Weinig and Machlin (1957) used very high purity copper and found the acti- 
vation energy to be 40 +2kcal mol-, whilst less pure copper (OFHC quality) 
gave a value of 334+2kcalmol—. Values quoted in these papers for the acti- 
vation energy for volume self-diffusion of copper are about 50 kcal mol. 

Silver specimens (Pearson and Rotherham 1956) gave an activation energy of 
22 + 2:2 kcal mol-1 compared with that for volume self-diffusion of 45-9 kcal mol— 
(Le Claire 1949), Boundary damping has also been observed in zirconium 
(Bratina and Winegard 1956), titanium (Pratt, Bratina and Chalmers 1954) and 
molybdenum (Maringer and Schwope 1954), 


§ 3. TECHNIQUE AND SPECIMEN PREPARATION 


High purity iron was used. This was made by vacuum-melting specially 
pure Swedish iron following the technique described by Hopkins, Jenkins and 


Stone (1951). A typical analysis (if wt %) was as follows: = 
C N Si: Mur thy RR Al O, 
0-002 0-001 0-003 0-006 0-001 0-002 


The material was forged and rolled down to a diameter of about 6mm. At 
this stage the material was given a prolonged anneal in flowing moist hydrogen 
followed by similar treatment in dry hydrogen. This reduced the carbon and 
nitrogen to less than 0-0005%, i.e. to below the limits of chemical analysis. The 
final wire drawing treatment was a reduction of about 90% to a diameter of about 
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2mm. This was found essential to produce specimens with a suitable range of 
grain sizes after recrystallization. The recrystallization anneal, carried out in 
vacuum, was for 3 hours at 750°c. Grain growth was allowed to occur at 850°c 
using times up to 3 hours. This gave a series of specimens with grain sizes of 
10-6, 14-7, 19-2 and 29-7 grains per linear mm measured transversely. 

Grain size determinations were made on the actual specimens used for 
internal friction experiments. The figures given represent averages for a number 
of metallographic sections. 

Internal friction analyses at this stage showed no carbon or nitrogen interstitial 
diffusion peaks. This implies that the content of these impurities would be less 
than 0-0005 wt%. 

A torsion pendulum was used with specimens about 20-25cm long. The 
equipment was designed to maintain a vacuum of about 1 « Hg with a temperature 
variation over the specimen of less than +14°c at about 500°c. Logarithmic 
decrement was measured from the decay of free vibrations and plotted against 
temperature of the specimen. This internal friction technique has been 
described in detail elsewhere (Thomas and Leak 1956). 

The grain boundary peaks occurred at temperatures in the neighbourhood of 
500°c. Maximum damping was high, even up to a logarithmic decrement of 
0-1. Nevertheless it was always possible to locate the peak temperature to within 
about +3°c. Vibration frequencies in the range 0-3 to 10 c/s were used, damping 
being recorded visually in the range 0-3 to 2c/s and photographically for higher 
frequencies. Frequencies were recorded during experiments. Owing to the 
high damping it was not possible to measure the frequencies accurately at the 
temperature of the peak. Consequently frequencies quoted are those measured 
accurately at room temperature. ‘This does not introduce an appreciable error 
in the determination of actiyation energy. 

aS 


5 § 4. RESULTS AND DIscussION 


A number of curves of internal friction plotted against temperature were 
taken for each specimen at different frequencies. Within the accuracy of 
measurement of the peak temperature, the curves for constant frequency were 
reproducible. 

Results are plotted in Fig. 1 in the form of log frequency against inverse 
temperature. 

A typical curve of damping against temperature is shown in Fig. 2. It is 
worth noting the following characteristics which are different from those reported 
by Ké (1949) for an iron specimen: (i) the background damping rises more 
rapidly ; (ii) the peak height, after subtraction of the background is lower and the 
maximum damping observed is higher; (iii) agreement with a theoretical curve, 
calculated from Eqn (4), is worse. ‘The second point is unlikely to be associated 
with the technique of measurement or with the equipment since low temperature 
damping is similar to that reported by Ké and by other workers using the torsion 
pendulum. 

The curves of Fig. 1 form a family of parallel straight lines, each line corre- | 
sponding to a specific grain size. ‘This is expected if the stress relaxation obeys 
an Arrhenius equation. The slope of the lines gives the value O/R from which 
O is found to be 46kcalmol. The experimental error for any specific point is 
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Fig. 1. Variation of peak temperature with frequency of vibration 
for specimens of various grain sizes. 
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Fig. 2. Typical damping plotted against temperature curves. a 


high; the estimated error in Q, determined from Fig. 1 is +3kcalmol-1. The 
best fit line was obtained by the least squares method, which gave this uncertainty. 

The most probable value for the activation energy for self-diffusion in alpha 
iron is between 62 and 67 kcal mol-1 (Borg and Birchenall 1960). The value 
of O for grain boundary damping reported by Ké (1947 b, 1948), for iron, is about 
85kcalmol~!. Ké assumed this equal to the current value for the self-diffusion 
activation energy of 78kcalmol—, It is possible, however, that the pure iron 
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used by Ké (1947 b, 1948, 1949) contained a small amount of carbon which could 
markedly alter measured activation energies. Furthermore, if the damping 
process were that of atoms sliding past each other then agreement could be 
expected between the activation energies for grain boundary damping and grain 
boundary self-diffusion. Leymonie, Lacombe and Libanti (1958) using radio- 
active tracer techniques, give a value of O for grain boundary self-diffusion equal 
to 45kcalmol-1. This agrees closely with the present value for the activation 
energy for grain boundary damping. 

The alternative calculation from Eqn (4) is to consider measurements made 
at constant frequency for specimens of differing grain diameters. For a fre- 
quency of 1 c/s the results give a mean value for O of 21+5kcalmol—!. The 
inaccuracy is a consequence of the narrow range of grain sizes. 

Although a variation of grain size does radically alter the temperature of the 
grain boundary peak, the equivalence of w and D proposed by Ké is not sub- 
‘stantiated. Eqn (4) would give approximately correct values for O if the term 
D were replaced by D?. Koster, Bangert and Lang’s (1955) results for copper 
also can be interpreted as requiring a D? term. Starr et al. (1953) found a 
relationship requiring a term D+** for aluminium specimens. It is possible that 
an explanation arises from the formation of a sub-grain structure, when the sub- 
grain diameter might replace the value for D. However, the present specimens 
contain no carbon and are in a condition where the sub-structure would be difficult 
to observe. X-ray back reflection photographs show only recrystallized grains, 
but no measurable sub-structure. 

Some comparisons with other consequences of the theories for this relaxation 
process can be made. 

If we accept the model proposed by Mott the number of atoms which are 
assumed to take part in boundary sliding will be equal to 13 for a latent heat of 
melting of 3-63 kcal (gatom)~+. Mott gave m equal to 14 from his interpretation 
-of Ké’s measurements on aluminium. 

A coefficient of viscosity for the boundary material can be calculated from 
Eqn (1). For example, taking the figures grain diameter 3-3 x 10-*cm, fre- 
quency of vibration 6-01 c/s, and a peak temperature of 498°c, then the relaxation 
time is 2-65 x 10sec. The viscosity of molten iron is about 4x 10~? poise. 
Assuming the validity of Andrade’s equation and taking Q as 46 kcal mol then 
we find that the viscosity at 498°c would be 10° poise. The shear modulus for 
iron is 7 x 1011 dyncm~ with 7 equal to 2-65 x 10~*sec, then the grain boundary 
‘thickness is 3x 10-8cm. ‘This is similar to the value calculated by Ké. 

Comparison of the experimental curve, Fig. 2, with a curve calculated from 
Eqn (3) gives poor agreement. This is partly due to the difficulty of estimating 
-a true background damping and partly to the inaccuracies in measuring high 
-damping, and must also be related to the fact that it is not strictly valid to use 
Eqn (3) in regions where the damping is very high. 

After subtraction of the background damping estimated graphically from a 
-series of curves such as Fig. 2, the variation of peak height with grain size can be 
obtained, Fig. 3. The curves give low peak heights, the accuracy is thus poor 
and Fig. 3 should be considered only indicative of the trend of results. ‘There is 
no systematic variation of peak height with frequency of measurement and peak 
temperature. Fig. 3 could be extended to show zero damping at a large grain 
.diameter, and is then similar to that reported for copper by Késter, Bangert and 
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Lang (1955). It is not clear how to incorporate this variation of damping with 
grain size into the theory of the mechanism of damping. Késter et al. (1955) 
observed that the background damping at some arbitrary temperature, above the 
grain boundary damping peak, changed with grain size in a similar way to the 
change of grain boundary damping. Fig. 4 shows the changes observed in back- 
ground damping for iron specimens, taken at 600°c. It has been suggested. 
(Zener 1948) that this damping is the result of deformation at grain corners; 
certainly it varies with grain diameter and must in some way be associated with. 
the boundaries. 
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Fig. 3. Variation of intensity of internal Fig. 4. Variation of background damping 
friction (peak height) with grain size with grain size of specimens. 
of specimens, (measured arbitrarily at 600°c). 


Although the experimental results do not give good agreement with Eqn (3), 
the results in Fig. 1 imply that one relaxation time does predominate. This will 


be given by 
T=7 exp (O/RT). 


Taking O equal to 46 kcal mol-?, we can calculate the values for Tae 
Grain size (mm-) 10-6 14-7 19-2 29 
T (sec) x 1014 4-23 1:74 0-93 0-31. 


There is a trend towards a lower value for 7) as the grain size decreases; the- 
significance of this trend cannot be assessed without further data. The original 
work by Ké gave a value about 10-*4sec which is not reasonable for a process. 
involving a single atom jump. ‘The present mean value of 10-1 sec nevertheless. 
is a reasonable one for, such a unit process. ‘This might suggest an alternative. 
mechanism for the grain boundary damping. Movement of grain boundaries, 
for example, during growth in recrystallized materials, has an activation energy 
comparable with that of grain boundary diffusion; it appears to increase as the- 
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impurity content increases. It is possible that grain boundary damping is 
caused by migration of the grain boundaries, reversibly, into adjoining grains. 
Boundaries, in the form of dislocation networks, move reversibly under the 
action of an applied stress (Washburn and Parker 1952). Thus, qualitatively at 
least, boundary migration could lead to anelastic phenomena. Boundaries will, 
in general, be irregular and migrations will occur in which one atom or only a 
few atoms are involved. This mechanism will involve a T) which is comparable 
with that for single atom jumps and will yield an activation energy corresponding 
to that for grain boundary diffusion. 

The variation of 79, or the frequency factor, with grain size might be dependent 
on the configurational entropy associated with the atoms taking part in the 
boundary migration. How such an explanation could be pursued is not clear. 
The variation of damping with grain size will be dependent on the magnitude of 
the total grain boundary migration. It should be possible to estimate this 
dependence. 

Clearly, many more experimental results are required to determine the atom 
movements involved in this contribution to damping. A more accurate deter- 
mination is required of the shape of the damping curve at the high levels of 
damping in these experiments. 


§ 5. CONCLUSIONS 


The results show how the damping peak varies with grain size in the speci- 
mens. It is reasonably established that the peak is associated with the presence 
of grain boundaries in the specimens. The damping appears to be governed by 
a term frequency (grain size)? exp (O/RT). 

The value for the activation energy for grain boundary damping in iron is 
46kcalmol™. ‘This is in disagreement with values reported by previous workers 
and disagrees with the activation energy for volume self-diffusion and steady- 
state creep. It is in very good agreement with the activation energy for grain 
boundary self-diffusion. 

It is not possible, from the results on pure iron, to differentiate between the 
mechanisms which might account for the damping. It is possible that the 
damping is associated with grain boundary migration in the form of sub- 
microscopic grain growth. i 

The variation of peak damping and background damping, with grain size, 
has been demonstrated. 

On the model of Ké it is possible to estimate the coefficient of viscosity for 
the grain boundary material. When extrapolated to the melting point of iron 
this gives reasonable agreement with the observed viscosity of molten iron, if a 
grain boundary thickness of about two atom diameters is assumed. With Mott’s 
model of grain boundary sliding, it appears that the same number of atoms takes 
part in grain boundary melting in iron and in aluminium. 
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Abstract. Internal friction measurements of the grain boundary relaxation 
peak have been carried out on alloys of high purity iron containing carbon or 
nitrogen. ‘The influence of these impurities on peak height, peak temperature 
and on the activation energy for the mechanism giving rise to the damping has 
been determined. ‘The results differ from those reported on the influence of 
substitutional impurities. The explanation of these effects is discussed quali- 
tatively in terms of the boundary sliding and boundary migration mechanisms. 


§ 1. INTRODUCTION 


against temperature (Leak 1961, to be referred to as Part I) which is associated 
with the presence of grain boundaries in the specimen. An activation energy 
can be associated with the process giving rise to the damping. For pure iron 
this is equal to 46kcalmol-t. The height for the maximum, after subtraction of 
the background damping, is dependent upon grain size in a manner shown 
graphically in Part I. The activation energy is very close to that estimated for 
grain boundary self-diffusion in alpha iron (Leymonie, Lacombe and Libanti 
1958). The coefficient of viscosity for the boundary material has been estimated 
from Ké’s (1947) model of the process. Suitable extrapolation to the temperature 
of the melting point in iron gives reasonable agreement with the values for viscosity 
of molten iron, assuming that the grain boundary is two to three atoms wide. 
The two principal atomic models for the grain boundary damping process 
are those proposed by Ké (1949) and by Mott (1948). An advantage of the 
latter is that account could be taken of the effect of impurities on, for example, 
the activation energy for the process. This report, based on alloys of high purity 
iron containing carbon or nitrogen separately shows that interstitial impurities 
influence the grain boundary damping peak observed with the pure base metal. 
Previously published work on the effect of impurities on the grain boundary 
relaxation peak has referred exclusively to substitutional impurity elements. 
Weinig and Machlin (1957) investigated alloys of copper containing 0-03 to 1 
atomic % of nickel, silicon, aluminium or silver. Addition of the substitutional 
impurity reduced the height of the original grain boundary peak found with 
pure copper, called the ‘solvent’ peak. Simultaneously a new peak, the ‘solute ” 
peak, appeared at a much highet temperature and increased in peak height as the 
amount of the impurity was increased. Small amounts of impurity bring about 


[se friction measurements show a maximum in the curve of damping 
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these changes; for example the original Cu peak disappeared after the addition 
of about 0-lat.% Al or Si. As the solute content increased, the background 
damping, in the neighbourhood of the solute peak, decreased. The activation 
energy associated with the solvent peak increased as the solute content increased, 
e.g. from about 40 kcal mol for pure Cu to 81 kcal mol! for Cu 0-1 % Al or 0-1% 
Si. ‘The activation energy of the solute peak decreased, e.g. from 67 kcal mol 
for 0-1% Al to 50kcal mol for 0-8% Al or 55 kcal mol-! for 1% Si. An inci- 
dental observation was that there was no significant change in the magnitude of 
the solute peak as the grain size changed from 0-045 mm to 0-1 mm diameter. 

Pearson and Rotherham (Pearson and Rotherham 1956, Rotherham and 
Pearson 1956) using alloys based on copper and silver as solvents found the 
activation energy of the solute peaks increased with alloying content, for example 
to about 44kcal mol-! (from 33 kcal mol-1 for pure Cu, presumably of different 
purity from that quoted by Weinig and Machlin). Their alloys generally 
contained more than 1% of alloying element. The temperature of the ‘solute’ 
peak decreased as the amount of solute increased. Weinig and Machlin (1957) 
observed the opposite effect, both works reported results for Cu-Si alloys. The 
activation energy for Cu-Si alloys determined by Weinig and Machlin dropped 
from 82 to 55 kcal mol— as the Si content increased from 0-(3 at. % to 1-Oat. %; 
Rotherham and Pearson’s figures are 49 kcal mol-! at 0-9 at. % and 46 kcal mol-1 
at Sat. %. 

Starr et al. (1953) using stress—relaxation methods investigated aluminium- 
based solid solutions and measured activation energies of 38 kcal mol-1, i.e. un- 
changed from that of pure aluminium. Only with additions of Mg was the 
activation energy increased to 54kcal mol— for 1-6at. % Mg. 

This brief summary shows the main characteristics of substitutional impurities 
giving solute and solvent damping peaks. ‘The discussion of the present results 
will include some comparison of the effects of interstitial and substitutional 
impurities. 


§ 2. SPECIMEN PREPARATION 


The basic material used was the high purity iron wire described in Part I. 
Nitrogen and carbon were removed by prolonged heat treatment in flowing 
moist hydrogen followed by similar treatment with dry hydrogen (wire diameter 
about 6mm). 

The wire was reduced in diameter to about 2mm and given similar recrystal- 
lization and grain growth treatments to those described in Part I. Nitrogen was 
introduced into the specimens by annealing them for 24 hours in a closed system 
containing known amounts of hydrogen and ammonia at 580°c. Specimens 
were homogenized by annealing under vacuum at temperatures between 580 and 
650°c. The criteria for homogeneity were (a) that chemical analyses should 
remain constant and (6) that internal friction determination of the Snoek peak 
should remain constant. This method for introduction of nitrogen did not 
‘contaminate the specimens with carbon, above the level of analysis, approxi- 
mately 0-0005 wt %. Carbon was introduced by heating specimens at 700°c in 
flowing hydrogen saturated with heptane at room temperature. The treatment 
lasted between 30-60 minutes according to the level of carbon required in the 
specimen, and it was followed by an homogenizing anneal, in vacuum, for 70 hours 
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at 700°c (after removal of the surface deposit of carbon). Experiments showed 
that the carbon had been introduced uniformly and that the nitrogen content of 
the specimens was less than 0-001 wt %. 

Specimens were wires 20-25cm long and diameter about 2mm. A brief 
survey of the internal friction technique and the references to more complete 
descriptions are given in Part I. 


§ 3. RESULTS 


Damping measurements were taken for series of specimens of different grain 
size and different nitrogen or carbon contents. The specimens were quenched 
from the temperature of maximum solubility in the « phase, i.e. 580°c for iron— 
nitrogen specimens and 720°c for iron—-carbon specimens. This treatment was 
adopted in order to give some standard treatment prior to the internal friction 
experiment. ‘Table 1 gives details of the series of specimens which were pre- 
pared. In view of the dependence on grain size observed with specimens of pure 
iron, two series of iron—nitrogen alloys and one series of iron—carbon alloys were 
prepared with a fixed impurity content but of varying grain size. 

The grain boundary damping peaks were observed at temperatures about 
500°c. Precipitation of carbide or nitride would occur as the temperature was 
raised during the internal friction experiment, followed by re-solution as the 
temperature was raised further. At the peak temperature all the nitrogen would 
be in solution except for those alloys containing 0-19. Carbide would be present 
for all the iron—carbon alloys with the possible exception of those containing only 
0-009°% carbon. 
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Fig. 1. Typical damping curves for specimens containing carbon. 


Figure 1 gives typical damping-temperature curves for the iron—carbon alloys. 
They are different from those obtained with specimens of pure iron; higher peak 
damping and higher background damping are observed. Graphically, the peaks 
agree more closely with the curve calculated theoretically, assuming that the grain 
boundary stress relaxation takes place with a single relaxation time. 
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Table 1 
Iron—Carbon Alloys _ Tron—Nitrogen Alloys 
Series GBC C content Grain size SeriesGBN  N content Grain size 
(wt %) (No./mm) (wt %) (No./mm). 
1 0-009 66 10 0:0056 48:8 
3 0-022 32 9 0-012 36 
4 0:07 32. 8 0-016 29 
2/1 0-089 30 i 0:018 30 
2/2 0-089 11 4/1 0-026 60:5 
2/3 0-089 8-6 4/2 0-026 25-2: 
2/4 0:089 5:8 4/3 0-026 17:2 
6 0-16 186 4/4 0:026 10:7 
“if 0:16 72 3/1 0:0375 70:8 
3/2 0:0375 30-2 
3/3 0:0375 23:0 
1 0-101 80 


3.1. Activation Energy: Iron—Carbon Alloys 


The activation energy obtained for specimens of pure iron was 46 kcal mol 
(Part I); grain size variation did not affect the estimation of activation energy Q. 
Furthermore, it was shown that the damping-temperature relationship was 
governed by a function which included the term D?, where D is the grain diameter. 
These two aspects were investigated for the iron—carbon alloys containing 0-089% 
carbon. Fig. 2 shows the results in the form log (frequency) against peak tem- 
perature. These temperatures refer to the peaks after the rising background 
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Fig. 2, Damping peak temperatures for iron—carbon specimens plotted as inverse, tem- 
perature against log (frequency). All specimens containing 0-089% carbon. 
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damping has been deducted graphically. The two important features are that 
(a) within the limits of scatter of the result there is no significant change of acti- 
vation energy with grain size, (b) the activation energy, measured from the slopes. 
of the lines in Fig. 2, gives 60-5+3-5kcalmol-! for iron containing 0-089%, 
carbon. 

Although there is considerable scatter in these results, the curves in Fig. 2 
have been drawn by the method of least squares as parallel straight lines of best 
fit for each series of specimens. Assuming a constant frequency of vibration, 
then the activation energy for the process giving rise to the damping should be 
given by 
_ p(inD,—In D,) 

OR TPR PT Gh (imide Sy Bias sae (1) 
ifthere isasimple dependence on D. If, as was found for the pure iron specimens, 
the dependence is on D” then the right-hand side of Eqn 2 must be multiplied by 
n. Itis assumed that the relaxation time 7 for the process of damping is given by 

Tier OSGI, (CO) [NOL )e en) a aU ee Wi ioc ars (2) 
The results of this calculation give values varying between 32 and 52 kcal mol—. 
The scatter is too great to decide upon a value for m. All that can be concluded 
is that 7 lies between 1 and 2, by comparison with the value for O of 60-5 obtained 
from frequency variations. 

To determine the variation of activation energy with carbon content, series of 
specimens were carburized to different levels. Results are given in Fig. 3. The 
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Fig. 3. Damping peak temperatures for iron—carbon specimens plotted as inverse tem= 
perature against log (frequency). Each series contains a different level of carbon. 
The abscissa scale zero is shifted for series GBC/6 to give more clarity. 
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calculated energies are given in Table 2 together with the value already reported 
for high purity iron (Part 1). The lines in Fig. 3 have been fitted by the method 
of least squares. 


Table 2 
Carbon content (%) 0 0-009 0:022 0:07 0-089 0-16 
Grain diameter (mm) _— 0:0157) 0:0313 550-0313 a 0-0054 


Activation energy (kcal mol~*) 4643. 7642 8344 80:3) 60-5:3-SeeOtedG 


These results are shown graphically in Fig. 4 together with probable errors. 
Although the number of points on this graph is limited, the marked rise in acti- 
vation energy with small additions of carbon is definite. Similarly the 
constancy of activation energy as the carbon content is increased above 0-08% 
is reasonably certain. ‘The peak temperatures for these specimens are approxi- 
mately at 500°c, where the carbon solubility is about 0-006% (Wert and Keefer 
1957). Fig. 5 shows the variation of peak temperature with carbon content for 
a constant frequency of vibration and grain diameter. ‘The maximum solubility 
of carbon in «-iron is about 0:02% at 720°c. The results indicate that the 
equilibrium solubility of carbon in «-iron grain boundaries must be different 
from that in the more perfect lattice inside the grains. 
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Fig. 4. Variation of activation energy for grain boundary damping with carbon content. 
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Fig. 5. Variation of grain boundary damping peak temperatures with carbon content. 
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3.2. Peak Damping: Iron—Carbon Alloys 


It was reported in Part I that the height of the grain boundary damping peak 
and also the background damping decreased linearly with increasing grain 
diameter for the high purity iron. Marked differences have been observed with 
iron containing carbon. Despite the scatter in results it is possible to report the 
various trends. 

Within the range of frequencies considered in this report there does not. 
appear to be any significant variation of peak damping, peak height or background 
damping with frequency. 

The variation of damping with grain size, for a series of specimens containing 
a constant amount of carbon, is given in Table 3. 


Table 3. Specimens containing 0-089°% Carbon 


Grain diameter (mm) 0:0334 0:0908 0-1163 0:1725. 
Peak damping 0:280 0:273 0:285 0-311 
Peak height 0-128 0-095 0-078 0:067 
Background damping at 600°c 0-223 0-247 0-262 0-278 


These results are shown graphically in Fig. 6; the peak damping increases 
slightly as the grain diameter increases whilst the background damping rises 
steadily and to a greater extent. (At 600°c the peak damping does not contribute 
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Fig. 6. Variation of peak damping, peak height and background damping with grain size. 
The background damping is taken arbitrarily at 600°c. 


significantly to background damping.) ‘The peak height drops almost linearly 
with increasing grain diameter. The point corresponding to a grain diameter of 
0-1725 mm is probably subject to the greatest error. It has been established that 
the grain boundary damping peak is no longer detected when the grain size 
becomes closely comparable with the specimen cross section, although the exact 
relationship is not known. 

Corresponding average values of damping for specimens of varying carbon 
content are given in Table 4 and Fig. 7. 
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Fig. 7. Variation of peak damping, peak height and background damping with carbon 
content. The background and damping is taken arbitrarily at 600°c. 


Table 4 
‘Carbon content (wt %) +0 0:009 0-022 0:07 t0-089 §0-16 
Grain diameter (mm) 0-031 0-031 0-031 0-031 0-031 0-031 
Peak damping 0-120 0-240 0-320 0-336 0-280 0-230 
Peak height 0-028 0-069 0-092 0-129 0-129 0-105 
Background damping 0-119 0-308 0-280 0-261 0-221 0-220 


+ Extrapolated from results in Part I. 
{ Interpolated from experiments reported in Table 3. 
§ Interpolated from experiments to be reported elsewhere. 


——————— ee eee 


The maximum values of damping for the various criteria plotted occur at 
widely different levels of carbon content. However, the background damping 
reaches a maximum corresponding roughly to a carbon content equal to that in 
equilibrium solid solution at the temperature of measurement (600°c). This 
conclusion will be significant if the background damping is associated with the 


movement of dislocations through the grain material in the neighbourhood of 
the boundaries. 


3.3. Activation Energy: Iron—Nitrogen Alloys 


One series of iron—nitrogen alloys was studied to determine any variation of 
activation energy with grain size. These alloys contained 0-0375% nitrogen. 
‘The experimental results are given in Fig. 8. 

The experimental curves of damping against temperature for iron—nitrogen 
alloys were not as well defined as those for iron—carbon alloys. There is no 
apparent reason for this. Scatter in the results was similar to that for the iron— 
carbon series. However, Fig. 8 shows that there is no significant variation of 
activation energy (slope of the curves) with varying grain size of the specimens. 
All the curves have been drawn as parallel straight lines, within the uncertainty 
of least squares fitting, giving an activation energy of 68-5kcalmol—. The 
probable error in this figure is +3 kcal mol—. ; 


Grain Boundary Damping II: Iron Interstitial Alloys 1537 


FREQUENCY (C/S) 


110 
2 1.20 1-30 FOR 3/3 
INVERSE TEMPERATURE XI02 


Fig. 8. Damping peak temperatures for iron—nitrogen specimens plotted as inverse tem- 
perature against log (frequency). All specimens contain 0:0375% nitrogen. 


The activation energy for a constant frequency of vibration, but with varying 
grain size calculated by the same equation (1) used for the iron—carbon alloys is 
equal to 75 kcal mol-1, taking the results for series GBN/3/1 and GBN/3/3. The 
results obtained by including GBN/3/2 give such wide variations that they must 
be discounted. It is concluded that the results for iron—nitrogen alloys do not 
require a D? term in the factor governing the damping, but a simple proportionality 
with D. 

The variation of activation energy with nitrogen content can be seen from 
Fig. 9. A summary of the results is given in Table 5 and Fig. 10. The graphs 
have been drawn using least squares fitting and probable errors calculated from 
them. 
| ee ee 


Table 5 
Nitrogen content (%) 0 0:0056 0:016 0-018 0-026 0-0375 
Grain diameter (mm) —_ 0:0225 0:0345 0:0333 0-0165 — 


Activation energy (kcal mol) 4643 56425 6645 75:5+6 7045 68:5+3 
en nnn 

The same trend is observed as that found with the iron—carbon alloys; the 
activation energy rises to a maximum then falls to a steady value. The maximum 
is not so well defined as for the iron-carbon.alloys, but it occurs at a nitrogen 
content of about 0-02%. This is much less than the equilibrium value of the 
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solubility of nitrogen in «-iron at the temperature of the damping peaks, i.e. 
about 01% at 520°c. A second marked difference between iron-nitrogen and 
iron—carbon alloys is that the peak height is very small at the maximum level of 
nitrogen quoted in Table 5. Experiments have been made on alloys containing 
0-1% nitrogen, but because the peaks were small and ill-defined, it was impossible 
to use them to determine an activation energy. The results imply that the grain 
boundaries become saturated with nitrogen before the grain interiors. 
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Fig. 9. Damping peak temperatures for iron-nitrogen specimens plotted as inverse 
temperature against log (frequency). The abscissa zeros have been shifted for 
series GBN/7 and GBN/8 for greater clarity. Each series of specimens contains a 

different level of nitrogen. 
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Fig. 10. Variation of activation energy for grain boundary damping with nitrogen content. 
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3.4. Peak Damping: Iron—Nitrogen Alloys 


As with the iron—carbon alloys, no significant trend was observed in variation. 
of peak damping, peak height or background damping, with frequency of vibration. 
Within the margin of experimental error it has been possible to estimate average- 
values for each series of specimens. The variation of damping with grain size,. 
for a series of specimens containing a constant amount of nitrogen, is shown in. 
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Fig. 11. Variation of peak damping, peak height and background damping with grain: 
size. The background is measured arbitrarily at 600°c. 


Table 6 and Fig. 11. Whilst the peak height drops at an approximately linear 
rate with increasing grain diameter as was observed with the iron—carbon alloys, 
both background and peak damping also drop. The whole level of damping is. 
generally lower than with the iron—carbon alloys. 


Table 6. Specimens containing 0-0375% Nitrogen 


Grain diameter (mm) 0-0143 0:0332 0:0435 
Peak damping 0-195 0-134 0-137 
Peak height 0-044 0:016 0-013 
Background damping 600°c 0-196 0-175 0-176 


320 
300 
280 


oO 

z 

a 
% = 
= < 
x 160 260 9 
5 140 240 2 
a ES 
Pa 120 220 2 
55 3 
wo 100 200 g 
or BACKGROUND < 

80 DAMPING _A 180 
zy 8 
eal) © leo < 
= 
g 40 140 = 
oO 
° 20 PEAK HEIGHT 20 ™ 
ol | | | 100 
Fo) 0-01 0-03 0-04 


0-02 
NITROGEN CONTENT (WT.%/o) 


Fig. 12. Variation of peak damping, peak height and background damping with nitrogem 
contents. The background is measured arbitrarily at 600°c. 
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Table 7 and Fig. 12 show corresponding results for alloys containing various 
amounts of nitrogen. 


ee 


Table 7 
Nitrogen content (wt 9) +0 0-:0056 0:012 0-016 0-018 0-026 0-037 
Grain diameter (mm) 0-031 0-0225 0:0278 0-034 0-033 0:034 0-034 
Peak damping 0:120 0:322 0-305 0-282 0-196 0:137 0-134 
Peak height 0:028 0-158 0-109 0-113 0:040 0:033 0-016 
Background damping 0-119 0-245 0-285 0-239 0-218 0-145 0-180 


+ Extrapolated from results in Part I. 
{ Interpolated from results for various grain sizes. 


a EE 


Some anomalous results have been obtained for higher levels of nitrogen 
where peaks can sometimes be observed. These are low and inconsistent, and 
for this latter reason have not been reported. 


§4. Discussion 

The present results can be discussed in terms of existing theories of grain 
boundary damping. It is necessary to consider the corresponding influence of 
substitutional impurities. The brief review of previous work showed that sub- 
stitutional impurities caused the original solvent damping peak to disappear and 
a new solute peak to appear at a higher temperature. Both peaks could be 
observed simultaneously. Ké’s (1947, 1949) mechanism of grain boundary 
sliding must consequently imply the existence of two specific types of boundary ; 
the division of boundaries into these two groups must be caused by the presence 
of solute atoms. Solutes will segregate preferentially to boundaries; their 
concentration at boundaries will vary according to the misorientation of adjacent 
grains (McLean 1957). An explanation for the results could then be argued. 
As solute atoms are added to the alloy, initially some boundaries will be devoid 
of impurity atoms whilst others will contain varying amounts. ‘This leads to two 
types of peak. As the solute content is increased all the boundaries will contain 
some solute atoms and so only one peak will be observed. Increased difficulty 
in sliding at boundaries in alloys is to be expected; the solute peak will con- 
sequently be at a higher temperature. Such an argument would really require a 
gradual transition in solute peak temperature. This is not observed with sub- 
stitutional alloys but is observed with interstitial alloys. However, the level of 
damping in iron—nitrogen alloys was considerably lower than in the iron—carbon 
alloys. This suggests that less energy was absorbed in the boundaries of iron— 
nitrogen alloys because a smaller number of interstitial atoms was taking part in 
the boundary process. The only other explanation would be based on “the 
possibility that less distortion was associated with nitrogen by comparison with 
carbon atoms. This in turn would imply considerable differences in peak tem- 
peratures which were not observed. Theories of boundary segregation cannot 
yet solve this problem for nitrogen and carbon atoms. 

Mott’s model of boundary damping gives an expression containing a term 
exp (—nL/RT) for the rate of slip at boundaries. m atoms take part in an ele- 
mentary process of slip at temperature 7, L is the latent heat of melting per atom. 
Whilst this model also cannot satisfactorily explain the existence of solute and 
solvent peaks it can explain some of the changes observed in activation energy for 
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the damping process as impurity is added. The changes for substitutional 
impurities are complex but those for interstitial alloys might be more easily 
explained. Initially interstitial atoms will add to the value of nL, increasing the 
observed activation energy. As more impurity is added a stage will be reached 
in which the number of iron atoms in the group must be reduced. This could 
allow a decrease in the value of nL. Ultimately the groups of atoms will be 
saturated with interstitials and the activation energy will become constant. Since 
carbon introduces greater distortion than nitrogen atoms in the iron lattice, so 
the general effects of interstitials might be expected to be observed with smaller 
amounts of carbon than nitrogen. However, Figs 4 and 10 show the opposite 
trend. 

The explanation discussed tentatively in Part I, based on boundary migration, 
can be extended to explain the present results. The boundary will migrate into 
an adjacent grain reversibly under the action of an applied stress. It is not 
necessary to postulate different types of boundary. For substitutional alloys, 
when the impurity content is low, the boundary atoms will be of two types, solvent 
and solute. Each type of atom will have its associated energy of activation for 
jumping from one lattice to the neighbour. Two damping peaks should be 
observed. As the impurity content is increased all the atom sites favoured for 
jumping, i.e. all the distorted sites, will be occupied by solute atoms and thus only 
a solute peak will be observed. Interstitial atoms will occupy distorted interstitial 
‘sites in the boundaries. ‘The energy barrier to be overcome by an iron atom in 
jumping to a neighbouring lattice will now be greater than for the pure metal; 
extra distortion energy must be supplied. Two peaks will not be observed, 
‘merely an increased activation energy for the original solvent peak. This should 
be identical with the activation energy for iron diffusion in the boundaries of the 
interstitial alloys. Data for comparison purposes are not available; appropriate 
measurements are now being made. It is surprising, however, that the measured 
activation energy for boundary damping in the alloys can rise to a value greater 
than that for volume self-diffusion. 

Unfortunately, calculations of the relaxation time constants 7, do not clarify 
the situation. Eqn (2) is assumed to be valid. Results, calculated for data at 1 c/s, 
are given in Table 8. 


Table 8 
Carbon content (wt %) 0-009 0-022 0-07 0-089 0-16 
‘Relaxation constant 7, (sec) Sel OAs RES Ser eae Sion Ome meme One 10-48 
Nitrogen content (wt %) 0:0056 0-016 0:018 0-026 0:0375 
‘Relaxation constant 7, (sec) Se Ose! se 10st 1 Oe Ome Seg iliel 


The corresponding frequency factors reach maxima at impurity contents 
‘similar to those at which the activation energies reach maximum values. None of 
these frequency factors corresponds to the value to be expected if single atom 
jumps controlled the damping. This may not be unreasonable when it is realized 
that impurity atoms segregating to the boundaries alter, considerably, the environ- 
‘ment of the iron atoms. 549 

The gradual drop of peak height with increasing solute concentration would 
ibe expected as more energy is required to move atoms to the adjacent lattice. 


1542 G. W. Miles and G. M. Leak 


The gradual decrease with increasing grain size is difficult to understand quanti- 
tatively. Ké originally suggested that damping should be independent of grain: 
size ; this is not substantiated by the present results. Qualitatively as the amount 
of boundary material present increases so will the amount of energy absorbed, 
during boundary migration increase. 

If the background damping is associated with dislocation movements, for 
example, in the neighbourhood of the boundaries, then it might be expected to be 
higher for iron-carbon alloys than for iron—nitrogen alloys. The solubility of 
carbon is much lower than that of nitrogen; precipitation of iron carbides would 
take place at temperatures of 500-550°c. This would restrict dislocation move- 
ment, but might lead to a greater dislocation density than for the iron—nitrogen 
alloys. 

There are no data in the literature to compare estimations of the viscosity of 
the iron—carbon and iron-nitrogen alloys from damping measurements with those 
of experimental viscosity determinations in molten iron. Small changes in the 
assumptions of boundary thickness could accommodate the sparse viscosity 
measurements available. 

The results presented can be summarized as follows: 

(i) Interstitial impurities raise the temperature of the grain boundary 
relaxation peak. 

(ii) They alter the activation energy of the damping process which increases to a 
maximum then decreases to a steady value. 

(iii) The peak height is initially increased, after which it decreases to zero as the 
impurity content is increased. 

(iv) The background damping and peak damping follow trends similar to each 
other. 

(v) The explanations put forward by Ké and by Mott cannot adequately explain 
the damping phenomena in alloys. 

(vi) It is suggested that the mechanism of damping is that of reversible 
boundary migration on an atomic scale. The observed effects can then be 
explained at least qualitatively. 

(vii) It is essential to obtain more data on boundary diffusion in order to test 
this explanation. 
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Abstract. A microwave cavity method has been used to measure the electron 
loss rate following a pulsed discharge in oxygen-nitrogen mixtures. Preliminary 
results indicate that, when suitable pressures of oxygen and nitrogen are chosen, 
the main mechanism of electron removal in the later afterglow is a three-body 
attachment process. The three-body coefficient K =2-4 x 10-39 cm sec- is in 
good agreement with the drift tube measurements, for thermal electrons, of 
Chanin, Phelps and Biondi. 


attachment rates in electronegative gases at electron energies less than 

about lev. ‘The advent of microwave and refined drift tube techniques 
has enabled attachment of electrons at thermal energies (0-04ev) to oxygen 
molecules to be studied. Microwave measurements in pure oxygen have indi- 
cated a two-body attachment process with a very low cross section (Biondi 1951, 
Holt 1959, Sexton, Mulcahy and Lennon 1959 a) (10-2 cm?) whilst the drift tube 
studies of Hurst and Bortner (1959) and Chanin, Phelps and Biondi (1959) have 
shown that for average electron energies less than 1 ev the process is a three-body 
one involving the formation of an excited O,~ ion which is subsequently stabilized 
by collision with a neutral molecule. The purpose of this note is to give new 
preliminary results of attachment measurements in oxygen—nitrogen mixtures, 
using a microwave method. 

A resonant microwave cavity method was used which was similar in principle 
to that used originally by Biondi and Brown (1951) and has already been fully 
described (Sexton, Mulcahy and Lennon 1959b). ‘The gas sample being investi- 
gated is contained inside the resonant cavity and is ionized by a magnetron pulse. 
Subsequent deionization is measured by observing the change in resonant 
frequency of the cavity as a function of time. The detuning of the cavity, caused 
by the large admittance of the ionized gas, can be related to the average electron 
density. =u , 

As shown by Chanin, Phelps and Biondi (1959) the time rate of change of 
electron density, for a three-body attachment loss, can be written as 


dne ih 


lay to recent times, experimental difficulties prevented the measurement of 


where va is the attachment frequency, K is the three-body coefficient and n is the 


density of captor molecules. 
For a binary gas mixture of, say, oxygen and nitrogen this equation can be 


written as 
dne 


ga. (Ko,No,’ + Ky,ty,Mo,)Me 


v 
= —K'ng ny Ne 


+ Now at Associated Electrical Industries (Manchester) Ltd., Trafford Park, Manchester. 
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where K’ is an overall three-body coefficient for the mixture and 


n 
a Pe + Ky,- 

Thus K’ can be calculated from a knowledge of the partial pressures of oxygen 
and nitrogen and a measurement of dne/dt. A three-body attachment process is. 
indicated by a straight line plot of K’ against ny,/ny,. The slope of this straight 
line gives Ko, and the intercept on the K’ axis gives Ky, which is an indication 
of the efficiency of nitrogen as a stabilizing agent as compared with oxygen 
itself. 

In an endeavour to resolve the difficulties encountered in interpreting the 
microwave results in pure oxygen, various mixtures of oxygen and the rare gases. 
have been studied in this Department. While these results give indirect evidence 
of three-body attachment, it is impossible to extract a coefficient for the process. 
from them. Data on oxygen-helium mixtures have been submitted elsewhere 
(Mulcahy, Sexton and Lennont). The present measurements indicate that 
when suitable pressures of oxygen and nitrogen are chosen, the main mechanism 
of electron removal in the later afterglow is a three-body attachment process. 


Kx 10>! 


0 4 ee 
Po. / Fu, X 10 


Three-body coefficient plotted against oxygen concentration for oxygen—nitrogen 
mixtures. Py,~10mmHg; Po,~0-5-2mm Hg; Ko,=2:4x10~- cm® séc™; 
Ky, =3°5 x 10-*? cm® sec}. 


The Figure shows a plot of K’ against the ratio of oxygen to nitrogen pressure. 
The nitrogen pressure was kept fixed at approximately 10 mm Hg and the oxygen 
pressure varied from 0-5 to 2mm Hg. The slope of this line gives a value for 
Ko, of 2:-4x10-%cm*sec-+ and the extrapolated intercept shows that 
Ky, =3:5 x 10-*cm*sec-1. This indicates that a nitrogen molecule is about 70 


+ Mulcahy, M. J., Sexton, M. C., and Lennon, J. J., Paper submitted to the Fifth 
International Conference on Ionization Phenomena in Gases, held in Munich, August 1961. 
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times less efficient than an oxygen molecule in stabilizing the newly formed excited 
negative ion. These figures compare favourably with Chanin’s values of 
2-8 x 10-*° cm® sec-! for Ko, (electron energy 0-04ev) and a factor of about 50 
times smaller than oxygen for Ky. 

For oxygen pressures above 2mm Hg the valué of K’ was found to decrease 
with increase of oxygen partial pressure. This effect could not be pursued to. 
any great extent as the electron loss rate was too fast to permit of accurate measure- 
ment for oxygen pressures greater than about 2-7 mm Hg. 

The decrease in K’ is felt to be due to the onset of collisional detachment by 
vibrationally excited oxygen molecules as suggested by Nicholls and Hopwood 
(Craggs 1957) to explain the microwave results in pure oxygen. As the oxygen 
pressure is reduced below 0-5 mm Hg the calculated value of K’ increases rapidly 
with decrease of oxygen concentration. It is felt that this effect is spurious and 
may well be due to the loss rate of electrons in mixtures with low oxygen concen- 
trations being comparable with that in pure nitrogen at the same pressure. A 
similar effect was observed by Hasted, Chantry and Wharmby (1961, private: 
communication) who seem to have confined their measurements to this low 
oxygen pressure range. 

Preliminary results with higher nitrogen pressures indicate a somewhat lower 
value of K,. ‘These results will be reported more fully at a later date. 


REFERENCES 


Bionp1, M. A., 1951 a, Phys. Rev., 84, 1072. 

— 1951 b, Rev. Sct. Instrum., 22, 500. 

Canin, L. M., Puetps, A. V., and Bronpt, M. A., 1959, Phys. Rev. Letters, 2, 344. 

Craces, J. D., 1957, Proc. Third Int. Conf. on Ionization Phenomena in Gases, Venice (Milan :- 
The Italian Physical Society). 

Hott, E., 1959, Bull. Amer. Phys. Soc., [II], 4, 112. 

Horst, G. S., and Bortner, T. E., 1959, Phys. Rev., 114, 116. 

Sexton, M. C., Muucany, M. J., and Lennon, J. J., 1959 a, Proc. Fourth Int. Conf. on: 
Iomzation Phenomena in Gases, Uppsala (Amsterdam: North-Holland). 

— 1959b, Brit. F. Appl. Phys., 10, 356. 


1546 


The Correction of Signals Distorted by Linear Apparatust 


By, C._P. PLYNN 


Department of Physics, University of Illinois, Urbana, Illinois 


MS. received 28th October 1960, in revised form 5th Fune 1961 


Abstract. Ina previous paper by Flynn and Seymour a technique was developed 
whereby a type of distortion produced by linear apparatus could be corrected 
rapidly and efficiently to obtain a ‘true’ output signal. The distortion con- 
sidered was not the most general linear distortion, and several cases of practical 
importance were therefore excluded. 

In the present paper, the general linear distortion is examined and equations 
are developed which permit the rapid correction of distorted output signals into 
those to be anticipated from the use of ideal apparatus. The procedure is 
illustrated by means of an example. The accuracy of the corrected signals is 
then discussed, and it is shown that in some apparatus, as for instance, the 
magnetic resonance spectrometer, predictable optimum conditions occur under 
which the form of the true output signal may best be determined. 


§ 1. INTRODUCTION 


particularly in the field of communication engineering, to a continued 

interest in the relationship between the input and output signals of linear 
-apparatus, both in the presence and absence of apparatus noise. In optics also, 
much ingenuity has been shown both in the design of components in order to 
minimize image distortion, and in the development of new techniques whereby 
inherent distortions may be partially inhibited, as in the case of the ‘apodization ’ 
of optical instruments (see Dossier and Jacquinot 1950). Nevertheless, it is not 
possible to produce instruments having infinite resolving power, and rather than 
-deal with the modification of particular apparatus to minimize distortion, our 
concern will be with the interpretation of the output signal in the inevitable 
presence of the sources of limited resolution. 

In a previous paper (Flynn and Seymour 1960, to be referred to as 1) on the 
-correction of output signals, the earlier work of Shull (1946), Stokes (1948) and 
Tournarie (1957) was considered, and an alternative scheme was presented 
whereby a simple type of linear distortion could be numerically inverted with a 
minimum of labour. The present paper contains the extension of this treatment 
to the general linear distortion, in which case the reponse of the apparatus is a 
function of the coordinates of the input signal. It will be appreciated that this 


A HE desire to obtain more precise data from apparatus output signals has led, 
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distortion is more complex than that normally encountered in communication 
apparatus, since the demand of reproducibility in apparatus whose independent 
variable is time precludes the possibility of the more general distortion occurring. 
Rather, the present treatment becomes necessary in apparatus having variables 
other than time, in which event the resolution frequency depends on the position 
of the input signal. 

The application of information theory to transmission systems has resulted in 
a much wider understanding of the capacity of systems to convey detailed signals 
from a source to an interpreting device (Shannon 1948, see also Blanc-Lapierre 
1953). ‘The theory has been extended by several workers in treatments of optical 
apparatus (Blanc-Lapierre 1953, Blanc-Lapierre, Perrot and Peri 1955, Toraldo 
di Francia 1955, Linfoot 1958), and in each case the degrading effect of noise on 
the quantity of information contained in the output signal has been stressed. It 
has also been pointed out that in assessing the quality of the output signal in the 
presence of noise, it is necessary to be pragmatic to the extent of inquiring as to 
the precise nature of the information required and the manner in which it may 
be obtained from the output signal, before deciding the appropriate conditions 
under which an experiment may be performed (see Linfoot 1958). In the 
present investigation, we are interested in the shape of the input signal, which 
may only be obtained from the output data by means of a linear processing scheme 
such as that described in the following pages; our aim in performing an experi- 
ment must therefore be to minimize the discrepancy between the input signal 
and the corrected output signal. In §§ 6 and 7, the standard deviation between 
the two signals over the interesting section of the output signal is used as a measure 
of this discrepancy, and in this way simple relationships are obtained which 
inform the experimentalist as to the apparatus conditions under which the 
particular structure of interest may best be examined. 

Following the notation developed in I, we write f (x) for the output signal of 
a linear apparatus, where xp is so chosen as to preserve the order and weight of 
the output data. This output signal is stimulated by the application to the 
apparatus of an ‘input signal’ g(x)) which may also be considered as a function 
of %. By virtue of the assumed linearity of the apparatus, the relation between 
input and output signal of the apparatus may be written 


FT (%o) = Ge(%o) neue tere (Loh) 
where ¢ is some linear operator. It will be demonstrated that C is a function of 
the differential operator d/dx) and of xo, and that a practical method exists for 
inverting Eqn (1.1) to yield the apparatus input function 


a(R ie Chas le! a ie eR 2g (1.2) 
The functions f (x9) and g(x,) will be assumed to be smooth curves capable of 
Taylor expansion over a sufficiently wide range of x) round any point x. It is 
true that occasionally an output signal is presented as a set of amplitudes at dis- 
crete intervals of xo, but it is rare for the input function to be of this form. Thus, 
the output function will bear more resemblance to the input if modified initially 
to a smooth curve, and it will be adequate if this case only is considered. 


§ 2. THE CORRECTION OPERATOR 


As pointed out in I, the relation between f(x)) and g(x) need not wholly be 
concerned with limiting the resolving power of the apparatus, but may also 
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result in displacements, differentiations, etc., of the input signal. It is con- 
venient to extract from the operator ¢ that part which causes the limited resolution 
only. This may be performed by simulating an apparatus identical with our 
real apparatus except for the removal of the source of limited resolving power; 
that is to say, an apparatus whose response to a 6 function input signal is the 6 
function or one of its derivatives, together with an appropriate constant of 
proportionality. If we take the response of this apparatus to be 


Tej=Be) eee (2.1) 


and write for our real apparatus 


F (%o) = (SE*)Ee(%o) =nEe(%) wa eee (2.2) 


where 7=(Cé-"), then it is evident that we may reduce the distorted output 
signal to that to be anticipated from the use of an idealized instrument, by means 
of the correction operator 7—1 and the relation 


1) °F (Ho) = Ee C%o)- hE eS Ss cee (2.3) 
It is clear that as the resolving power of the instrument is increased, 7~1 tends to 
unity and the modification of f(x)) produced by the correction operator tends 
to zero. In practical correction, this property of 7~1 is invaluable, since the 
distortion is normally quite small, and a rapidly convergent expansion of correction 
terms may therefore be used to obtain an infinitely resolved output signal from 
the distorted one. 


§ 3. THE GENERAL LINEAR APPARATUS 


If we supply a 6-function input signal to a real apparatus at x)=: 


Blip —®)=O(Xp=X)y 9 oe emcee (Seip) 
then we may anticipate some sort of output signal 
Fas—D=Hhay ale) aa eee (3.2) 


in the neighbourhood of x)=«, tending to zero fairly rapidly as |x ) —x| increases. 
It will be noted that in general, the function h(x» —«x|x) is a function both of the 
displacement from the position of the input 6-function, and of the position x 
itself. 

By taking account of the linearity of the apparatus, it is evident that in the 
presence of an input signal g(x), the apparatus response will be given by the 
relation \ 


Fxg = [> s@o—s)h50—2) Ake ee al wy where (3.3) 


By ‘Taylor expansion of the function g(x) —«)h(«|x)—«) round the point x, it is 
found that 


Ff (%) = - os ( = dag i { e(o)A(xls) } i, Cth cee (3.4) 
“(3,3 Maoh gehen 


where M,%\(h|xo) = — i MCGEE Cee TONE ER (3.6) 
0 — 2 
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is the gth rate of change, with respect to the position Xo, of the pth moment of the 
apparatus response to a 5-function input signal at x). It is now evident from 
comparison of Eqns (1.1) and (3.5) that the response operator of the real 
apparatus may be written 
= . S ( = ive m—n a” 
c= {3 OD rir VE Pe ® (hx) =} nd) seehastiad (3.7) 

The idealized apparatus operator é appears when a factor independent of the 
M,,“(h|x9) can be removed from ¢. In the great majority of cases, this factor 
is simply a constant, but in a few cases, a power of d/dx, is common to all terms 
in ¢ as a consequence of the zero value of the first few moments of h(x|x). In- 
frequently, examples may be found, as for instance in the case of a time constant 
circuit where a more complicated factor occurs, corresponding to a displacement 
operator. 

Let us suppose that the first p moments of h(«|%)) vanish identically : clearly 


dP : 

b= Tn?’ leaving : 

a + ( a: Lear m—n es 

3 = {2 (m—n)\ (nt pint (h|xo) aa 
Feared (3.8) 
Hence by placing 
+ ( = a mM—N( fy 9 

M,,(h|xo) = rennet Mae, ( Ivo): sees ee G ) 

and Hn (Alxo)=M,,(A|xo)/Mo(h|xo), eae (3.10) 


F Go) =n (%) ={ Ma hi) 2 pate) ea PHENOM ED 


Equation (3.11) will be used in §4 as the basis of a technique for correcting the 
general linear distortion. Before continuing, however, it is useful to note the 
relationship between the general form (3.8) of the distortion operator and the 
form found in the particular case studied in I. 


Consider the curve 
a (avs [an esti ala em NE tte ore (3:42) 
Assuming that €=d?/dx)”, we may relate the moments M,°(|x,) of the curve 
4(xo|x,) to the moments M,(h|x,) : 

r! 
+p)! 
Hence, substituting for M,,,,"~"(A|xo) in Eqn (3.8), 

n={ > > GnZnlerep) ni” eee 


Inthe event of h(x|x9) being independent of x, i.e. h(x|xy) =h(~); —ah(ae|%o) = h(x), 
it may be seen that 


M, ep°(h|ee,) = (— 1)? M8 (ib|xy). see (3.13) 


ba {$ (=1)" 7 o¢) = ics (3.15) 


n! 


which is effectively the result derived in I. 
4L2 
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§ 4. THE CORRECTION EQUATION 


Following the procedure adopted in I, Eqn (3.11) may be inverted to give 
an equation for &g(% 9) in terms of f(x 9) and its horizontal difference at a 
differencing interval w. The conventional symbols 6 and p will be used for the 
differencing operators since there is little chance of confusion between » and 
Ly(h|xo). 

To be of value, the various terms in f(%9) in the expression for €g(«)) need 
to be sorted into an approximate order of decreasing size so that the cor- 
rection procedure may easily be terminated when a sufficient accuracy is achieved. 
In order to achieve this, it is useful to make the following reasonable assumptions 
as to the form of h(x|x,) : 

(i) The total distortion is small, in which case 

1> ae) > rags) : 


ie 


pg(hep) > K8C%) | ote, 


(ii) The variation of the u,,(h|x) over a distance w is small compared with 
by (Axo). 

(iii) A(x|x)) is essentially even or odd according to whether p is even or odd. 
In this event, ,,(h|x) is small for n odd. 
‘These assumptions are easily justified; the first by the demonstration in §§ 6 and 
7 that the maximum information concerning the input signal may be determined 
only when the distortion is small, and the second and third assumptions are 
simply observations concerning the output characteristics of many forms of 
linear apparatus. 

Using assumptions (1) to (iii) in order to find the most important terms, the 
correction equation is found to be 


p(x) = [1 — 1 (F9) = {1a(hb) ~1a*( hbo) oe 
= {1a(hbso)— - on ab le My (iso a( oy) be 
—{nallla)— + le) <eserss [OCG 


where f(x) =f (%p)/Mo(hlx). wea (4.3) 


It is instructive to compare the general correction Eqn (4.2) with the par- 
ticular form deduced in I for the case of M,,2(h|x) not dependent on x). In the 
present notation, the latter Saaee is ) 


Exo) =| 11a) — al) 5 — tm ()— 5 wal) — oat) | 0) 


Setar (4.4) 
where the .,,(2) are simply proportional to the normalized moments of h(x»), 
Ve Pr(h) = (= 1)"**# M(B) |G Hp Mh) Sa aees (4.5) 


In the general case, .,(h|x)) may not be assumed zero, and additional terms 
are thereby introduced into the correction in passing from (4.4) to (4.2). Further, 
the p,,(4|xo) are sums of a series of terms in M,,%(h|x)) rather than being of the 
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simpler form (4.5). However, these complications are not very serious, since 
the terms in y,(h|x)) are usually small, corresponding to a reasonably symmetrical. 
response function, and the series for p,,(h|x)) converge very rapidly in most 
cases so that only one or possibly two terms are significant in the correction. 

The principal difference introduced by the more general form (4.2) is the: 
dependence of the y.,,(h|x9) on x. In the numerical correction procedure, the 
differences of f(x )) must then be multiplied by the coefficients appropriate to the: 
point x, at which the differences are taken, rather than by a factor whose value is. 
independent of x, as in the case of the more simple distortions. 


§5. A PracticaL EXAMPLE 


From the general form of Eqns (3.6), (3.9), (3.10), (4.2) and (4.3), the 
computation of a corrected output signal may appear a formidable proposition. 
By means of an example in which a fairly complicated distortion is corrected, it 
will be shown that this is not the case, and that the correction may be accomplished. 
with efficiency and accuracy. 

The apparatus response to an infinitely resolved input 6(x)) will be: 
represented by 

heel eg) = (87a) 21 + xf 3 exp {— Px ean Gal} 


so that in the range —3 <x) <3, the magnitude M,(h|x9) of the response varies 
from 0 to 2, and also, each element of the input is spread into a Gaussian shape 
with dispersion (28?)-¥#. The distortion represented by (5.1) is therefore a 
rather exaggerated example of the variation of sensitivity which occurs in many 
practical instruments. For instance, the wavelength sensitivity of photographic 
plates and photocell, and the variations of flux with energy in a particle spectro- 
meter lead to this type of distortion. Again, the sensitivity variation may be 
due to an inherent, though undesired, property of the experiment itself, as are 
the effects of transition probabilities on bands observed by soft x-ray techniques- 
The apparatus input function will be taken as 


Bq) =m) expa— aay ances (5.2) 


and the apparatus response to this input, 


f%0)= [7 e6sa—s)habo—a, 
may be found in the form 
F (%o) = (?/m PL + y?xg/3a?) exp{—y?mo™} vee (5.3) 
where Wage cl ial fete) Me ee Teme (5.4) 


« and f are chosen to be 1 and 3 respectively, in order both that g(x9) is spread 
over a wide range of apparatus response and that a fairly severe distortion occurs 
owing to the width (8) of the curve h(x|x»). Using these values, f (9) is: 
shown as curve A in the figure and tabulated at intervals of w =0-2 in the second 
column of the Table. g(xp), the output to be anticipated from an idealized experi- 
ment, is shown marked B in the figure. The difference between curves A and: 
B shows the magnitude of the distortion to be large, as could be anticipated from: 
the description of the distortion function. 
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The moments for use in the correction scheme are found from (5.1) (in 
practice, they would be experimentally observed or theoretically predicted 
quantities) : 

M%(h\xo) =(1+%9/3), 
M,"(h|x9)=0 for all n, 
M,° (h|xq) = (1/18)(1 + %9/3), 
M3 (hf) = 1/54 
etc. Using only the moments written above, the values of the p,,(h|x) are 


found to be 
144(h[p)/co= —15/108(3 —x9);_4a(Fe%9)/c0® = 25/36. 
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Plot of distorted curve (A) and infinitely resolved curve (B). The points are derived from 
curve (A) using the correction scheme. 


In column 3 of the Table f(x) is transformed to f(x)) by division using the 
value of M,(h|x)) appropriate to the x) shown in column 1. Columns 4 and 5 
are the first and second differences of f(x) taken successively from column 3, 
and column 6 is the corrected curve computed from the relation 


X(%0) = F(%o) — {Ha (| e%0)/o}18™4(%o) — (Hal ]x0)/22}5°F(xo) 


Care must be taken to use the correct sign for the difference 1, and to note that the 
appropriate values of 51f(«,)) are the means of two successive entries in columa 4. 

The calculated ideal output signal y(x9) is shown as the points lying almost 
exactly on the theoretical curve (in fact, the standard deviation of the points is 
less than 0-3% of the peak height of g(x )). In view of the large distortion and 
the brevity of computation, this agreement must be considered very satisfactory. 
The inclusion of higher order terms in (5.7) would refine the calculation, but is 
hardly necessary in this case. 

It is usual for an apparatus to be used in the measurement of many different 
input signals. In this event, it is not necessary in practice to recompute the 
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Numerical Correction of f(x) to find x(x) 


Xo 


28 
2-6 
2-4 
2-2 
2-0 
1:8 
1-6 
1-4 
1-2 
1-0 
0-8 
0-6 
0-4 
0-2 
0-0 
0-2 
ey 
0 
= 41-4 
—1-6 
1:8 
—2.0 
255 
— 2-4 
~ 2-6 


—2:°8 


F (xo) 
0-001 


0-002 
0-005 
0-013 
0-029 
0-060 
0-114 
0-200 
0-322 
0-478 
0-654 
0-823 
0-954 
1-018 
1-000 
0-903 


0-750 


f(x) 
0-001 


0-001 
0-003 
0-008 
0-018 
0-038 
0:074 
0-136 
0-230 
0-359 
0-516 
0-686 
0-842 
0-954 
1-000 
0-967 
0-865 
0-715 
0-546 
0-386 
0-253 
0-154 
0-086 
0-045 
0-022 
0-010 
0-004 


0-002 


31f (x) 
0-000 
—0-002 
—0-:005 
—0-010 
— 0-020 
— 0-036 
— 0-062 
— 0-094 
07120 
— 0-154 
—0:170 
— 0-156 
=0112 
— 0-046 
+0:-033 
0-102 
0-150 
0-169 
0-160 
0-133 
0-099 
0-068 
0-041 
0-023 
0-012 
0-006 
0-002 


0-002 


93°F (%0) 


0-002 
0:003 
0-005 
0-010 
0-016 
0:026 
0-032 
0-035 
0-032 
0-013 
—0-014 
— 0-044 
— 0-066 
—0:079 
— 0-069 
— 0-048 
—0-019 
+0-009 
0-027 
0-034 
0-031 
0-027 
0-018 
0-011 
0-006 
0-004 


0-000 


X(%o) 
0-001 


0-000 
0-001 
0-004 
0-010 
0-026 
0-054 
On 
0-205 
0-338 
0-511 
0-703 
0-883 
1-011 
1-065 
1-020 
0-897 
0-722 
0-529 
0-354 
0-216 
0-122 
0-060 
0:027 
0-011 
0-004 


0-001 
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moments of the distortion function for each correction: initially the moments 
may be tabulated, and any number of signals then corrected using the accumu- 
lated data. The process correcting an individual curve is then simply the 
manipulation involved in the Table, needing perhaps an hour of computation on a 
hand machine. It will be noted also that the scheme is well adapted for pro- 
gramming into a digital computer if available. 


§ 6. THE EFFECT OF NOISE ON OUTPUT INFORMATIONT 


The fact that a signal has been subjected to a transformation does not neces- 
sarily imply that information contained in the signal has been dissipated, since 
the application of the inverse transformation reproduces the original signal. As 
far as convolutions are concerned, the inverse transformation may always be 
found provided that all the moments of the response function do not vanish 
round some point. ‘This may be seen by considering the Fourier transforms of 
the constituent curves, together with the theorem of resultants. For practical 
purposes, therefore, the input function is completely defined by the output signal 
together with the apparatus response operator. 

The misconception that a loss in resolution does imply a loss of information 
about the input signal no doubt arises from experience in cases where the output 
signal contains noise (random errors). In this event, as will be demonstrated 
below, a dissipation of information does occur in the presence of any noise which 
is independent of the apparatus distortion: i.e. more information may be derived 
from an undistorted signal with this type of noise than is possible from its distorted 
counterpart having an identical noise content. On the other hand, in the 
presence of noise which does suffer the apparatus distortion, the signal and noise 
are indistinguishable to the apparatus, and the application of the inverse 
operation simply reproduces the input signal plus noise with no loss of information 
due to the distortion. 

The loss of the information may be understood in general terms as follows. 
The result of the distortion is that the output signal is broader and lower than the 
input, with the consequence that the percentage uncertainty introduced into the 
two signals by a standard noise content is greater in the case of the output signal. 
In reproducing the input signal from the output, not only is this larger per- 
centage error reflected into the input signal, but also some additional enhance- 
ment of the noise occurs since, in passing from input to output signals reversibly, 
the noise should be flattened in precisely the manner found in the case of the 
true signal. As an example of this type of loss of information, one could cite the 
example of the nuclear resonance apparatus in which the noise from the input 
coil does not suffer the modulation distortion evident in the output resonance 
signal. More generally, this applies to all spectrographs having both finite 
resolving power and an intrinsic detector noise. 

It is of interest to determine the degree to which the input formation is 
degraded by a noise content of this type since, in this way, conditions are found 
under which the input signal may best be determined. The relative random 
errors contained in the corrected and observed curves will therefore be discussed, 
subject to the assumption that only the first-order correction term is used, as will 


+ The writer would like to thank Professor N. T. Hamilton, of the University of 
Illinois, and also the referees, for some helpful comments on this section, 
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be the case when the distortion is small. As usual, the output signal is written. 
Ff (xo) and the corrected output €9(x))= (xp). Writing M,(s/)/2w?=p., and 
reading A (x) as ‘the error in f(xy)’, we have 


X(%o) + Ax (x)= (1 + o28?){f (xo) + AF (%)}. eae (6.1) 
Hence from the first-order correction relation 
Ko O07 (Mg) Pe (6.2) 
it follows that 
INN ( Neg UN Gg he toe (Xela, ss j.n. mae hesies (6.3) 


If three consecutive differencing ordinates x, x, and x, have respective 
errors in f(%») of oj, o, and os, then at the central point it may be shown from 
(6.3) that 


1 

AN (aay = taf o,~2(1 of 5) oa+a4} ey (6.4) 
2pMs 

Introducing a mean square value o,? for each of o,, o, and as, it follows that the 

root mean square error in the corrected curve is given by 


Be as jit 8 le gee Se (6.5) 


Eqn (6.5) shows that the relative error in the corrected signal increases 
monotonically as yu, and the distortion increase. It is therefore evident that 
given a distorted curve, the value of the differencing interval w chosen for the 
correction procedure should be as large as is consistent with the structure on 
the curve to be analysed. In this event, the value of ,, and consequently 
also the value of the random error in the corrected signal, will be reduced to a 
minimum. 


§7. THE Optimum APpPaRATUS CONDITIONS 


In many types of linear apparatus the fractional random error in the output 
signal bears an inverse relation to the distortion. For example, increasing the 
aperture of an optical apparatus may decrease the resolving power but cause a 
simultaneous increase in intensity of the output signal. A similar set of circum- 
stances occurs on increasing the modulation amplitude of a magnetic resonance 
spectrometer. Thus, a decrease in fractional random error occurs which may 
offset the increase in random error described by Eqn (6.5). The possibility 
exists, therefore, that conditions may be found under which the form of the 
input function is best determined. 

Before deriving these conditions, it may be advisable to consider the form 
they cantake. The only unit of length with which the moments of the distortion 
function f(x) can be compared is the differencing interval w, which, in view of 
Eqn (6.5) must be chosen as large as possible. he differencing interval, how- 
ever, is limited by the structure on the curve to be represented, and must not 
be so large that the chosen points do not give an adequate representation of the 
curve. Thus the optimum differencing interval relates the moments of the 
distortion function to the structure of the signals to be corrected. 

In the particular case of the magnetic resonance spectrometer, the idealized 
apparatus operator is proportional to the modulation amplitude and therefore to 
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po. Similarly in the case of an optical slit the intensity shows the same depend- 
ence on p12. In both cases, we may therefore simulate the relative error in 
the corrected output signal by 


ofog= pe {1 +4 pat Ope, eee (ies) 


rather than by Eqn (6.5) alone. 

Equation (7.1) shows that the corrected signal has a minimum in its fractional 
error when 4/6u,=1. In terms of the modulation amplitude a, this leads to 
the condition a~ 1-8w (see I). 

This expression for the optimum modulation amplitude has been used in 
observing the shape of the copper nuclear resonances at temperatures up to 
1300°K, under which conditions the available signal-to-noise ratio is rather poor 
(Flynn and Seymour 1961). In practice, it was judged that six or seven 
differencing intervals in the peak-to-peak derivative width of the resonances 
were needed to give an adequate description of the shapes. The predicted 
optimum condition of the modulation proved admirable, since the modulation 
peak-to-peak amplitude was then some two-thirds of the width of the resonance 
and the signal amplitude therefore approached its maximum value. On the 
other hand, the maximum first-order correction to the shape was only about 5% 
of the peak integrated signal amplitude, and the second-order correction was 
often negligible. Consequently, the additional noise effectively introduced 
into the corrected signal by the distortion was small, while the relative true noise 
on the signal was maintained small also. It is therefore considered that equations 
of the type (7.1) do in fact predict closely the experimental conditions under 
which the shape of an output signal may best be determined. 


§ 8. SUMMARY 


A method has been presented whereby signals subjected to a general linear 
distortion may be corrected to give a more precise measure of the input signal. 
This technique is particularly efficient in the practical case of small distortion, 

The effect of noise on the output signal has been discussed and an analysis 
has been given of the dissipation of information concerning the input signal, 
resulting from the presence at the output of noise which does not suffer the 
apparatus distortion. This led to the prediction of optimum apparatus con- 
ditions in the presence of such noise. Noise which undergoes the same distortion 
as the signal does not give rise to these conditions; the noise is indistinguishable 
from the signal, and the quantity of input information, including noise, is not 
affected by the distortion. 

In conclusion, it may be remarked that many experimenters are reluctant to 
subject output data to linear processing either by the use of adequate compen- 
sating apparatus or by means of numerical methods. This might appear un- 
reasonable since applying the inverse transformation to a transformed system 
seems an admirable method of restoring the status quo. However, assumptions 
concerning linearity and reproducibility of apparatus are invoked whatever the 
method of correction used. ‘The greatest care must therefore be exercised to 
avoid the production of artificial structure on a signal by the use of linear pro- 
cessing techniques in inappropriate circumstances. It is clear then, that the 
matter is best left to the skill and discretion of the individual experimentalist. 
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OBITUARY NOTICES 


Professor W. T. Astbury 


William Thomas Astbury, Sc.D., F.Inst.P., F.R.S., who died at the age of 
63.0on 4th June 1961, was the eldest son of a large family in the potteries district 
of Staffordshire There was no advantage of a scholastic or professional back- 
ground in his origins, yet he rose to a position of world-wide fame in his field. 
After very successful years at Longton High School he proceeded to Cambridge, 
gaining his education by winning scholarships His University degree was in 
Physics and he graduated in 1921. 

He worked with Sir William Bragg from 1921-1928, mostly at the Davy 
Faraday Laboratory of the Royal Institution. A wonderful new subject, x-ray 
crystallography, was just beginning. There were the numerous tasks of 
managing the early fickle x-ray tubes, there was much equipment to devise, even 
photometers to invent, and any of these jobs could have occupied years. But 
Astbury wanted results to exercise his mind and he became very quick at settling 
on sufficient apparatus that would work just neatly and effectively. He soon 
published papers on tartaric acid and on acetyl acetones among the host of 
crystals waiting to be done. And with Yardley he had simplified, in the well- 
known space group tables, the important facts about symmetry in crystals so 
that these could be readily used by the increasing band of x-ray crystallographers. 

With all the choice available to him Astbury chose the most difficult field of 
all to work in. To others it would seem a great gamble to tackle the structure 
of fibrous proteins as he did in 1928 when he became lecturer in Textile Physics. 
in the Department of Textile Industries at Leeds University. However, 
Astbury would scarcely notice the odds against him, so great was his energy and 
his faith in himself. More important still was the mystery of the unknown. 
This continued to drive him on; his leading spirit and his success encouraged 
others to start working in this field. 

In the early 1930s Astbury published his great detailed papers on the structure 
of hair, wool and related fibres, of especial note being that with H. J. Woods 
entitled ‘The molecular structure and elastic properties of hair keratin ’}. 
These described the «—8 transformation of fibrous proteins and explained this 
as a reversible intramolecular chain folding. The many original experiments. 
and arguments gave a very clear picture of chains unfolding on stretching to. 
reach a limit about twice their natural length. ‘There were many other original 
papers on feather keratin, protein denaturation, muscle proteins and muscle 
itself, nucleic acids, alginic acid; also the two very important Proctor Memorial 
Lectures on collagen. His work on keratin had been to him a first step, in 
molecular biology—it had revealed the possibility of explaining biological 
phenomena in molecular terms. Most of these other studies he regarded as 
adventures to survey and open up the field. He was in great demand to introduce 
and to give the concluding remarks at scientific meetings both abroad and at 
home. A notable part of his teaching was done in this way, and he achieved 
great simplicity of explanation and attractiveness of style. 

Over the years many efforts were made to provide a model to explain the 
a8 transformation, the structure of collagen, the structure of nucleic acids, but: 
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he did not win the race he started in finding acceptable models. He was an 
outstandingly keen and proud worker and with characteristic cheerfulness and 
enthusiasm he took up the implications of the planar amide group and applied 
these to considerations on wool keratin, collagen, cross-8 structure and feather 
keratin. 

Astbury had great gifts and he used them well. He was a very eminent man 
without the slightest shade of grey eminence. He was abundantly friendly and 
cheerful with the most infectious enthusiasm. He became Professor of Bio- 
molecular Structure at Leeds in 1945, though he would have preferred the 
name of Biophysics or Molecular Biology for the field of his studies. He died 
most actively engaged in this work, and the force of his pioneering efforts will 
last long after his death. K. M. RUDALL. 


+ Astbury, W. T., and Woods, H. J., 1933, Phil. Trans. A, 232, 333. 


Guy Barr 


Dr. Guy Barr’s lifetime researches of 42 years at the National Physical 
Laboratory will probably best be remembered by the use in science and industry 
of his standard methods of measuring the viscosity coefficient of Newtonian 
liquids. At the outbreak of the first world war, Dr. Barr was a Senior Assistant 
at the N.P.L., the staff of which he joined in 1908, having graduated with first 
class honours in physics and mathematics at Cambridge University in 1907; he 
later obtained the D.Sc.(London) degree in 1917. 

His work began under Dr. W. Rosenhain, F.R.S., mainly on metallurgical 
analyses, then on physical—chemical problems arising in aeronautics. He published 
numerous reports in Reports and Memoranda of the Advisory Committee for 
Aeronautics, 1910-1926. 

This work on the development of tests for the hydrogen permeability of 
balloon fabrics and for the strength and tautness of aircraft fabrics was continued 
for the Fabrics Co-ordinating Research Committee leading to reports on the 
waterproofness of ‘porous’ fabrics and on the deterioration of fabrics during 
weathering. Parallel researches on the formulation of aeronautical dopes and 
observations of the deteriorating action of sunlight on doped fabric were made at 
the Royal Aircraft Establishment under the guidance of Dr. J. E. Ramsbottom 
when the writer became acquainted with Dr. Barr and his valuable national work. 
At Farnborough both Dr. F. Aston of isotope fame and Dr. Lindemann, later 
Lord Cherwell, shared in these wartime researches and it was Dr. Aston who 
taught us younger chemists to blow Dr. Barr’s U-tube viscometers in glass. At 
that time we were aware of the rheological properties of aircraft dopes, the vis- 
ccosity being dependent on the rate of shear and so on the design of the viscometer. 
Dr. Guy Barr using an x-ray method and the writer a sphere suspended over a 
light pulley demonstrated that the fall of a sphere in pigmented dopes and similar 
systems was not in accord with Stokes’ law. Barr’s work on the viscosity of 
aeroplane dopes led to the development of U-tube viscometers the design of 
which has been adopted by the British Standards Institution and since 1929 the . 
calibration of such viscometers and of Redwood viscometers (Institute of 
Petroleum) has been carried out in the N.P.L. Metallurgy division. Barr’s 
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Monograph of Viscometry (Oxford University Press) was printed in 1931 and 
became a recognized handbook on the subject. 

Prior to and during the 1939 war years, Dr. Barr developed methods for 
measuring the rate of transmission of moisture through wrapping films and proofed 
cardboard, and tests were made on containers for mortar bombs and other 
ammunition to assist the Ministry of Supply in the development of improved types. 
Further work for the same department was done on the best method of sealing 
lids on tins to withstand immersion in water when supplies were to be landed on 
beaches. Shortly before his retirement on 31st May 1950, Dr. Barr assisted the 
Home Office Gas Cylinder and Containers Committee regarding recommendations 
for the filling ratios, marking and maintenance of gas cylinders. Asa P.S.O. in 
charge of the Chemistry section of the Metallurgy division he assisted in researches 
on new methods of preparing pure beryllium in the early days of nuclear energy 
development and was responsible for developing the spectrographic section in the 
division. 

At the World Petroleum Congress organized by the Institute of Petroleum, 
held at the Imperial College of Science and Technology in July 1933, the measure- 
ment of viscosity was discussed at great length and the agreed recommendations 
were incorporated in the B.S. 188 method for the determination of the viscosity 
of liquids in c.g.s. units, under the chairmanship of Dr. Guy Barr. 

His scholarly, sound and patient work is well shown in this B.S. 188 standard. 
All his colleagues will miss him and his friendly and sympathetic manner and his 
ability in solving problems. He was a keen athlete in his younger days and his 
activity as a scientist is indicated by the imposing number of his official publications. 

E. W. J. MARDLES. 


Leslie E. C. Hughes 


Leslie E. C. Hughes, Ph.D., B.Sc.(Eng.), M.I.E.E., passed away very 
suddenly on 10th June at the age of 57 and at a time when he was full of 
enthusiasm for the new tasks he had set himself. Following graduation, Hughes 
became a demonstrator and later a lecturer in acoustics and telecommunications 
at the City and Guilds College, South Kensington, and it was during this period 
that he wrote his well-known textbook Engineering Acoustics. 

In 1941 Dr. Hughes entered industry and for the next ten years he was 
engaged in various aspects of electro-acoustics research. However, his interests 
were turning towards technical writing and he became editor of many technical 
reference books. 

Dr. Hughes had a lively mind and a great love and knowledge of music which 
stemmed from his early training under Dr. Jolly at St. George’s, Hanover Square, 
where he was a chorister. He was a keen educationalist and maintained an 
active interest in his old school, the Quintin, and in Convocation of London 
University. He was also a member of many societies and was a past president 
of the Institution of Electronics and the first president of the British Sound 
Recording Association and had been elected vice-chairman of the newly formed 
H. G. Wells Society. Only a few days before his untimely death he had been 
appointed editor of a technical journal. 

Members of the Acoustics Group of The Institute of Physics and The Physical 
Society will particularly miss his lively interventions in discussions. R.W.B.S. 
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Sir K. S. Krishnan 


It is with profound regret that we record the sudden death of Sir K. S. 
Krishnan, F.R.S., Director, National Physical Laboratory, India, on 14th 
June 1961. Scientific research in India owes much to his contribution and 
valuable guidance, particularly during the crucial period of scientific and 
technological progress of the country, and his death is a national loss. 

Kariamanikkam Srinivasa Krishnan was born on December 4, 1898, in the 
village of Watrap near Srivilliputtur in Madras State. After basic education in 
Watrap and Srivilliputtur, he studied the Intermediate in American College, 
Madurai (1914-1916) and joined the Christian College, Madras (1916-1918) for 
the graduate course. Soon after his obtaining the B.A. degree in Physics he was 
appointed as a Demonstrator in Chemistry in the same college. But his thirst 
for higher studies and research led to his joining the Indian Association for the 
Cultivation of Science, Calcutta in 1923 to work under Professor C. V. Raman. 
Placed in the proper environment, Krishnan’s latent potentialities came to light 
and soon he shone as an enthusiastic and brilliant investigator and was foremost 
among Professor Raman’s collaborators. Based on the results of his original 
work, Krishnan was awarded the M.Sc. (1925) and D.Sc. (1932) degrees of the 
Madras University. He was appointed as a Reader in Physics at the Dacca 
University in 1928 and in 1933 as Mahendralal Sircar Professor of Physics at the 
Indian Association for the Cultivation of Science. Subsequently, in 1942, he 
joined the Allahabad University as the Professor of Physics. When the N.P.L., 
the first of the chain of new national laboratories of India was opened in 1947, it 
was but natural that Sir K. S. Krishnan should have been chosen as its first 
Director, a post which he held until his death. 

The research work of Krishnan and his associates extends over diverse 
branches of physics. During the years 1923-1928 he carried out theoretical and 
experimental investigations on the scattering of light by liquids and related 
molecular phenomena in collaboration with Professor C. V. Raman, which 
culminated in the discovery of the Raman effect. His versatility and deep 
appreciation of the essential unity underlying several of the physical phenomena 
and the internal architecture of crystals resulted in Krishnan’s becoming inter- 
ested, while at Dacca, in the magnetic properties of substances. He devised an 
elegant and ingenious method for the precise determination of the magnetic 
anisotropy of crystals, and even today the results obtained by him on several 
paramagnetic and diamagnetic crystals remain the most authoritative in the subject, 
and valuable correlations were obtained by him and his students connecting the 
symmetry and configuration of the molecules in crystals, the crystalline field and 
their magnetic properties. During the period 1933 to 1947 he carried out 
significant investigations on statistical thermodynamics and quantum theory 
and at Allahabad he built up an active school of research interested in thermal and 
electrical properties of metals and alloys. At the N.P.L., besides organizing its 
multifarious activities, he was concerned with work on the physics of the solid 
state. His recognition of the interdependence of the different branches of 
science, both pure and applied, are well illustrated by the problems studied by 
him and his co-workers during the past decade. In trying to eliminate the 
difficulties which beset an accurate study of the thermionic properties of metals 
and semiconductors, he evolved a new technique for a precise determination of 
not only the thermionic constants but also their temperature coefficients. This 
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method has been successfully applied to the monovalent and the transition metals. 
A study of the temperature distribution along an electrically heated filament 
yielded a new experimental method for the measurement of the thermal con- 
ductivity, particularly at high temperatures. The electrical conductivity of 
metals and alloys is a topic which engaged his attention in relation to the above 
studies and an elegant theoretical explanation has been given by him and his 
co-workers for the large increase in resistance of a binary alloy due to alloying. A 
longstanding controversy about the relative merits of the Lorentz and Drude 
refraction formulae was also resolved in an extremely simple manner and their 
mathematical equivalence established. Another recent contribution is the 
subject of vibrations of ionic crystals and the anharmonicity of some of their 
normal modes. 

In recognition of his distinguished researches Krishnan was elected a Fellow 
of the Royal Society in 1940 and was knighted in 1946. The Government of 
India honoured him with Padma Bhushan in 1954 and he was the recipient of the 
Bhatnagar Memorial Award in March 1961. He was elected a Foreign Associate 
of the National Academy of Sciences, U.S.A., and was a Fellow of the Royal 
Society of Arts, the Institute of Physics, the Physical Society and the Institute of 
Metals, London. He was also a Fellow of the Indian Academy of Sciences and 
the National Institute of Sciences of India. He was the recipient of the honorary 
D.Sc. degree from various Indian Universities. 

Krishnan was President of the section of Physics, Indian Science Congress in 
1940 and its general President in 1949. He was Chairman, Scientific Advisory 
Committee, UNESCO; Vice-President of the International Council of Scientific 
Unions and of the International Union of Pure and Applied Physics; Chairman, 
Indian National Committees URSI and IGY and Chairman, Sub-Commission 
for co-operation with UNESCO. He was Chairman, Board of Research in 
Nuclear Science, Member, Atomic Energy Commission, the University Grants 
‘Commission and the Standing Board of Astronomy. His association with the 
‘Council of Scientific and Industrial Research, India, dates back to its inception 
and he served the Council in various capacities, as member of the Governing 
Body, Board of Scientific and Industrial Research, Board of Engineering Re- 
search, Editorial Board of the Journal of Scientific and Industrial Research 
and was a member of several Research Committees. 

No sketch of Professor Krishnan’s career would be complete without a 
reference to his extensive travels abroad, which gave him many an opportunity 
to visit important centres of research in Europe and America and to cultivate 
personal relations with eminent men of science. He first visited Europe when he 
“was invited to take part in the International Conference on photoluminescence 
held at Warsaw in 1936. He toured widely throughout Europe and delivered a 
‘series of lectures at various important centres including the Royal Institution in 
London and the Cavendish Laboratory at Cambridge and in many of the 
continental universities. ‘The Liége University honoured him with the award 
of the University Medal. He again visited Europe in 1939 to attend the 
International Conference in Magnetism held at Strasbourg under the auspices 
-of the International Institute of Intellectual Co-operaton and of the Service 
Central de Recherche Scientifique de France. In the summer of 1946 he went to 
England as one of the Indian delegates to the Empire Scientific Conference 
organized by the Royal Society. He has since been abroad many times. 


Obituary Notices 1563 


Krishnan, who was a physicist of no mean calibre, possessed also other quali- 
ties which endeared him to those with whom he came into contact. His love 
of fundamental research did not blind him either to the need for or to the value of 
applied physics and technology and he was often able to show up in a striking 
manner the close relation existing between the two. He had an abiding interest 
in pure mathematics also and his knowledge of the subject often enabled him 
to find an elegant solution to physical problems. He was also a learned 
scholar of Tamil and Sanskrit and one found in him a rare combination of a 
true scientist, unassuming and simple, and a philosopher with an integrated 
personality. R. S. KRISHNAN, 


Sydney Marsh 


Dr. Sydney Marsh died in London on 14th December 1960 at the age 
of seventy-six. His death has ended a long career of service to education and 
to science. 

As an undergraduate he studied mathematics and physics at the University 
College, Cardiff, and obtained first class honours in both these subjects. 
From the University of Wales he proceeded to postgraduate studies in the 
Universities of Munich and Gottingen where he worked under the supervision 
of Professor E. Riecke, and for his investigations on the operation of discharge 
tubes he was awarded the degree of Ph.D. He continued his interest in this 
field of research after his return home and, with A. E. Evans, published a paper 
on ‘Electrode Potential Measurements with Direct and Alternating Current 
Electrolysis ’, which appeared in the Proceedings of the Royal Society in 1922. 

For his contribution to physics he was later awarded the degree of D.Sc. 
in the University of Wales. 

He was appointed to the staff of the Battersea Polytechnic in 1909 and after 
spending two years (1917-19) as head of the Mathematics and Physics 
Department at the Rutherford Technical College, Newcastle-upon-Tyne, he 
returned in 1919 as head of the Department of Physics to the Battersea 
Polytechnic and remained there until his retirement in 1950. He continued 
his association with the Physics Department at Battersea as a part-time lecturer 
to the end, and gave his last lecture only two days before his unexpected death. 

Marsh was a scholar and a great teacher. It is not too much to say of him 
that he was one of the most sound, lucid and sympathetic teachers of physics 
associated with the work of the University of London. He made his department 
a centre of sound learning and, in the difficult circumstances of busy teaching 
demands, he encouraged and stimulated research. 

His friends and colleagues of the University of London met him most 
frequently as a member of academic and examining boards upon which he 
played active and important parts. For many years he acted as a chief 
examiner for the external special and general honours degrees and his colleagues 
recognized his sound judgment and sense of fairness in this work. His work 
on the Joint Matriculation Board was equally recognized on account of his 
unerring judgment. His own knowledge was wide and deep and in the new 
branches of physics which are now represented in examination papers he had 
a rare ability of detecting the superficial and half-understood knowledge from 
that which was deeper and firmly grasped. He was an excellent examiner 
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ready to reprove when questions proposed seemed to him unsuitable, and ready 
to temper the wind of too harsh a marking. 

He was a devoted member of the Physical Society and of the Physical Society 
Club. 

His death has brought a feeling of great loss to all his friends and colleagues. 
Those working with him have always recognized the quality of his contribution 
to the work they had in common and his sudden departure from their midst 
has emphasized the reliance they had in him and the regard and affection they 
felt for him. H. T. FLINT. 


Reprinted from Nature, 1st July 1961 


J. Walter Ryde, F.R.S. 


John Walter Ryde died at Marlborough, Wiltshire, on 15th May, after a short 
illness. He was sixty-three years old. He was born in Brighton on 15th 
April 1898 the son of Mr. W. W. Ryde, and was educated at St. Paul’s School 
and in France. Plans for him to continue his studies in Germany and then go to 
the University of Cambridge were interrupted by the First World War. He 
returned from Berlin to England just before the outbreak of war and entered the 
City and Guilds Technical College, Finsbury, where he studied under Professor 
Sylvanus Thompson and Professor Charles R. Darling. 

Ryde joined the Royal Engineers voluntarily in 1916, at the age of eighteen, 
on the completion of his course at City and Guilds, and was trained in anti- 
aircraft work in Monmouthshire and on the Norfolk coast before being drafted 
to France during the last few months of the War. He continued to serve in 
France until his demobilization in 1919. . 

Ryde joined the Research Laboratories of the General Electric Company, 
Ltd., as a physicist in 1919, going directly from his war service to the newly 
established research unit directed by Clifford C. Paterson in the Company’s 
lamp factory at Hammersmith. He was a leading member of the scientific 
staff of the Laboratories from the start. 

In the early days at Hammersmith, and again after the Laboratories had 
moved to their new premises at Wembley in 1923, the variety of Ryde’s research 
work was indicative of the breadth of interests which was so characteristic of him. 
They included pure spectroscopy, thermionics and the gaseous electrical dis- 
charge. Under his direction the first practical high-pressure mercury vapour 
lamp was developed—the foundation of a new industry to which he made many 
subsequent contributions. 

His theoretical work on the scattering of light, first applied in the twenties 
to optical diffusing media in glasses, was extended by him during the Second 
World War to classic studies of the attenuation and the radar echoes produced by 
meteorological phenomena at centimetre wavelengths. (A footnote in this 
paper included the following: ‘“‘ The author (J. W. R.) and Mrs. Ryde were 
responsible for the theory and calculation of the effects caused by liquid and 
solid particles, ....””) He was an early worker on crystal valves and quickly 
recognized the potentialities of germanium as a semiconducting material. 
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Other researches included velocity modulation tubes, luminescent materials 
and optical projection systems. He contributed much to various research 
projects undertaken for the United Kingdom Atomic Energy Authority, and 
he took part in work on the FIDO fog-dispersal system. It was typical of Ryde 
to design, in his leisure hours, a pocket illumination chart for use by the 
Services. It showed levels of illumination, by day and by night, at various 
latitudes, and was used extensively in military operations. 

Ryde was elected a Fellow of the Royal Society in 1948. He was appointed 
chief physicist at the G.E.C. Research Laboratories—recently named the Hirst 
Research Centre—in 1950 and chief scientist in 1953. During these recent 
years he had overall responsibility for the programmes of pure scientific research 
of the Centre, and his particular interests lay in the fields of new materials, 
crystal growing and solid state physics. 

He was a member of the Royal Institution of Great Britain since 1935 and 
chairman of the Davy Faraday Laboratory of the Institution since 1951. He 
served on the Board of Managers of the Institution and always took a great 
interest in its affairs. He was a Fellow of the Institute of Physics and the Physical 
Society, a Fellow of the Royal Astronomical Society, and a member of the 
Geological Association, the Wiltshire Archaeological Society and the Athenaeum. 

Ryde married, in 1930, Dorothy Ritchie, daughter of the then chief illumina- 
ting engineer of the General Electric Co. There is one son. 

The Hirst Research Centre has lost a senior man who earned the admiration 
and respect not only of his colleagues but also of eminent men both in Great 
Britain and overseas. He lived his life for science, and his leisure activities 
were very largely extensions of his life’s work. Archaeology was a persistent 
interest—at an early age he learned to read hieroglyphic writing and ancient 
scripts. He was a profound student of astronomy but, in recent years, micro- 
scopy became a dominant hobby. He was particularly interested in diatoms, and 
his beautifully mounted specimens are evidence of the elegant experimental skill 
which he retained to the end. 

His memory was prodigious and visual. He never forgot the details of work 
which he had done and could sketch from memory some experimental arrange- 
ment or the detailed shape of a specimen long afterwards. Such a memory, 
supplemented with the many carefully prepared and indexed note-books which 
he compiled throughout his working life, made Ryde a powerful authority 
indeed in the world of science. 

In all his work he displayed great ability and unfailing perseverance, 
together with brilliant insight and inspiration. His colleagues will always 
remember his patient readiness to discuss and assess the problems of the day, 
and his helpful elucidation of critical experiments, often elegant in their 
simplicity, which he designed to solve them. O. W. HUMPHREYS. 


Arthur Mannering Tyndall 


Arthur Mannering Tyndall was a man who devoted his life to the University 
of Bristol and who played a very important part in guiding its growth from a 
small college to a great university. He was a physicist who was elected into the 
fellowship of the Royal Society for his work on the mobility of gaseous ions. No 
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less important was his work in building the Henry Herbert Wills Physical 
Laboratory, in staffing it and in giving it scientific leadership. He died suddenly 
at his home on October 29th. His wife, Lilly Tyndall, his son and two daughters 
survive him. 

Arthur Tyndall was born in Bristol on 18th September 1881. He entered 
the University College, holding the only scholarship offered annually by the 
City of Bristol for study in that college, and graduated with second class honours 
in physics in the external London examination in 1903. That year he was 
appointed assistant lecturer, was promoted to lecturer in 1907, and became 
lecturer in the University when the university college became a university in 
1909. During this time he served under Professor A. P. Chattock, but Chattock 
retired in 1910 at the age of 50 and Tyndall became acting head of the department. 
Then, with the outbreak of war, he left the university to run an army radiological 
department in Hampshire. He was about to go to the Mediterranean when he 
was summoned back to the university to continue in charge of the physics 
department, which was in danger of disintegrating without him. It was in 1916 
that he first met Henry Herbert Wills, pro-Chancellor and chairman of a 
special buildings committee, who was planning with the architect the details of 
the Great Hall of the University. His first contact with him was a letter to 
Wills as chairman of the General Purposes Committee about a site for a battery 
of accumulators. Out of this arose a friendship, and with it Harry Wills’s 
ambition to build a truly worthy home for physics. T'hough his intentions 
were clear earlier, it was in March 1919 that he announced a gift of £100 000 
and as much again a year later. In 1922 he died leaving a further considerable 
sum to the University for buildings and endowment. 

In 1919 Tyndall was elected to the Henry Overton Wills Chair of Physics. 
The formal opening by Lord Rutherford of the new laboratory was in 1927. 
The staff then was twelve, including Lennard-Jones, Skinner and Sucksmith; 
there was ample space in the building—a large room for everyone, as there was 
in 1933 when the present writer succeeded Lennard-Jones as Professor of Theo- 
retical Physics. For undergraduates too there was plenty of room; there were 
never before the second war more than six honours students in the final year, 
sometimes only two. 

In fact one of my first recollections of Bristol physics before the war was 
this spaciousness; the other was, of course, the personality of Tyndall. He wasa 
man who lived for the achievements of his colleagues in the department. Nothing 
gave him greater pleasure than when they achieved a good piece of research, or 
any outside recognition. Everyone knew this and it coloured the whole place. 
Anything less like the tyrannical professor of contemporary legend it would be 
difficult to imagine. Frequently the whole staff joined him in a Sunday walkover 
the Somerset hills; and if there were any departmental problems, that was how 
they were resolved. After the war there was of course a sudden and large 
expansion in the number of students and of staff but he preserved remarkably 
the intimate, friendly atmosphere of a small department in which everyone knew 
and took pride in each other’s achievements. Among those who worked with 
Tyndall before and after the war are E. T. S. Appleyard, C. R. Burch, F. C. Frank, 
H. Frohlich, R. W. Gurney, W. Heitler, L. C. Jackson, J. E. Lennard-Jones, 
H. Jones, H. London, A. C. B. Lovell, S. H. Piper, C. F. Powell, H. W. B. Skinner, 
W. Sucksmith and the present writer, to mention only a few. 
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Tyndall was so wrapped up in their achievements that he was too modest 
about his own personal research, but his work was of real distinction. His 
principal contributions to physics were in the field of the discharge of electricity 
in gases. As a young man, working in a small laboratory, he had followed with 
great attention the early experiments on radioactivity, and he used to describe 
with what exgitement in the early 1900’s he used to await the next issue of the 
Philosophical Magazine in which, at that time, Rutherford and his colleagues 
published much of their work. The study of the ionization produced by 
radium and its products raised the question of the nature of the ions, and 
methods for determining their mobility were developed by Rutherford, Langevin, 
Zeleny and others. In Bristol, Chattock had made extensive studies of the 
‘electric wind ’, the small pressure difference established in a gas as a result of a 
point-discharge. Tyndall took part in some of these experiments; he was led 
to make independent studies of the nature of the ions, and developed a number 
of independent methods. 

By the early 1920’s, measurements of the mobilities of the positive ions had 
been made in many laboratories, but the results were very discordant. Tyndall 
realized that this was associated with the presence of traces of impurities in the 
gas which attached themselves to the original ions, or which led to a change in the 
constitution of the ions through charge-exchange. In all the earlier apparatus 
these small traces of impurities could not be excluded, but the great change in 
vacuum-practice introduced after the first world war gave the possibility of 
making experiments in much improved conditions, in glass apparatus with metal 
electrodes which could be baked-out before the introduction of the gas. 

Taking advantage of these technical innovations and generators of high- 
frequency alternating potential based on the use of valves, Tyndall and his 
colleagues developed a number of elegant methods of determining the mobility 
of a great variety of positive ions in a number of pure gases. In the course of a 
few years, a large measure of order was brought into a field which had been 
the subject of hundreds of investigations over a period of twenty-five years. On 
this subject he wrote a monograph which was published by the Cambridge 
University Press. 

From 1919-48 he was H. O. Wills Professor of Physics and from 1927-40 
Director of the H. H. Wills Physics Laboratory. In 1940-45 and from 1946-47 
he was pro vice-chancellor and in 1945 acting vice-chancellor. In 1948 at the 
age of 67 he retired and was created Emeritus Professor and Honorary Fellow. 
At that time his portrait, a gift of colleagues, past and present students and 
friends, was painted by James Gunn and now hangs in the main building of the 
university. In 1950 he was awarded the C.B.E.; in 1958 the Hon. LI.D. of 
his own university. 

He took a leading part in the scientific committee work of the country. 
Elected into the fellowship of the Royal Society in 1933, he served on Council 
from 1941-42 and was vice-president in 1942. He was president of the Institute 
of Physics in 1946-48 (his photograph is on the staircase at 47 Belgrave Square), 
he was on the Council of the Physical Society from 1925-29, he was president 
of the physics section of the British Association in 1952. He was a manager of 
the Royal Institution, president in 1953 of the Science Masters’ Association, 
chairman from 1946-49 of the executive committee of the National Physical 
Laboratory. He was from 1940-45 member and sometime chairman of a 
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Ministry of Education committee on the award of state bursaries and scholar- 
ships. In Bristol from 1948 he was a member and for part of the time vice- 
chairman of the Management Committee of the Southmead Hospital Group. 
In fact, from the date of his retirement and indeed before, he gave most generously 
of his time and ability to medical education and the National Health Service. 

From the date of his retirement until the day of his death he,was an editor 
of the Philosophical Magazine, and indeed a most active one, most of the papers 
accepted or rejected passing through his hands. 

In his early days he played hockey and gained a number of county caps; he 
was also an active tennis player. He was keenly interested in music and in 
drama. 

Tyndall will be remembered particularly for two things. He presided over 
part of that phenomenal growth of English physics in the 1930’s, when it burst 
out of its traditional homes at Cambridge and Manchester and flourished all 
over the country. The generosity of Harry Wills gave him his opportunity and 
he knew how to take it. If the H. H. Wills Physical Laboratory has achieved 
anything in the post-war period, all those who worked there know how much 
they owe, both to that generosity and to Tyndall’s wisdom, kindness and un- 
compromising standards. 

He also worked during his whole life for what has become one of our greatest 
universities. In his department he believed that no effort was too great, no 
time should ever be grudged in finding out what everyone thought and in 
seeing that everyone was heard. If Bristol’s growth from small beginnings has 
been happy, and if the university has been relatively free from the strains and 
frustrations which are occasionally expressed elsewhere, it may be that Tyndall’s 
example has had much to do with it. N. F. MOTT. 


Russell S. Wright 


R. S. Wright was probably the last of the instrument makers associated with 
the manufacture of the old ‘gas’ x-ray tubes of the pre-First-World-War 
years. He was for many years the moving spirit in the firm of Newton and 
Wright which produced surgical x-ray equipment. Another of his loves was 
the smaller firm of Newton and Co. which had two great distinctions. Firstly, 
the firm had a continuous existence from the time of Sir Isaac Newton and, 
secondly, the lantern slides produced by the firm were used to illustrate lectures 
all over the world. 

R. S. Wright was a ‘character’. He was Captain of a Boys’ Brigade 
Company for an incredible number of years; he bathed daily, summer and 
winter, far beyond his youth, in the Highgate Ponds. He regarded his firm as 
his family, and on retirement took the lay charge of a Presbyterian Church! 
Every year he was to be found going most carefully round the Physical Society 
Exhibition. He lived a very full life and enjoyed every minute of it. 

A, J. PHILPOT. 
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1960 Nuclear Data Tables: Part 3. Nuclear Reaction Graphs, edited by J. B. 
Marion. Pp. xi+181. (Washington: National Academy of Sciences— 
National Research Council, 1960). $1.25. 


This volume contains the most comprehensive collection of graphs and data 
yet published in this field. It should prove to be very useful for the planning 
and analysis of nuclear reaction experiments. 

There is a section on the ranges and energy loss of charged particles in matter, 
but unfortunately there is little information on the ranges of protons in matter 
above an energy of about 7 Mev. A complete collection of data on gamma-ray 
detection in Nal(T1) crystals and some information on neutron source cross 
sections is included. ‘There is a graph of electron ranges in aluminium, but it 
is not immediately clear whether the quantity we are looking up is the mean 
range or the maximum range. Among the many other graphs are some polari- 
zation contour maps, energies of elastically scattered particles, and also a silicon 
diode barrier nomograph. 

This is an excellent publication and at a price of 10s. this volume represents 
very good value for money. B, H. ARMITAGE. 


Advances in Electronics and Electron Physics. Vol. XIII. 1960. Edited by 
L. Marton. Pp. x+454. (New York and London: Academic Press.) 
$13.50. 


One of the chief purposes of the progress review ought to be to keep the 
non-specialist up-to-date without his having to read the original papers: it 
ought also to help the specialist by concentrating recent material into a 
convenient compass and by reminding him of things he might have overlooked. 
In fact the progress review ought to be one part of the answer to the complaint 
that it is almost impossible to keep up with the literature in any but the most 
restricted field. But it ought, too, if a continued publication, to be the sort of 
volume the informed non-specialist can turn to when he wants to know ‘ what 
it is all about’ when a new topic attracts his attention. Perhaps, in addition 
to all this, the ideal review will help in fertilization by attracting attention to 
new fields and by supplying the worker in one field with ideas borrowed from 
another. 

All of the articles in this volume fulfil some of these purposes and most of 
them fulfil them all to some extent. It is an admirable publication, consisting 
of five substantial articles varied in style almost as much as in content. The 
writing and presentation are good and clear enough throughout to be compre- 
hensible to the non-specialist, except perhaps for P. A. Lindsay’s work on 
‘Velocity distribution in electron streams’, which is necessarily and properly 
mathematical. But here the author specifies clearly in the introduction that 
he will consider electron flow “‘ in the six dimensions of phase space, consisting 
of the configuration and momentum spaces joined together ”. 

In an article on ‘Inelastic collisions between atomic systems’, J. B. Hasted 
introduces a new and elegant system of notation particularly suitable for dealing 
with inelastic collisions, where the complexity of state of the particles is so 
much greater than the complexity of chemical species. There is a balanced 
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account of developments in experiment and in theory characterized by clear 
statements of the various questions which arise followed by careful presentation 
of the information available. 

‘Field ionization and field ion microscopy’ by E. W. Muller makes a strong 
aesthetic appeal: photographs which actually show atoms sticking up in 
ordered arrays produce a satisfaction which nothing less direct could provide. 
Here the introduction is a quite inadequate shop window: surely it should 
tempt the general reader with some hint that he is to be shown photographs 
of a tungsten tip at a magnification of 106 and that he will be told how they are 
taken. ‘The account of field evaporation of layers of atoms until site vacancies 
appeared is particularly fascinating. 

Raymond Castaing’s account of ‘Electron probe microanalysis’ deals with 
a clearly delimited field in a satisfying way, presenting the experimental 
information, a study of the corrections and limitations, and an account of the 
applications of the method to scientific research. 

The last article in the volume is by P. K. Weimer, on ‘ Television camera 
tubes: a research review’. Physicists often want to know how things work, 
what they can be used for and what their limitations are, without being 
committed to prolonged study. The present article supplies just this want. 

The book is pleasant to handle, the production is excellent and it is to be 
commended to the general reader as well as to the reader with a specific interest 
in the topics mentioned in the titles. W. A. PROWSE. 


Plasma Acceleration, edited by S. W. Kasu. Pp. viit+117. (London: Oxford 
University Press; California: Stanford University Press, 1960.) 34s. 


This book is based upon the fourth Lockheed Symposium on Magneto- 
hydrodynamics. ‘The earlier volumes of this series dealt with the theory of 
ionized gas behaviour and the problems of-thermonuclear fusion. Here the 
temperatures discussed are much lower than those required for fusion and the 
emphasis is on plasma acceleration as a power source for rocket propulsion. 
Low level thrusts over a long period, e.g. accelerating 10° grams at 1 cm sec? 
for several days, are sufficient to manoeuvre a rocket in space. 

A number of possible plasma accelerators are discussed both theoretically 
and experimentally and an article on scaling laws describes a procedure for inter- 
relating any two experiments. Several methods of acceleration are available, 
homopolar devices, electrostatic plasma guns and the use of travelling magnetic 
fields, but the most promising approach seems to be the hydromagnetic plasma 
gun of Marshall at Los Alamos. Marshall has achieved plasma velocities of 
100 km sec? with an efficiency of 40% but only for a very short time.« A 
practical system may demand continuous running. An interesting proposal is a 
d.c. accelerator where plasma is fed into a coaxial nozzle which has a suitable 
configuration of currents, and electric and magnetic fields. The plasma acceler- 
ation arises from the interaction between the currents and the magnetic field. 
The most efficient acceleration is a gentle one with just sufficient Joule heating to 
maintain the plasma state, and this is achieved when the back e.m.f. produced by 
the motion of the plasma across the magnetic field is only slightly less than the 
applied electric field. The book suggests that although the basic requirements 
are well understood the development of a successful device will take a long time. 

H. J. PAIN. 
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Théorie des Ondes dans les Plasmas, by J. F. Denisse and J. L. DeLcrorx. 
Pp. xii+167. (Paris: Dunod, 1961.) 16n fr. 


This small book in the Dunod series of monographs gives a fairly exhaustive 
account of the propagation of waves of small amplitude in a plasma. The 
spatial and time dependences of physical quantities are assumed to be of the 
form A exp (jwt—jkz) and a general dispersion relation in the form of a ninth- 
order determinant is developed. From this, particular modes of oscillation are 
examined. ‘These include transverse and longitudinal electromagnetic waves 
and their polarization in the presence of a longitudinal magnetic field. The 
theory is taken further than the simple cases usually considered in the literature, 
and many more types of wave are examined here. Inevitably this results in an 
increased complexity in the formulae, but the authors partly overcome this by 
confining the more elaborate equations to the appendix and by including many 
illustrative diagrams to explain the physical processes involved. For example, 
an explanation of resonances in ordinary and extraordinary transverse electro- 
magnetic waves is made in terms of the gyromagnetic frequencies of the ions. 
and electrons respectively. There is new work presented in three of the chapters, 
including a classification of the types of wave in terms of the source of energy for 
propagation, and the coupling of the modes of oscillation by a transverse mag- 
netic field. It is disappointing to find in the section on electrostatic oscilla- 
tions no derivation of Landau damping but an inadequate interpretation in terms 
of electron trapping. This book is within the understanding of the average 
research student, and will be of use to those in this particular field. M. G. HAINES. 


Infra-red Physics: An International Research fournal, Vol. 1, No. 1, edited by 
W. K. Were, S. Passman, N. Micsorte and T. S. Moss. Pp. vi+ 103 
+iv. (Oxford, London, New York, Paris: Pergamon Press, March, 1961.) 
£7 per annum. 

This is a new international journal concerned with all aspects of infra-red 
physics. Whether the introduction of any new journal is justified is always the 
first question to be asked, and in this case the wide variety of the aspects of the 
subject as indicated in the first issue certainly suggests that the journal is indeed 
desirable. The branches of the subject covered by the reports include light 
sources for optical communication, infra-red photography, infra-red interfer- 
ometry and a sun-seeker for solar spectroscopy. The printing of the journal, 
including the reproduction of photographs and diagrams, is of high quality and 


the editors are to be congratulated on making an excellent start with the new 


journal. A, JACKSON. 


Halbleiterprobleme, edited by F. SauTER. Pp. vii+ 343. (Germany: Friedrich 
Vieweg, 1960.) DM. 48. 

The fifth volume of this series, which was up to now edited by W. Schottky, 
contains an unusual variety of contributions. This feature is, in fact, suggested 
by the title (for almost anything can be called problems in German), but it might 
puzzle people here to find articles different in type, as reported below, in one 


slim volume. 
Three of the contributions, occupying about a third of the volume, are of the 
e of ‘ progress reports’. All three are excellent and very readable. O. O. 


Folberth discusses the physical chemistry of A™'BY compounds; O. Madelung 
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surveys and analyses the behaviour of semiconductors in strong magnetic fields, 
and D. Geist reports on masers. Another third of the book, or rather more 
than a third (137 pages), is occupied by a paper on the theory of tarnishing 
reactions by K. Hauffe and W. Schottky. This is a new analysis of the pheno- 
menon, based on a review of older work, a paper such as one would, in this 
country, expect to find in the Transactions, and it should not be missed by anyone 
working in this field. 

The rest of the volume consists of the extended version of a lucid discourse 
given by J. Jaumann on infra-red absorption spectra of solids; an article by H. 
Kroémer on his new ideas about negative effective masses in semiconductors 
(published in more detail in Progress in Semiconductors, Vol. IV); a discussion, 
by H. Schmidt, of some aspects of band structure, electron lattice interaction 
and light absorption in semiconductors; and some supplements to reports 
published in earlier volumes. 

The present volume is a witness of a lively and penetrating approach to 
semiconductor problems. Although, in the first instance, a record of the semi- 
conductor group of the German physical societies, it deserves a place among the 
books on solid state physics everywhere. W. EHRENBERG. 


Problems in Quantum Mechanics, by I. I. GoLpMan and V. D. KrivcHENKOV. 
Pp. vili+275. (London, New York, Paris, Oxford: Pergamon Press, 1961.) 
50s. 

The problems which are to be found at the back of Abraham and Becker’s 

Electricity and Magnetism are prefaced by the phrase ‘“‘ Be ye doers of the word, 


and not hearers only, deceiving your own selves”. Anyone who has ever 
studied any branch of the exact sciences will appreciate the aptness of this 
quotation. 


The book under review is an excellent translation from Russian, and consists 
of over 250 problems complete with their solutions. It is designed as a com- 
panion volume to the text book ‘ Quantum Mechanics’ by Landau and Lifshitz 
and covers the same ground, with particular emphasis on matrices and angular 
momentum, ‘There are collections of specific problems on motion in a magnetic 
field, the atom, the molecule, and the scattering of a particle in a potential. 

The book should be of great value both to lecturers and students. Anyone 
who has worked through it can be confident that he has both understood the 
concepts, and mastered the basic techniques, in the topics covered. One’s only 
regret is that it does not go further, into relativistic quantum theory and ele- 
mentary particle physics. Perhaps a further volume will be forthcoming. 

P. T, MATTHEWS. 


Quantum Mechanics, by J. L. Powett and B. CRASEMANN. Pp. x+495. 
(Reading, Massachusetts: Addison-Wesley, 1961.) 74s. 


This book is an introduction to quantum mechanics. The early chapters 
are disappointing in that the approach is historical and somewhat old-fashioned, 
Schrédinger’s equation being obtained by a heuristic argument based mainly on 
the phenomenon of electron diffraction. The notions of linear differential 
operators, eigenfunctions and eigenvalues do not appear until Chapter 6 and it is 
only then after 150 pages that a serious effort is made to explain what the subject 
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is really about. Matrix operators are first introduced in Chapter 9, more than 
half way through the book. These essentially theoretical chapters are inter- 
spersed with fairly standard discussions of one-dimensional motion in simple 
potentials including the harmonic oscillator, spherically symmetrical systems, 
phase shift analysis, and (after the chapter on matrices) angular momentum, 
perturbation theory for bound states and scattering amplitudes, and finally 
statistics and the exclusion principle. 

The best book of this type available during the last ten years has been, by 
common consent, that of Schiff, and when a new one appears one cannot help 
asking how it compares. The book as a whole does not stand up to this severe 
test, but there are some aspects of it which are attractive. A large number of 
instructive problems are included at the end of each chapter. References to 
other books on the various topics given at the ends of the chapters are ample and 
sound. ‘There is a welcome shift towards the use of operator methods, but 
unfortunately no use is made of the Dirac notation. 

It is a book that will be a welcome addition to a college library, but one 
would probably not advise a student to buy it for himself. P. T. MATTHEWS. 


Diffusion and Heat Flow in Liquids, by H. J. V. Tyrretyt. Pp. xii+329. 
(London: Butterworths, 1961.) 65s. 


This book is a very useful addition to the literature concerned with irrever- 
sible processes. Of particular value are the description and criticism of various 
experimental techniques, the detailed analysis of optical methods of measuring 
diffusion coefficients, and the presentation of some practical solutions to the 
macroscopic differential equations descriptive of the response of a liquid to 
thermal and mechanical forces. The author has also included a considerable 
amount of experimental data and has attempted to show how this data can be 
interpreted. 

In my opinion, the treatment of the macroscopic aspects of diffusion and 
heat flow is excellent, but the microscopic interpretation is too conventional and, 
above all, too abbreviated to be adequate. For instance, more space is devoted 
to the well-known activated state models than to the conceptually more satis- 
fying and much more difficult theory of Kirkwood (the ratio of space is about 
8:1). To give some examples, no mention is made of the linear prediction 
theory and acoustic analysis of Fixman; no space is devoted to the question of 
how one estimates the friction constant of the molecular theory; the rigid sphere 

‘ model is mentioned but not analysed in physical terms; no mention is made of 
the Kubo autocorrelation function formulation. While this book is clearly not 
intended to be a monograph in statistical mechanics, the omissions are very 
serious. 

In general, then, Tyrrell’s book will be extremely useful to those investi- 
gators concerned with measuring the diffusion coefficient, soret coefficient, etc., 
of a liquid but it will not help them to understand the results in terms of the 
current molecular theory. That such understanding is pertinent to the matters 
discussed is best illustrated by the use of the general statistical theory of trans- 

ort to develop a quantitative theory of the heat of transport of ionic solutions 
(Helfand and Kirkwood). Although this work appeared too late to be 
incorporated into the text, it could not be fitted in unless some of the back- 
ground material I have indicated was omitted were to be added. STUART A. RICE. 
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Progress in Low Temperature Physics, Vol. 111, edited by G. J. Gorter. Eps 
xii+495. (Amsterdam: North Holland, 1961.) 96s. 


After the second volume appeared in 1957, Professor Gorter wanted to 
return to * pondering and reading about questions that fascinate him ’ rather than 
edit another book. Fortunately he was persuaded of the usefulness of the series 
and he has again collected together review articles by a considerable number of 
authoritative authors. Like its predecessors, Vol. III is fairly evenly divided 
between the purely low temperature topics—liquid and solid helium and super- 
conductivity—and others. While some people have been debating whether 
low temperature physics still exists as a subject in its own right, Professor Gorter 
has increased the fraction of the book devoted to helium and superconductivity 
to well over half. 

Superconductivity is represented solely by a masterly review of recent 
developments by Bardeen and Schrieffer. They are at pains to discuss the 
meaning of the present theory as well as describing its application in the inter- 
pretation of the many properties which have now been measured. With nearly 
two hundred and fifty references, this chapter should become a classic in the field, 

Liquid helium four is represented by ‘ Vortex lines in liquid helium IT’ by 
Vinen, by ‘ The nature of the )-transition ’ by Buckingham and Fairbank and by 
‘ Helium ions in liquid helium II’ by Careri. Vinen gives a very clear account of 
recent experiments and of their significance in a field to which he and Hall have 
made notable contributions. Buckingham and Fairbank have taken the oppor- 
tunity of describing their recent more accurate measurements of the specific heat 
near the A-point, made with Kellers, from which they derive the singular term. 
The behaviour of other properties is analysed, and an experiment to look for a 
similar specific heat singularity in a superconductor is mentioned. 

The increased availability of helium three is reflected in the articles by 
Grilly and Hammel on ‘ Liquid and solid He ’ and by Taconis on ‘ He cryostats’. 
While enough was known about the low teniperature properties of 3He in 1955 
for an article to appear in Vol. I, 3He cryostats were then only just being developed. 
Nuclear orientation is another subject which has advanced so rapidly that a 
second article is required, and the developments since the appearance of Vol. IT 
are discussed by Huiskamp and Tolhoek. 

The remaining three articles are: ‘ Electron resonance in metals’ by Azbel’ 
and Lifshits, ‘Solid state masers’ by Bloembergen and ‘Some solid-gas 
equilibria at low temperatures’ by Dokoupil. One could not hope for more 
authoritative authors on electron resonance, than two of the Russians who have 
contributed so much to this subject. In an extremely well produced book, it is 
unfortunate that the only serious misprints seem to occur in the translated 
details on some of their figures (s-1 for Oe~4, N, for Na, and LI-thik for Li-thiek). 

Although it may be difficult to write high-brow review articles which will be 
understandable to physicists not engaged in fields related to one’s own, the 
present series shows what can be achieved in broadening the outlook of anyone 
working in one large branch of physics and having some acquaintance with the — 
concepts used. Now that Professor Gorter has once shown that he can be 
forced to surrender under sufficient pressure, let us hope that he will continue 
to edit this series and to derive satisfaction from reading the contributions which 
are sent to him for further volumes. R. BERMAN, 
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Handbuch der Physik, Vol. III, Part 1, Principles of Classical Mechanics and 
Field Theory, edited by S. Fiiicce. Pp. viii+902. (Berlin: Springer, 
1960.) DM 198. 


The first part (225 pages) by J. L. Synge is a complete and elegant account 
of classical mechanics, including the dynamics of special relativity. The treat- 
ment is fairly formal, and obviously not for the beginner, but, as the latest 
treatise on the oldest and most important branch of applied mathematics, it will 
stand comparison with its many illustrious predecessors. It is noteworthy for 
the careful definition of the various abstract ‘ Spaces ’ into which the analysis is 
extended, and for the thorough geometrical interpretations of the formulae. It 
seems to fulfil perfectly the role expected of such an article in the Handbuch. 

The remainder, nearly 700 pages, is called ‘ The Classical Field Theories ’ 
and is by C. Truesdell and R. Toupin, with an appendix on ‘ Tensor Fields ’ by 
I. L. Ericksen, This is certainly an unusual work. Not only does it deal with 
the basic theory of elasticity and hydrodynamics, but also presents an analysis 
of thermodynamics, and of electromagnetism. These topics are seen entirely 
from a formal mathematical point of view, as examples of special kinds of tensor 
fields subject to the fullest rigour of definition and abstraction; every result is 
proved in the most general form, and only explained in more familiar terms as a 
trivial special case. Although this abstract mathematical point of view is a 
perfectly proper and valuable attitude towards physics, it is rather startling to 
find it carried through with such ruthlessness and erudition over such a wide 
field. ‘The authors have tried to restate and prove (or, in some cases disprove) 
every theorem of importance that can be found in the literature, going back more 
than two centuries for some of their references. They propose quite frankly, to 
replace some of our crude old-fashioned rules, like Maxwell’s equations or the 
Laws of ‘Thermodynamics, with their own more general principles based upon a 
more critical study of the mathematical possibilities. In many cases they claim, 
quite rightly, that the complete account which they give has never been attempted 
before, so that their work is, in this sense, of the highest originality and interest. 
I think, myself, that they overrate the importance of mathematical rigour, 
especially of the algebraic kind, and betray a lack of intuition for the synthetic, 
geometrical type of proof (how can they write on such a subject at such length 
with only about one figure per 14 pages of text?) which has always been more 
fruitful of new ideas than the analytical approach. But, as an attempt to reduce 
all known classical physics to the most abstract and elementary mathematical 
statements, this book is likely to be extremely valuable as an authority and as a 
source book, for years to come. The historical notes alone (our old friend 
Stokes’ theorem is really due to Kelvin; or shouldn’t it be Thomson, as in 1850 
he then was!) are excellent. 

It is most unfortunate that such an idiosyncratic work should be published 
as part of an encyclopaedia. It is too big, and cuts across too many boundaries. 
The reformulation of Thermodynamics, for example, with entropy as the 
independent field variable in place of temperature, should have been in Volume 
Ill, Part 2. It is a pity that the editor did not, in this case as in others in this 
series, insist on closer conformity to the general scheme—or else bring all the other 
contributors into step. 

Another reason why Professor Truesdell and his collaborators would have 
done better to have this work published elsewhere as a separate book is that I 
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calculate that it could then have been sold for about £8, which would have brought 
it just within the reach of the ordinary individual applied mathematician or 
theoretical physicist. At the monstrous price of £18 (according to the current 
rate of exchange) it will be purchased only by libraries, where it will not have 
the circulation and influence that it deserves. The new edition of the Handbuch 
der Physik has some good things in it, but it is certainly not worth twice as much 
per word and symbol as ordinary treatises and textbooks. J. M. ZIMAN. 


Field Theory for Engineers, by Parry Moon and Domina E. SPENCER. Ppt 
ix+530. (Toronto, New York, London, Princeton, New Jersey : 
Van Nostrand, 1961.) 96s. 

The purpose of the book is stated by the authors to be the application of 
boundary value techniques to engineering. The field theory approach is dealt 
with by the technique of separation of variables, and it is thought that this 
method is of most use for applications of this kind. 


Chemical Crystallography, by C.W. BuNN. Pp. xiii+509. (Oxford: Clarendon 
Press, 1961.) 60s. 

This is the second edition of a book first published in 1945. Its scope is 
essentially the same as that of the first edition, but there are several additions and 
alterations: these are chiefly in the latter part of the book which is expanded to 
cover important recent developments in the various methods of structure deter- 
mination, especially direct experimental methods involving heavy atoms and the 
use of anomalous scattering effects to determine the phases of different x-ray 
beams, and indirect interpretative methods involving the concept of the mole- 
cular transform. 


The Mathematical Theory of Relativity, by A. S. EDDINGTON. Pp. ix+270. 
(Cambridge: University Press, 1961.) 16s. 

The Mathematical Theory of Electricity and Magnetism, by Sir James JEANs. 
Pp. vii+652. (Cambridge: University*Press, L961 22s: 

The Mathematical Theory of Non-uniform Gases, by S. CuapmMan and T. G. 
Cowinc. Pp. xxiii+431. (Cambridge: University Press, 1961.) 17s. 6d. 
These three further reprints, at a very reasonable price, of some of the 

classics of physics are a welcome issue from the Cambridge University Press. 

They will be most valuable to students in these days of expensive textbooks. 


The Collected Works of Irving Langmuir, edited by Guy Suirs (Oxford, London, 
New York, Paris: Pergamon Press, 1961.) £5 per Vol. 


The Collected Works of Irving Langmuir are to be published in twelve 
volumes. Each volume covers one or more subjects in which Langmuir was 
interested and contains reprints of papers which he had published in the vasious 
scientific journals. Four volumes have been published to date: Volume 3, | 
Thermionic Phenomena; Volume 4, Electrical Discharge; Volume 5, Plasma 
Oscillations; Volume 6, Structure of Matter. 

In Volume 12 there is to be a survey of Langmuir’s career as a whole; it is 
of interest that his creative work covered a very wide range of years. Irving 
Langmuir was the first American industrial scientist to receive a Nobel prize; 


he was associated with the General Electric Research Laboratory for nearly 
fifty years. 
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Fig. 4. Streak inter- 
ferogram at 1mm 
ambient pressure. 


Fig. 5. Streak inter- 
ferogram at 0:5 mm 
ambient pressure. 


Fig. 6. Streak inter- 
ferogram at 0:3 mm 
ambient pressure. 


Fig. 7. Streak record 
at 1 mm ambient 
pressure showing 
luminous central 
core. 
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Abrasion in plastically deformable non-metals 

Absorption edge, optical, of GaAs (L) s 

Absorption of coesite in wavelength region 5—22 microns (L) 
Absorption spectrum of BaO found in shock excitation 

Absorption spectrum of BiF molecule, ultra-violet ‘ 
Absorption spectrum, ultra-violet, of indium vapour, extension Ae series 
Absorption, ultra-violet and visible, of gaseous ozone . 

Absorption, see also under Electron spin resonance 

Air showers, electron density spectrum at high densities 

Alloys, Al-Mn, low temperature specific heat 
Alloys, dilute Ag—Mn, Lorenz parameter at liquid heli ieonartosees 
Alloys, GaSb—InSb, temperature variation of optical energy gap 5 
Alloys, InAs— Bis be, and InSb—In,Seg, electrical and optical properties . 
Alloys, Ni-Fe, preparation of continuous single-crystal thin films . 
Alloys of high purity iron, internal friction measurements and grain poeniaees 
Alloys, Pt—Co, ordered, domain structure . ‘ 

Alloys, U-Nb, electrical and magnetic properties : 

Alloys, U—Zr, electrical and magnetic properties of y and 8 iphnaes 


Alpha particles, range—energy relations and age power for ethyl alcohol ane CCl, 


in liquid and vapour states 5 
Alums, ferric, zero-field paramagnetic resonance . 
Anisotropy in electric strength of alkali halide crystals «) 
Anisotropy of electrical conductivity in Bi,Te,; 
Anisotropy, magnetic, see Magnetic anisotropy 
Anisotropy, magnetocrystalline, and coercivity in square-loop ferrite material . 
Antiferromagnetic resonance in extreme infra-red (L) . 
Apparatus, linear, correction of signal distortion . 
Arc discharge, post-arc temperature decay . : 
Argon, liquid, electric strength, influence of cathode eet AES creeanead 
Argon, thermodynamic properties 
Atomic spectra, isotope shift in CdI resonance Hine 2288 A A 
Atoms, impact excitation, schematic model 
Auger effect in semiconductors, phonon-assisted 


Band spectra, emission, O. Schumann—Runge 

Band spectra of BiF and SbF (L) ; ‘ 
Band spectra, rotational analysis of E—x system of Eilicon touesulphide 2 
Band spectra, second negative system of oxygen, new bands (L) 


Band spectrum, triplet, of CO molecule, Franck—Condon factors and meentsolds p 


Band spectrum of CuAg molecule in visible region 

Band spectrum, see also Absorption spectrum 

Band structure, electronic, of model of cubic crystal 

Band structure of body-centred cubic transition metals 

Berthelot tubes, tensile strength of liquids in 

Beta decay, Fierz interference term for Gamow-Teller decay of 58Co 
Biphenyl negative ion, narrowing and broadening of spectrum 
Bismuth telluride, anisotropy of electrical conductivity 

Breakdown, see under Ionization 

Breakdown, electrical, see Electrical breakdown 
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PAGE 
Calorimeter, low temperature adiabatic, for condensed substances ; . 1449 
Calorimetric methods used to determine thermodynamic properties of A and Ke . 1462 
Capture, radiative, of protons by neutrons at 50 Mev . . ; ; 5 a 2 
Capture rate of negative muons in light elements : : : 5 : . 1149 
Capture, see also Cross section 
Carbon monoxide, ionization and attachment coefficients in uniform fields, 
measurement : ‘ ; : : ; : : 5 . 438 
Carbon tetrachloride, «-particle stopping power in liquid and vapour states. . 766 
Cathodoluminescence, growth and decay of intensity . Pen 
Charge separation between similar polyethylene surfaces, eat of thermal gradionts 958 
Charge transfer, resonant, in ionized dense gases - . 584 
Charles Vernon Boys Lecture—counter techniques in high eee ipuclear pba edi 
Circuits, electrical, filters, synthesis . : 4 : - 3 <* 998 
Cloud chamber studies, low temperature, on wales vapous : 1218 
Cobalt 58. Gamow-—Teller decay, determination of Fierz iotcrtecenes teen ued 
K-capture/f*+ ratio : , 3 4 . 1056 
Coesite, absorption in wavelength a oyion 5-22 microns viree ; ‘ , . 1260 
Collisions, atomic, positron—hydrogen, partial wave theory . 549 
Collisions, inelastic, excitation of 1s—2p transition of hydrogenic ions be Pace mci (L) 1080 
Collisions, ionic, measurements of rotational energy distributions . 5 a ats! 
Collisions, nuclear, direct interaction with strong coupling—II: E2 ecianere . 641 
Conservation conditions, importance in distorted wave calculations A 7 G95 
Contact between polyethylene spheres, charge separation and thermal gradient « 958 
Cosmic-ray muons, see Muons 
Cosmic-ray spectrograph, Manchester : p F A 3 : 5 . 496 
Cosmic rays, see Air showers 
Coulomb potential, screened, scattering by (L) . 3 . 616 
Counters, Geiger—Miuiller, self- quenching. containing A, Shey O oe N, mmechanien > £85) 
Counter accu in high energy nuclear physics . A , - 1116 
Counting efficiency, quantum, of detectors in x-ray emission york (Gry 7 1256 
Coupling between elastically and inelastically scattered waves, effect for E2 excieiogs 641 
Crack propagation in plastics . : 5 3 AY) 
Cross section, proton total reaction, for copper = 953 Mev, osaremene ‘ bs APA) 
Cross section, radiative capture, of ‘236Uy for neutrons in energy range 0-3-4:0 Mey . 801 
Cross section, total, for production of neutral pions in p—p collisions at 383 Mev . 1151 
Cross section, see also Dissociation 
Crystal, cubic, electronic band structure of model : 3 ; 5 é ~ 195 
Crystal, LiF, reflection and polarization of elastic waves ‘ : ; a a FOL! 
Crystal, metal, vibration spectrum, electron participation . é 5 5 . 1495 
Crystal model, simple, surface states . . A . 3 c A 4 By eALer 
Crystal, single, see under Films, thin 
Crystalline field parameters for dysprosium ethyl sulphate . é A é Be! 
Crystals, alkali halide, anisotropy in electric strength (L) . i : A + 1261 
Crystals, B-In,S3, twinning. s . 491 
Crystals, CsBr(Tl) and CsI(TI), luminescence as beesen of enceatare 5 . 1188 
Crystals, ferroelectric, Nag. 975Ko.92;NbOs, structure (L) : 3 ; ‘ 4 1258 
‘Crystals, imperfect cubic, and non-cubic, spin-lattice relaxation . é A - 1 
Crystals, single, of antiferromagnetic NiO, magnetostrictionin  . : 3 ees 
Crystals, single, of haematite, temperature effects in domain patterns. : . 869 
Crystals, single, of magnetite, anisotropy at low temperatures : : : par 7] 
CuAg, emission spectrum in visible region 5 197 
CuK« radiation, effect of absorption in f filter on mean rwareleanine Expenenenl (L) 305 
Cyclotron resonance at 4mm wavelength (L) . d é . . 1078 
Damping of sound waves by ideally rough surface (L) a : i F . 1265 
Debye temperature values of Laue—Bragg scattering (L) : : P ‘ +1255 


Deformation, surface, in abrasion of plastic non-metals : : 5 : e977 
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Diamond dodecahedra, micro-disk patterns on . : . : 3 , Fo ghd 
Diamond, electronic distribution, theoretical calculation and comparison with 

experiment . : , F ; : : : : é ‘ a LY 
Diamonds, insulating, energy levels in forbidden gap . : ; ; ’ ~ 256 
Dielectric dispersion, application of Onsager’s theory (L) . : ; Ae spilt 
Dielectrics, liquid, electrical breakdown . ; ‘ j : ; ; . 423 
Dielectrics, organic liquid, electrical properties . : : : : : . 854 
Discharge, arc, see Arc discharge 
Dislocations, scattering of waves by, theory : : ‘i 3 , 3 Se koi? 
Dispersion, dielectric, see Dielectric dispersion 
Dissociation cross section for interaction of H,+ ions with hydrogen gas 2 SPAS 
Distorted wave calculations, importance of conservation conditions : : a 5 


Distortion approximation and excitation of helium to (1s, 2p)'P and (1s, 3p)'P states 903 
Distortion approximation to cross sections for excitation of 1s—2p transition of 


hydrogenic ions (L) : : ‘ 3 5 : : ‘ . 1080 
Distortion produced by linear apparatus, correction. é a 3 3 . 1546 
Domain patterns from single crystals of haematite, temperature effects . : . 869 
Domain structure of ordered Pt—Co alloys . : s : : : ; 2-225 
Domain wall velocity in square loop ferrite : d j ‘ : i mos 
Double beta decay (L)  . ; : : ; ‘ : : i ; . 464 
Dysprosium ethyl sulphate, crystalline field parameters , ‘ ? ; oo gfa8 
Einstein solid, space correlation and energy levels in . A : P 5 seb D 
Elastic recovery of conical indentations ; : : A 169 
Elastic waves, reflection and polarization in LiF crystal ‘ : p F ae teh!) 


Elastic waves, see also under Waves 


Electric breakdown of NaCl. Z : 5 : ; : : 734 
Electric strength of liquid argon, influence of cathode and anode surfaces : . 448 
Electrical breakdown of gases: ionization growth in air at high pressures : . 569 
Electrical breakdown of liquid dielectrics 423 
Electrical conductivity, anisotropy in Bi,Te, 5 ‘ : : ; 838 
Electrical resistivities and magnetic susceptibilities of U-Nb alloys 2 : soll 
Electrical resistivity of y and 5 phases in U-Zr system : TaD: 
Electroluminescence and infra-red emission in ZnS phosphors : : ; . 348 
Electron attachment in oxygen—nitrogen mixtures by microwave cavity method . 1543 
Electron capture, dependence of rate on electric field, and possibility of negative 
resistance in semiconductors 710 
Electron correlation in ground state of helium : ; : : 831 
Electron diffraction patterns from thin films of face-centred cubic metals, extra 
reflections . F : : : 2 : 504 
Electron distribution in (CuCl,)* (L) 5 2 a : “ A 2 SS: 
Electron spin resonance absorption for polycrystalline substances : Lae ; . 1174 
Electron spin resonance absorption spectrum of biphenyl negative ion 370 
Electron spin resonance in two groups of lanthanon salts P4353 
Electron spin resonance in two salts containing Gd 1340 
Electron spin resonance studies of impurity ions in MgO 554 
Electronic conduction in polar semiconductors : 1384 
Electronic structure and spectrum of nitrobenzene : : ; : 2 . 460 
Electrons, free, m/e determined by momentum transfer : Bags 
Electrons, knock-on, and direct electron pair production by cosmic-ray muons > 1650 
‘Emulsions, silver bromide, lattice rotations in tabular grains 698 
Energy distributions, rotational, in ionic collisions, measurement 588 
Energy gaps, existence in one-dimensional liquids 3 . n926 
Energy levels and space correlation in Einstein solid . . 759 
Energy levels in forbidden gap of insulating diamonds i , é 3 7) 256 
Energy levels, intersecting, line shapes in ; 70 
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Energy levels of magnesium isotopes mass 25 to 28 _—y. 5 . 3 5 - 473 
Energy levels, see also Level 
Energy loss, differential, and ranges of Ne, N and He ions . ‘ s ‘ 3, 135 
Energy loss of noble metals and their neighbours : ‘ 5 vp eee rmbt 
Ethyl alcohol, «-particle stopping power in liquid and vapour states : . - 766 
Ethylene, excitation of vibrational modes in homo-molecular collisions . 3 = 1502 
Faraday effect in non-degenerate semiconductors : é ; j = 120 
Faraday effect, infra-red, in Ge : : ; : , ; A ‘ 393; 
Ferrite, square-loop, estimation of domain wall velocity ; F , Z onw23B 
Ferrites, square-loop, magnetocrystalline anisotropy and coercivity 5 ‘ -  8£9 
Ferrites, square-loop, temperature dependent relaxation F é : ; - 828 
Field theory, electron—phonon interaction by method of pseudo-potentials 895) 
Fierz interference term, determination from K-capture/B+ ratio for Gamow—Teller 

decay 58Co . : : , : : ; ; : : ; . 1056 
Films, thin, monocrystalline and continuous, of Ni and Ni-Fe alloys, preparation . 33 
Films, thin, of face-centred cubic metals, extra reflections in electron diffraction 

patterns ‘ ; : ; . : ; : ; 3 i - 994 
Films, thin, single-crystal, of Ni, magnetic anisotropy . , , ‘ i eh 25 
Filters, electrical interference, synthesis. : : : : : 2 2 
Fluorescence, excitation in organic liquid dielectrics by electric fields. Z . 854 
Franck—Condon factors and r-centroids for triplet band system of CO molecule nee eh) 
Friction, internal, measurements on iron-interstitial alloys . F ‘ A ~ 1529 
Friction, internal, measurements on pure iron . A ‘ Y . : » 1520 
Friction, see also Abrasion 
Gadolinium, electron spin resonance in salts containing ; : : F . 1340 
Gadolinium, magnetothermal measurements : ; ‘ ; 4 ; SeaSTS 
Gamma radiation from medium energy proton bombardment of Li, Be, B, Cand N 681 
Gases, dense ionized, resonant charge transfer. , F ‘ : : - 584 
Gases, inert, see Inert gases 
Germanium, infra-red Faraday effect : : . ; : ‘ : ~at393 
Grain boundary damping I: pure iron : ; ; j ; 2 ‘ 01520 
Grain boundary damping IT: iron interstitial alloys. . 3 ; 3 , S29 
Graphites, pyrolytic, well oriented, radiation damage in : . 5 . . 1048 
Haematite, single crystals, temperature effects in domain patterns . F : - 869 
Hall effect in monovalent metals at low temperatures (L) . : : , = S16 
Hall effect in plutonium Le ‘ ; F : : ; : 3 BAS 
Hartree-Fock method, unrestricted ; ; ; 5 : : : 2 113% 
Helium, coherent and incoherent scattering of x-rays by : : ; : Se (OE! 


Helium, electron correlation in ground state ‘ 2 ; : : , . 831 
Helium, excitation to (1s, 2p)'P and (1s, 3p)!P states by proton and «-particle impact 903 
Hydrocarbons, aromatic, bond length, and perturbation calculations for 7-electrons 1310 


Hydrogen atoms, scattering of low-energy ortho-positronium by . F : 329) 
Hydrogen, coherent and incoherent scattering of x-rays by : ? : S678 
Hydrogen gas, dissociation of H,* ions, vibrational energy effects : : aaa! 8) 
Hydrogen, pre-breakdown ionization at low pressures : : , i A 92 
Hydrogen, van der Waals forces : : : ; : : : 4 + “607 
Hydromagnetic waves, transverse, effect of particle streams . : $ 5 . 1236 
Hyperfine structure in terbium metal (ae : : : : . : . 313 
Impurity ions in MgO, electron spin resonance studies . ; : - 554 
Impurity, see also under Semicondyctors 


Indentations, conical, elastic recove, y 3 ’ } : ; ; ; . 169 
Indium alloys, electrical and optical properties. ; . : ; : . 1009 
Indium vapour, ultra-violet absorption spectrum, extension of series . , : 600 } 


Subject Index 1581 


PAGE 
[Inert gases, multiply ionized, vacuum ultra-violet spectra. : : : « 223 
Inert gases, van der Waals forces : . : : OOH 
Infra-red emission and cies aluiaiaeeeneen in ZnS uconkos ; ; : . 348 
Infra-red, extreme, antiferromagnetic resonance in (L) : F i : be ll é 
Infra-red Faraday effect in Ge . : ; ; F 2 RIS) 
Interaction, electron—phonon, by method of poe Peeeetiale : ; ; 3 895 
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Magnetothermal measurements on gadolinium 

Manganese ferrite, sub-lattice magnetic moments in (L) 
Manganese, paramagnetic resonance 
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Mesons, see also Muons, Pions 

Metals, hexagonal, specific heat at very low temperatures 
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Metals, noble, and neighbours, characteristic electron energy loss spect 
Metals, thermoelectricity in, at normal temperatures (L) 

Metals, see also Terbium 

Metals, transition, see Transition metals 


Models, use to determine surface states of crystals 

Molecular integrals, numerical integration method 

Molecular liquids, multiple proton magnetic resonance bate in 
Molecules, long-chain, skeletal modes (L) . ‘ 

Momentum transfer, nsed to determine m/e for free electrons 

Moon, radio wave scattering from 

Multiplet production by x-rays 

Muons, cosmic-ray, direct electron pair production Bes and See clecunia 
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Negative resistance in semiconductors and dependence of capture ae on ews field 
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Neutrons, radiative capture by protons at 50 Mev 

Nickel and Ni—Fe alloys, continuous single-crystal thin ian preparation 
Nickel, magnetic properties (L) F : z : 3 

Nickel, magnetoelastic constants 
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Nuclear magnetic resonance relaxation times, Carr—Purcell method of BNP abe 


Onsager’s theory, application to dielectric dispersion (L) 

Optical absorption, see Absorption, optical \ 

Optical energy gap, temperature variation for GaSb—InSb alloys 

Organic liquid dielectrics, electrical properties : 
Ortho-positronium in gases, measurement of Guepehine ie : F 3 
Ortho-positronium, low-energy, scattering by H atoms 

Oxygen, new bands in second negative system (L) : é : : 
Ozone, gaseous, absorption in ultra-violet and visible . 5 3 G 


Paramagnetic resonance, ‘ forbidden ’ transitions, explanation (C) . : 
Paramagnetic resonance methods to study electron distribution in (CuCl,)4- (L) 
Paramagnetic resonance of manganese : ; y 3 
Paramagnetic resonance, zero-field, of Fe?+ in daethylamine stain : : : 
Particles, charged, effect of streams on transverse hydromagnetic waves 5 


Microwave cavity method for measurement of attachment in oxygen—nitrogen mixtures 


Muons, cosmic-ray, measurement of momentum spectrum and charge ratio at sea level 
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-honons, effect on Auger recombination in semiconductors . ‘ 
>honons, electron—phonon interaction by method of pseudo-potentials 


-hosphors, effect of temperature dependent trapping cross sections on iecmnaily 


stimulated emission 
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Phosphors, ZnS, infra-red emission and electroluminescence in 


Photoconductors, effect of temperature ae trapping cross sections on frenmially, 


stimulated emission 
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Photons, high energy, nuclear scattering 
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Proton scattering, see Scattering 
Pulses, stochastic, statistical properties of sequences 


Quantum theory of magnetoresistance I: low fields 
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Reactions, exchange transfer, between O and *Al 

Reactions, see also Cross section, Energy levels 

Reflection, horizontal, in three-dimensional stratified medium 
Relaxation, spin-lattice, in imperfect cubic and in non- -cubic crystals 
Relaxation, spin-lattice, time measurements in dilute K,Fe(CN,) . 
Relaxation, temperature dependent, in square- -loop ferrite 


Relaxation times, nuclear magnetic resonance, Carr—Purcell mermed of Poasanne 


Reports on Progress in Physics corrigendum to ‘ Double beta decay’ (L) 
Resistance, negative, see Negative resistance 

Resistivity, electrical, see wnder Electrical 

Resonance, antiferromagnetic, see under Antiferromagnetic 

Resonance fluorescence from Hg vapour, changes with magnetic field 
Resonance, line-shape functions, properties 

Resonance, see also Electron, Nuclear magnetic, Bog eaanceic, Procon 
Rotational analysis of E—x system of silicon monosulphide 

Rutherford Memorial Lecture, 1958 (Niels Bohr) 
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Signal distortion produced by linear apparatus, correction 
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Silicon elements, electron voltaic effects : ‘ 
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Space correlation and energy levels in Einstein solid 
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Specific heat, low temperature, of scandium and yttrium (L) 
Specific heat of Al-Mn alloy at low temperatures 

Specific heat of hexagonal metals at very low temperatures 
Spectra, see under Absorption, Band, Energy loss 

Spectra, ultra-violet, see Ultra-violet 
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Spectroscopic investigation of plasma containment in ZETA 
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Transition-metal intermetallic compounds, Al-rich, magnetic susceptibilities 

Transition metals, body-centred cubic, band structure F 

Trapping cross sections, temperature dependent, effect of deecrnall stimtlated 
emission and conductivity peaks 

Tunnelling, study of superconducting niobium 1 (L) 


Ultra-violet absorption spectrum, see Absorption spectrum 
Ultra-violet spectra, vacuum, of multiply ionized inert gases 
Ultra-violet, see also Absorption, Spectrum 


Van der Waals forces for hydrogen and inert gases 3 
Vibrational energy effects in dissociation of H,+ ions by eee gas 
Vibrational modes, excitation in ethylene 


Water vapour, low temperature cloud chamber studies 

Wave functions, unrestricted Hartree-Fock method : ; : : . 

Waves, elastic and electromagnetic, horizontal reflection in three-dimensional 
stratified medium 

Waves, elastic, see also Elastic waves 

Waves, hydromagnetic, transverse, effect of particle streams 

Waves, sound see Sound waves 

Wear, see Abrasion 


X-radiation, characteristic, efficiency of production in thick targets of pure element 

X-ray diffractometers, sources of error in high precieen work (L) 

X-ray diffractometry, peak shifts in ; 

X-ray emission lines, effect of absorption in f filer on mean Selene eanenel 
(L) : 

X-ray emission, variation in eoantam pong efieieney of Mescctons (L) 

X-ray reflections in diamond, comparison between theory and experiment 

X-ray scattering, coherent and incoherent, by H, and He 

X-rays, multiplet production by . 

Xenon 131, lifetime of 638 kev level . 

Xenon 132, lifetime of 673 kev level . 


ZETA, spectroscopic investigation of plasma containment 
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